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We used the Jordan–Wigner transform and the invariant eigenoperator method to study the magnetic phase diagram
and the magnetization curve of the spin-1/2 alternating ferrimagnetic diamond chain in an external magnetic field at finite
temperature. The magnetization versus external magnetic field curve exhibits a 1/3 magnetization plateau at absolute zero
and finite temperatures, and the width of the 1/3 magnetization plateau was modulated by tuning the temperature and the
exchange interactions. Three critical magnetic field intensities HCB, HCE and HCS were obtained, in which the HCB and
HCE correspond to the appearance and disappearance of the 1/3 magnetization plateau, respectively, and the higher HCS
correspond to the appearance of fully polarized magnetization plateau of the system. The energies of elementary excita-
tion }ωσ ,k (σ = 1,2,3) present the extrema of zero at the three critical magnetic fields at 0 K, i.e.,

[
}ω3,k (HCB)

]
min= 0,[

}ω2,k (HCE)
]

max= 0 and
[
}ω2,k (HCS)

]
min= 0, and the magnetic phase diagram of magnetic field versus different ex-

change interactions at 0 K was established by the above relationships. According to the relationships between the system’s
magnetization curve at finite temperatures and the critical magnetic field intensities, the magnetic field-temperature phase
diagram was drawn. It was observed that if the magnetic phase diagram shows a three-phase critical point, which is inter-
sected by the ferrimagnetic phase, the ferrimagnetic plateau phase, and the Luttinger liquid phase, the disappearance of the
1/3 magnetization plateau would inevitably occur. However, the 1/3 magnetization plateau would not disappear without the
three-phase critical point. The appearance of the 1/3 magnetization plateau in the low temperature region is the macroscopic
manifestations of quantum effect.

Keywords: invariant eigen-operator method, Jordan–Wigner transformations, critical magnetic field intensity,
magnetic phase diagrams

PACS: 75.50.Gg, 68.65.−k, 75.30.Kz DOI: 10.1088/1674-1056/abd768

1. Introduction
Low-dimensional frustration quantum magnetic systems

have attracted much attention since they exhibit strange
quantum phenomena, which are closely related to the low-
temperature quantum phase transition of low-dimensional
condensed matter.[1–8] Especially in the diamond-chain com-
pound Cu3(CO3)2(OH)2 single crystal,[2] the 1/3 magnetiza-
tion plateau and double peaks of magnetic susceptibility and
specific heat were observed experimentally. This triggered in-
tensive research interests in such low-dimensional magnetic
chain materials.[3–7] Rule et al.[5] used inelastic neutron scat-
tering experiments to investigate the exchange integrals of
the diamond chain compound azurite Cu3(CO3)2(OH)2 and
again confirmed the existence of the 1/3 magnetization plateau
from the experiment. Jeschke et al.[6] theoretically investi-
gated the magnetic properties and the exchange integrals of
the spin-1/2 diamond chain with density functional theory
and explained the formation mechanism of the frustrated ma-
terial with first-principles. In the calculation of properties

in low-dimensional magnetic quantum systems, the density-
matrix renormalization group[9] (DMRG) method exhibits its
advantages. For example, the DMRG method is employed in
the phase diagram[3,4] study of the one-dimensional magnetic
quantum chain system.

In addition, there are also other theoretical methods to
study the magnetic and thermodynamic properties of one-
dimensional magnetic chain, e.g., the transfer-matrix density-
matrix renormalization group method[7,8] (TMRG), the in-
variant eigen-operator (IEO) method[10–12] combined with
Jordan–Wigner (J–W) transformations,[13,14] and the spin-
wave theory[15] method from a fully polarized vacuum com-
bined with the quantum Monte Carlo (QMC) simulation.[15]

The magnetic-field vs temperature phase diagram of alter-
nate ferrimagnetic chains reported in the paper of Silva and
Montenegro-Filho[15] has caught our attention. In their work,
the relationship between the critical magnetic field and the
double peak of magnetic susceptibility, as well as the correla-
tion between the magnetization curve and the magnetic phase
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diagram, have attracted our great interest.
We have specifically investigated the properties of a spin-

1/2 ferrimagnetic diamond XY chain[10] with the IEO method,
two peaks in magnetic susceptibility and specific heat as well
as two valleys in entropy appear at the critical magnetic field,
which are similar to Silva’s work,[15] and the two peaks are
also very similar in height. This triggered our motivation to in-
vestigate the magnetic phase diagram of the one-dimensional
magnetic chain system with the IEO method.

The elementary excitation of the spin-1/2 ferrimagnetic
chain system is also a fermion-type collective excitation that
satisfies the Pauli exclusion principle. This fermion-type col-
lective excitation is closely related to the Luttinger liquid (LL)
phase in one-dimensional quantum wires. The quantum crit-
ical point separates a gapped insulating phase and a gapless
conducting phase. The quantum critical state can be experi-
mentally accessed through an applied magnetic field in mag-
netic insulators.[16,17] In these systems, the gapped phases are
associated with magnetization plateaus in the magnetization
curves. Oshikawa et al.[18] clarified that this magnetization
plateau should be understood as a topological effect.

In this paper, the alternating ferrimagnetic diamond chain
of the one-dimensional spin-1/2 Heisenberg with long-range
interaction in the external magnetic field was investigated us-
ing the IEO method[10–12] combined with J–W transforma-
tions. Therefore, we derived the elementary-excitation energy
spectra and partition function of the system under the exter-
nal magnetic field. We only conducted a detailed study of the
magnetization and the magnetic phase diagram of the system
at absolute zero and finite temperature. Given the partition
function of the system under the external magnetic field, it is
easy to obtain the expressions of additional thermodynamic
and magnetic physical quantities of the system (such as spe-
cific heat, internal energy, free energy, entropy, magnetic sus-
ceptibility).

2. The partition function and elementary excita-
tions of the system
As shown in Fig. 1, dimer and monomer are alternately

arranged to form a ferrimagnetic diamond chain with 1/2 spin.
Here Sl,d1 and Sl,d2 represent the dimer’s spin quantum, and
Sl,m represents the monomer’s spin quantum. Suppose that

such a system has an N (l = 1,2, . . . ,N) cyclic structure. We
use the Heisenberg interaction theory model to describe, and
the Hamiltonian of the system can be expressed as follows:

Ĥ =
N

∑
l=1

{
J2𝑆̂l,d1 · 𝑆̂l,d2 + J1𝑆̂l,m · 𝑆̂l,d1 + J3𝑆̂l,m · 𝑆̂l,d2

+
J1

2
[
𝑆̂l,d2 · 𝑆̂l−1,m + 𝑆̂l+1,d2 · 𝑆̂l,m

]
+

J3

2
[
𝑆̂l,d1 · 𝑆̂l−1,m + 𝑆̂l+1,d1 · 𝑆̂l,m

]
+

Jm

2
[
𝑆̂l−1,m · 𝑆̂l,m + 𝑆̂l,m · 𝑆̂l+1,m

]
+guBH

(
Ŝz

l,d1
+ Ŝz

l,d2
+ Ŝz

l,m

)}
. (1)

In Eq. (1) 𝑆̂l,d1 , 𝑆̂l,d2 and 𝑆̂l,m are spin quantum op-
erators of spin 1/2, 𝑆̂l,d1 and 𝑆̂l,d2 are coupled by the fer-
romagnetic interaction J2 (J2 < 0) in dimer molecule, 𝑆̂l,m

and 𝑆̂l+1,m are coupled by the ferromagnetic interactions Jm

(Jm < 0) between monomer and monomer molecules, 𝑆̂l,d1

and 𝑆̂l+1,m are coupled by the anti-ferromagnetic interaction
between dimers and monomer molecules J1 (J1 > 0), 𝑆̂l,d2 and
𝑆̂l+1,m are coupled by anti-ferromagnetic interaction between
dimers and monomer molecules J3 (J3 > 0), 𝑆̂l,d2 and 𝑆̂l,m are
coupled by the anti-ferromagnetic interaction between dimers
and monomer molecules J1, 𝑆̂l,d1 and 𝑆̂l,m are coupled by the
anti-ferromagnetic interaction between dimers and monomer
molecules J3. uB is the Bohr magneton, g is the Landé factor,
and H is the intensity of the external magnetic field.

We apply J–W transformation[13,14] to the spin operators
in Eq. (1)

S+l,m = a+l exp

[
iπ

l−1

∑
i=1

(
a+i ai +b+i bi + c+i ci

)]
,

S+l,d1
= b+l exp

[
iπ

l

∑
i=1

(
a+i ai

)
+ iπ

l−1

∑
i=1

(
b+i ai + c+i ci

)]
,

S+l,d2
= c+l exp

[
iπ

l

∑
i=1

(
a+i ai +b+i bi

)
+ iπ

l−1

∑
r=1

(
c+i ci

)]
,

Sz
l,m = a+l al−

1
2
, Sz

l,d1
= b+l bl−

1
2
, Sz

l,d2
= c+l cl−

1
2
, (2)

where operators ai, bi and ci are Fermion operators, they sat-
isfy the anti-commutation relations [ai,a+j ]+ = δi, j, [bi,b+j ]+ =

δi, j and [ci,c+j ]+ = δi, j.

Jm Jm Jm Jm

J J

J J

JJJ

J

J J J

Sl↩↪d

Sl↩↪m Sl⇁↪mSl↪m

Sl↪d Sl⇁↪d

Sl↩↪d Sl↪d Sl⇁↪d

Fig. 1. The alternating ferrimagnetic diamond chain of the one-dimensional spin-1/2 Heisenberg model is composed of dimers and monomers.
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The lattice Fourier transforms for operators al , bl and cl

are as follows:

al = N−1/2
∑
k

exp(ikl)ak,

bl = N−1/2
∑
k

exp(ikl)bk,

cl = N−1/2
∑
k

exp(ikl)ck. (3)

In Eq. (3), ak (a+k ), bk (b+k ) and ck (c+k ) also satisfy the anti-
commutation relations, and N is the number of primitive cells
in the system.

According to Eqs. (1)–(3), and N−1
N
∑

l=1
exp [i (k′− k) l] =

δk′,k, the system Hamiltonian under linear approximation can
be obtained

Ĥ = ∑
k

Ĥk−
3guBHN

2
+

N
4
(Jm +2J1 + J2 +2J3) , (4)

where

Ĥk =
1
2
{[
(J1 + γ

∗
k J3)a+k bk +(J3 + γ

∗
k J1)a+k ck + J2b+k ck

]
+h.c.

+h1a+k ak +h2b+k bk +h2c+k ck
}
, (5)

in which γk = e ika, where a is the periodic lattice constant of
the system,

h1 = 2guBH +2Jm(coska−1)−2J1−2J3,

h2 = 2guBH− J1− J2− J3. (6)

According to Eqs. (5) and (6) and the anti-commutation rela-
tions of operators, we can obtain[

ak, Ĥ
]
− =

[
ak, Ĥk

]
−

=
1
2
[h1ak +(J1 + γ

∗
k J3)bk +(J3 + γ

∗
k J1)ck] ,[

bk, Ĥ
]
− =

[
bk, Ĥk

]
−

=
1
2
[(J1 + γkJ3)ak +h2bk + J2ck] ,[

ck, Ĥ
]
− =

[
ck, Ĥk

]
−

=
1
2
[(J2 + γkJ1)ak + J2bk +h2ck] . (7)

For a systemic Hamiltonian Ĥ, the IEO[11,12] of operators ak,
bk and ck are operators Ôe,σ (σ = 1,2,3), where

(Ôe,1 Ôe,2 Ôe,3 ) = ( ak bk ck )U. (8)

In Eq. (8)

U =

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 . (9)

Equation (8) can be described as

Ôe,σ = τ1,σ ak + τ2,σ bk + τ3,σ ck

=
(

ak bk ck
) τ1,σ

τ2,σ
τ3,σ

 , (σ = 1,2,3), (10)

[
Ôe,σ , Ĥ

]
− =

[
Ôe,σ , Ĥk

]
− = λσ Ôe,σ , (σ = 1,2,3), (11)

where τ1,σ , τ2,σ and τ3,σ are complex numbers.
From Eqs. (4)–(11), we can derive the equation as fol-

lows: h1/2 (J1 + J3γk)/2 (J3 + J1γk)/2
(J1 + J3γ∗k )/2 h2/2 J2/2
(J3 + J1γ∗k )/2 J2/2 h2/2

 τ1,σ
τ2,σ
τ3,σ


= λσ

 τ1,σ
τ2,σ
τ3,σ

 . (12)

From the secular equation[19,20] of Eq. (12), the energies of the
elementary excitations of the system are obtained as follows:

}ωσ ,k = λσ = 2
√
−p/3cos([u+(σ −1)2π/3])−b/3,

(σ = 1,2,3), (13)

in which

u = arccos
[
(−τ/2)(−p/3)−3/2

]
/3, p = c−b2/3,

τ = d−bc/3+2b3/27,

b =−(h1 +2h2)/2,

c =
{

2h1h2 +h2h2−
[
2J2

1 + J2
2 +2J2

3 +4J1J3 cosk
]}
/4,

d =
[
J2

2 h1 +2
(
J2

1 + J2
3 +2J1J3 cosk

)
h2−h1h2h2

]
/8

− J2
[
2J1J3 +

(
J2

1 + J2
3
)

cosk
]
/4. (14)

By the inverse transformation of Eq. (8) and using the unitarity
of matrix U (U−1 =U+), we obtain

( ak bk ck ) = (Ôe,1 Ôe,2 Ôe,3 )U−1 = (Ôe,1 Ôe,2 Ôe,3 )U+

= (Ôe,1 Ôe,2 Ôe,3 )

 τ∗11 τ∗21 τ∗31
τ∗12 τ∗22 τ∗32
τ∗13 τ∗23 τ∗33

 . (15)

Take Hermite conjugate on both sides of Eq. (15) a+k
b+k
c+k

=

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33


 Ô+

e,1
Ô+

e,2
Ô+

e,3

 . (16)

According to the anti-commutation relations in the ak (a+k ),
bk (b+k ) and ck (c+k ), easy access to Ôe,σ (Ô+

e,σ ) also has anti-
commutation relations [Ôe,i, Ô+

e, j]+ = δi j and [Ôe,i, Ôe, j]+ =

[Ô+
e,i, Ô

+
e, j]+ = 0. Therefore, there is (Ô+

e,σ Ôe,σ )
2−Ô+

e,σ Ôe,σ =

0 (which is n̂e,σ (n̂e,σ − 1) = 0), so the eigenvalue of the
particle-number operators n̂e,σ is 0 or 1. And the statistical
average of particle-number operators n̂e,σ satisfies the Fermi–
Dirac statistical distribution 〈n̂e,σ 〉= {e}βωσ ,k +1}−1.

From Eqs. (4), (5), (11), (15), and (16), the diagonaliza-
tion of the Hamiltonian of the system is derived as follows:

Ĥ = ∑
k

{
}ω1,kÔ+

e1Ôe1 +}ω2,kÔ+
e2Ôe2 +}ω3,kÔ+

e3Ôe3
}

− 3guBHN
2

+
N
4
(Jm +2J1 + J2 +2J3) . (17)

From Eqs. (4) and (17), the partition function of the system
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can be easily obtained as follows:

Z = Trexp(−β Ĥ)

= exp
{
−β

[
−3guBHN

2
+

N
4
(Jm +2J1 + J2 +2J3)

]}
×∏

k

3

∏
σ=1

(
1+ e−βλσ

)
, (18)

where β = 1
kBT .

Form Eq. (18), the Helmholtz free energy of the system
can be obtained and are given as

F = −β
−1 lnZ =−3guBHN

2
+

N
4
(Jm +2J1 + J2 +2J3)

−β
−1

∑
k

3

∑
σ=1

ln
(

1+ e−βλσ

)
. (19)

The magnetization of the system can be obtained from Eq. (19)
as

M =−
(

∂F
∂H

)
T
=

3guBN
2
−guB ∑

k

3

∑
σ=1

1
1+ eβλσ

(
∂λσ

∂h

)

= guBN

{
3
2
− a

2π

3

∑
σ=1

∫
π

−π

dk
1+ eβλσ

(
∂λσ

∂h

)}
,

(σ = 1,2,3), (20)

in which h = guBH.

3. Analysis and discussion
From the temperature-dependent thermal disorder energy

(kBT ), the Zeeman energy (guBH) that related to the exter-
nal magnetic field, the ferromagnetic exchange energy (J2)
that makes the electron spins in the dimer molecule paral-
lel to each other, the antiferromagnetic exchange energy (J1

and J3) that makes the electron spins between dimers and
monomer molecules antiparallel arranged and the ferromag-
netic exchange energy (Jm) which makes the electron spins
of monomers and monomer molecules aligned in parallel, etc.
Using the competition between the above energies, the mag-
netization behavior of the alternating ferrimagnetic diamond
chain with a spin of 1/2 under an external magnetic field was
analyzed.

To this end, when we change the exchange integral (J1,
J2, J3, Jm), we study the change of the system’s magnetiza-
tion with the external magnetic field at absolute zero and fi-
nite temperature. Thus, three critical magnetic field intensities
HCB, HCE and HCS are obtained. Here HCB represents the crit-
ical magnetic field intensity, at which the system begins to ex-
hibit a 1/3 magnetization plateau, HCE represents the critical
magnetic field intensity where the 1/3 magnetization plateau
disappears, and HCS represents the critical magnetic field in-
tensity where the system begins to exhibit the fully polarized
(FP) plateau.

According to Eqs. (13) and (14), the elementary-
excitation spectra of the system satisfies the relationship of
}ω1,k > }ω3,k > }ω2,k in the entire Brillouin zone (where
}ω1,k > 0, but }ω3,k and }ω2,k can be positive or negative).

When H ≥ HCS, the energies of three elementary exci-
tations are greater than zero in the Brillouin zone, and they
drive the system from low energy state to high energy state,
leading to an energy gap (UP gap) and the fully polarized (FP)
plateau phase. FP phase appears when H is higher than HCS.
In this area, the magnetic moment of dimer molecules and the
single matrix molecule is fully parallel to the external mag-
netic field, which is similar to that of the ferromagnetic phase.
The whole system is fully polarized. When HCS > H > HCE,
the energy of }ω2,k can be positive or negative, resulting in a
gapless state of the system and the Luttinger liquid (LL) phase.
LL phase emerges when the magnetic field intensity H is in the
range of HCE < H < HCS. In this area, the magnetic moment
of the monomer’s molecule will rotate along the direction of
the external magnetic field when the elementary excitation en-
ergy increases, which will induce the magnetic moment of
dimer’s molecules to deviate from the external magnetic field
randomly. The projection of the total magnetic moment along
the direction of the external magnetic field will increase with
the external magnetic field. When HCE ≥H ≥HCB, the energy
of }ω2,k appears to be negative. It transforms the system from
a high energy state to a low energy state, leading to an energy
gap (DN gap) and the ferrimagnetic (FRI, 1/3 magnetization)
plateau phase. FRI plateau phase appeared when the magnetic
field intensity H is in the range of HCE ≥ H ≥ HCB. In this
area, the magnetic moment of the dimer’s molecules is parallel
to the external magnetic field, whereas the magnetic moment
of the monomer’s molecule is along the opposite direction.
The total magnetic moment of the ferrimagnetic system is the
maximum and remains unchanged with the increase of the ex-
ternal magnetic field. When HCB > H, the energy of }ω3,k can
be positive or negative, inducing a gapless state of the system
and the ferrimagnetic (FRI) phase. FRI phase is a disordered
ferrimagnetic-like phase in which the magnetic moments of
the dimer’s molecule are arranged approximately antiparallel
to the magnetic moments of the monomer’s molecule, but the
size of the magnetic moment is different. Moreover, in this
phase, the projection of the total magnetic moment along the
direction of the external magnetic field will increase with the
external magnetic field.

Combined with Eq. (20) and Fig. 2, it can be seen that at
absolute zero temperature, when the energy of the elementary-
excitation spectrum is greater than zero, the Fermi–Dirac sta-
tistical distribution 〈nσ 〉 = 1/(1+ e}ωσ ,k/(kBT )), (σ= 1,2,3)
is zero. Due to }ω1,k > 0, so 〈n1〉 = 0. Moreover, the energy
of the elementary-excitation spectra will increase with the
increase of the external magnetic field intensity (see Fig. 2).
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Fig. 2. The dispersion curves of elementary-excitation spectrum at 0 K in different external magnetic fields (guBH/J = 0.0, 0.15, 0.34, 0.42, 0.50,
0.75, 1.02, 1.17) (other parameters are set as J1/J = 0.47, J2/J =−1, J3/J = 0.21, Jm/J =−0.1).

(i) When guBH
J = 0, in the entire Brillouin zone, the results of

}ω2,k < 0 (the red lines in Fig. 2) and }ω3,k < 0 (the green
lines in Fig. 2) with the corresponding Fermi–Dirac statistical
distribution 〈n2〉= 1 and 〈n3〉= 1 can be obtained, which also
results in M

guBN = −0.5. (ii) When guBH
J = 0.34, it is found

that (}ω3,k)min = 0. Therefore, }ω3,k ≥ 0, in the whole Bril-
louin zone and induced 〈n3〉= 0. However, if }ω2,k < 0 in the
whole Brillouin zone, the corresponding Fermi–Dirac statisti-
cal distribution will be 〈n2〉 = 1. Considering the above rea-
sons, it can be obtained the results of M

guBN = 0.5, which is the
critical magnetic field strength of HCB where the 1/3 magneti-
zation plateau appears. (iii) When guBH

J = 0.5, we can found
}ω3,k > 0, and thus 〈n3〉= 0. However, when (}ω2,k)max = 0,
}ω2,k ≤ 0 in the whole Brillouin zone. The corresponding
Fermi–Dirac statistical distribution is 〈n2〉= 1 and M

guBN = 0.5.

Combined with the condition of guBH
J = 0.75, it can be known

that }ω2,k, which will be larger than zero at the boundary of
the Brillouin zone and less than zero near the Γ point, leading
to the system 1.5 > M

guBN > 0.5. Considering the above, this
corresponds to the critical magnetic field intensity HCE cor-
responding to the disappearance of 1/3 of the magnetization
plateau in the system. (iv) When guBH

J = 1.02, we can found
(}ω2,k)min = 0. As a result, }ω2,k ≥ 0 holds for the whole
Brillouin zone, which will induce 〈n2〉 = 0 and M

guBN = 1.5,
which is the critical magnetic field intensity of HCS where the
saturated magnetization plateau appears.

The elementary excitations (}ω1,k, }ω2,k and }ω3,k) sat-

isfy the Fermi–Dirac statistical distribution. The analysis of
elementary-excitation spectra gives the relationship with the
critical magnetic field as follows. Here HCB, HCE, and HCS are
the external magnetic field intensities as the minimum value of
}ω3,k, the maximum value of }ω2,k, and the minimum value
of }ω2,k are equal to zero, respectively. This can be expressed
by the following equations:

[}ω3,k(HCB)]min = 0,

[}ω2,k(HCE)]max = 0,

[}ω2,k(HCS)]min = 0. (21)

We use Eq. (21) to draw the magnetic phase diagrams of
magnetic field-different exchange integrals at absolute zero.
The relationships between the system’s magnetization curve
at finite temperature and the critical external magnetic field in-
tensities are obtained according to Eq. (20), and the magnetic
field-temperature phase diagram is drawn.

In the magnetic phase diagrams, the FP plateau phase is
represented in olive green, the LL phase is in blue, the FRI
plateau phase (i.e., 1/3 magnetization plateau phase) is in ma-
genta, and the FRI phase is in cyan (see Figs. 4, 6, 9 and 12).

It can be seen from Figs. 3 and 4 that in the spin-1/2
alternating ferrimagnetic diamond chain, when the reduced
exchange integrals are J1/J = 0.47, J2/J = −1, J3/J = 0.21,
Jm/J = −0.1, the spin magnetic order of the system is de-
stroyed by the thermal disorder energy with the increase of
temperature. Therefore, the symmetry of the system increases,
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and the order decreases. Its manifestation is in the low tem-
perature range of kBT/J < 0.008, the width of the 1/3 magne-
tization plateau of the system gradually decreases with the in-
crease of temperature (see Figs. 3 and 4). The width of the 1/3
magnetization plateau is the largest at 0 K. As the temperature
increases, the critical magnetic field intensity HCB gradually
increases (i.e., moves to the right), while the critical magnetic
field intensity HCE decreases (i.e., moves to the left), resulting
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Fig. 3. The magnetization change with the external magnetic field at dif-
ferent temperatures (other parameters are set as J1/J = 0.47, J2/J =−1,
J3/J = 0.21, Jm/J =−0.1).
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Fig. 5. The magnetization changes with the external magnetic field at
T = 0 K, under different ferromagnetic exchange integrals J2/J (−0.5,
−0.75, −1.0, −1.25, −1.5, −1.75, −2.0) (other parameters are set as
J1/J = 0.47, J3/J = 0.21, Jm/J =−0.14).

in the width of 1/3 magnetization plateau gradually decreas-
ing (see Fig. 3). Until kBT/J = 0.008, the 1/3 magnetization
plateau completely disappears. But the region of the spin-flop
states (i.e., LL phase) gradually increases with increasing tem-
perature. When kBT/J > 0.008, the critical magnetic field in-
tensity HCB and HCE of the system are completely coincident
and are independent of temperature. The above analysis shows
that the appearance of the 1/3 magnetization plateau of the
system is closely related to the quantum effect of the system.
Because the quantum effect of the system is more pronounced
at extremely low temperatures, but this quantum effect is not
observed at room temperature. This is because the quantum
effects are completely suppressed by the thermal disorder en-
ergy at room temperature. Therefore, the appearance of the
1/3 magnetization plateau in the low temperature region is the
macroscopic manifestation of the quantum effect. The critical
temperature at which the 1/3 magnetization plateau disappears
is kBT/J = 0.008, this temperature corresponds to the three-
phase critical point of the FRI phase, the FRI plateau phase,
and the LL phase (see Fig. 4).

As can be seen from Figs. 5–7, when the reduced ex-
change integrals (J1/J = 0.47, J3/J = 0.21, Jm/J = −0.14),
with the increase of reduced ferromagnetic exchange integral
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−J2/J (0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0), the critical mag-
netic field intensity HCE decreases (i.e., moves to the left) at
T = 0 K and finite temperature. However, the critical magnetic
field intensities HCB and HCS do not change, which means that
HCB and HCS have nothing to do with the ferromagnetic ex-
change energy (J2) that makes the electron spins of the dimer
molecules parallel. Therefore, as the reduced ferromagnetic
exchange integral −J2/J increases, the region of the spin-flop
states expands, and the width of the 1/3 magnetization plateau
gradually decreases, but the decreasing rate becomes slower
and slower and consequently, leading to the width of the 1/3
magnetization plateau tend to be constant. The thermal dis-
order energy kBT destroys the magnetic order of the system
(see Fig. 7), with the increase of the reduced ferromagnetic
exchange integral −J2/J, which accelerates the expansion of
the region of spin-flop states and decreases the width of the 1/3
magnetization plateau. There is no three-phase critical point in
the magnetic phase diagram, so the change of ferromagnetic
exchange integral −J2/J does not cause the disappearance of
1/3 magnetization plateau (see Fig. 6).

In Fig. 8, when the reduced exchange integrals are
J2/J =−1, J3/J = 0.21, Jm/J =−0.14, and the external mag-
netic field guBH/J = 0, and the reduced antiferromagnetic ex-
change integral J1/J = 0, we can be obtained from Eqs. (13)
and (14) that there are }ω1,k > 0, }ω3,k > 0, and }ω2k < 0 in
the entire Brillouin zone. And elementary excitations }ω1,k,
}ω2,k and }ω3,k satisfy the Fermi–Dirac statistical distribution.
Therefore, from Eq. (20), it can be seen that when the external
magnetic field guBH/J = 0, and J1/J = 0, the total magneti-
zation M/(guBN) = 0.5 at T = 0 K (see Fig. 8(a)). According
to the principle of symmetry, the same result at 0 K should
be obtained when J2/J = −1, J1/J = 0.21, Jm/J = −0.14,
guBH/J = 0 and J3/J = 0. However, as can be seen from
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Fig. 8. The magnetization changes with the external magnetic field at
(a) T = 0 K and (b) finite temperature kBT/J = 0.02, under different anti-
ferromagnetic exchange integrals J1/J (0.0, 0.1, 0.2, 0.33, 0.4, 0.5, 0.6)
(other parameters are set as J2/J =−1, J3/J = 0.21, Jm/J =−0.14).

Fig. 10(a), when the reduced exchange integrals are J2/J =

−1.0, J1/J = 0.47, Jm/J =−0.14, the external magnetic field
guBH/J = 0, and the reduced antiferromagnetic exchange in-
tegral J3/J = 0, we can obtain from Eqs. (13) and (14) that
there are }ω1,k > 0, }ω3,k < 0 and }ω2,k < 0 in the entire Bril-
louin zone. So, from Eq. (20), we can know that when the
external magnetic field guBH/J = 0, and J3/J = 0, the total
magnetization M/(guBN) =−0.5 at T = 0 K. Similarly, when
J2/J = −1.0, J3/J = 0.47, Jm/J = −0.14, guBH/J = 0 and
J3/J = 0, the same result should be obtained.

It can be seen from Figs. 8 and 10 that the critical mag-
netic field intensities HCB, HCE and HCS increase (all move to
the right) with the increase of the reduced antiferromagnetic
exchange integrals (J1/J, J3/J), and the region of spin-flop
states widens. However, if only J1/J is changed (see Figs. 8(a)
and 9), the 1/3 magnetization plateau disappears when the
J1/J = 0.33 at 0 K. As can be seen from Figs. 7(b) and 9(b),
thermal disorder energy kBT accelerates the decrease and the
increase of the width of the 1/3 magnetization plateau and the
region of spin-flop states, respectively.
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Fig. 9. The critical magnetic field intensities (HCB, HCE and HCS) as
a function of J1 at T = 0 K (other parameters are set as J2/J = −1.0,
J3/J = 0.21, Jm/J =−0.14).

As can be seen from Fig. 9, in a spin-1/2 alternating fer-
rimagnetic diamond chain at T = 0 K, when J2/J = −1.0,
J3/J = 0.21, Jm/J = −0.14, and the antiferromagnetic ex-
change integral J1/J < 0.061, as the antiferromagnetic ex-
change integral J1 increases, the width of the 1/3 magnetiza-
tion plateau of the system increases more and more. And with
the increase of J1, the saturation critical magnetic field inten-
sity HCS and HCE increases linearly, and the increase in the
amplitude and rate of HCS is greater than that of HCE, so the
region of spin-flop states has expanded. This is because the
critical magnetic field intensity HCB does not change with J1

in this range (J1/J < 0.061). When 0.061 < J1/J < 0.33, as
the antiferromagnetic exchange integral J1 increases, the crit-
ical magnetic field intensity HCB begins to increase linearly,
and the rate of increase is greater than that of HCE. As a re-
sult, the 1/3 magnetization plateau gradually decreases until it
completely disappears near J1/J = 0.33. When J1/J > 0.33,
the 1/3 magnetization plateau and the region of spin-flop states
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gradually increase with the increase of J1. Here, the 1/3 mag-
netization plateau disappears at the three-phase critical point
of the FRI phase, the FRI plateau phase, and the LL phase. The
critical antiferromagnetic exchange integral corresponding to
this three-phase critical point is J1/J = 0.33 (see Fig. 9).
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Fig. 10. The magnetization changes with the external magnetic field at
(a) T = 0 K and (b) finite temperature kBT/J = 0.02, under different
anti-ferromagnetic exchange integrals J3/J (0.0, 0.2, 0.4, 0.8) (other
parameters are set as J2/J = 1, J1/J = 0.47, Jm/J = 0.14).

It can be seen from Figs. 11 and 12 that when the reduced
exchange integral J1/J = 0.47, J2/J =−1, J3/J = 0.21 is un-
changed, at T = 0 K (see Figs. 11(a), 11(b) and 12), when
−Jm/J < 0.184, the critical magnetic field intensity HCE de-
creases (i.e., moves to the left) with the ferromagnetic ex-
change integral −Jm/J increase. However, the critical mag-
netic field intensities HCB and HCS do not change, resulting

in the width of 1/3 magnetization plateau gradually decreas-
ing and the region of spin-flop states gradually expanding.
When −Jm/J = 0.184, the 1/3 magnetization plateau disap-
pears completely. When 0.336 > −Jm/J > 0.184, the criti-
cal magnetic field intensity HCB decreases (i.e., moves to the
left), but the critical magnetic field intensities HCE and HCS do
not change, resulting in the width of 1/3 magnetization plateau
gradually increasing, and the region of spin-flop states are con-
stant and independent of Jm. When −Jm/J > 0.366, the three
critical magnetic field intensities HCB, HCE and HCS are con-
stant and independent of the ferromagnetic exchange integral
Jm. Therefore, when −Jm/J > 0.366, the width of the 1/3
magnetization plateau and the width of the region of spin-flop
states are constant and independent of Jm. Here, the 1/3 mag-
netization plateau disappears at the three-phase critical point
of the FRI phase, the FRI plateau phase, and the LL phase.
The critical ferromagnetic exchange integral corresponding to
this three-phase critical point is −Jm/J = 0.184 (see Fig. 12).

When −Jm/J = 0.184, the 1/3 magnetization plateau
completely disappears, and under the effect of thermal dis-
order energy kBT outside the FP plateau region, this mag-
netization curve is separated from the magnetization curve in
other cases (Jm/J = 0.0, −0.05, −0.1, −0.15, −0.25, −0.3,
−0.35) at the finite temperature kBT/J = 0.01 except for the
FP plateau region (see Figs. 11(c) and 11(d)). This shows
that there is a competition between magnetic order, which is
caused by an external magnetic field in the system, and ther-
mal disorder at finite temperatures.
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Fig. 11. The magnetization changes with the external magnetic field at (a), (b) T = 0 K and (c), (d) finite temperature kBT/J = 0.01, under
different ferromagnetic exchange integrals Jm/J (0.0, −0.05, −0.1, −0.15, −0.184, −0.25, −0.3, −0.35) (other parameters are set as J1/J =
0.47, J2/J =−1.0, J3/J = 0.21).
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Fig. 12. The critical magnetic field intensities (HCB, HCE and HCS) as a
function of Jm/J at T = 0 K (other parameters are set as J1/J = 0.47,
J2/J =−1, J3/J = 0.21).

4. Conclusion
We have obtained the following conclusions by studying

the magnetization and magnetic phase diagram of the spin-1/2
alternating ferrimagnetic diamond chain in external magnetic
fields at finite temperatures.

(1) There are three critical magnetic field intensities HCB,
HCE and HCS in the system. By analyzing the analytical solu-
tion of the elementary excitation spectra of the system under
the external magnetic field at absolute zero, we find that there
is the following correspondence between the elementary exci-
tation spectra and the critical magnetic field intensities. HCB

and HCE are respectively the external magnetic field intensities
under which

[
}ω3,k (HCB)

]
min= 0 and

[
}ω2,k (HCB)

]
max= 0,

while HCS corresponds to
[
}ω2,k (HCB)

]
min= 0.

(2) The 1/3 magnetization plateau will inevitably disap-
pear as long as the three-phase critical point exists in the mag-
netic phase diagram, which is intersected by the FRI phase, the
FRI plateau phase, and the LL phase. However, the 1/3 mag-
netization plateau will not disappear without this three-phase
critical point.

(3) The UP and the DN energy gap induce the appearance
of the FP and the FRI plateau phase, respectively. Also, }ω2,k

and }ω3,k can be positive or negative in the Brillouin zone,
resulting in a gapless state in the system, then inducing the
appearance of the LL and the FRI phase, respectively.

(4) The width of the 1/3 magnetization plateau is the
largest at 0 K. As the temperature increases, HCB gradu-
ally increases, while HCE decreases, resulting in the width of
1/3 magnetization plateau gradually decreasing. Therefore,
the appearance of the 1/3 magnetization plateau in the low-
temperature region is the macroscopic expression of the quan-
tum effect.

(5) The change of the ferromagnetic exchange energy−J2

does not change HCB and HCS. However, HCE decreases with
the increase of −J2. As a result, the width of the 1/3 magneti-

zation plateau decreases and the region of spin-flop states gets
enlarged.

(6) There are two critical values (−JmC1 and −JmC2)
for the ferromagnetic exchange integral −Jm. When −Jm <

−JmC1, as −Jm increases, HCE decreases, but HCB and HCS

remain unchanged, resulting in the width of the 1/3 magne-
tization plateau decreasing and the region of spin-flop states
enlarged. When −Jm =−JmC1, the 1/3 magnetization plateau
disappears completely. When−JmC2 >−Jm >−JmC1, as−Jm

increases, HCB decreases, but HCE and HCS remain unchanged,
resulting in the width of the 1/3 magnetization plateau grad-
ually increases, while the region of spin-flop states is un-
changed. When−Jm >−JmC2, the three critical magnetic field
intensities HCB, HCE and HCS are not related to −Jm.

(7) HCB, HCE, and HCS increase with the anti-
ferromagnetic exchange integral (J1 or J3). While the change
of J1 or J3 can tune the 1/3 magnetization plateau, so that the
width of the 1/3 magnetization plateau of the system changes
from large to small until it disappears, and then increases. The
above results indicated that the appearance of the 1/3 mag-
netization plateau is closely related to the magnetic ordered
structure of the system.
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