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In quantum mechanics, the expectation value of an operator can be measured by using the projective measurement, if
the coupling between the measured system and pointer is strong enough. However in the weak coupling regime, the pointer
can not show all the eigenvalue of the physical quantity directly due to the overlapping among the pointer states, which
makes the measurement of the expectation value difficult. In this paper, we propose an expectation value measurement
method in the weak coupling regime inspired by the weak measurement scheme. Compared to the projective measurement,
our scheme has two obvious advantages. Experimentally we use the internal state and motional state of a single trapped
40Ca+ to establish the measurement scheme and realize the proof of principle demonstration of the scheme.
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1. Introduction
Quantum measurement, involving a wide range of con-

tent of quantum mechanics, is difficult to be understood but
also one of the most interesting basic research directions.[1]

The study of quantum measurement can be summarized as
two aspects, one is the understanding of the nature of quan-
tum measurement, such as how quantum states collapse,[2] and
the other is the application of quantum measurement. Here
we focus on the latter. The applications of quantum measure-
ment include three aspects: to obtain the information of the
measured quantum state;[3] to obtain the value of the phys-
ical quantity of the measured system;[4,5] and to sense the
information of the external environment,[6,7] such as sens-
ing the intensity of the external magnetic field, etc. A basic
model of quantum measurement is von Neumann measure-
ment, which regards the measurement as the interaction be-
tween the measured system and measuring pointer.[2] If the
interaction is strong enough so that the different states of the
pointer corresponding to the eigenvalues of the measured sys-
tem are orthogonal to each other, one can get the measure-
ment results from the pointer states, which can be described
by projective measurement. If the interaction is too weak to
discriminate the pointer states completely, the measurement is
modeled by the weak measurement scheme, which was pro-
posed by Aharonov, Albert, and Vaidman (AAV) in 1988.[8]

AAV also showed that the weak value amplification (WVA)
effect[9–15] can be observed by an appropriate postselection
in the weak measurement, which would be useful in quan-
tum sensing.[16,17] Here is the question that under the weak
measurement condition (the pointer states are not orthogonal

to each other), how can we obtain the expectation value? In
this paper we propose a scheme to measure the expectation
value under weak coupling condition inspired by, but not us-
ing, WVA technique.

The structure of this paper is organized as follows. In
Section 2, we will introduce the theoretical model of our mea-
surement scheme. A proof of principle of our scheme using
trapped ion is shown in Section 3. Finally, we give the discus-
sion and conclusion of this paper.

2. Theoretical model of the measurement
scheme
In this section, we introduce the theoretical model of the

new measurement scheme. Suppose a general measurement
described by the von Neumann’s measurement model, and
the interation between the measured system and measuring
pointer can be written as

HI = gÂp̂, (1)

where g is the coupling strength, Â and p̂ are the operators
of the measured system and measuring pointer, respectively.
The evolution of the system at time t with the initial state
|ψ⟩= ∑n Cn|ψn⟩ is given by

|Ψ(t)⟩ = exp
(
− i

h̄
gÂp̂t

)
|ψ⟩⊗ |φ(x)⟩

= ∑
n

Cn|ψn⟩exp
(
− i

h̄
gAn p̂t

)
|φ(x)⟩

= ∑
n

Cn|ψn⟩|φ(x−gtAn)⟩, (2)
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where |φ(x)⟩ is the initial state of the pointer, An is the eigen-
value of system operator Â corresponding to the eigenstate
|ψn⟩, and p̂ =−ih̄∂/∂x is the operator of the pointer.

Without loss of generality, we assume ⟨φ(x)|x|φ(x)⟩= 0,
then ⟨φ(x−gtAn)|x|φ(x−gtAn)⟩= gtAn, which indicates that
φ(x− gtAn) describes a wave packet with a shift of gtAn. If
the coupling strength is strong enough, the shifted pointer state
meets

⟨φ(x−gtAn)|φ(x−gtAm)⟩= δnm. (3)

The eigenvalue of system An and the probability of each eigen-
value can be read out by the measurement on the pointer states,
and the expectation value of the operator Ā = ∑n |Cn|2An is
also obtained in this case.

However, in the case of small coupling strength or lim-
ited evolution time due to limited coherence time, there are
overlaps among the pointer states and Eq. (3) does not hold,
the expectation value cannot be read out directly by the mea-
surement on Â. To overcome this dilemma, we propose a new
measurement scheme, which includes 3 steps.

(i) We introduce another set of basis {ψ ′
1, ψ ′

2, . . .} for the
measured system and it meets the condition

ψ1
ψ2
...
ψn

=
1√
n


e iθ11 e iθ12 · · · e iθ1n

e iθ21 e iθ22 · · · e iθ2n

· · ·
e iθn1 e iθn2 · · · e iθnn




ψ ′
1

ψ ′
2

...
ψ ′

n

 , (4)

where the transformation matrix is unitary.
(ii) We apply a projective measurement on the measured

system with basis {ψ ′
1, ψ ′

2, . . .} with results being the state
|ψ ′

j⟩, the pointer state is

|φ j⟩=
1√
n ∑

n
Cn e iθn j |φ(x−gtAn)⟩, (5)

with probability Pj = |⟨ψ ′
j|Ψ⟩|2 = |⟨φ j|φ j⟩|2. Then the shift of

the pointer can be calculated

x̄ j = ⟨φ j|x j|φ j⟩

=
1
n

(
∑
n
|Cn|2gtAn+ ∑

n̸=m
CnC*

m e iθn j−iθm j⟨φm|x j|φn⟩
)
/Pj. (6)

(iii) Making a sum over all possible state |φ j⟩, we can get the
total shift of the pointer

∑
j=1

x̄ jPj = gtĀ+
1
n ∑

n̸=m
∑

j
CnC*

m e i(θn j−θm j)⟨φm|x j|φm⟩

= gtĀ. (7)

Here we use the unitrary feature of the transformation matrix,
which results in ∑ j e−iθm j e iθn j = δnm. Since Pj is the post-
seletion probability, and g and t are the constant parameters
in the experiment, we can then read out the expectation value
from the average shift of the pointer as shown in Eq. (7).

It can be seen that the scheme has two advantages over
the projective method in the weak coupling rgime. We can
find from Eq. (2) that the pointer state is a mixture of some

wave packets with different shifts after the interaction process
between the measured system and pointer. If we measure the
mixed state directly we cannot distinguish all the shifts owing
to the overlap of the wave packets and small shift under weak
coupling, and then fail to get the expectation value of Â. In
our scheme, some pointer shifts may be amplified owing to
the last term of Eq. (6) and the post selection probability.[18]

On the other hand, if the pointer is an even function, the sec-
ond term of Eq. (6) would be zero, and the expectation value
can be read by only one measurement.

3. Experimental setup and results
Now we take measurement of ⟨σ̂x⟩ as an example to

demonstrate our measurement scheme experimentally. We use
the internal state and the motional states of a single trapped
40Ca+ ion to establish von Neumann’s measurement scheme.
The experimental setup for coupling the system and pointer
is shown in Fig. 1. The Zeeman sublevels S1/2(mJ = −1/2)
and D1/2(mJ =−1/2) are identified as the states | ↑⟩ and | ↓⟩,
which act as the measured system and can be coherently op-
erated by a narrow linewidth 729 nm laser beam. The axial
motional state of the ion with secular frequency ωz = 2π ×1.4
MHz is chosen as the pointer state. The coupling of the mea-
sured system and the pionter is realized by a bichromatic light
field, which is generated by injecting a RF with two frequency
compenonents with gap 2ωz and resonant with the blue and
red sidebands of transition S1/2(mJ = −1/2) ↔ D1/2(mJ =

−1/2). In the Lamb–Dicke regime, the interaction Hamilto-
nian reads

Ĥbic =
h̄ηΩ

2
[σ̂x sinφ++ σ̂y cosφ+]

⊗
[
−(â† + â)cosφ−+ i(â† − â)sinφ−

]
, (8)

where η is the Lamb–Dicke parameter, Ω is the Rabi fre-
quency, â+ and â are the creation and annihilation operators
for motional states, φ+ = (φred + φblue)/2 and φ− = (φred −
φblue)/2 are the relative phases between the red sideband laser
phase φred and the blue sideband laser phase φblue.

The motional state is prepared in ground state |ϕi(z)⟩ =
( 1

2π∆z
2 )

1
4 exp(− z2

4∆z
2 ) by laser cooling before each experiment,

where ∆z =
√

h̄/2mωz is the size of the ground state wave
packet. The internal state of the ion is initialized to state | ↓⟩
by optical pumping. The interaction Hamiltonian between the
internal state and motional state

Hbic = ηΩ∆zσ̂x p̂ (9)

is created by setting φ+ = φ− = π/2, here σ̂x is the operator

of the measured system, p̂ = i h̄(â†−â)
2∆z

is the momentum oper-
ator for the pointer, and g = ηΩ∆z is the coupling strength
between the measured system and pointer.

To build the measurement scheme, we apply a 729 nm
laser pulse to prepare the internal state in |Ψ0⟩ = cosθ |+⟩+
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sinθ |−⟩, which is the state for measuring the expectation
value of operator σ̂x, and then the entangled state

|Ψ(t)⟩= cosθ |+⟩|ϕi(z−gt)⟩− sinθ |−⟩|ϕi(z+gt)⟩ (10)

is created by applying Eq. (9) for a duration of t. It can be
seen that the the spin state is the projective basis for states |+⟩
and |−⟩, and it is easy to find that the transformation unitary
matrix from { |+⟩, |−⟩ } to { | ↑⟩, |−⟩ } is the Hadmard gate.
Note that the detection laser beam at 397 nm only interacts
with the | ↓⟩ state for 40Ca+ ion, therefore we can post select
the state | ↑⟩ without destroying the pointer state. When the
post selected state is | ↑⟩, the pointer state will be

|ϕ⟩= 1√
2

cosθ |ϕ↑(z−gt)⟩− 1√
2

sinθ |ϕ↑(z+gt)⟩, (11)

with the post selection probability P↑ = 1
2 (1 −

sin(2θ)e−(gt/∆z)
2/2).

AOM 2

+1

+1

PBS

80 MHz

AWG
729 nm

RF amplitude, 
frequency and phase

λ/2

λ/4

f=50f=300f=200

f=200

f=200

f=100f=158

AOM 1

B

Fig. 1. Experimental setup for the expectation value measurement. AOM 1
is used to generate the bichromatic beam with arbitrary wavefrom generator
(AWG), and AOM 2 is used to shift the laser frequency by about 270 MHz
and control the laser power. The 729 beam goes through the two holes on
the endcap electrodes and stimulates the axial motional modes with Lamb–
Dicke parameters η ≈ 0.08.

Note that in the trapped ion system, the pointer state is a
Guassian wave packet (even function), therefore we find the
relation

⟨ϕ(z−g∆z) | z | ϕ(z+g∆z)⟩= 0. (12)

This formula indicates that the second term in Eq. (6) is zero
for all post selected states, and the central shift of the pointer
for post selection state |ψ j⟩ is simplified to

z̄ j = ⟨φ j | z | φ j⟩=
1
n

(
∑
n
|Cn|2gtAn

)
/Pj, (13)

therefore the expectation value of the opeator can be read out
by either of the pointer shifts. Experimentally we only need to
take the measurement for the postselection state | ↑⟩, and the
central position of the pointer is

⟨z⟩=−1
2

gt⟨σ̂x⟩/P↑. (14)

The expectation value of operator σ̂x can be obtained from
the experimentally measured post selection probability and

pointer shift, and it reads

⟨σ̂x⟩=
2⟨z⟩P↑

gt
. (15)

In the trapped ion system, the only observable that can
be measured directly is σ̂z. To get the central shift of the post
selected wave packet, we use an indirect method, which was
successfully used in the quantum simulation[19–22] to get its
probability distribution, see detail in Refs. [20,23].

Figure 2(a) shows the measured shifts for the wave packet
under various initial phase θ in the weak coupling regime,
where the coupling parameter gt = 0.1∆z ≪ ∆z is realized by
setting the Rabi frequency Ω = 2π × 20 kHz and the laser
pulse duration t = 100 µs. We can see a sharp amplification
near the angle θ = π/4, where the initial state is near | ↓⟩ and
the corresponding expectation value of operator σ̂x is 0. This
indicates that we can have a precise measurement near the zero
point. Figure 2(b) shows the shifted wave packet with g = 0.1,
θ = π/6. The central position of the wave packet is extracted
by fitting the data with a Gaussian function.

(a)

0

-0.5

0

0.5

0

0.1

0.2

0.3

0.4

0.1 0.2
θ/π

0.3 0.4 0.5

-4 -2

Ζ/∆z

<Ζ
>/
∆
z

<δ
(Ζ
−
Z
0
)>

2 40

(b)

Fig. 2. (a) Central position of wave packet for different initial states with
fixed coupling strength g = 0.1. The dots mean the experimental measure-
ment and the solid line indicates the theoretical prediction. (b) The recon-
structed wave packet for g = 0.1, θ = π/6, which is marked with inverted
triangle in (a). The histogram is the experimental results and the solid blue
line is the fitted curve by a Gaussian function.

Applying Eq. (15), we obtain the expectation of operator
σ̂x under initial phase from 0 to π/2 as shown in Fig. 3. The
red dots show the experimental results and the black curve in-
dicates the theoretical predition of ⟨σ̂x⟩ = cos(2θ). It can be
seen that the experimental result fits the theoretical prediction,
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and the deviation comes from the instable experimental pa-
rameters and limited data points for reconstruciton of the wave
packet.

-0.5

-1.0

0

0.5

1.0

0 0.1 0.2

θ/π

0.3 0.4 0.5

<σ
x
>

Fig. 3. Expectation value measurement for different initial states with cou-
pling parameter gt = 0.1∆z. The solid line indicates the theoretical predic-
tion of operator ⟨σ̂x⟩ = cos(2θ) with initial state cosθ |+⟩+ sinθ |−⟩ and
the dots mean the experimental measurement.

4. Discussion and conclusion
It is interesting to compare the weak value with the ex-

pectation value in the weak coupling regime. Firstly, the ex-
pectation value has a different definition from the weak value
as shown in Ref. [8]. Secondly, to get a useful weak value,
one should choose an appropriate postselected state accord-
ing to the initial state. On the contrary, to get the expectation
value one may always choose the postselected state as shown
in Eq. (4) in spite of the initial states.

In conclusion, we proposed a useful method for mea-
suring the expectation value of a weak coupling system and
demonstrated the scheme by taking advantage of a single
trapped 40Ca+. This scheme provides an effective method to
extract the expectation value for the weak coupling system.

The good agreement between the theoretical prediction and
experimental results shows that the scheme may be useful in
quantum sensing.
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