
 

 

 

A modified analytical model of the alkali-metal atomic magnetometer employing 

longitudinal carrier field 

Chang Chen(陈畅), Yi Zhang(张燚), Zhi-Guo Wang(汪之国), Qi-Yuan Jiang(江奇渊), Hui Luo(罗晖), Kai-Yong 

Yang(杨开勇) 

Citation:Chin. Phys. B, 2021, 30 (5): 050707.   DOI: 10.1088/1674-1056/abd7d3 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

In-situ fabrication of ZnO nanoparticles sensors based on gas-sensing electrode for 

ppb-level H2S detection at room temperature 

Jing-Yue Xuan(宣景悦), Guo-Dong Zhao(赵国栋), Xiao-Bo Shi(史小波), Wei Geng(耿伟), Heng-Zheng Li(李恒征), 

Mei-Ling Sun(孙美玲), Fu-Chao Jia(贾福超), Shu-Gang Tan(谭树刚), Guang-Chao Yin(尹广超), and Bo Liu(刘波) 

Chin. Phys. B, 2021, 30 (2): 020701.   DOI: 10.1088/1674-1056/abcf46 

Fiber cladding SPR bending sensor characterized by two parameters 

Chunlan Liu(刘春兰), Jiangxi Hu(胡江西), Yong Wei(魏勇), Yudong Su(苏于东), Ping Wu(吴萍), Lingling Li(李玲

玲), and Xiaoling Zhao(赵晓玲) 

Chin. Phys. B, 2020, 29 (12): 120701.   DOI: 10.1088/1674-1056/aba9c1 

Acetone sensors for non-invasive diagnosis of diabetes based on 

metal-oxide-semiconductor materials 

Yujie Li(李育洁), Min Zhang(张敏), Haiming Zhang(张海明) 

Chin. Phys. B, 2020, 29 (9): 090702.   DOI: 10.1088/1674-1056/aba60b 

A synthetic optically pumped gradiometer for magnetocardiography measurements 

Shu-Lin Zhang(张树林), Ning Cao(曹宁) 

Chin. Phys. B, 2020, 29 (4): 040702.   DOI: 10.1088/1674-1056/ab7801 

Microfluidic temperature sensor based on temperature-dependent dielectric property 

of liquid 

Qi Liu(刘琦), Yu-Feng Yu(俞钰峰), Wen-Sheng Zhao(赵文生), Hui Li(李慧) 

Chin. Phys. B, 2020, 29 (1): 010701.   DOI: 10.1088/1674-1056/ab593c 

 

-------------------------------------------------------------------------------------------------------------------- 

 

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd7d3
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd7d3
https://doi.org/10.1088/1674-1056/abd7d3
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abcf46
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abcf46
https://doi.org/10.1088/1674-1056/abcf46
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba9c1
https://doi.org/10.1088/1674-1056/aba9c1
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba60b
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba60b
https://doi.org/10.1088/1674-1056/aba60b
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab7801
https://doi.org/10.1088/1674-1056/ab7801
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab593c
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab593c
https://doi.org/10.1088/1674-1056/ab593c


Chin. Phys. B Vol. 30, No. 5 (2021) 050707

A modified analytical model of the alkali-metal atomic magnetometer
employing longitudinal carrier field∗

Chang Chen(陈畅)1,2, Yi Zhang(张燚)1,2, Zhi-Guo Wang(汪之国)1,2,†, Qi-Yuan Jiang(江奇渊)1,2,
Hui Luo(罗晖)1,2, and Kai-Yong Yang(杨开勇)1,2

1College of Advanced Interdisciplinary Studies, National University of Defense Technology, Changsha 410073, China
2Interdisciplinary Center for Quantum Information, National University of Defense Technology, Changsha 410073, China

(Received 9 November 2020; revised manuscript received 18 December 2020; accepted manuscript online 4 January 2021)

Alkali-metal atomic magnetometers employing longitudinal carrier magnetic field have ultrahigh sensitivity to mea-
sure transverse magnetic fields and have been applied in a variety of precise-measurement science and technologies. In
practice, the magnetometer response is not rigorously proportional to the measured transverse magnetic fields and the exist-
ing fundamental analytical model of this magnetometer is effective only when the amplitudes of the measured fields are very
small. In this paper, we present a modified analytical model to characterize the practical performance of the magnetome-
ter more definitely. We find out how the longitudinal magnetization of the alkali metal atoms vary with larger transverse
fields. The linear-response capacity of the magnetometer is determined by these factors: the amplitude and frequency of
the longitudinal carrier field, longitudinal and transverse spin relaxation time of the alkali spins and rotation frequency of
the transverse fields. We give a detailed and rigorous theoretical derivation by using the perturbation-iteration method and
simulation experiments are conducted to verify the validity and correctness of the proposed modified model. This model
can be helpful for measuring larger fields more accurately and configuring a desirable magnetometer with proper linear
range.
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1. Introduction

Alkali-metal atomic (AMA) magnetometers[1,2] using
parametric modulation can achieve ultrahigh sensitivity in the
order of nT–fT, due to the advantages of the synchronous
demodulation techniques and suppression of low-frequency
flicker noise. They have been demonstrated for the detection
of biomagnetic signals from the human body,[3] magnetic res-
onance imaging (MRI),[4] fundamental physics study,[5] the
detection of low-field nuclear magnetic resonance (NMR)[6]

and other applications. The AMA magnetometer employing
an oscillating carrier magnetic field along the z-axis as the lon-
gitudinal direction, was first devised in Ref. [7] and used to
detect 3He nuclear polarization.[8] Later, by applying a static
magnetic field and optical pumping light along the same di-
rection of the carrier field, this magnetometer technique was
developed and used in spin-exchange[9,10] NMR oscillators or
gyroscopes,[11,12] as a vector magnetometer that is maximally
sensitive to the low-frequency and very weak magnetic fields
BT in the x–y plane caused by the processing nuclear magne-
tization vector in the alkali vapor cell, and insensitive to Bz

along the rotation axis of the gyroscopes.[13]

Following the derivations in Ref. [7], the analytical mod-
els presented in Ref. [12] describe the rubidium magnetometer

signal that is only proportional to small magnetic fields Bx and
By within the linewidth of the rubidium magnetization vec-
tor, because it is assumed that the longitudinal component of
the rubidium magnetization Mz is constant. Reference [14]
demonstrated a two-transverse axis atomic magnetometer by
utilizing parametric modulation of the z-magnetic field and
operating in the spin-exchange relaxation-free regime, under
the condition that they also approximated the z-component of
the Rb atomic spin polarization Sz is S0, which is determined
by optical pumping and any magnetic-field-induced changes
can be neglected. References [12,14] mainly considered the
sensitivity of the magnetometer and they have done little re-
search on its linear-response characteristics. Reference [15]
demonstrated a three-axis atomic magnetometer employing
longitudinal field modulation, which can not only measure the
transverse components, but the longitudinal z-component of
the external magnetic field, by extraction from the modulation
frequency that tracks the resonance frequency. They modi-
fied the expression of the quasi-static magnetic field Btot to
explain the reducing orthogonality of the magnetometer for
larger transverse fields. However, there are considerable dif-
ferences between their modified theoretical curve and experi-
mental curve of the magnetometer response when Bx and By

are larger than 100 nT. In practice, we cannot ignore that the
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longitudinal magnetization Mz will be influenced by and vary
with the magnetic fields BT in the x–y plane, especially for a
large measuring range.

In this work, we study the problem of how large mag-
netic fields in the x–y plane influence the longitudinal mag-
netization Mz and study the linear-measurement characteris-
tics of the magnetometer within a relatively large range of BT .
We give a detailed and rigorous theoretical derivation by us-
ing the perturbation-iteration method to obtain a modified an-
alytical model of this magnetometer. The simulation experi-
ment results are presented to verify our theoretical model. This
work will help us to find the factors that influence the linear-
response capacity of the magnetometer and configure proper
working conditions for a practical measuring system.

2. System setup

A schematic of a typical apparatus of this type of AMA
magnetometer is shown in Fig. 1. The sample cell made of

glass is placed in magnetic shields, containing a few mil-
ligrams of alkali metal and some buffer gas or noble gas. The
cell is heated by hot air or non-magnetic electronic heaters
driven by high-frequency AC currents, to ensure sufficient
number density of alkali-metal atoms. The sum of all of the in-
dividual alkali spins in the vapor cell can be represented by the
macroscopic magnetization vector 𝑀 = (Mx,My,Mz) in the
xyz-laboratory coordinate system. Uniform static field and car-
rier field are applied along the z-axis, Bz = B0 +Bc cos(ωct).
A beam of strong circularly polarized laser tuned to an atomic
resonance is applied to transmit through the vapor cell along
the z-axis, to polarize the alkali spins by optical pumping.[16]

A beam of weak linearly polarized laser tuned near an atomic
resonance is applied to transmit through the vapor cell along
the x-axis and detected by a photodetector, to sense the x-
component of the alkali spin polarization Mx by the Faraday
optical rotation method.[17] The output of the detector is sent
to a signal processing system to extract the Bx and By informa-
tion from the modulated signal Mx.
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Fig. 1. Schematic of a typical apparatus of an alkali-metal atomic magnetometer employing a longitudinal carrier magnetic field.

3. Theoretical derivation
When the magnetization vector 𝑀 interacts with the ex-

ternal magnetic fields 𝐵 = (Bx,By,Bz) and the optical pump-
ing light, the dynamics of the magnetization can be described
by the Bloch-like equation[7]

d𝑀
dt

=𝑀 × γ𝐵−
Mx𝑥+My𝑦

τ2
+

M0−Mz

τ1
𝑧, (1)

where, 𝑥, 𝑦 and 𝑧 are the unit vectors along the x, y and z axis,
respectively; γ is the gyro-magnetic ratio of the alkali spin; M0

is the longitudinal z-component of the magnetization of alkali
spins in the equilibrium state when optical pumping is on, τ1

and τ2 are the longitudinal relaxation time and the transverse
relaxation time of alkali spins, respectively, which are the to-
tal time constants that include both the optical pumping and
relaxation effects.[18] Under normal conditions, optical pump-

ing is much stronger than the relaxation, and τ1 and τ2 are in
the order of µs–ms.

Assuming that the slowly varying magnetic fields to be
measured are along the x-axis, By = 0. By setting M+ =

Mx + iMy, equation (1) now can be written as

dM+

dt
+

{
1
τ2

+ i
[
ω0 +ω1 cos(ωct)

]}
M+ = iγBxMz, (2a)

dMz

dt
=

[M0− τ1γBxMy]−Mz

τ1
, (2b)

where ω0 = γB0 and ω1 = γBc.
When ωc � 1/τ2 (the frequency of the modulation field

is much higher than the spin relaxation rate), magnetization
M+ cannot respond to the modulation field synchronously and
will oscillate at various harmonics of modulation frequency ωc

(i.e., M+ contains high-frequency components).
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3.1. The fundamental analytical model

First of all, we give a brief introduction of the existing
fundamental model describing the working principle of this
type of AMA magnetometer.

When the amplitudes of the measured magnetic fields Bx

are much smaller than that of the static field, |Bx| � 1
γτ1
� B0,

then the longitudinal magnetization Mz in Eq. (2b) will very
quickly (typically within the time in the order of µs–ms) arrive
at a steady-state, which is nearly a constant: M0, even if Bx is
changing. On the other hand, under normal conditions, the fre-
quency of the measured magnetic fields Bx is much lower than
modulation frequency ωc. Hence, the quantity BxMz ≈ BxM0

in Eq. (2a) can be treated as a quasi-invariable factor, com-
pared to the modulation fields.

Then, the formal solution of M+ (t) in Eq. (2a) can be
written as

M+ (t) = λ × e−t/τ2e−i[ω0t+ω1
ωc sin(ωct)], (3)

where λ is an unknown expression to be solved later, which
should satisfy

dλ

dt
= et/τ2 e i[ω0t+ω1

ωc sin(ωct)] · iγBxM0. (4)

Now, we need to obtain the expression of λ by deduc-
ing the indefinite integral of Eq. (4). Therefore, we con-
sider transforming ei ω1

ωc sin(ωct) to be the formalism of Fourier
expansion[7]

e±i ω1
ωc sin(ωct) =

n=+∞

∑
n=−∞

Jn

(
ω1

ωc

)
e±inωct , (5)

where n is an integer and Jn (x) is the Bessel function of or-
der n of the first kind whose argument is x = ω1/ωc, and
Jn (x) = (−1)n J−n (x).

Substituting Eq. (5) into Eq. (4), we solve λ by calculat-
ing its indefinite integral. Then, substituting Eq. (5) and the
solved expression of λ into Eq. (3), we can obtain the analytic
solution to Eq. (2a)

M+ = iM0τ2γBx

+∞

∑
p=−∞

+∞

∑
n=−∞

Jn (β )Jn−p (β )

1+ iτ2 (γB0 +nωc)
ei pωct , (6)

where p is an integer.
The modulation part δMx of Mx = Re [M+] can be ob-

tained as

δMx = M0τ2γ

∞

∑
p=1

[
∑

+∞

n=−∞

β−np

1+ τ2
2 (ω0 +nωc)

2

]
Bx sin pωct

+

[
∑

+∞

n=−∞

β+
np · τ2 (ω0 +nωc)

1+ τ2
2 (ω0 +nωc)

2

]
Bx cos pωct, (7a)

where

β
−
np = Jn

(
ω1

ωc

)[
Jn+p

(
ω1

ωc

)
− Jn−p

(
ω1

ωc

)]
, (7b)

β
+
np = Jn

(
ω1

ωc

)[
Jn+p

(
ω1

ωc

)
+ Jn−p

(
ω1

ωc

)]
. (7c)

It can be seen that Mx is composed of the various har-
monics of modulation, where each signal of pωc resonates at
ω0 +nωc = 0 and the width is ∆ω0 = 2/τ2.

The fundamental model describing the magnetometer sig-
nal given by Eq. (7a) shows that, under the condition that the
amplitude of the measured magnetic field Bx is very small, the
longitudinal magnetization Mz≈M0. Therefore, the amplitude
of the magnetometer signal δMx is proportional to the mag-
netic fields Bx. Hence, Bx can be extracted from the δMx signal
by in-phase or quadrature demodulation at harmonic pωc.

3.2. The modified analytical model

Now, we apply the perturbation-iteration method to solve
Eqs. (2a) and (2b). Assuming that M+ and Mz can be expanded
as a power series of Bx, let

M+ = A+B ·Bx +C ·B2
x +D ·B3

x + · · · , (8a)

Mz = Q+E ·Bx +F ·B2
x +G ·B3

x + · · · , (8b)

where Bx is the pertabation; A, B, C, D, Q, E, F ,G, . . . repre-
sent unknown expressions to be solved later; the expression
A + B · Bx +C · B2

x + · · ·+ X · Bq
x is defined as the approxi-

mated analytical solution for M+ of order q; the expression
Q+E ·Bx+F ·B2

x + · · ·+Y ·Bq
x is defined as the approximated

analytical solution for Mz of order q.

3.2.1. Derivation of M(0)
z , the solution for Mz of order

q = 0

In Eq. (2b), let Bx = 0, and we have

dM(0)
z

dt
=

M0−M(0)
z

τ1
. (9)

We consider the steady-state solution, setting Eq. (9)
equal to zero, and we obtain

M(0)
z = M0. (10)

M(0)
z will very quickly (typically within the time in the order

of µs–ms) arrive to and keep staying at the steady-state M0.

3.2.2. Derivation of M(1)
+ , the solution for M+ of order

q = 1

Substituting M(0)
z of Eq. (10) into Eq. (2a), Eq. (2a) can

be written as

dM(1)
+

dt
+

[
1
τ2

+ iω0+ iω1 cos(ωct)
]

M(1)
+ = iM(0)

z γBx. (11)

For the same reason as in Subsection 3.1, the quantity
M(0)

z Bx in Eq. (11) can be treated as a constant quantity com-
pared to the modulation fields. Under these conditions, by the
same method as in Subsection 3.1, we can obtain the analytical
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solution to Eq. (11)

M(1)
+ = iM(0)

z τ2γBx

+∞

∑
p=−∞

+∞

∑
n=−∞

Jn

(
ω1
ωc

)
Jn−p

(
ω1
ωc

)
1+ iτ2 (γB0+nωc)

ei pωct . (12)

Then, we can obtain M(1)
y = Im

[
M(1)

+

]
,

M(1)
y =M(0)

z τ2γBx ·
n=+∞

∑
n=−∞

J2
n

(
ω1
ωc

)
1+ τ2

2 (ω0 +nωc)
2

+M(0)
z τ2γ

∞

∑
p=1

[
n=+∞

∑
n=−∞

β+
np

1+τ2
2 (ω0+nωc)

2

]
Bx cos pωct

+

[
n=+∞

∑
n=−∞

−β−np · τ2 (ω0 +nωc)

1+ τ2
2 (ω0 +nωc)

2

]
Bx sin pωct. (13)

3.2.3. Derivation of M(2)
z , the solution for Mz of order

q = 2

Substituting M(1)
y of Eq. (13) into Eq. (2b), when ωc �

1
τ1

, the modulation part in Eq. (13) has little contribution in
Eq. (2b) and can be neglected. Hence, we can only substitute
the DC term in Eq. (13) into Eq. (2b)

dM(2)
z

dt
=

[
M0−M(0)

z τ1τ2γ2B2
x · J
]
−M(2)

z

τ1
, (14a)

where

J =
n=+∞

∑
n=−∞

J2
n

(
ω1
ωc

)
1+ τ2

2 (ω0 +nωc)
2 . (14b)

We consider the steady-state solution, setting Eq. (14a)
equal to zero and we obtain

M(2)
z =M0−M(0)

z τ1τ2γ
2B2

x · J. (15)

Therefore, it can be seen that it should be satisfied so that

τ1τ2γ
2B2

x · J < 1. (16)

3.2.4. Derivation of M(3)
+ , the solution for M+ of order

q = 3

Substituting M(2)
z of Eq. (15) into Eq. (2a), by the same

method as in Subsection 3.2.2, we can obtain the analytical
solution for M(3)

+

M(3)
+ = iM(2)

z τ2γBx

+∞

∑
p=−∞

+∞

∑
n=−∞

Jn

(
ω1
ωc

)
Jn−p

(
ω1
ωc

)
1+ iτ2 (γB0+nωc)

ei pωct . (17)

Then, we can obtain M(3)
y = Im

[
M(3)

+

]
:

M(3)
y = M(2)

z τ2γBx · J+δM(3)
y , (18)

where δM(3)
y denotes the modulation part of M(3)

y and has a
similar expression to that in M(1)

y of Eq. (13).

3.2.5. Derivation of M(4)
z , the solution for Mz of order

q = 4

By the same method as in Subsection 3.2.3, substituting
the DC term of M(3)

y in Eq. (18) into Eq. (2b), we have

dM(4)
z

dt
=

[
M0−M(2)

z τ1τ2γ2B2
x · J
]
−M(4)

z

τ1
. (19)

We consider the steady-state solution, setting Eq. (19)
equal to zero, and we obtain

M(4)
z = M0−M(2)

z τ1τ2γ
2B2

x · J. (20)

According to Eqs. (20), (15) and (10), we can summarize
that

M(2)
z −M(0)

z =
[
−τ1τ2γ

2B2
x · J
]

M(0)
z , (21)

M(4)
z −M(2)

z =
[
−τ1τ2γ

2B2
x · J
](

M(2)
z −M(0)

z

)
=
[
−τ1τ2γ

2B2
x · J
]2

M(0)
z , (22)

· · ·

M(2k)
z −M(2k−2)

z =
[
−τ1τ2γ

2B2
x · J
](

M(2k−2)
z −M(2k−4)

z

)
=
[
−τ1τ2γ

2B2
x · J
]k

M(0)
z . (23)

Adding up Eqs. (21)–(23), we have

M(q=2k)
z =M(0)

z +
[
−τ1τ2γ

2B2
x · J
]

M(0)
z +

[
−τ1τ2γ

2B2
x · J
]2

M(0)
z

+ · · ·+
[
−τ1τ2γ

2B2
x · J
]k

M(0)
z . (24)

Combining Eqs. (24) and (8b), we recall the condition
τ1τ2γ2B2

x · J < 1 in Eq. (16) and can obtain the approximated
analytical solution for Mz of order q = ∞

Mz = M0 lim
k→∞

{
1−
[
−τ1τ2γ2B2

x · J
]k

1+ τ1τ2γ2B2
x · J

}

=
M0

1+ τ1τ2γ2B2
x · J

. (25)

Then, we consider the case when τ1τ2γ2B2
x · J ≥ 1. We

suppose that the steady-state solution of Mz is still given by
Eq. (25). Substituting Eq. (25) into Eq. (2a), by the same
method as in Subsection 3.2.2, we can obtain the analytical
solution of My

My =
M0τ2γBx

1+ τ1τ2γ2B2
x · J
· J+δMy, (26)

where δMy is the modulation part.

By the same method as in Subsection 3.2.3, substituting
the DC term of My in Eq. (26) and Mz in Eq. (25) into Eq. (2b),
we find that the resulting equation satisfies the conditions for
a steady-state solution exactly,

dMz

dt
= 0. (27)
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Therefore, we are assured that Eq. (25) can be used as
an approximate steady-state solution for Mz under the condi-
tion τ1τ2γ2B2

x · J ≥ 1. Finally, we obtain the general analytical
model describing the relationship between Mz and Bx. It can be
seen that when the amplitude of the measured magnetic fields
Bx is large enough, the value of Mz will be significantly influ-
enced by Bx; as the amplitude of Bx increases, the value of Mz

decreases.
Substituting the solution for Mz of Eq. (25) into Eq. (2a),

we can solve the equation and obtain the magnetometer signal
Mx and the modulation part δMx which is given by

δMx = M0τ2γ× 1
1+ τ1τ2γ2B2

x · J

×
∞

∑
p=1

[
∑

+∞

n=−∞

β−np

1+ τ2
2 (ω0 +nωc)

2

]
Bx sin pωct

+

[
∑

+∞

n=−∞

β+
np · τ2 (ω0 +nωc)

1+ τ2
2 (ω0 +nωc)

2

]
Bx cos pωct. (28)

Comparing Eq. (28) and Eq. (7a), we have modified the
fundamental model of Eq. (7a) by adding the modification fac-
tor 1

1+τ1τ2γ2B2
x ·J

. Equation (28) shows that the magnetome-
ter signal is related to the transverse magnetic fields by the
magnetometer-response function f (Bx) =

Bx
1+τ1τ2γ2B2

x ·J
. We

can analyze the derivatives of function f (Bx) with respect to
the parameter Bx, which is the slope S of the magnetometer-
response curve f (Bx)∼ Bx,

S =
d

dBx

[
Bx

1+ τ1τ2γ2B2
x · J

]
=

1− τ1τ2γ2B2
x · J

[1+ τ1τ2γ2B2
x · J]

2 . (29)

When the amplitude of Bx is very small that τ1τ2γ2B2
x ·

J � 1, the slope S ≈ 1, indicating our desirable linear-
measurement range of the magnetometer. As the amplitude of
Bx increases, the slope S decreases but is still positive, indicat-

ing that the linear-response performance of the magnetometer
gradually deteriorates. When the amplitude of Bx increases to
be at the turning point where τ1τ2γ2B2

x ·J = 1, the slopeS = 0,
indicating the maximum effective measuring range of the mag-
netometer; as the amplitude of Bx continues to increase, slope
S becomes negative and the curve moves downwards, where
the magnetometer completely fails to work .

According to Eq. (28), the linear-measurement character-
istics of the magnetometer have relationships with these work-
ing conditions: the amplitude and frequency of the carrier field
determining the value of J, longitudinal spin relaxation time
τ1 and transverse spin relaxation time τ2; the carrier fields can
also influence the spin relaxation time.[19] In order to mini-
mize the influence of a large Bx on the value of the modifica-
tion factor, the smaller the values of J and τ1τ2, the higher the
linear-response capacity of the magnetometer.

4. Numerical simulation and discussion
To demonstrate the validity of our theoretical modifica-

tion of Eq. (28), we carry out numerical simulation according
to Bloch Eq. (1) with our own simulation system constructed
by LabVIEW software. The block diagram of the simulation
system is shown in Fig. 2. The values of the parameters can
be set by inputting to Bloch Equation Solver in the simulation
system, incorporating the magnetic fields applied along three
axes, the longitudinal and transverse spin relaxation time. The
Bloch Equation Solver outputs the values of Mx, My and Mz

of alkali spins. After being amplified in the gain module, the
Mx signal is multiplied by the reference signal of longitudinal
carrier fields with a certain phase delay and then processed in
the low-pass filter to generate the in-phase or quadrature de-
modulation results.

magnetic
fields
applied

relaxation time setting

τ1 τ2

Bx↼t↽ Mz↼t↽

My↼t↽

Mx↼t↽

By↼t↽

Bz↼t↽

Bccos↼ωct↽

B

bloch
equation
solver

K
gain

pTF ϕ0

frequency
multiplier

phase
shifter

in phase/quadrature
multiplier

low pass
filter

X demod output

Y demod output

Fig. 2. Block diagram of the simulation system.
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The main parameters are as follows: B0 = 10 µT, γ =

2π × 3499 Hz/µT (the alkali metal is 133Cs). We consider
quadrature demodulating the first (p = 1) harmonic of the
magnetometer signal Mx and other parameters for different de-
sign examples are given in the specific simulations:

4.1. The n = –1 modulation for different amplitudes of the
carrier magnetic field

We set ωc = ω0 = γB0; τ1 = 200 µs, τ2 = 100 µs. In
Eq. (28), as ωc� 1/τ2, and the resonance condition ω0−ωc =

0 is satisfied for certain parametric modulation, we can only
consider the resonances at n near −1. The condition that
ωc � 1/τ1 is also satisfied. The parameter of Bc will be as-
signed different values. We measure the magnetometer signal
response and longitudinal magnetization as the amplitude of
the static field Bx is scanned.

The simulation results and corresponding approximate re-
sults of the modified analytic solution are shown in Fig. 3. It is
clear that the theoretical results agree well with the simulation
results.
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Fig. 3. Magnetometer output for n = −1 modulation under different
conditions of amplitudes of the carrier magnetic field: (a) the amplitude
of magnetometer response; (b) the steady state of longitudinal magneti-
zation Mz. “Sim.” and “App.” in the figure denote numerical simulation
and approximate analytical results, respectively.

According to Eq. (28), assuming that the n 6=−1 terms
can be neglected, we have

δMp=1
x,sin ≈ M0τ2γ

{
J1

(
Bc

B0

)[
J2

(
Bc

B0

)
− J0

(
Bc

B0

)]}

× 1

1+ τ1τ2γ2B2
x · J2

1

(
Bc
B0

) ×Bx sinωct. (30)

In Eq. (30), the signal magnitude is proportional to
the value of

∣∣∣J1

(
Bc
B0

)[
J2

(
Bc
B0

)
− J0

(
Bc
B0

)]∣∣∣ and the linear-
measurement performance is dependent on the value of
J2

1

(
Bc
B0

)
. In order to maximize the signal magnitude, the value

of
∣∣∣J1

(
Bc
B0

)[
J2

(
Bc
B0

)
− J0

(
Bc
B0

)]∣∣∣ should be as large as possi-
ble. In order to maximize the linear-response capacity of the
magnetometer, we should minimize the influence of a large
Bx on the value of the modification factor. Therefore, the
value of J2

1

(
Bc
B0

)
should be as small as possible. The func-

tions
∣∣∣J1

(
Bc
B0

)[
J2

(
Bc
B0

)
− J0

(
Bc
B0

)]∣∣∣ and J2
1

(
Bc
B0

)
with respect

to the argument Bc/B0 are plotted in Fig. 4.

0 0.5 1.0 1.5 2.0
0

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

V
a
lu

e
 o

f 
th

e
 f
u
n
c
ti
o
n

a b

J1(β)[J2(β)-J0(β)]

J2(2β)[J3(2β)-J1(2β)]
J1(β)

J2(2β)
2

2

β/Bc/B

Fig. 4. Functions combined according to Eqs. (30) and (32) plotted
against β = Bc/B0.

Assuming that the actual magnetic fields to be measured
are Bx, which should be within the effective measuring range
(determined by τ1τ2γ2B2

x · J2
1 (Bc/B0)< 1) of the magnetome-

ter, the corresponding practical experimental measuring re-
sults based on the fundamental model of Eq. (7a) are B′x. Ac-
cording to Eq. (30), the relative error (REr) of this measure-
ment can be expressed as

REr =
Bx−B′x

Bx
= 1− 1

1+ τ1τ2γ2B2
x · J2

1

(
Bc
B0

) . (31)

It can be seen that the relative error depends on the relax-
ation time τ1τ2, the actual magnetic fields to be measured Bx,
and the z-axis magnetic fields Bc/B0. The larger the τ1τ2 and
Bx, the larger the measurement error. According to Eq. (31),
we can plot the curves that the relative errors vary with Bc/B0

in the range of (0, 0.9), under different conditions of ampli-
tudes of the actual magnetic fields Bx, as shown in Fig. 5.

Figure 5 clearly indicates that when Bc/B0 is greater than
a certain value, the error will exceed a certain upper limit and
we should apply the modified analytical model to modify the
measurement results, in order to meet the required accuracy
for the magnetometer.
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4.2. The n = –2 modulation for different amplitudes of the
carrier magnetic field

We set ωc = 1
2 ω0 = 1

2 γB0; τ1 = 200 µs, τ2 = 100 µs.
In Eq. (28), as ωc � 1/τ2, and the resonance condition ω0−
2ωc = 0 is satisfied for certain parametric modulation, we can
only consider the resonances at n near −2. The condition that
ωc � 1/τ1 is also satisfied. The parameter of Bc will be as-
signed different values. We measure the magnetometer signal
response and longitudinal magnetization as the amplitude of
the static field Bx is scanned. The simulation results and corre-
sponding approximate results of the modified analytic solution
are shown in Fig. 6. It is clear that the theoretical results agree
well with the simulation results.

According to Eq. (28), assuming that the n 6=−2 terms
can be neglected, we have

δMp=1
x,sin ≈ M0τ2γ

{
J2

(
2Bc

B0

)[
J3

(
2Bc

B0

)
− J1

(
2Bc

B0

)]}
× 1

1+ τ1τ2γ2B2
x · J2

2

(
2Bc
B0

) ×Bx sinωct. (32)

In Eq. (32), the signal magnitude is proportional to
the value of

∣∣∣J2

(
2Bc
B0

)[
J3

(
2Bc
B0

)
− J1

(
2Bc
B0

)]∣∣∣ and the linear-
measurement performance is dependent on the value of
J2

2

(
2Bc
B0

)
. In order to maximize the signal magnitude, the

value of
∣∣∣J2

(
2Bc
B0

)[
J3

(
2Bc
B0

)
− J1

(
2Bc
B0

)]∣∣∣ should be as large
as possible. In order to maximize the linear-response capacity
of the magnetometer, the value of J2

2

(
2Bc
B0

)
should be as small

as possible. The functions
∣∣∣J2

(
2Bc
B0

)[
J3

(
2Bc
B0

)
− J1

(
2Bc
B0

)]∣∣∣
and J2

2

(
2Bc
B0

)
with respect to the argument Bc

B0
are plotted in

Fig. 4.
In Fig. 4, within the range of Bc

B0
is (0, 2), work-

ing point b is about the maximum point on the curve∣∣∣J2

(
2Bc
B0

)[
J3

(
2Bc
B0

)
− J1

(
2Bc
B0

)]∣∣∣ and working point a on

the curve
∣∣∣J1

(
Bc
B0

)[
J2

(
Bc
B0

)
− J0

(
Bc
B0

)]∣∣∣ has the same value
as working point b. However, considering the linear-
measurement capacity, point a on the curve J2

1

(
Bc
B0

)
has much

smaller value than point b on the curve J2
2

(
2Bc
B0

)
. On the other

hand, since providing a stable high-amplitude modulation cur-
rent into the coils is difficult for electronic devices in practice,
we prefer working point a because it requires much smaller
amplitude of carrier magnetic field Bc than that of working
point b. Hence, for the case here, choosing n = −1 modula-
tion is better for configuring this magnetometer.
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Fig. 6. Magnetometer output for n =−2 modulation under different con-
ditions of amplitudes of the carrier magnetic field: (a) the amplitude of
magnetometer response; (b) the steady state of longitudinal magnetiza-
tion Mz. “Sim.” and “App.” in the figure denote numerical simulation and
approximate analytical results, respectively.

4.3. The n = –1 modulation for different longitudinal and
transverse relaxation time

Setting ωc =ω0 = γB0; Bc/B0 = 1.5; the parameters of τ1

and τ2 will be assigned different values and the condition that
ωc � 1/τ1, ωc � 1/τ2 should be satisfied for all examples.
We measure the magnetometer signal response and longitu-
dinal magnetization as the amplitude of the static field Bx is
scanned.

The simulation results and corresponding approximate re-
sults of the modified analytic solution are shown in Fig. 7. It is
clear that the theoretical results agree well with the simulation
results. According to Eq. (30) and Fig. 7, it can be seen that the
smaller the spin relaxation time, the smaller the signal magni-
tude but the higher the linear-measurement capacity. When
choosing proper parameters for the carrier magnetic fields and
spin relaxation time, we should consider the fact that Bc will
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also influence the spin relaxation.[19] Furthermore, if the pre-
cise values of τ2 and other working conditions are known, we
can obtain the value of τ1 by fitting the magnetometer response
curve with our modified theoretical model, which provides a
new method to measure the longitudinal spin relaxation time
τ1.

0 0.2 0.4 0.6 0.8 1.0
0

1

2

3
(a)

0 0.2 0.4 0.6 0.8 1.0
10

15

20

25

30

35

40

45

50

55
(b)

Amplitude of static magnetic field Bx (mT) 

Amplitude of static magnetic field Bx (mT)

n=-1 modulation

n=-1 modulation

Sim. τ1= 200 ms, τ2= 100 ms 
App. τ1= 200 ms, τ2= 100 ms

Sim. τ1= 150 ms, τ2= 75 ms

App. τ1= 150 ms, τ2= 75 ms

Sim. τ1= 100 ms, τ2= 50 ms

App. τ1= 100 ms, τ2= 50 ms

Sim. τ1= 200 ms, τ2= 100 ms 

App. τ1= 200 ms, τ2= 100 ms

Sim. τ1= 150 ms, τ2= 75 ms

App. τ1= 150 ms, τ2= 75 ms

Sim. τ1= 100 ms, τ2= 50 ms
App. τ1= 100 ms, τ2= 50 ms

m
a
g
n
e
ti
z
a
ti
o
n
 M

z
 (

a
rb

. 
u
n
it
s)

 

S
te

a
d
y
 s

ta
te

 o
f 
lo

n
g
it
u
d
in

a
l

re
sp

o
n
se

 (
a
rb

. 
u
n
it
s)

 

A
m

p
li
tu

d
e
 o

f 
m

a
g
n
e
to

m
e
te

r 

Fig. 7. Magnetometer output for n =−1 modulation under different con-
ditions of longitudinal and transverse relaxation time: (a) the amplitude
of magnetometer response; (b) the steady state of longitudinal magneti-
zation Mz. “Sim.” and “App.” in the figure denote numerical simulation
and approximate analytical results, respectively.

4.4. The n = –1 modulation for different angular frequency
of the rotation field

As already noted in the beginning, NMR detection in a
spin-exchange NMR oscillator can be realized by using the al-
kali atoms as an integrated magnetometer. In NMR oscillators,
by applying a “drive” field that rotates in the same direction as
the nuclear spins and at a frequency close to their NMR fre-
quency, the nuclear spins can be induced to precess about the
z-axis. Assuming that B1 rotates about the z-axis with am-
plitude B1 and angular frequency ωr, the components of the
rotation field along x-axis and y-axis are

Bx = B1cos(ωrt) , (33a)

By = B1sin(ωrt) . (33b)

Then, a rotating coordinate system x′y′z is introduced to
simplify the analysis, as shown in Fig. 8. The rotating coordi-
nates are defined by the condition that x′-axis rotates in phase
with B1 about the z-axis and y′-axis rotates in quadrature. The

rotation field is the equivalent of a static field in the rotating
coordinate system.

x′⊥
⊥

y′

x
z

y

⊥

⊥

⊥

B

ω
r
t

Fig. 8. xyz: laboratory coordinate system and x′y′z: rotating coordinate
system.

Therefore, we have the relations

Mx = Mx′cos(ωrt)−My′ sin(ωrt) , (34a)

My = Mx′sin(ωrt)+My′ cos(ωrt) . (34b)

Substituting Eqs. (33a) and (33b) into Bloch-like Eq. (1),
and using Eqs. (34a) and (34b), the following equations are
obtained in the rotating coordinate frame:

dM+′

dt
+

{
1
τ2

+ i [ω0 +ωr +ω1 cos(ωct)]
}

M+′

= iMzγB1, (35a)

dMz

dt
=

[
M0− τ1γB1My′

]
−Mz

τ1
, (35b)

where M+′ = Mx′ + iMy′ .

Comparing Eqs. (35a) and (35b) and Eqs. (2a) and (2b),
using the same method to derive the solutions to Eqs. (2a) and
(2b), we can obtain the solutions to Eqs. (35a) and (35b). Con-
sidering the quadrature demodulation at harmonic pωc, we
have

Mz = M0 ·
1

1+ τ1τ2γ2B2
1 · Jr

, (36a)

δMp
x′,sin = M0τ2γa1 ·

1
1+ τ1τ2γ2B2

1 · Jr
B1 sin pωct, (36b)

δMp
y′,sin = M0τ2γb1 ·

1
1+ τ1τ2γ2B2

1 · Jr
B1 sin pωct, (36c)

where

a1 = ∑
+∞

n=−∞

β−np

1+ τ2
2 (ω0 +ωr +nωc)

2 , (36d)

b1 = ∑
+∞

n=−∞

−β−np · τ2 (ω0 +ωr +nωc)

1+ τ2
2 (ω0 +ωr +nωc)

2 , (36e)

Jr =
n=+∞

∑
n=−∞

J2
n

(
ω1
ωc

)
1+ τ2

2 (ω0 +ωr +nωc)
2 . (36f)
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According to Eq. (34a), we can obtain the magnetometer
signal

δMp
x,sin = δMp

x′,sincos(ωrt)−δMp
y′,sin sin(ωrt)

= M0τ2γ× 1
1+ τ1τ2γ2B2

1 · Jr

×c1B1cos(ωrt +ϕ)sin pωct, (37)

where c1 =
√

a2
1 +b2

1, cosϕ = a1/c1, and sinϕ = b1/c1.

Equation (37) shows that the angular frequency ωr not
only influences the amplitude-frequency response,[20] but the
linear-measurement characteristics of the magnetometer when
measuring the rotation field.

Then, we conduct the simulation experiments to verify
the modified analytical model of Eq. (37). We consider the
first (p = 1) harmonics of the modulation and observe the
n =−1 modulation, ωc = ω0 = γB0, and we set Bc/B0 = 1.5,
τ1 = 200 µs, τ2 = 100 µs. As ωr � ωc, ωc � 1/τ2, we can
only consider the resonances at n near −1. The condition that
ωc � 1/τ1 is also satisfied. The parameter of ωr will be as-
signed different values. We measure the magnetometer signal
response and longitudinal magnetization as the amplitude of
the rotation field B1 is scanned. The simulation results and
corresponding approximate results of the modified analytical

0 0.2 0.4 0.6 0.8 1.0
0

1

2

3
(a)

0 0.2 0.4 0.6 0.8 1.0
10

15

20

25

30

35

40

45

50

55
(b)

Amplitude of rotation magnetic field B (mT) 

Amplitude of rotation magnetic field B (mT) 

n=-1 modulation

τ1= 200 ms

τ2= 100 ms

n=-1 modulation

τ1= 200 ms

τ2= 100 ms

Sim.  ωr=2π⋅500 Hz
App. ωr=2π⋅500 Hz

Sim. ωr=2π⋅1000 Hz

App. ωr=2π⋅1000 Hz

Sim. ωr=2π⋅2000 Hz

App. ωr=2π⋅2000 Hz

Sim.  ωr=2π⋅500 Hz
App. ωr=2π⋅500 Hz

Sim. ωr=2π⋅1000 Hz

App. ωr=2π⋅1000 Hz

Sim. ωr=2π⋅2000 Hz

App. ωr=2π⋅2000 Hzm
a
g
n
e
ti
z
a
ti
o
n
 M

z
 (

a
rb

. 
u
n
it
s)

 

S
te

a
d
y
 s

ta
te

 o
f 
lo

n
g
it
u
d
in

a
l

re
sp

o
n
se

 (
a
rb

. 
u
n
it
s)

 

A
m

p
li
tu

d
e
 o

f 
m

a
g
n
e
to

m
e
te

r 

Fig. 9. Magnetometer output for n =−1 modulation under different con-
ditions of angular frequency of the rotation field: (a) the amplitude of
magnetometer response; (b) the steady state of longitudinal magnetiza-
tion Mz. “Sim.” and “App.” in the figure denote numerical simulation and
approximate analytical results, respectively.

solution are shown in Fig. 9. It is clear that the theoretical
results agree well with the simulation results.

Assuming that the n 6= −1 terms can be neglected, we
have

δMp=1
x,sin ≈ M0τ2γ× J1

(
ω1

ωc

)[
J2

(
ω1

ωc

)
− J0

(
ω1

ωc

)]
× 1

1+
τ1τ2γ2B2

1J2
1(

ω1
ωc )

1+τ2
2 ω2

r

× 1√
1+ τ2

2 ω2
r

×B1cos(ωrt +ϕ)sinωct, (38)

where cosϕ = 1/
√

1+ τ2
2 ω2

r and sinϕ =−τ2ωr/
√

1+ τ2
2 ω2

r .
Combining Eq. (38) and Fig. 9, it can be clearly seen

that the higher the angular frequency ωr of the rotation field,
the smaller the signal magnitude but the higher the linear-
measurement capacity of the magnetometer.

5. Conclusion
In summary, for the AMA magnetometer employing lon-

gitudinal carrier field, the amplitude of the magnetometer re-
sponse is not proportional to the measured magnetic fields
Bx when Bx is large, because the longitudinal magnetization
Mz will be influenced by and vary with Bx. By theoretical
derivation using the perturbation-iteration method, we present
a modified theoretical model to more definitely analyze the
practical linear-response characteristics of the magnetometer,
which are determined by different working conditions. For
the amplitude Bc and frequency ωc of the carrier field, the
spin relaxation time τ1 and τ2, and the rotation frequency ωr

of the measured transverse fields, the smaller the values of
|Jn (nBc/B0)| (when ωc = ω0/n) and τ1τ2, and the higher the
rotation frequency ωr, leading to higher linear-response capac-
ity of the magnetometer. The larger amplitudes of the actual
magnetic fields Bx to be measured, the larger the measurement
error based on the existing fundamental model.

Hence, we can use this modified model to modify the
measurement results to obtain more accurate values of the ac-
tual Bx and to optimize the working conditions and choose
proper system parameters to achieve the desired performance
for practical magnetometer systems. This modified theoretical
model to describe the linear-response curves also provides a
new method to measure the longitudinal relaxation time τ1 for
the alkali metal magnetometer.
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