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We investigate quantum dynamics of a quantum walker on a finite bipartite non-Hermitian lattice, in which the particle
can leak out with certain rate whenever it visits one of the two sublattices. Quantum walker initially located on one of the
non-leaky sites will finally totally disappear after a length of evolution time and the distribution of decay probability on
each unit cell is obtained. In one regime, the resultant distribution shows an expected decreasing behavior as the distance
from the initial site increases. However, in the other regime, we find that the resultant distribution of local decay probability
is very counterintuitive, in which a relatively high population of decay probability appears on the edge unit cell which is the
farthest from the starting point of the quantum walker. We then analyze the energy spectrum of the non-Hermitian lattice
with pure loss, and find that the intriguing behavior of the resultant decay probability distribution is intimately related to
the existence and specific property of the edge states, which are topologically protected and can be well predicted by the
non-Bloch winding number. The exotic dynamics may be observed experimentally with arrays of coupled resonator optical

waveguides.
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1. Introduction

Quantum walk,!?! originated as a quantum generaliza-
tion of classical random walk, has now become a versa-
tile quantum-simulation scheme which has been experimen-
tally implemented in many physical settings,®! such as opti-
cal resonators,* cold atoms,>®! superconducting qubits, 7]
single photons, ! trapped ions,['?! coupled waveguide
arrays,!3] and nuclear magnetic resonance.!'*! For standard
Hermitian systems, quantum walk has been proposed to detect
topological phases.['>-171 And those fundamental effects of

U8.191 jnteractions, 1924 disorders, 5271

quantum statistics,
defects,*82°1 and hopping modulations!?>**-32! on the dy-
namics of quantum walkers have also been intensively investi-
gated.

Recently, non-Hermitian physics!?*-®! has been attract-
ing more and more research attention, since gain and loss
are usually natural and unavoidable in many real systems,
such as coupled quantum dots,[%?! optical waveguides, %3 op-
tical lattices, %71 and exciton—polariton condensates.[6%-6%]
In this context, the central concept of bulk—boundary cor-
respondence which was developed for Hermitian systems is
carefully examined and reconsidered in many concrete non-

37,70-77

Hermitian models. ! I Anomalous zero-energy edge state

is found in a non-Hermitian lattice which is described by a

DOI: 10.1088/1674-1056/abd 765

defective Hamiltonian.[”®! The concept of generalized Bril-
louin zone (GBZ) is proposed and a non-Bloch band theory
for non-Hermitian systems is established for one-dimensional
tight-binding models.”*86! With the aid of non-Bloch wind-
ing number, the bulk-boundary correspondence for non-
Hermitian systems is restored. Concurrently, the study on
quantum walk has also been extended to non-Hermitian sys-
tems. Quantum dynamics of non-Hermitian system is believed
to be quite different from that of standard Hermitian case. And
topological transitions in the bulk have already been observed
for open systems by implementing non-unitary quantum walk
experimentally. [63:87-89]

In this work, we consider a non-Hermitian quantum walk
on a finite bipartite lattice in which there exists equal loss on
each site of one sublattice. Whenever the quantum walker re-
sides on one of the lossy sites, it will leak out at a rate that
is determined by the imaginary part of the on-site potential.
As time elapses, the quantum walker initially localized on one
of the non-decaying sites will completely disappear from the
bipartite lattice eventually. Given the ability to record the po-
sition from where decay occurs, one may routinely obtain the
resultant decay probability distribution. Intuitively, one may
expect the decay probability on each unit cell decreases as
its distance from the starting point of the quantum walker in-
creases since each unit cell has a leaky site with equal decay

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11404199 and 11674201), Natural Science Foundation of Shanxi Province,
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strength. Surprisingly, our numerical simulation displays a
very counterintuitive distribution of the decay probability in
one parametric region, while the intuitive picture described
above shows in the rest region. A conspicuous population of
decay probability appears on the edge unit cell which is the
farthest from the initial position of the quantum walker, while
there exists a lattice region with quite low population between
the edge unit cell and the starting point. We analyze the energy
spectrum of the finite bipartite non-Hermitian lattice with open
boundary condition. It is shown that the exotic distribution of
decay probability is closely related to the existence and spe-
cific property of the edge states, which can be well predicted
by the non-Bloch winding number.!7%-8]

The paper is organized as follows. In Section 2, we intro-
duce the bipartite non-Hermitian model with pure loss. And
detailed description of the quantum walk scheme is also ad-
dressed. In Section 3, concrete numerical simulations are im-
plemented for a finite non-Hermitian lattice with open bound-
ary condition. Corresponding distributions of the local decay
probability obtained numerically are shown for several typi-
cal choices of the model parameters. We then compute the
band structure of the finite bipartite lattice with open boundary
condition in Section 4. Portraits of the intriguing edge states
are pictured therein. And with a constant potential shift, our
model is transformed into a model possessing balanced gain
and loss. Accordingly, both the Bloch and non-Bloch topo-
logical invariants which are vital to bulk—boundary correspon-
dence are calculated. Finally, a summary along with a brief
discussion is given in Section 5.

2. Model and method

We investigate continuous-time quantum walks on a fi-
nite one-dimensional bipartite lattice of length L with pure
loss, which is pictured in Fig. 1. This tight-binding model can
be well described by a non-Hermitian Hamiltonian H, which

reads
1y ot oA A A
H = l:_ 2 Cm, ch B+V ( Acm7B +cm,ch~,A
m
ir AT N
+ E Cmt1,46mA — Cpy ACmJF] A
ir (

5 +1,BcAm,B mBCm-H B)
P (At
+§ Cm+1AcmB+C ch-HA
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with m being the unit cell index. éjn 4 (é;y p) 1is the creation
operator of particles on sublattice A (B). ¥ dictates the non-
Hermitian loss on each site of B sublattice. And v and r denote
the intracell and intercell Hermitian hopping, respectively. 7,
r, and v are taken to be real, and henceforth.

AQIr/zAQ A@ A@

ir/2 B B
ir/ v ~
Fig. 1. Schematic figure of the tight-binding non-Hermitian lattice. Each
unit cell contains two sites, A and B. Decay with rate ¥ occurs on each site
of the sublattice B. The arrow denotes the phase direction.

Accordingly, the dynamics of a quantum walker in state
|w) dwelling on such a bipartite lattice with long-range hop-
ping obeys the following equations of motion:

.. i
i = vyn+ r(Wr/;‘lfl_W/AnnLl) +
lll,nli = Wm V’rfrll_ 2y (llfm 1~ WnIiJrl)

+5(w,2,1+w;§+1), @

(mA|y) and
w3 = (mB|y) are the amplitudes of the quantum walker on

z (‘/’2—1 +Wrﬁ+l) 5

in which the planck constant 7 is set to be 1. y/ =

site m of sublattices A and B, respectively. Since the Hamilto-
nian (1) with pure loss is non-Hermitian in genuine, the norm
of the state |y) of the quantum walker will decay in a manner
as following:
d ) A1
3 (Wiv) =i |(H -H)|v) = Zy|wm| SNE)
Suppose the quantum walker is initially prepared on the

A site of unit cell o at time 7 = 0, then the initial state |y/(0))
of the quantum walker is given by following amplitudes:

V;:\l (0) = 6m()7

For time ¢ > 0, the quantum walker will move freely on the

yn(0) =0. 4

bipartite lattice according to the equations of motion (2). Due
to the existence of pure loss in Hamiltonian (1), whenever the
quantum walker visits the sites of sublattice B, it will leak out
with a rate y according to Eq. (3). As t — oo, the probability
of the quantum walker dwelling on the lattice decreases to be
zero. Given the ability to detect the position of the site from
where the probability of the quantum walker leaks out, one can
obtain the local decay probability P, on each leaky unit cell m.
According to Eq. (3), we have

T B2
Py = /0 vwE @) dr, 5)

with ¥, B, = 1.
numerically solving the equations of motion (2) with open

For the initial state given by Eq. (4), by

boundary condition, we can acquire the amplitude 5 (¢) of the
quantum walker at any time ¢ > 0. Throughout this article, we
are interested in the resultant distribution of local decay prob-
ability B, among the whole lattice obtained after the quantum
walker completely decayed.
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3. Distribution of the local decay probability P,

We investigate dissipative quantum walks on a finite lat-
tice with L unit cells and under open boundary condition.
Without loss of generality, the size of the lattice is taken to
be L = 51. The quantum walker is set out from the non-leaky
site of unit cell o in the bulk. As mentioned in Section 2, the
bipartite lattice sketched in Fig. 1 is a system with pure loss
on each B site, one may immediately has an intuitive picture
in mind that the local decay probability P,, shrinks quickly as
the distance of the unit cell m from the starting point of the
quantum walker increases since the decay strength on each B
site is equal. The underlying reason for this is obvious. First
come, first served. The quantum walker visits the nearby unit
cells first, then more probability leaks out there. Because, as
time elapses, the remaining part of the norm of the quantum
walker state |y/(f)) becomes smaller and smaller. However,
direct numerical simulations present intriguing distributions of
the local decay probability B,,. The picture turns out to be quite
counterintuitive where a relatively high population of the local
decay probability on the edge unit cell occurs in the resultant
distribution. This is very surprising since the edge unit cell is
the farthest from the initial position of the quantum walker.

In Fig. 2, we simulate the non-Hermitian quantum walk
for positive intracell hopping v by numerically solving the
equations of motion (2). The resultant distributions of local
decay probability P, among the whole lattice are shown for
the intracell hopping v taking values 0.3, 0.5, 0.7, 0.9. And the
decay strength is set to be Y = 1, the intercell hopping strength
to be r = 0.5. Correspondingly, time evolutions of the proba-
bility distributions |y (¢)|? + |wB(¢)[* for all lattice unit cells
are shown in the insets. As shown in Fig. 2, the distributions
of the local decay probability are all asymmetric. The quan-
tum walker initiated from the center unit cell o tends to move
to the left of the bipartite lattice for positive intracell hopping.
And more surprising is that for v = 0.3 and v = 0.5 as shown
in Figs. 2(a) and 2(b), an impressive portion of the probability
decays from the left edge unit cell which is the farthest one
from the unit cell 0. Besides, the intuitive picture previously
mentioned also shows up, which is shown in Figs. 2(c) and
2(d) for the intracell hopping v = 0.7 and v = 0.9. As the dis-
tance of the unit cell m from the center unit cell o increases,
the portion of the probability that leaks out from m becomes
smaller and smaller.

We then simulate the non-Hermitian quantum walk for
negative intracell hopping v with other parameters the same
as the positive case above. Details of the distributions of lo-
cal decay probability P, are shown in Fig. 3 and density plots
of the probability distributions among the whole lattice dur-
ing the quantum walk processes are shown in insets. Similar
to the case of positive v, the resultant distributions are also
asymmetric. However, in this case the quantum walker has

a tendency to go to the opposite direction. Namely, most of
the probability of the quantum walker flows to the right side
of the bipartite lattice and leaks out there subsequently. Also,
as shown in Figs. 3(a) and 3(b), a conspicuous population of
the decay probability appears on the rightmost unit cell for in-
tracell hopping v = —0.3 and v = —0.5. And as the strength
of the intracell hopping increases, for the cases v = —0.7 and
v = —0.9 as shown in Figs. 3(c) and 3(d), the expected distri-
bution of local decay probability P, is restored again.

0.3 (a) 10.3f (b)
100
0.2 10.2f
Al 50
0.1/
0720 0 20
0
@
40
o 10.3} .
20
1 0,
2200 20
-20 —-10 0 10 20 -20 -10 0 10 20

Cell index m Cell index m

Fig. 2. Resultant distributions of the local decay probability P, obtained
at the end of the non-Hermitian quantum walks on a finite bipartite lat-
tice. Insets show the corresponding quantum walk processes. The intracell
hopping v takes positive values, with (a) v=10.3, (b) v=0.5, (c) v=10.7,
(d) v=10.9. The lattice consists of L = 51 unit cells with »r = 0.5 and the
decay strength y = 1.
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Fig. 3. Resultant distributions of the local decay probability P, obtained
at the end of non-Hermitian quantum walks on a finite bipartite lattice
with L = 51 unit cells for negative intracell hoppings v. Corresponding
quantum walk processes are shown in insets. (a) v = —0.3, (b) v=—0.5,
(¢)v=—0.7, (d) v=—0.9. The decay strength y=1and r =0.5.

Finally, numerical simulation of a quantum walk on the
lossy non-Hermitian lattice with intracell hopping v = 0 is
shown in Fig. 4(a). Since the intracell hopping is zero, there
is no direct particle exchange between the two sites within the
same unit cell. The quantum walker set out from the central
unit cell o will preferentially go to lattice sites of nearby two
unit cells o — 1 and o + 1 rather than the lossy site B of unit
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cell o. Therefore, little probability leaks out from the starting
point of the quantum walker. Indeed, this is the case revealed
by the resultant decay probability distribution, see Fig. 4(b).
In contrast to the counterintuitive cases with finite strength of
intracell hopping as shown in Figs. 2 and 3, the distribution
of local decay probability P, is nearly symmetric among the
whole lattice.

100

0
-20 —-10 O 10 20

Cell index m

—20 —10 0 10 20

Cell index m

Fig. 4. (a) The non-Hermitian quantum walk on a finite bipartite lattice
with L = 51 unit cells for intracell hopping v = 0, decay strength y = 1,
and r = 0.5. (b) Symmetric distribution of local decay probability P, ob-
tained at the end of the non-Hermitian quantum walk.

Interestingly, the quantum walk dynamics demonstrated
by the numerical simulations above seems quite like a quan-
tum switch. And apparently, by modulating the strength of the
intracell hopping v, the quantum walker could be regulated at
will to reach the left edge unit cell, the right edge unit cell,
or none of them with an impressive portion of the probabil-
ity. This mechanism may have potential applications in the
designing of micro-architectures for quantum information and
quantum computing in future.

4. Energy spectrum of the lossy bipartite lattice

To gain a deep insight into the exotic dynamics shown
above, in this section we turn to analyze the band structure of
the finite bipartite non-Hermitian lattice with open boundary
condition in real space. Varying the strength of intracell hop-
ping v, the corresponding Hamiltonian matrices of Eq. (1) are
numerically diagonalized and the energy spectrum is obtained.

As the Hamiltonian in Eq. (1) is non-Hermitian in nature,
the eigenenergies are complex in general. The real parts of
the eigenenergies versus the strength of intracell hopping v are
plotted in Fig. 5(d) with L = 51 unit cells, dissipation strength
v=1,and r =0.5. Apparently, zero modes show up in the real
part of the single-particle energy spectrum. We plot three typi-
cal profiles of edge states in Figs. 5(a)-5(c), where the popula-
tions |wA|?> + |w5|? on unit cells are shown. Interestingly, for
positive intracell hopping, the two edge states are both local-
ized on the leftmost unit cell and the curves of their probabil-
ity population among the whole lattice coincide, see Fig. 5(c).
Similarly, for negative intracell hopping, the probability pop-
ulation curves also coincide. However, their probability are

both localized on the rightmost cell in this case, as shown in
Fig. 5(a). And specially, for zero intracell hopping, the curves
of the probability population of the two edge states no longer
coincide. From Fig. 5(b), we can see that one of the two edge
states is localized on the left edge while the other is localized
on the opposite side.

Ju—
o

(a) (b) (<)

Population
o
o

[e=]

—20 0
1.5

20 —20 0 20 =20, O 20
Cell index m
(d)

N

1.0
0.5

&
0

=
—0.5
-1.0

—1.5

-1.0 -0.5 0 0.5 1.0

v

Fig. 5. Energy spectrum versus intracell hopping v of the finite bipartite
non-Hermitian lattice with pure loss under open boundary condition. The
lattice size is L = 51 (unit cell) with the decay rate y = 1 and intercell hop-
ping r =0.5. (a)—(c) Three typical profiles of edge states. (d) Real part of
the single-particle energy spectrum versus intracell hopping v.

Correspondingly, the imaginary part of the open-
boundary energy spectrum is shown in Fig. 6(a). It is shown
that the imaginary parts of the eigenenergies are all located in
the lower half plane. This manifests that the eigenstates are
going to decay with time. And we plot |E| as a function of the
intracell hopping v in Fig. 6(b) where a length of straight line
which is well separated from the spectrum bulk of |E| is also

shown. These eigenenergies correspond to the edge states.

1.0 2.0
(a)

0.5 1.5
ST 1.0
: . .

—0.5 0.5

—-1.0 0
—1.0 —-0.5 0 05 1.0 —-1.0 —0.5 0 0.5 1.0
v v

Fig. 6. Energy spectrum versus intracell hopping v of the finite bipartite
non-Hermitian lattice with pure loss under open boundary condition. The
lattice size is L = 51 (unit cell) with the decay rate ¥ = 1 and intercell hop-
ping r = 0.5. (a) Imaginary part of single-particle energy spectrum versus
intracell hopping v. (b) |E| as a function of the intracell hopping v.

To investigate the topological properties of the model
equation (1), it is beneficial to pass to the momentum space by
Fourier transformation. Straightforwardly, the Bloch Hamilto-
nian is

H, = ho,+ <hz n IZ) G, — %’1, )

020506-4



Chin. Phys. B Vol. 30, No. 2 (2021) 020506

where hy = v+ rcosk, h, = rsink, I is the identity matrix,
and oy, are pauli matrices. By compensating an overall gain
term, we arrive at H; = h,0, + (h; +1iy/4)0;.

Based on this Bloch Hamiltonian, winding numbers %!
under different values of v are calculated which are denoted
by black dots in Fig. 7. Unfortunately, the topologically non-
trivial region revealed in Fig. 7 does not match well the region
in Figs. 5 and 6 where edge states emerge. And as shown in
Fig. 7, the winding number has a fractional value of 1/2 in the

two regions.

1.5F

1.0

= 05}

—0.5 L . . . .
—-1.0 —-0.5 0 0.5 1.0
v

Fig. 7. Numerical results of both Bloch (denoted by black dots) and non-
Bloch (denoted by magenta circles) topological invariant W as a function
of the intracell hopping v. The decay rate is Y = 1 and the intercell hopping
strength is r = 0.5.

Therefore, we resort to the so-called non-Bloch topo-
logical invariants.[*801 A static rotation(8%] el®0+/4 /e~ i70v/4
about x axis maps Hj into H,', namely, 6,— 0y, 6;—0,. The
non-Bloch Hamiltonian Hg is obtained conveniently from H)
by implementing the replacement e — B, e = — B~!. Ex-
plicitly, the non-Bloch Hamiltonian reads

Hﬁ:(v+%+rﬁ*])0'++(v—%+rﬁ)0'_, @)

in which o1 = (o, +i0,) /2 and B is defined on the general-
ized Brillouin zone (GBZ).”>3% Correspondingly, the gener-
alized Q matrix®"! is defined as

O(B) = [ar (B)) (@.(B)| — ur (B)) {ur(B)I, (8)
where |ir(B)) = o¢|ur(B)), |aL(B)) = oc|uL(B)), and

lur(B)), (uL(B)| are the right and left eigenvectors of Hpg, re-
spectively. The Q matrix is off-diagonal and can be written

in a form as ( - q). Accordingly, the non-Bloch winding

q
number(”! is defined as

-1
= — d . 9
7 Gqu q )

For the case with r = 0.5 and decay strength Y= 1, we numeri-
cally calculate the non-Bloch winding number W as a function
of the intracell hopping v. As shown in Fig. 7, it is clear that for
v € [—0.559,0.559] the system is topological nontrivial with
the non-Bloch winding number W = 1. Comparing Fig. 5(d)

and Fig. 7 carefully, one can find that the edge modes in the
single-particle energy spectrum could be well predicted by the
non-Bloch topological invariant W.

0.2+

0.1

'Pimb

—0.1+

—-0.2

—-1.0 —0.5 0 0.5 1.0

Fig. 8. Decay probability imbalance P, between the two edge unit cells
as a function of the intracell hopping v. Region with the non-Bloch wind-
ing number W = 1 is indicated by green-colored background. The lattice
size is L = 51 (unit cell) with the decay rate ¥ = 1 and intercell hopping
r=20.5.
Finally, we implement numerically the quantum walk on
a finite bipartite non-Hermitian lattice with L = 51 unit cells
repeatedly with the intracell hopping v scanning through the
parametric region [—1,1]. The decay rate is set to be y =1
and the intercell hopping is fixed at r = 0.5. Based on vari-
ous distributions of decay probability P,, obtained during the
numerical simulation above, we plot in Fig. 8 the decay prob-
ability imbalance P, between the two edge unit cells as a
function of the intracell hopping v. Specifically, Py is de-
fined as

Py =B — P (10)

with / and r being the indices of the leftmost unit cell and
the rightmost unit cell, respectively. For convenience of com-
parison, different parametric regions with different non-Bloch
winding numbers are indicated by different colors. Clearly as
shown in Fig. 8, appearance of the counterintuitive distribu-
tions of local decay probability P, is intimately related to the
topological nontrivial region with non-Bloch winding number
W =1 except for tiny mismatches at edges of the region. We
infer that these tiny mismatches emerge as a result of finite-
size effects since our study is concentrated on finite lattices.
However, what we want to emphasize here is that the topolog-
ical nontrivial region can be taken as a guide to tell us where it
is possible to observe the intriguing distributions of local de-
cay probability. When the edge modes are located at the left
edge unit cell (see Fig. 5(c)), conspicuous occupation of the
local decay probability on the leftmost unit cell occurs. Simi-
larly, when the edge modes are located on the right edge unit
cell (see Fig. 5(a)), impressive portion of the probability de-
cays from the rightmost unit cell. Interestingly, it seems that
the edge state has an attractive effect to the quantum walker
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walking on the non-Hermitian lattice. This is quite different
from the case of Hermitian case,*?! in which the edge state
exhibits repulsive behavior to the quantum walker initiated in
the bulk. When it comes to the case of zero intracell hopping,
each of the two edge states is localized on one of the two edge
unit cells, see Fig. 5(b). The attractive effects of the two edge
states seem to balance in power. Therefore, an almost symmet-
ric distribution of the local decay probability comes into force,
see Fig. 4. Consistently, deep into parametric regions where
the non-Bloch winding number W valued zero, no edge states
show up, see Figs. 5 and 6. Therefore, as shown in Figs. 2 and
3, the resultant distributions of local decay probability P, are
asymmetric and back to normal.

5. Conclusions

In summary, we have investigated the single-particle
continuous-time quantum walk on a finite bipartite non-
Hermitian lattice with pure loss. Focusing on the resultant
distribution of local decay probability P,,, an intriguing phe-
nomenon is found, in which impressive population of the de-
cay probability appears on edge unit cell although it is the
farthest from the starting point of the quantum walker. De-
tailed numerical simulations reveal that the intracell hopping
v of the lattice can be used to modulate the quantum walker
to reach the leftmost unit cell, the rightmost unit cell, or none
of them with a relative high portion of the probability. We
then investigate the energy spectrum of the non-Hermitian lat-
tice under open boundary condition. Edge modes are shown
existing in the real part of the energy spectrum. Basing on
its mathematical connection to a similar model, we show that
the edge modes are well predicted by a non-Bloch topolog-
ical invariant. The occurrence of conspicuous population of
the local decay probability on either edge unit cell is closely
related to the existence of edge states and their specific prop-
erties. The model could be experimentally realized with an
array of coupled resonator optical waveguides along the line
of Refs. [78,91]. The counterintuitive distributions shown in
Figs. 2 and 3 should be observed experimentally. The dynam-
ics of the quantum walker running on such a non-Hermitian
lattice behaves quite like a quantum switch. The mechanism
may have prosperous applications in the designing of microar-
chitectures for quantum information and quantum computing
in future.
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