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Exact explicit solitary wave and periodic wave solutions and their
dynamical behaviors for the Schamel-Korteweg—de Vries equation”
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The Schamel-Korteweg—de Vries equation is investigated by the approach of dynamics. The existences of solitary
wave including w-shape solitary wave and periodic wave are proved via investigating the dynamical behaviors with phase
space analyses. The sufficient conditions to guarantee the existences of the above solutions in different regions of the
parametric space are given. All possible exact explicit parametric representations of the waves are also presented. Along
with the details of the analyses, the analytical results are numerically simulated lastly.
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1. Introduction

The Schamel-Korteweg—de Vries (Schamel-KdV)
equation!!~'®! can be written as
wy+ (0u? + Buity+ Sty =0, B,5 0, (1)

where a, B and O are constants and u is the wave potential,
which arises in the study of ion acoustic solitons in plasma
physics when electron trapping is present, and also it gov-
erns the electrostatic potential for a certain electron distribu-
tion in velocity space.!!”) We mention that Eq. (1) reduces to
the well-known KdV equation'>* when o = 0 and reduces
to the Schamel equation'>"! when B = 0. It is known that
the KdV equation has other kinds of explicit solutions, partic-
ularly rational solutions,® which provide better approxima-
tions to real physical nonlinear waves in terms of the com-
plexity and computational time. More generally, lump solu-
tions could exist in the Kadomtsev—Petviashvili equation!®!
and other (2+1)-generalizations of the KdV equation.!'") Due
to the wide range of applications of Eq. (1), it is important to
find its new exact wave solutions. Khater et al.!'!l obtained the
periodic wave solutions using the F-expansion method. Lee
and Sakthivel!'?! proposed the Exp-function method to gener-
ate a rich class of traveling wave solutions. Using a extended
mapping method and the availability of symbolic computa-
tion, several classes of exact solutions are expressed by var-
ious JEFs and hyperbolic functions.!"3! Wu and Liu"*! found
two types of nonlinear wave solutions called compacton-like
wave and kink-like wave solutions. The hyperbolic function
solutions and the trigonometric function solutions with free
parameters have been obtained in Ref. [15] using the G'/G-
expansion method. Giresunlu et al.!'é! obtained exact travel-
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ing wave solutions using Lie symmetry analysis together with
the simplest equation method and the Kudryashov method, and
constructed exact solutions using the conservation laws and
symmetries of the underlying equation. Some analytical solu-
tions are given in Ref. [17] using direct integration for negative
and positive phase velocities. Applying the direct method and
the method of elliptic ordinary differential equations, Kengne
et al.!"8 found some exact solutions and so forth.

There are some interesting problems: How do solitary
wave and periodic wave solutions depend on parameters of a
system? Are there dynamical behaviors of solitary wave and
periodic wave solutions to Eq. (1)? To our knowledge, these
problems have not been considered before for Eq. (1). In this
paper, we consider the existence and dynamical behaviors of
the exact explicit solitary wave and periodic wave solutions
to Eq. (1) in different regions of the parametric space. We
also give all possible exact explicit parametric representations
for solitary wave and periodic wave solutions to Eq. (1). The
present results more completely answer the above problems
and enrich the results of Refs. [11-18].

In order to study the dynamical behaviors and to obtain
the exact explicit traveling solutions to Eq. (1), we use the
transformation

u(xvt) = Vz(é)v

where —oo < V(€) < +o0, and ¢ (c # 0) is the wave speed,
to reduce Eq. (1) to the following ordinary differential equa-
tion (ODE):

E=x—o, @)

2BV +av—c)w' +8(v*)" =0, 3)

where the primes represent the derivatives with respect to &.
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Integrating Eq. (3) once with respect to &, we have

2" +2(V) = (av* + bV’ +k* +¢) =0, 4)
where a = — 2% b=— %—‘g, k= % and g is an integral constant.

Setting y = dv/d&, we can obtain the following planar
dynamical system:

dv dy av* + b + kv 4 g —2y°

E =Y E = o ®)

From Refs. [19-24], we know that a solitary wave solu-
tion to Eq. (4) corresponds to a homoclinic orbit of system
(5), a peakon (or a periodic cusp wave) solution to Eq. (4)
corresponds to a heteroclinic orbit (or the so-called connect-
ing orbit) of system (5). Similarly, a periodic orbit of system
(5) corresponds to a smooth periodic wave solution to Eq. (4).
Thus, to investigate all possible solitary waves, peakons and
periodic waves of Eq. (4), we need to find all homoclinic, het-
eroclinic and periodic annuli of system (5), which depend on
the system parameters a,b,k and g. For simplicity, we only
investigate the case of @ < 0 in this paper. The case of a > 0
can be considered similarly, we omit it here.

2. Bifurcation sets and phase portraits of sys-
tem (5)
Using the transformation dé = 2vd T, we obtain the asso-

ciated Hamiltonian system of system (5)

d d
d—:_ = 2vy, d—i :av4+bv3—|—kv2—|—g—2y2. (6)

System (6) has the following first integral:

_ 202 (4.4 93 fz 8| _
H(v,y)=v [y (6v +3v0 v —&-2)}—}1. (7)

For a fixed h, the level curve H(v,y) = h defined by Eq. (7)
determines a set of invariant curves of system (6), which con-
tains different branches of curves. As h varies, it defines dif-
ferent families of orbits of system (6) with different dynamical
behaviors.

Let

fo) =a* +0* + k2, f(v) =at + b+ + g,
then we have

) =fo) +8 fo(v) =v(4av +3bv +2k),
() = 12av* + 6bv + 2k.

Obviously, f;(v) has the following zero points:

_ 3b+ VA

vo=0, vy %

where A; = 9b% — 32ak. Additionally,

fo(vo) =0,
folvs) = (=3b* + b\/A; + 16ak)(3b — \/A1)?
* 204843 ’
(=3b* — b\/Ay + 16ak) (3b+ \/A)?
folv-) = 204843 ’
SO =2k, fiv) = ATV

Moreover, fo(v+) =0, f'(0) =0 and f{(v+) = 0 imply that
k= Z—Z, k=0and k= %, respectively.

Clearly, (ve,0) is a equilibrium point of system (6) if and
only if f(v.) = 0. In other words, the equilibrium point (v,,0)
of system (6) is just the intersection point of the straight line
7z = —g and the curve defined by z = fy(v). From the above
results and analyses of signs of £ (0) and fJ/(v+), we can con-
firm the numbers and relative positions of equilibrium points
of system (6) on the v-axis under different parameter condi-
tions. On the other hand, it is easy to see that if g > 0, then
system (6) has two equilibrium points (0,Y4 ) on the line v =0,
where Yy = £1./2g.

Let M(v,,y.) be the coefficient matrix of the linearized
system of Eq. (6) at equilibrium point (v,y,) and J(v.,y.) =
det(M(ve,y.)), we have

J(ve,0) = =2vo f(ve), J(0,Ys) = —8Y2.

For an equilibrium point (v,,y.) of system (6), we know
that (v,y.) is a saddle point if J(v,,y.) < 0, a center point if
J(Ve,ye) >0, a cusp if J(v,,y.) = 0 and the Poincaré index of
(VeyYe) is zero.

For fixed a and b, using the properties of the equilibrium
points and the approach of dynamical system,'*->*l we can

obtain the following bifurcation curves of system (6):

Ci:g=0, G:g=—folv-), C:g=—fo(v+),
3
Ci: g = ———(243b* — 1350ab’k + 1250a%k>
+1 8= 3000083 bt iea
+(100abk —27b°)\/A;) = g*,
3
= ——(243b* — 1350ab*k + 1250a%k>
$ = 20000 { vt

— (100abk —276°)\/A2) = g*,

which divide the (k,g)-parameter plane into different subre-

gions, where 4, = 81b — 300ak and Ay = 0 implies k = 22

Since both systems (5) and (6) have the same first in-

tegral (7), the two systems have the same topological phase
portraits except the straight line v = 0. Therefore we can ob-
tain the bifurcation sets and phase portraits of system (5) from

those of system (6).

060201-2



\\///\\ 7N

é

@

J&

\
1
J
<%

\J\f///&

[N N\
5 < e
(((((( .
Yy
\ M
060201-3

\—/




Chin. Phys. B Vol. 30, No. 6 (2021) 060201

(y)

(dd)

(gg)
N Lo.2

Fig. 1. Bifurcation sets and phase portraits of system (5) when a < 0. Parameters: (a) (k,b,g) € Ay. (b) (k,b,g) € Az. (¢) (k,b,g) € Az. (d) (k,b,g) € A4.
(e) (kvbvg) EAS- (f) (kvbvg) EAG- (g) (k7b7g) 6A7- (h) (kvbvg) EAS- (1) (kubvg) EA9- (]) (kvbg) 6AIO- (k) (k1b7g) €Ayl (1) (k’bvg) € Ap. (m)
(k7b7g) 6A13~ (n) (kvbvg) EAl4~ (0) (k7b7g) EAIS- (P) (kvbvg) eAlﬁ~ (Q) (k7b7g) eAl7~ (r) (k7b7g) EAIS- (S) (k7b7g) eAl9~ (t) (k7b7g) eAZO~ (u)
(k7b7g) €Ay (V) (k7b7g) €An. (W) (kvb’g) EAZ.’:- (X) (kvbvg) €Ang. (Y) (k7b7g) 6AZS- (Z) (k7b7g) eA26- (aa) (k’bvg) €A27. (bb) (kvb’g) EAZS- (CC)
(k b,g) € Ago. (dd) (k,b,g) € Azo. (ee) (k,b,g) € As1. (ff) (k,b,8) € Asz. (gg) (k,b,8) € A3 (hh) (k,b,g) € Asq. (i) (k,D,8) € Ass. (ij) (k,b,8) € Azg

b? b?
k,b,g) \k< — b<0g<0}U{(k,b,g)|k:4a,b<0,g<O}U{(kbg)k> b <0,8< fo(v+)}

b b
< = —
kbg\k< b>0g O}U{(k,b,gﬂk 4a,b>0,g<0}U{(kbg)k>4 b>0,g<—fo(v )}
k,b \k< b<0 >0¢J1 (k,b, )|9172 k<b—2b<00< < —folvy)
'8 '8 8 32a 4(1’ y 8 0\V+ )

2

{
s
e
i
e
e
e
=

9 b
= kbg\k< b>0g>0}U{(kbg)|32 k<,b>0,0<g<—fo(v_)}7
9b2 27h? 9p? 27b
M (ebg)or <k <2 0= —hwm}, {@bgn<k<lm b>0,g= —mw>}7
9b2 27p? 27b?
=1 kD8l <k < 15o-sb < 0= folve) <g < —folv )}U{(k,b,g)lloo <k<0,b<0,8" <g<—folv )}
27p° 27b?
@bl <k< 2 40, ﬁ()<g<—h@H}U{®thm)<k<0b>Og<g< v},
9b2
kbg\—<k<0b<0g_—f0( )¢ A= (kb )|7<k<0b>08——f0(v+)

92
Anz{(kbg)|<k<0b<0g> — o)} J{(k,b,8)[k > 0,b < 0,8 >0},

b2
an={(b.g)l 55, <k <00 >0.8> o)) ULkl > 0.6 0,6.> 0}
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27b? 729p* 27b? 729h%
A ={(kbg)lk="" b<0,g=——0 b Ay={(kbg)lk=b>0g=——"" _
1= {(kb.g)lk= 7505 § 160000a3} 1= 1k big)lk=150- § 160000a3}
27h% b’ 27h% b
A —_— —_ = — A = —_ = — _
15 (k7b7g)| 100a <k< 4aab<05g fO(V+)}7 16 {(k b g)|100 <k< 4aab>oag fo(V )}a
27h% b? 27p° b?
A —_— < — — < g* Aig = < _ 3 < of
= {0 g <K< b <O—R0) <g <) A {(kbgnloo kS b>0-hl) <g <),

27b% b?
kb o) <k<-— b<0,g" *
(7,@hmm< < 1 <,g<g<g}

27b% b?
kb, o) <k<-—.b>0,g" *
(”@Hmm< <1 >,g<g<g} {

Az = {(k,b,g)|k>0,b<0,8=—fo(v
Az = {(k,b,g)|k>0,b<0,—fo(v_
Asz = {(
Azs = {(

N b
oo <kb<0-p) <ese b = {bg)

{
{
{
{
Ay = {(k,b,g)|27bjl <k<0,b<0,g=g*}, Az =1 (k,b,2)]
{
{
{
{

<k<0b<00<g<g}

b.8)l
,b,g)|— <k<0b>00<g<g}

k<0,b>0
1% <h<Bb>Ue= g}

b
761 < kyb <07g: _fO(VJr)}a A = {(k7b7g)|4a < k,b > 07g: —fo(V)},

2

k,b>0,—fo(v_ < g
g <kb>0, h@)<g_g},

— <k<0,h<0,g"<g< 0} U{(k,b,g)|k >0,b<0,8" <g<—folvo)},

a<k<mb>my<g§o}Uﬂha@m>ab>mf<g<—ﬁ@gL

)b Az =A{(kb,g)lk>0,b>0,g=—fo(v)},

) )<g<g'}, Ann={(k,b,g)lk>0,b>0,—fo(vy) <g<g'},
k,b,g)lk>0,b<0,g" <g<0}, Asg={(k,b,g)lk>0,b>0,g" <g<0},

k,b,g)lk >0,b<0,g =0}, Aszc={(k,b,g)|k>0,b>0,g=0},

we show that bifurcation sets and phase portraits of system (5) in Fig. 1.

3. Exact explicit solitary wave and periodic wave
solutions to Eq. (1)

According to Fig. 1 and the approach of dynamical
system,[1°241 we present some exact explicit solitary wave
and periodic wave solutions to Eq. (1) as follows.

Proposition 3.1. When a < 0, (k,b,g) € Ay3, Eq. (1) has
one w-shape solitary wave solution

_ oc1+v1(a)1(x—ct))2 2
u(x’t)_< 1+ (o (x—cr))? ) ’ ®

one solitary wave solution

5\ 2
u(x,) = <a1—|—v1(91+w1|x—ct|) ) , ©)

1+(.Q1+(D1‘x—ct|)2

and one periodic wave solution

2
a Q) — oy |x—ct —2nTy|)?
u(x,t)Z( L@ o ’“')> 7

1+ () — wi|x— ct — 20Ty |)*
Cn—1)T <x—ct < (2n+1)T1, (10)
where @1 = 25 vy = 2 an = S0/ 6a, @, = |61
Ti= |2, n=0,+1,£2,....

\

Proof For given 2 = 0 in Fig. 1(m), the level curve is
shown in Fig. 2(a). From Fig. 2(a), we see that the graph
defined by H(v,y) = 0 consists of one homoclinic orbit and
three heteroclinic orbits when a < 0, (k,b, g) € A3, the homo-
clinic orbit connecting with the cusp (v;,0), the saddle points
(0,£Y;) and passing through point (a;,0), two of the hete-
roclinic orbits connecting with the cusp (v,0) and the saddle
points (0,=£Y;), the other heteroclinic orbit connecting with
the saddle points (0,+Y;) and passing through point (o, 0),
—5 Y = 27205/‘1? o = 32. In (v,y)-plane,
their expressions are, respectively,

where v; =

y::l:é(v—w)\/—@l(al V=), v <v<a, ()

y::té(v—vl)\/—&z((xl —v)(v—v1), v <v<0, (12)

y= ié(v—vl)\/—&z(al —v)(v=v1),0<v<a;. (13)

Substituting Eqs. (11)—(13) into dv/d& =y and integrat-
ing them along the homoclinic orbit, the heteroclinic orbits,
respectively, we have

Q) ds 1
Z: TR/ s o B AR L

060201-5
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/0 & ~ LT, as)
v (S_vl) (al—S)(S—vl) 6

v ds 1
b 5mwva e s 9

Letting v — «; in Eq. (16), we obtain

o ds 1
/ = ——6aT. a7
0 (s—vi)\/(ag—s)(s—vy) 6
Completing the integrals in Eqs. (14)—(17), we can ob-
tain one solitary wave solution, one peakon solution and one
periodic cusp wave solution to Eq. (4) as follows:

ot (0’15)2
V(&) = 71“@@2 (13)
ot (@ + o]E))
A . 1
yE) = At (21 — | —2nT1))?

1+ (21 — o€ —2nTy|)?
2n—1)T <& < (2n+1)T1, (20)

where @ = %5 \/=6a, Q; = ‘/—%1, T, = ‘%:
0,+1,£2,....
From Egs. (2), (18)-(20), we can obtain one m-shape soli-

9 n -

tary wave solution, one solitary wave solution and one periodic
wave solution to Eq. (1) as Egs. (8)—(10), respectively.

The proof of Proposition 3.1 is completed.

Proposition 3.2. Whena <0, (k,b,g) € A4, Eq. (1) has
one @-shape solitary wave solution as Eq. (8), one solitary
wave solution

2
wen) = [0 (Q) — o |x—ct])? o
’ 1+(Q —aox—ct)* )’

and one periodic wave solution

l—l—(.Q] +a)1|x—ct—2nT1|)2
Cn—1)T <x—ct < (2n+1)Th, (22)

2 2
o +V Q +w - t—2)lT

where a,vy, 01, Q21,T1,n are given in Proposition 3.1.

Proof For given 7 = 0 in Fig. 1(n), the level curve is
shown in Fig. 2(b). From Fig. 2(b), we see that the graph
defined by H(v,y) = 0 consists of one homoclinic orbit and
three heteroclinic orbits when a < 0, (k,b,g) € A14, the homo-
clinic orbit connecting with the cusp (v;,0), the saddle points
(0,4Y;) and passing through point (a;,0), two of the hete-
roclinic orbits connecting with the cusp (v;,0) and the saddle

points (0,=£Y;), the other heteroclinic orbit connecting with

the saddle points (0,+Y;) and passing through point (;,0),

9% 276*\/~2 3b
where vi = —50, Y1 = =505, o1 = 505 In (v,y)-plane,

their expressions are, respectively,

y:ié(vl —v)y/=6a(vi —v)(v—ai), o <v<vi,(23)

y:ié(w —v)y/=6a(vi —v)(v—au), 0<v<vi, (24)

y::I:é(vl—\/)\/—661(\/1—v)(v—ocl)7 o <v<0. (25

Substituting Eqgs. (23)—(25) into dv/d& =y and integrat-
ing them along the homoclinic orbit, the heteroclinic orbits,
respectively, we have

” N |
/‘Xl (vi—s) (vl_s)(s_al)—g\/—TaIiI, (26)

v ds 1 —
/0(vls) (vl—s)(sfocl)i8 ~6als]. @7

/0 ds L eael os)
v (vi—s)y/(vi—s)(s—a;) 6

Letting v —  in Eq. (28), we obtain

/0 ds Y. 9
a (v —s)\/(vi—s)(s—ay) 6

Completing the integrals in Egs. (26)—(29), we can obtain
one solitary wave solution to Eq. (4) as Eq. (18), one peakon
solution and one periodic cusp wave solution to Eq. (4) as fol-

lows:
a Q- 2
V(&) _ 1+V1( 1 1|§2|) ’ (30)
1+ (2 —w|&))
W(E) = oy +vi (21 + @ |E —2nT3 )
1+(Q]+(L)1‘§—ZHT1|)2 ’
2n—1)T <& < (2n+ 1Ty, (31
where w; = a,];v. V—=6a, Q| = —%7 I = ’%]l n=
0,+1,£2,....

From Egs. (2), (18), (30) and (31), we can obtain one ®-
shape solitary wave solution, one solitary wave solution and
one periodic wave solution to Eq. (1) as Egs. (8), (21) and
(22), respectively.

The proof of Proposition 3.2 is completed.

Proposition 3.3. When a <0, (k,b,g) € A1, Eq. (1) has
one @-shape solitary wave solution

uet) = v3 (0 cosh? (@ (x — ct)) — ez sinh? (wa (x — ct))) — 0 03 2 32)
e o sinh? (@, (x — ct)) — az cosh? (@y (x — c1)) +v3 ’

two solitary wave solutions

060201-6
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u(x,t) = (\/3

u(x,t) = (

2
(o sinh? (@ (x — ct)) — o3 cosh? (@ (x — ct))) + 0 03 33
oy cosh? (@ (x — ct)) — o3 sinh? (@p (x — c1)) — v3 '
2
vs (€224l 4 (o — a))” — Aot (0 — va)e 20k (34)
(e_(zz—za)z|x—ct\ _ (062 _ aB))2 +4(V3 _ aa)e_(2272a)2|xfct‘ )

and one periodic wave solution

w(x,1) = (V

3 (eﬂz+2a)2\xfct72nT2| + (az B (X3))2 . 4(13((12 B V3)e!22+2a)2\x70t72nT2\

(e_(22+20)2|xfct72nT2\ _ (az _ (X3))2 +4(V3 _ a3)e!22+2w2\xfct72nT2\

) , Cn—1)Dh<x—c<(2n+1)T5, (35)

where
1 20003 —v3(0n + o 2/ —0oos(0n — -
w0 = E\/_6Cl(a2—\)3)(\/3—a3), I’l:O,:t17:l:2,..., 92:11'1 Ehat V3( hi 3)+ \/ 2 3( 2 VS)(V3 3) )
V3
T, = 6 In (OCz—Ot3)V3
\/76a((127V3)(V37063) 20620637V3(062+Ot3)+2\/72062063(0627V3)(V37063) ’

\
Substituting Eqgs. (36)—(39) into dv/d& = y and integrat-
ing them along the homoclinic orbits, the heteroclinic orbits,

V1, v2, 13, vy (V4 < v3 < v < vp) are real roots of (aX? +bX +
k)X2+g* =0, o, 03, V3 satisfy (X — (Xg)(X*V:;)z(Xf o) =
X4+%X3_~_%kx2+

Proof For given 4 = 0 in Fig. 1(u), the level curve is

respectively, we have

shown in Fig. 2(c). From Fig. 2(c), we see that the graph /a2 ds — %, /—6alE|, (40)
defined by H(v,y) = 0 consists of two homoclinic orbits v (s=m)y(m—s)(s— o)
. . v d. 1
and three heter.0<.:hn1c f)rblts Wher.l a< 9, (k,b,g) € Any, f)ne / s _ f\/—76a|§ @D
of the homoclinic orbits connecting with the saddle points a (v3—s)\/(p—s)(s—az) O
0),(0,£Y d ing through point 0), the oth 0 d. 1
(v3, ),( : 2). an pass.mg .roug poin (062., ), the other / s _ e, @)
homoclinic orbit connecting with the saddle point (v3,0) and v (s—v3)\/(op—s)(s—az) 6
passing through point (03,0), two of the heteroclinic or- v ds 1 J6a 3
bits connecting with the saddle points (v3,0) and (0,4Y>), /0 (s—vi)\ /(o —s)(s—a) 6 a6l 43)
the other heteroclinic orbit connecting with the saddle points
(0,+Y,) and passing through point (05,0), where v3 is the — Letting v — @ in Eq. (43), we obtain
second smallest real root of (aX? 4+ bX +k)X>+g* =0,Y, =
1 . . * ds 1
7\/2g and 0p,03,v3 (03 < v3 < o) satisfy (X —a)(X — = -V —6aT5. 44)
Jo (s—v3)\/(apa—s)(s—o3) 6

V3)2(X _ a3) :X4+ %Xf’) + 3kx2+
expressions are, respectively,

7&* . ln (V y)—plane tllei]
a ? ’
Completing the integrals in EqS (40)—(44), we can Ob-

y= j:% (v—v3) \/_ 6a(0s —VI(v—a), v3 <v< 0, (36) tain two solitary wave solutions, one peakon solution and one

periodic cusp wave solution to Eq. (4) as follows:

1
y=ig("s—V)\/—6a(062—V)(V—0¢3)’ a3 <v <vs3, (37) © v3 (e cosh?(an &) — ot sinh?(w2€)) — 00 s)
v = )
y:ié<v7v3)\/f6a(azfv>(vfa3>, v3<v<0, (38) o sinh? (&) — o cosh® (@2€) +v3
1 G (e sinh? (&) — azcosh?(€)) + o
y=to(vovi)y/6a(m—v)r—am), 0<v<m. (9) M8 = T e T s (@0f) vy O
|
V3( r—2mnE| az,a3))2,4053(062,\,3)692—20)2\5\ .
V(&) (e -2 |8] 062—063))2—1—4(123—063)69272“’2‘5‘ ’ “7)
V3 (692““’2‘5 2] 4 (0 — Ocz))z — 4o (0 — v3)e2t202lc 2|
= 2n—1)T; 2n+1)T; 48
M- (e +2mE=21T2] — (oy — 013)) +4(v3 — a3 e @220l —2Ts] (=T <& <@t )T )

060201-7
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where
1 20003 —v3(0p+ o 2/ —poz(0p — -
0 = = \/=6a(a —v3) (i3 — ), n=0,£1,£2,..., 2 =In| === 02+ 03) +2v/=0305(02 —vs) (5 ~ 0) |
V3
T2 _ 6 In (052 — 063)1/3
\/—661(062—113)(1/3—063) 2062063—V3(062—|-OC3)+2\/—20620C3(062—V3)(V3—063)

From Eqgs. (2), (45)—(48), we obtain one w-shape solitary wave solution, two solitary wave solutions and one periodic wave
solution to Eq. (1) as Egs. (32)—(35), respectively.

The proof of Proposition 3.3 is completed.

Proposition 3.4. When a < 0, (k,b,g) € Ay, Eq. (1) has one w-shape solitary wave solution

2
v2 (o sinh?(@3(x — ct)) — o5 cosh? (3 (x — ct)) ) + o4 Qs
u(x,r) = 2 ) ; (49)
oy cosh” (@3 (x — ct)) — as sinh” (@3 (x — ct)) — vy
two solitary wave solutions
2 - 2
vy (0 cosh® (@3 (x— ct)) — ats sinh® (@3 (x — ct))) — s
u(x,r) = 3 o) (50)
oy sinh” (@3 (x — ct)) — as cosh” (@3 (x — ct)) + 2
2 2
ey = [ 2T — (o~ 05))” At (a —va)e Rk 1)
) (eg3+za>3|x—ct\ + (o — oc_:,))z — 4(vy — o5 ) e +203 x—cr| )

and one periodic wave solution

u(x,t) =

(Vz (69372603 [x—ct—2nT3| _ (o — Ots))z +dos(ou — Vz)e_(z372a)3\xfct72nT3\

2
5 , @n—DG<x—ct <(2n+1)T5, (52)
(eQ372a)3|xfct72nT3\ 4 ((X4 _ aS)) _ 4(\/2 _ as)e!)372w3\xfct72nT3\

where

(o + as) — 20405 + 2\/—064065(064 —v)(v2—0s)

)

1
w3 = E\/—6a(OC4—VQ)(VQ—OC5), n=0,+1,42,..., Q3=1In

V2

_ 6 In VQ(OC4+065)72064(X5 +2\/72a4065(0647\12)(1127065)
\/76(1(06471/2)(\/27065) (04— as)vy

\
ay, o5, vy satisfy (X — o) (X — ) (X — o) = X* + %X 3+  expressions are, respectively,
3ky2 . 3¢
ZaX + a’

1
Proof For given 7 = 0 in Fig. 1(v), the level curve y=%x—(v2—v) \/—661(054 —v)(v—as), as<v<vy,(53)

6
is shown in Fig. 2(d). From Fig. 2(d), we see that the 1
g g y::I:E(vaz)\/—6a(a4fv)(v—(x5), vy <v<ay, (54)

1;

)

graph defined by H(v,y) = 0 consists of two homoclinic or-
bits and three heteroclinic orbits when a < 0, (k,b,g) € Az, y= ié(‘,z —v)v/—6a(ay —v)(v—as), 0<v<va, (55)
one of the homoclinic orbits connecting with the saddle points 1
(v2,0),(0,4Y3) and passing through point (o5,0), the other y= ig(v2 —v)V/—6a(ou —v)(v—as), a5 <v<0. (56)

homoclinic orbit connecting with the saddle point (v,,0) and

Substituting Eqgs. (53)—(56) into dv/d& = y and integrat-
ing them along the homoclinic orbits, the heteroclinic orbits,

passing through point (4,0), two of the heteroclinic or-

bits connecting with the saddle points (v;,0) and (0,1Y3),

.. . . . . respectively, we have
the other heteroclinic orbit connecting with the saddle points P y

(0,£Y3) and passing through point (as,0), where v, is the v ds 1

_ _ = ~V—6alE|, (57)
second largest real root of (aX?+bX +k)X>+g* =0, Y3 = /0!5 (v —s)\/ (04 —s)(s—a5) 6 g
%\/Zg* and o, o5, v2 (05 < vy < OC4) satisfy (X— 064)(X — oy ds 1\/T -
$2)2(X —o5) = X* + &x3 4 3kx2 4 3% 1 (3, y)-plane, their /V - (a—s)—a) 6 alg[, (58)

060201-8
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v d 1 . . .
/ S _ 21 m\ El, (59) Completing the integrals in Eqs. (57)—(61), we can ob-
0 (vu—s)\/(oy—s)(s—as) © tain two solitary wave solutions, one peakon solution and one
O d 1 . . . .
/ s _1 \/—76a| £l (60) periodic cusp wave solution to Eq. (4) as follows:
v (va—s)\/ (g —s)(s—ats)
) ) ) " (a4sinh2(a)3§)—OtSCOShZ((ng)) 0405 >
Letting v — o5 in Eq. (60), we obtain V(&)= % coshz(a)3§) s sinhz(a);ﬁ) , (62)
0 ds 1 v2 (0o cosh? — a5 sinh? oy
/ = —V=6aT5.  (61) () = 2 (n6) ~ 05 2((036)) 5 63)
as (va—s)y/(oy—s)(s—as) © oy sinh”(w3&) — a5 cosh” (3 €) + vy
|
2
v Q34203 _ a4fa5)) +dass (o — vy)e®205lE]
= (64)

e H2mslE] | a4—oc5))2—4(v2—a5)e93+2“’3‘5‘
2
w o208~ 2”T3|—(a4—a5)) + 45 (0 — vy)e@-203]E 20T

. n-1DT<&<@2n+1)T5, (65
efB— 25— 2"T3‘+(OC47(X5))274(vz7a5)393—2w3\§—2nT3| ( ) 3 5 ( ) 3

(
(
(
(

where
1 Og+0s) — 200405 + 21/ — 064 05 (0tg — — o
03 = = \/~6a(ay —v2) (2 = 05).n = 0,£1,£2,..., @ =1In v2(04 + 05) 20405 + \V/ 405(04 —v2) (2 = %) |
2
T = 6 In VZ(OC4+OC5)—2064065+2\/—2(X4065(OC4—V2)(1/2—065)
’ \/—661(064—1/2)(\)2—065) ((X470€5)v2 '

From Egs. (2), (62)-(65), we obtain one w-shape solitary  tegrating them along the homoclinic orbits, respectively, we
wave solution, two solitary wave solutions and one periodic have
wave solution to Eq. (1) as Egs. (49)—(52), respectively.

The proof of Proposition 3.4 is completed. /O% SW 6

Proposition 3.5. When a <0, (k,b,g) € Ass (or a <0, o 1
(k,b,g) € As6), Eq. (1) has two solitary wave solutions / (a7 — s)(s — ) = g\/_T“‘é - an

1y —6alc|, (70)

Ot Ol 2 Completing the integrals in Eqs. (70) and (71), we can
u(x,1)= I sinhz(a)4 (x—ct)) — o coshz(a)4 (x—ct)) ’ obtain two solitary wave solutions to Eq. (4) as follows:
66 — 007
(2 ) V(&)= —" 3 ; (72)
075074 0 sinh (0)4&) — o7 cosh ((1)45)
M()C,t) = ) ) : O 07
o cosh” (@4 (x — ct)) — a7 sinh” (w4 (x — cr)) V(&) = > — ’ (73)
(67) 0 cosh” (w4&) — a7 sinh” (@4€)
here @y = 15/6a0s 7.
_ —6bt/36b2—150ak 1 w 4= 12 67
Here, 67 = 10a » (4 = 13V/6a0607. From Egs. (2), (72) and (73), we obtain two solitary wave

Proof For given h = 0 in Figs. 1(ii) and 1(jj), the level (W .00 Eq. (1) as Egs. (66) and (67).
curves are shown in Figs. 2(e) and 2(f), respectively. From
Figs. 2(e) and 2(f), we see that the graph defined by H(v,y) =0
consists of two homoclinic orbits when a < 0, (k,b,g) €

The proof of Proposition 3.5 is completed.

Proposition 3.6. When a < 0, (k,b,g) € A3z (or a <0,
(k,b,g) € As4), Eq. (1) has two periodic wave solutions
Ass (ora <0, (k,b,g) € Asg), the homoclinic orbits connect- ) )
ing with the saddle point (0,0) and passing through points u(x,t) = (73(74 — %) +%(B—n)sn”(ws (x—ct),k])> ’

/ — 1)+ (15— ¥a)sn?(ws(x —ct),k
(a6,0), (07,0), respectively, where 07 = —obx ?832 ek (=) = sl M)

(74)

ulx t)_(71(7274)+74(% ¥)sn2 (s (x ct),k1)>2
’ (= 1)+ (n —p)sn*(ws(x—ct), k)

In (v,y)-plane, their expressions are, respectively,

y= ilv\/—éa(Oﬁ —v)(v—0g), ag <v <0, (68)
6 (75)

1
y=2-vy/—6a(a;—v)(v—0g), 0 <v<0y. (69)
6 \/ (a7 =v)( ) 7 where @5 = 1\/ Vb — 1), k g: ;(Vz 74;

Substituting Eqgs. (68) and (69) into dv/dé =yandin- 1,7, B.u(r<p<p< yl) are real roots of X* 4 6bX3 +
060201-9
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%X 2t %g =0and sn(-, k) is the Jacobian elliptic function with
the modulus k. [23-26]

Proof For given & = 0 in Figs. 1(gg) and 1(hh), the level
curves are shown in Figs. 2(g) and 2(h), respectively. From
Figs. and 2(h), we see that the graph defined by H(v,y) =0
consists of two periodic orbits when a < 0, (k,b,g) € As3
(or a < 0, (k,b,g) € A3g), one of them passing through
points (74,0),(73,0), and the other passing through points
(72,0), (71,0), where 1, 12, 13, 74 (¥4 < ¥3 < %2 < 71) are real
roots of X* + %XB’ + %Xz + %g = 0. In (v,y)-plane, their ex-
pressions are, respectively,

v = v/ 6aln M=) ),

B<v<p, (76)
1
y = FV/=6a(n —v)(v = 1) (0= n) (V= m),
<V (77)

Substituting Egs. (76) and (77) into dv/d& =y and inte-
grating them along the periodic orbits, respectively, we have

& ds 1
= —\/—6al|, (78
/" \/(YI*S)(Yz—s)(}@fs)(sfM) 6 IE, (78)

/‘Yl ds

ho V=) s=n)s—1)s—mn)
Completing the integrals in Eqs. (78) and (79), we can

obtain two periodic wave solutions to Eq. (4) as follows:

= SV6alé|. (9

+ (13— ya)sn?(05& ki)

W(E) = (-7

)
B R L CEO
~n(p—1) +un —p)s’(sé k)
W)= v—"1)+(n—p)sn?(wsé k) &1

whete @5 = f5/~6alri ~ B)( 7). ki =/ (F=NEE)

and sn(-, k) is the Jacobian elliptic function with the modulus
£.125.26]

From Eqgs. (2), (80) and (81), we obtain two periodic wave
solutions to Eq. (1) as Egs. (74) and (75).

The proof of Proposition 3.6 is completed.

Proposition 3.7. When a <0, (k,b,g) € A9, Eq. (1) has
a periodic wave solution as Eq. (74). When a < 0, (k,b,g) €
Az, Eq. (1) has a periodic wave solution as Eq. (75).

Proof For given A = 0 in Fig. 1(q), the level curve is
shown in Fig. 2(i). From Fig. 2(i), we see that the graph
defined by H(v,y) = 0 consists of one periodic orbit and
two heteroclinic orbits when a < 0, (k,b,g) € Ajg, the pe-
riodic orbit passing through points (74,0),(73,0), the het-
eroclinic orbits connecting with the saddle points (0,£Y)
and passing through points (2,0), (71,0), respectively, where
Y =3V28.0.1.% (B <13 < 1 <) are real roots of
X4+ %X3 +Ex2+ %g = 0. In (v,y)-plane, their expressions
are, respectively,

y = v/ 6alr V(BB ),

Ya S 1% S Y (82)
1
y=F v/ =6a(n —v)(v—p) (v —5) (=),
Y <v<0, (83)
1
y = ig\/—@l(?’l V) =n)v—1)v—"n),
0<v<y. (84)

Substituting Eq. (82) into dv/d& =y and integrating it
along the periodic orbit, we have

/?’5 ds
v VI =9)(n—-9)—s)(s—n)

Completing the integral in Eq. (85), we can obtain one

= SVedlel. 85)

periodic wave solution to Eq. (4) as Eq. (80). From Egs. (2)
and (80), we obtain one periodic wave solution to Eq. (1) as
Eq. (74).

For given h = 0 in Fig. 1(r), the level curve is shown in
Fig. 2(j). From Fig. 2(j), we see that the graph defined by
H(v,y) = 0 consists of two heteroclinic orbits and one periodic
orbit when a < 0, (k,b,g) € Ay, the heteroclinic orbits con-
necting with the saddle points (0,+Y) and passing through
points (74,0), (73,0), respectively, the periodic orbit passing
through points (12,0), (1,0), where ¥ = 1v/2g, 11, 1. 3. T4
(12 <73 < » < 1) are real roots of X* 4 %X3 + %X2+ 3(73' =
0. In (v,y)-plane, their expressions are, respectively,

y = £/ 6aln =B~ ),

Y <v<0, (86)
1
y = ig\/—@(}’l V) (=) (B—-v)(—")
0<v<y, 87)
1
y = ig\/—&l(}’l —V)(v=n)v-=1)v—"n),
r<v<y. (88)

Substituting Eq. (88) into dv/d& =y and integrating it
along the periodic orbit, we have

/7’1 ds
v V=) —1n)—n)—n)

Completing the integral in Eq. (89), we can obtain one

= é\/—6a|§|. (89)

periodic wave solution to Eq. (4) as Eq. (81). From Egs. (2)
and (81), we obtain one periodic wave solution to Eq. (1) as
Eq. (75).

The proof of Proposition 3.7 is completed.

Proposition 3.8. When a < 0, (k,b,g) € Ap7 (or a <0,
(k,b,g) € Apg ora < 0, (k,b,g) € Ayg ora <0, (k,b,g) € Az
ora<0, (k,b,g) € Az ora <0, (k,b,g) € A3p), Eq. (1) has
one periodic wave solution

_ (1B+ 1A~ (158 YA )en(06(x — cr),k2) | 2
”(“)_( BrA—(B—A)en(wg(x—ct) ko) )’(90)

060201-10
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where

Wg

6b 3k
S5a 2a

3g

Y. Y (Y6 < ¥5), a1, by satisfy (X —95)(X — %) ((be1)2+a%) =X+ =X3+ =X2+ " and cn

1 ()5 )6)2 (A B)2 1
= —V— = A= b2 +42 B= 2 2 —
6 6a, k» \/ 115 , \/ (5 —b1) +aj, (6 —b1) +aj, G JAB'

function with the modulus k.[?26]
® \ [ (b) (©) (d)
) Yy Y y
U j K : - PZ2AN S22
(e) (f) (g) (h)
o 1% 0.2 {o0.2
Y Y y y
—1 v v 1 1 . 0] & - "
—0.2 0.2 0.2 {-0.2
® §)) (k) W
D Yy
NS T N
= \\\\“// NS v 0 \\\\\\f\\__,j//
(m) (n) (o) ()
0.2 0.2 0.9 0.
Y Yy Y y
-1 » 0 — - 0
-0 —0.2

Fig. 2. The level curves defined by H(v,y) = 0 when a < 0. Parameters: (a) (k,b,g) € A13. (b) (k,b,g) € A14. (¢) (k,b,g) € Azy. (d)
(k,b,g) € Az () (k,b,g) € Ass. (f) (k,b,g) € Azs. () (k,b,g) € Az3. (h) (k,b,8) € Asa. (i) (k,b,8) € Ar. (§) (k,b,g) € Ago. (k) (k,b,g) € Any.

(1) (k,b,g) € Azg. (m) (k,b,g) € Axg. (n) (k,b,g) € A3g. (0) (k,b,8) € A31. (p) (k,b,g) € Az,.

Proof For given & = 0 in Figs. 1(aa)-1(ff), the level its expression is

curves are shown in Figs. 2(k)-2(p), respectively. From

1
- 4./ _ _ _1H2)2 2
Figs. 2(k)-2(p), we see that the graph defined by H(v,y) =0 Y= iﬁ\/ 6a(ys —v)(v=16) ((v=b})* +a),
Y6 <v <1,

consists of one periodic orbit when a < 0, (k,b,g) € Az (or

(+,k) is the Jacobian elliptic

oD

a<O0,(k,b,g) €Axgora<O0,(k,b,g) €Axora<0, (k,b,g) €  here e % (% < %), ai, b satisfy (X — 9)(X —
Azpora <0, (k,b,g) € Az ora <0, (k,b,g) € Azp), the peri- o) (X —by)? +a}) = X* + x> 4 3k x2 4 3
odic orbit passing through points (¥,0), (¥5,0). In (v,y)-plane, Substituting Eq. (91) into dv/d& =y and integrating it
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along the periodic orbit, we have From Egs. (2) and (93), we obtain one periodic wave so-

1 lution to Eq. (1) as Eq. (90).
~ 6 —6alg]. 92) The proof of Proposition 3.8 is completed.

ds
h Vs =)= %) ((s— 5} + )

Completing the integral in Eq. (92), we can obtain one . . .
| ompreting He & a- 02) 4. Numerical simulations
periodic wave solution to Eq. (4) as follows:

1B+ YA — (5B — YsA)en(apé  k2) In this section, we simulate the analytical results along
v(g) = B+A— (B—A)cn(wé ky) ’ ©3) with above details of the analysis.
5 Under the parameter conditions a < 0, (k,b,g) € A3, we
where @5 = g5V —6a, ky = \JIEWZABE A = Gaw the profiles of Egs. (18)~(20) and Egs. (8)~(10). For
\(5—b1)*+a}, B = /(Ys—b1)?+a}, G = \/ﬁ and  example, taking a = —1.2, b = —1.5, the profiles of Egs. (18)—

cn(-,k) is the Jacobian elliptic function with the modulus  (20) and Eqgs. (8)-(10) are shown in Figs. 3(a)-3(f), respec-

k.125.26]
0.15
0.10
0.05

—15 =105 0 10 15

0.035
0.030
0.025
0.020
0.015
0.010
0.005
£

—-15 —10—-5 0 5 10 15

tively.

3

—60 —40 —20 20 40 60 —60 —40 —20 20 40 60

Fig. 3. Profiles of Egs. (18)—(20) and Egs. (8)—(10).

Under the parameter conditions a < 0, (k,b,g) € A4, we can draw the profiles of Egs. (18), (30), (31), (8), (21) and (22).
For example, taking a = —1.2, b = 1.5, the profiles of Eqgs. (18), (30), (31), (8), (21) and (22) are shown in Figs. 4(a)—-4(f),
respectively.

(c)
, =15-10 =5 0 5 10 15
—0.05
—0.10
13
20 40 _0 15
u
0.035
0.030
0.025
0.020
0.015
0.010
0.005
50 40 60 ¢ T60 =40 =20 20 40 60 ° —Th 10 =5 0 5 10 15

Fig. 4. Profiles of Egs. (18), (30), (31), (8), (21) and (22).
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Under the parameter conditions a < 0, (k,b,g) € Ay|, we can draw the profiles of Egs. (45)—(48) and Egs. (32)—(35). For
example, if a = —2.0, b = —1.5, then % = —0.30375. Taking k = —0.29, we have o ~ 0.1036828363, a3 ~ —0.4722969027,
vz &~ —0.2656929669, the profiles of Eqs. (45)-(48) and Egs. (32)—(35) are shown in Figs. 5(a)-5(h), respectively.

v
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Fig. 5. Profiles of Egs. (45)—(48) and Eqgs. (32)—(35).

Under the parameter conditions a < 0, (k,b,g) € A,
we can draw the profiles of Egs. (62)-(65) and Eqs. (49)-
(52). For example, if a = —2.0, b = 1.5, then %SZ =
—0.30375. Taking k = —0.29, we have oy =~ 0.4722969027,
a5 ~ —0.1036828363, vy = 0.2656929669, the profiles of
Egs. (62)—(65) and Egs. (49)—(52) are shown in Figs. 6(a)—
6(h), respectively.

Under the parameter conditions a < 0, (k,b,g) € A3s (or
a <0, (k,b,g) € Asg) we can draw the profiles of Egs. (72),
(73), (66) and (67). For example, takinga = —1.5, b = —1.2,
k=0.5, the profiles of Egs. (72), (73), (66), and (67) are shown
in Figs. 7(a)-7(d), respectively.

Under the parameter conditions a < 0, (k,b,g) € As3
(or a <0, (k,b,g) € Azq or a <0, (k,b,g) € Ajg), we can
draw the profiles of Eqgs. (80) and (74), and under the pa-
rameter conditions a < 0, (k,b,g) € A3z (ora <0, (k,b,g) €
Azqg or a < 0, (k,b,g) € Ayy), we can draw the profiles

of Egs. (81) and (75). For examples, if a = —1.0, b =
—1.2, k= 0.2, then g* =~ —0.0005436442500. Taking g =
—0.0002, we have ¥ ~ 0.1735806979, 7y, ~ 0.05192544989,
Y =~ —0.04097718240, 11 ~ —1.624528965, the profiles of
Egs. (80), (81), (74) and (75) are shown in Figs. 8(a), 8(b),
8(e), and 8(f), respectively. If a = —1.2, b = —1.5, then
28— _0.50625, & = —0.46875. Taking k = —0.475, we
have g* =~ 0.006614208024, g* ~ 0.009889698230, and taking
g=0.008, we have y; = 0.1535974733, 1, ~ —0.2834633650,
B ~ —0.5852607429, y4 ~ —0.7848733654, the profiles of
Egs. (80) and (74) are shown in Figs. 8(c) and 8(g), respec-
tively. If a = —0.5, b = 1.5, then % = —1.125. Taking
k = —0.6, we have g* ~ 0.01389438984, and taking g =
0.007, we have 71 =~ 3.001940363, p» =~ 0.5417948486, 73 ~
0.1912727276, 4 = —0.1350079391, the profiles of Egs. (81)

and (75) are shown in Figs. 8(d) and 8(h), respectively.

0.010 (h)
0.008
0.006
0.004
0.002

—60 —40 —20

20 40 60 ¢ 60—40--20 20—10—60- ¢ —60 —40 —20
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Fig. 6. Profiles of Eqgs. (62)—(65) and Eqgs. (49)—(52).
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Fig. 8. Profiles of Egs. (80), (81), (74) and (75).

Fig. 9. Profiles of Egs. (93) and (90).

Under the parameter conditions a < 0, (k,b,g) € Ay
(or a <0, (k,b,g) € Apg or a < 0, (k,b,g) € Axg or a <0,
(k,b,g) €Azpora<o, (k7b,g) €Azjora<o, (k,b,g) EA32),
we can draw the profiles of Egs. (93) and (90). For ex-
amples, if a = —1.5, b = —1.0, then % ~ —0.1666666667.
Taking k£ = —0.08, we have g* ~ —0.008872135956, and
taking g = —0.005, we have 5 ~ —0.3575950987, % ~
—0.6349360676, a; ~ 0.1864834974, b, ~ 0.09626558315,
the profiles of Egs. (93) and (90) are shown in Figs. 9(a)
and 9(c), respectively. If a = —1.2, b= 1.1, k = 0.7, then
g = —0.4349753488, g* ~ —0.01813511988. Taking g =
—0.2, we have 5 ~ 1.532083190, 75 ~ 0.6546891617, a; ~
0.4507958913, b1 = —0.5433861760, the profiles of Egs. (93)
and (90) are shown in Figs. 9(b) and 9(d), respectively.

5. Conclusion

In summary, we have investigated the existences and dy-
namical behaviors of exact explicit solitary wave and peri-

odic wave solutions of the Schamel-Korteweg—de Vries equa-
tion (1) in different regions of the parametric space. Some
exact explicit solitary wave and periodic wave solutions to
Eq. (1) when a < 0, (k,b,g) € Aj3 (or a < 0, (k,b,g) € Aj4 or
a<0,(k,b,g) €Ay ora<0,(k,b,g)€Apora<0,(k,b,g) €
Ass or a < 0,(k,b,g) € Asg or a < 0,(k,b,g) € A3z or a <
0,(k,b,g) € A3q or a < 0,(k,b,g) € Ajg or a < 0,(k,b,g) €
Ay or a < 0,(k,b,g) € Ay7 or a < 0,(k,b,g) € Apg or a <
0,(k,b,g) € Axygora<0,(k,b,g) €Aspora<0,(k,b,g) €Az
or a < 0,(k,b,g) € Az) are given in Propositions 3.1-3.8.
Comparing with the results of [!'"18] we obtain some new
traveling wave solutions such as @-shape solitary wave solu-
tions (8), (32), (49), solitary wave solutions (9), (21), (34),
(51), and periodic wave solutions (10), (22), (35), (52), etc.
Obviously, there are still many works of Eq. (1) for study-
ing in future, for examples, does the Eq. (1) exist loop soliton
and periodic loop soliton solutions? How to obtain more non-
traveling wave solutions to Eq. (1)? We will study Eq. (1)
further.
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