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Understanding the behaviours of ice nucleation in non-isothermal conditions is of great importance for the preparation
and retention of supercooled water. Here ice nucleation in supercooled water under temperature gradients is analyzed ther-
modynamically based on classical nucleation theory (CNT). Given that the free energy barrier for nucleation is dependent
on temperature, different from a uniform temperature usually used in CNT, an assumption of linear temperature distribution
in the ice nucleus was made and taken into consideration in analysis. The critical radius of the ice nucleus for nucleation
and the corresponding nucleation model in the presence of a temperature gradient were obtained. It is observed that the crit-
ical radius is determined not only by the degree of supercooling, the only dependence in CNT, but also by the temperature
gradient and even the Young’s contact angle. Effects of temperature gradient on the change in free energy, critical radius,
nucleation barrier and nucleation rate with different contact angles and degrees of supercooling are illustrated successively.
The results show that a temperature gradient will increase the nucleation barrier and decrease the nucleation rate, particu-
larly in the cases of large contact angle and low degree of supercooling. In addition, there is a critical temperature gradient
for a given degree of supercooling and contact angle, at the higher of which the nucleation can be suppressed completely.

Keywords: supercooled water, ice nucleation, temperature gradient, thermodynamic analysis, classical nucle-
ation theory

PACS: 82.60.Nh, 05.70.−a, 64.70.D−, 68.55.A− DOI: 10.1088/1674-1056/abd764

1. Introduction
The supercooling and freezing of water generally occur

in nature and have significant impact on human activities with
various types in numerous important areas such as aviation
safety, food and biological sample preservation, global cli-
mate change, wind turbines, power transmission lines and so
on.[1–7] The water can remain liquid at temperatures of about
−40 ◦C and the occurrence of spontaneous nucleation of ice at
slightly cold temperatures has been regarded as homogeneous
nucleation.[8,9] At higher temperatures, whether water freezes
is determined by heterogeneous ice nucleation.[5] The foreign
substances, such as impurities[10] and surface contact,[11] are
commonly considered as the main factors for heterogeneous
ice nucleation. Its efficiency can be regulated through ion
exchange,[12] and the depression and promotion effects of an-
tifreeze proteins on it can be achieved via selectively binding
the ice-binding face and the non-ice-binding face of antifreeze
proteins to solid substrates.[13] It has been proved that the be-
haviors of nucleation can also be affected by a variety of exter-
nal perturbations such as pressure, mechanical stimulus, flows,
electric and magnetic fields and so on.[14–21] Temperature as a
decisive factor for nucleation,[22,23] if there are fluctuations or
gradients, is deemed to be a thermal disturbance to influence
the stability of supercooled water.[24] Meanwhile, the temper-
ature differences are actually present in some practical appli-
cations. For instance, the supercooled drop is quickly prepared

from room temperature water or the supercooled preservation
of biological samples are exposed in warm environment.[24–26]

Therefore, it is necessary and meaningful to get more knowl-
edge about how temperature gradient affects ice nucleation.

Nucleation is a process of formation of a thermodynam-
ically stable daughter phase from a metastable parent phase.
To perceive nucleation, one should proceed from the classi-
cal nucleation theory (CNT) formulated in the first half of
the twentieth century, which is phenomenological and de-
scribes the formation and propagation of clusters of the daugh-
ter phase within the parent phase. In CNT, there is a funda-
mental assumption called capillarity approximation, of which
the essence is that a cluster is viewed as a liquid drop or
solid particle of a well-defined radius with the bulk proper-
ties of the nucleated phase. In addition, the surface energy
of the cluster is presented as the product of the surface area
of the cluster and the planar interfacial tension at a uniform
temperature.[27] Similarly, this is a well-defined temperature
generally set equal to the temperature of the surrounding par-
ent phase bath or the foreign contact for computing cluster
properties.[28] In the case of temperature gradients, the tem-
perature is used as the minimum measured temperature.

Studies of non-isothermal nucleation have paid attention
to the temperature fluctuations on the cluster caused by evap-
oration, molecular absorption and collision, etc. and proved
that such fluctuations have a significant effect on the nucle-
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ation rate.[28–30] Cao and Yang have developed a temperature-
dependent nucleation theory to elucidate the heterogeneous
nucleation process by considering the thermal fluctuations of
the nucleus surface based on CNT and founded that the critical
energy barrier with thermal fluctuations was smaller than that
without it.[31] However, these results have not reflected the in-
fluence of thermal disturbance at macroscopic scale, such as
the temperature fluctuations and gradients within the bath, on
nucleation.

To investigate nucleation in a temperature gradient,
Reguera and Rubi have analyzed nucleation phenomena in in-
homogeneous media with low thermal conductivity, which fa-
vors the development of very large temperature gradients.[32]

Their results showed that the nucleation process can be drasti-
cally affected by the presence of a large temperature gradient.
It has been founded that the plane of recrystallized thin Si films
can be controlled by adjusting temperature gradients through
molecular-dynamics simulations.[33] Researches above do not
involve temperature-gradient effects on the initiation of nucle-
ation. Okawa et al. have calculated the probability of freez-
ing per unit surface area per unit time internal in studying the
effect of cooling rate on freezing of supercooled water.[34]

They found the probability was independent of the cooling
rate. Huang et al.[24] have experimentally studied the stabil-
ity of deep-supercooled water under thermal disturbances in-
duced by plunging the samples into 37 ◦C water bath or putting
them into 37 ◦C incubator. However, the frozen samples are
very few. Even so, it cannot be explained that the tempera-
ture gradients will not affect the nucleation temperature due
to the transient and instability temperature difference in their
experiments.

A higher cooling rate can lower the freezing temperature
whether for droplet or water with a certain volume.[34–36] In
our previous study, we have carried out water freezing ex-
periments to measure nucleation temperature under different
temperature differences.[37] The median nucleation tempera-
ture is about −16.3 ◦C during isothermal cooling, but it is
−20.1 ◦C by unilaterally cooling the water initially at an equi-
librium state of −5 ◦C. When nucleation occurs, the median
temperature at one side of the supercooled water is the nu-
cleation temperature −20.1 ◦C and the average temperature at
the other side is−6.8 ◦C. The results showed that the degree of
supercooling needed to trigger nucleation in temperature gra-
dients is larger than that in isothermal conditions. Meanwhile,
we found that the temperature gradient possibly changes the
free energy barrier for nucleation according to the evaluation
of nucleation rate. From the perspective of these macroscopic
experimental phenomena, the temperature difference will af-
fect the nucleation and freezing behavior. At the nano/micro
scale, what is the nucleation behavior in non-isothermal con-
ditions. In CNT, both the driving thermodynamic force for

nucleation and the interfacial energy between phases are tem-
perature dependence.[38,39] Any change in temperature distri-
bution on cluster will inevitably change free energy. In re-
cent years, various researches have developed a bubble nu-
cleation model in temperature gradient based on free energy
analysis[40,41] to improve the estimation of nucleation barrier,
which is a more recognized and effective method to achieve
the most important corrections to CNT,[42] but to the best of
our knowledge, the related models on ice nucleation are still
absent. The present paper focuses on the development of nu-
cleation model in a temperature gradient based on CNT by es-
timating the change in free energy barrier due to the presence
of temperature distribution in cluster.

2. A brief review on classical nucleation theory
2.1. Free energy barrier

In CNT, in order to perform phase transition, the system
has to overcome a free energy barrier ∆G∗, which reflects the
competition between the energy cost and energy gain in the
process of formation of the new phase called nucleus.[27,43,44]

The former is associated with the creation of a new surface
between phases and destabilizes the nuclei, denoted as sur-
face or interface free energy ∆Gsurf, and the latter is associated
with bulk energy of phase transition and stabilizes the nuclei,
denoted as the volumetric free energy ∆Gvol.[17,45,46] Thus, the
change in free energy, also called Gibbs free energy of cluster
formation, during homogeneous nucleation to form a spherical
ice embryo with radius r can be given as[17,39]

∆G = ∆Gsurf +∆Gvol

= Aiγiw−Vi∆Gv

= 4πr2
γiw−

4
3

πr3
∆Gv, (1)

where Ai and Vi are the surface area and volume of ice embryo,
respectively, γiw is the ice–water interfacial energy, which can
be expressed as[38]

γiw = 28+0.25(T −Tm), (2)

with unit of mJ/m2 in the temperature range from 237.15 K
to 273.15 K, and ∆Gv is the volumetric free energy difference
per unit volume between ice and water, which is given by the
equation as follows for T < Tm:

∆Gv = ∆Hv
Tm−T

Tm
, (3)

where ∆Hv = 287 MJ/m3 is the water volumetric enthalpy of
fusion and Tm = 273.15 K is the ice melting temperature.

For a very small nucleus, the surface free energy domi-
nates and a metastable state is maintained; while as the nu-
cleus grows to rc, the volumetric free energy gain will even-
tually overcome the surface free energy cost, at the moment
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the formation free energy for a nucleus reaches a maximum
∆G∗, and then nucleation is triggered and ice grows sponta-
neously, as shown in Fig. 1. As a result, differentiating Eq. (1)
with respect to r and setting it to zero, the critical radius rc for
nucleation can be determined as

rc =
2γiw

∆Gv
, (4)

and the free energy barrier for homogeneous nucleation can be
determined by substituting Eq. (4) into Eq. (1) to give

∆G∗homo =
16πγ3

iw
3(∆Gv)2 . (5)

For heterogeneous nucleation, the free energy barrier to
form the critical nucleus is expressed as[27,47]

∆G∗hete = ∆G∗homo f (m,a), (6)

where the function f is the Fletcher factor,[47] which varies
between 0 to 1 and depends on the Young’s contact angle θ of
nucleus (cluster) on the foreign particle (underlying surface) in
supercooled water and the relative size a of foreign particles
with respect to the nucleus. It can be expressed as

f (m,a) =
1
2
+

1
2

(
1−ma

w

)3

+
1
2

a3
[

2−3
(

a−m
w

)
+

(
a−m

w

)3 ]
+

3
2

ma2
(

a−m
w
−1
)
, (7)

where m = cosθ , a = Rp/rc and w =
√

1+a2−2ma. Rp is
the radius of the foreign particle. For the flat geometry, i.e., a
tends to infinite, f can be described as

f =
1
4
(2−3m+m3). (8)

Generally, the flat geometry limit can be applied when a > 10.

DG

DG
*

DGsurf

DG

DGvol

rrc

Fig. 1. Plot of the nucleation barrier for nucleus formation resulting
from the competition between the surface and the volume free energies.

2.2. Nucleation rate

In CNT, a temperature-dependent nucleation rate was de-
veloped to describe the nucleation process, which contains a
kinetic and a thermodynamic component.[35] The steady state

homogeneous and heterogeneous nucleation rate for super-
cooled water can be respectively expressed as[35,38,48]

Jhomo(T ) = n4πr2Z
kBT

h
e−

∆Fdiff(T )
kBT ×Nwe−

∆G∗homo(T )
kBT , (9)

Jhete(T ) =
kBT

h
e−

∆Fdiff(T )
kBT ×ne−

∆G∗hete(T )
kBT , (10)

where n
(
∼ 1019 m−2

)
and Nw

(
∼ 1028 m−3

)
are the num-

bers of monomers of water at the ice embryo/water interface
and the volume number density of water molecules in liq-
uid water, respectively; Z is the Zeldovich factor; kB and h
are the Boltzmann and the Planck’s constants, respectively;
∆Fdiff(T ) = kBT 2E/(T −TR)

2 [49] is the activation energy for
diffusion of a water molecule to cross the ice–water boundary
with the constant values of E = 892 K and TR = 118 K in the
temperature range from 150 K to 273 K for liquid water.[50]

Jhomo is defined as the number of nucleation events per unit
volume per unit time (m−3·s−1) and Cprefac = n4πr2Z kBT

h ×Nw

in Eq. (10) for homogeneous nucleation can be approximated
by 1041 m−3·s−1 over the whole temperature range.[35] Jhete is
defined as the number of nucleation events per unit area per
unit time (m−2·s−1). If the supercooled water contacts with
the surface, nucleation events per unit time can be gained by
multiplying Jhete with the water-surface contact area.[49,51] In
the above equation, the former describes the kinetic part and
the latter the thermodynamic part. Although the kinetics of nu-
cleation can be affected by non-equilibrium effects to a certain
extent,[52,53] we just consider the effect on the thermodynamic
part, i.e., Gibbs free energy, in this paper.

3. Nucleation under temperature gradients
In this section, we will make corrections in the frame of

CNT to achieve the improved estimates of the change in free
energy for nucleus formation with the consideration of tem-
perature gradient. First, we assume that the liquid water is
between two infinite substrates and there is a temperature dif-
ference between them. In the presence of cooled substrate, the
ice embryo generally forms via heterogeneous nucleation at
the water-substrate interface and starts at the low-temperature
area because the nucleation rate increases exponentially as the
temperature decreases. In the heterogeneous nucleation case,
the ice embryo is on the condensation nuclei and thus there is
a three-phase contact line, which can be characterized by the
Young’s contact angle θ mentioned in Subsection 2.1. What’s
more, the condensation nuclei are treated as a perfectly smooth
planar macroscopic surface in our analysis.

It is well known that there are temperature discontinu-
ities at the interfaces (ice/water–substrate and ice–water) due
to the interfacial thermal resistance.[54,55] In addition, the ther-
mal fluctuation of the ice–water interface on the nanoscale
caused by evaporation and absorption of water molecules will
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result in the change in cluster temperature.[28,31] As a result,
the actual temperature distribution in the cluster and inside
the metastable supercooled state is extremely complicated.[56]

The aim of this paper is to study whether or how the exis-
tence of temperature gradient affects nucleation behavior. So
the actual profile of temperature distribution will not be the
main concern. To estimate the change in free energy under the
influence of temperature gradient in a simplified and feasible
method, we refer to the analytical method used in bubble nu-
cleation on the heated surface[40,57] and make the following
assumptions:

1. The system is in a non-equilibrium steady state and
the temperature distribution within water between the
two substrates is linear. In addition, the temperature
at the water/ice-substrate interface is continuous, i.e.,
Ti = Tw = Ts at x = 0. Here, Ti is the temperature in
the ice nucleus, Tw is the temperature in water, Ts is the
temperature of the cooled substrate and x is the distance
from the cooled substrate.

2. The heat is strictly transferred parallel to the x-axis from
positive to negative directions indicating that the ice–
water interface is in thermal equilibrium at the same dis-
tance x from the cooled substrate. Thus, the temperature
within the ice nucleus Ti(x) is considered to be equal to
the temperature within water Tw(x), i.e.,

Ti(x) = Tw(x) = Ts− kx, (11)

where k is the temperature gradient and negative in our
analysis. Note that negative just means direction, not
magnitude.

3. Even though the ice–water interfacial energies are dif-
ferent at the different positions on the ice nucleus due
to the temperature difference, the spherical shape of the
ice embryo and the contact angle θ will not change.

Figure 2 schematically shows this configuration and the
temperature profiles of the ice nucleus and the bulk water. It
should be noted that another substrate with higher temperature
at the far end is not demonstrated in the schematic diagram.

q

x

xi

r

Tw↼x↽

k

Ts x

Ti↼x↽/Tw↼x↽
β

θ

Fig. 2. Schematic of ice embryo on substrate and the temperature distribu-
tions in ice embryo/cluster and bulk water.

The ice embryo is resting on the surface resulting in an
additional interface between it and the substrate compared the
homogeneous case. Hence, the surface contribution to free en-
ergy for heterogeneous nucleation includes two aspects and is
given as[27]

∆Gsurf
hete = γiwAiw +(γis− γws)Ais, (12)

where γis and γws are the interfacial energies between ice and
substrate and between water and substrate, respectively. Aiw

and Ais are the corresponding areas between the phases. The
second term ascribes to the water–surface interface replaced
by the ice–surface interface. Given the mechanical equilib-
rium among the phases, the relationship among the interfacial
forces at the three-phase contact line can be expressed as

cosθ =
γws− γis

γiw
, (13)

which is known as Young’s equation. The ice nucleus tem-
perature Ti(x) given by Eq. (11) is a function of x in the nu-
cleus. To evaluate the change in free energy in the formation
of ice embryo, an integral on surface and volumetric free en-
ergy with respect to x from x = 0 to x = xi should be made.
xi = r(1− cosθ) is the height of ice embryo. Substituting
Eq. (13) into Eq. (12), and considering a constant temperature
of the substrate for one case and the temperature dependence
of ice–water interfacial energy given by Eq. (2), we can ob-
tain the surface free energy for heterogeneous nucleation in
temperature gradient as follows:

∆G(k)surf
hete =

∫
γiw(Ti(x))dAiw− γiw(Ts)Ais cosθ

=
∫ xi

0
2π

√[
r2− (x+ r cosθ)2

]
γiw (Ti (x)) dx

−πr2 sin2
θ cosθγiw(Ts)

= 2πr2
∫

π

π−θ

sinβγiw (Ti (β )) dβ

−πr2 sin2
θ cosθγiw(Ts). (14)

It should be noted that the second term in Eq. (14) is inde-
pendent of temperature gradient and just determined by the
temperature of substrate and the Young’s contact angle. And
the volumetric free energy can be expressed as

∆G(k)vol
hete = −

∫
∆Gv (Ti (x)) dVi

=
∫ xi

0
π

[
r2− (x+ r cosθ)2

]
∆Gv (Ti (x)) dx

= −πr3
∫

π

π−θ

sin3
β∆Gv (Ti (β )) dβ , (15)

where β is the angle between the radial of the nucleus and neg-
ative x-axis. Temperature distribution within the nucleus in β

can be expressed as

Ti(β ) = Ts + kr(cosβ + cosθ). (16)
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Substituting Eq. (16) into Eqs. (2) and (3) respectively to ob-

tain the expressions for γiw and ∆Gv with respect to β , and

then substituting them into Eqs. (14) and (15) respectively to

give

∆G(k)surf
hete = 2πr2

[
f1γiw (Ts)− f2kr

]
, (17)

∆G(k)vol
hete = − 1

12
πr3

∆Gv(Ts)

[
f3− f4

kr
∆T

]
, (18)

where f1 = 1− cosθ − (1/2)sin2
θ cosθ , f2 = (1/8000)(1−

cosθ)2, f3 = 4cos3 θ −12cosθ +8, f4 = cos4 θ −6cos2 θ +

8cosθ − 3. ∆T = Tm− Ts is the maximum degree of super-

cooling of water in the system. As a result, the change in free

energy for formation of a nucleus of radius r with the Young’s

contact angle θ during heterogeneous nucleation in tempera-

ture gradient k can be expressed as

∆G(k)hete = ∆G(k)surf
hete +∆G(k)vol

hete

= 2πr2
[

f1γiw (Ts)− f2kr
]

− 1
12

πr3
∆Gv(Ts)

[
f3− f4

kr
∆T

]
. (19)

As mentioned in Subsection 2.1, the maximum change in
free energy is the energy barrier for nucleation. Thus, the crit-
ical radius for heterogeneous nucleation in temperature gradi-
ent can be determined by making the derivation of Eq. (19)
with respect to r equal to zero, which gives the equation as
follows:

f4k∆Gv(Ts)

3∆T
r2−

(
6 f2k+

f3

4
∆Gv (Ts)

)
r+4 f1γiw(Ts)=0. (20)

For nucleation at equilibrium conditions, i.e., for the case of
k = 0, we can obtain

rc =
16 f1γiw(Ts)

f3∆Gv(Ts)
, (21)

which reduces to Eq. (4) for nucleation in CNT as 16 f1/ f3 is
a constant 2 for θ in the range of 0 to π . When there is a tem-
perature gradient (k 6= 0), solving Eq. (20), and considering the
actual scale of ice nuclei and the relationship with the degree
of supercooling, we can obtain

r(k)c =
1
8

1
f4k∆Gv(Ts)

(
72 f2k∆T +3 f3∆Gv(Ts)∆T −

√[
(72 f2k+3 f3∆Gv (Ts))∆T

]2
−768 f1 f4γiw(Ts)k∆Gv(Ts)∆T

)
. (22)

Note that to ensure that Eq. (20) has real roots, it needs[
(72 f2k+3 f3∆Gv (Ts))∆T

]2

−768 f1 f4γiw(Ts)k∆Gv(Ts)∆T ≥ 0. (23)

Consequently, the nucleation barrier in a temperature gradi-
ent (k 6= 0) ∆G(k)∗hete can be obtained by substituting Eq. (22)
into Eq. (19). The corresponding nucleation rate J(k)hete can
be calculated by replacing ∆G∗hete with ∆G(k)∗hete in Eq. (10).
It should be noted that the nucleation barrier ∆G(k)∗hete for
the case of k = 0, determined by substituting Eq. (21) into
Eq. (19), is equivalent to Eq. (6) for heterogeneous nucleation
in CNT, although different in the form of expression.

Although our analysis on the nucleation barrier in a tem-
perature gradient is based on the heterogeneous nucleation, if
we set θ = π , it will become a homogeneous nucleation. Thus,
we will not discuss homogeneous nucleation in temperature
gradient in a separate case in the next, but incorporate it into
the heterogeneous nucleation in a form of θ = π as needed.

4. Results and discussion
4.1. The change in free energy

Through the above analysis, we can see that a suitable
temperature gradient, or temperature difference within the nu-
cleus, will change the energy cost (see Eq. (18)) and the energy
gain (see Eq. (18)) in the process of an ice embryo formation

to affect the change in free energy. Figure 3 shows the varia-

tions of the surface free energy, the volumetric free energy and

the change in free energy to form an ice embryo with radius r

in different temperature gradients at the degree of supercool-

ing ∆T = 15 ◦C and contact angle θ = 180◦. The calculated

results show that the temperature gradient will increase the en-

ergy cost to form the interface between phases during the for-

mation of nucleus but decrease the energy gain due to phase

transition compared to the case in uniform temperature. How-

ever, the change in the volumetric free energy is more obvious

than the change in the surface free energy. Thus, an increased

Gibbs free energy and a larger critical radius of nucleus is

needed to trigger nucleation under temperature-gradient con-

ditions. The critical radius will increase as the temperature

gradient increases. However, when the temperature gradient

increases to a critical value, even for a large nucleus, the vol-

umetric free energy gain can no longer overcome the surface

free energy cost, as shown in Fig. 3(c). Therefore, the nu-

cleation barrier will continue to increase as the nucleus radius

increases resulting in an ice embryo that will not grow sponta-

neously. Consequently, the ice nucleation will be completely

suppressed. In this paper, we define this critical value as the

critical temperature gradient kc, which will be demonstrated in

Subsection 4.3.
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4.2. Critical radius of ice nucleus for nucleation

In CNT, whether the radius of an ice embryo reaches the
critical radius determines whether it continues to grow or to
disappear. Thus, it is important to acquire the critical radius.
In the previous subsection, it is found that the critical nucleus
radius can be changed by an appropriate temperature gradient.
What is the threshold value and does it have the same effect
under different degrees of supercooling.

Figure 4 shows the relationship between the critical nu-
cleus radius and the degree of supercooling in different tem-
perature gradients with contact angle θ = 180◦. The most ob-

vious presentation is that the change in the critical radius af-
fected by temperature gradient is more significant at a low de-
gree of supercooling than that at a high degree of supercooling,
regardless of the magnitude of temperature gradient. Further-
more, we can see that when the temperature gradient reaches
−107 K/m, the critical nucleus radius begins to increase at a
low degree of supercooling and the influence is negligible in
the case of the degree of supercooling larger than 5 ◦C. For
a larger temperature gradient, the critical radius will increase
more significantly, but the change is still minor at a high degree
of supercooling. In addition, it is more important to note that
there will be no critical nucleus radius at the low degree of su-
percooling for a large enough temperature gradient, meaning
that the nucleation will not be induced spontaneously. Thus,
there is a critical temperature gradient for a given degree of
supercooling, at the higher of which the ice nucleation will be
completely suppressed.
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Fig. 4. The critical radius as a function of the degree of supercooling in
different temperature gradients with contact angle θ = 180◦.

The contact angle between the cluster and the condensa-
tion nuclei plays an important role in the process of heteroge-
neous nucleation.[58] It is well known that the critical radius
of the ice embryo in CNT is independent of the condensation
nuclei and does not change as the contact angle changes.[27,47]

However, in our analysis, when a temperature gradient is ap-
plied, the critical radius is not only dependent on the tempera-
ture gradient but also on the contact angle under the competi-
tion of surface free energy and volumetric free energy to reach
the nucleation barrier, as demonstrated in Eq. (22).

Figure 5 shows the variations of the critical radius with
the degree of supercooling at various contact angles in a fixed
temperature gradient −4×108 K/m. Similarly, it can be seen
that the influence of contact angle is more apparent at the low
degree of supercooling. In addition, as the contact angle in-
creases, the change in the critical radius is more significant
and the supercooling area that cannot spontaneously nucleate
will increase. That is to say the contact angle will affect the
critical temperature gradient for a given degree of supercool-
ing.
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Whether the temperature gradient or the contact angle af-
fects the critical radius, the change is more obvious at a low
degree of supercooling. The reason can be attributed to the
fact that the volumetric free energy is proportional to the de-
gree of supercooling (see Eq. (3)); its relative change caused

by the temperature gradient is greater at the low degree of su-
percooling than that at the high degree of supercooling.

4.3. Critical temperature gradient

As presented in the above section, for a given contact an-
gle, there will be a corresponding critical temperature gradient
for each degree of supercooling. Reviewing Eq. (23), it can
be considered that its physical interpretation is to ensure that
the volumetric free energy can eventually overcome the sur-
face free energy. Thus, the critical temperature gradient kc can
be determined by setting Eq. (23) equal to zero to give

5184 f2
2
∆T 2k2 +

[
432 f2 f3∆Gv(Ts)∆T 2

−768 f1 f4γiw(Ts)∆Gv(Ts)∆T
]
k+9 f3

2
∆Gv(Ts)

2
∆T 2

= 0. (24)

Solving Eq. (24) and considering the approximate value as
mentioned earlier, the critical temperature gradient kc can be
given as

kc =
1

216

(
16 f1 f4γiw(Ts)−9 f2 f3∆T +4

√
16 f1

2 f4
2
γiw(Ts)

2−18 f1 f2 f3 f4γiw(Ts)∆T
)

∆Gv(Ts)

f2
2
∆T

. (25)

It should be noted that kc has a definite value for the given
contact angle and degree of supercooling due to the results of
16 f1

2 f4
2
γiw(Ts)

2 − 18 f1 f2 f3 f4γiw(Ts)∆T in the above equa-
tion always being larger than zero except θ = 0◦.

Figure 6 shows the effects of contact angle θ on the crit-
ical temperature gradients kc related to the degree of super-
cooling ∆T given by Eq. (25). It can be found that for a
given contact angle, the critical temperature gradient increases
parabolically with the increasing degree of supercooling. At
the same degree of supercooling, the smaller the contact angle,
the higher the critical temperature gradient and the increment
of the critical temperature gradient will decrease as the contact
angle increases.
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Fig. 6. Relation between the critical temperature gradient and the degree of
supercooling for various contact angles.

4.4. Nucleation barrier

For a given external stimulus on supercooled water, the
increase and decrease of the nucleation barrier directly deter-
mine the reduction and enhancement of nucleation. Up to now,
we have already known that the critical radius rc for nucleation
in temperature gradient is dependent on the degree of super-
cooling ∆T , the temperature gradient k and the contact angle
θ . Therefore, the nucleation barrier must also be determined
by these three factors. To efficiently evaluate the effect on nu-
cleation barrier, we define the following two factors:

1. Similar to the Fletcher factor, which reflects the reduc-
tion on the nucleation barrier for heterogeneous nucle-
ation compared to the homogeneous nucleation because
of the presence of foreign bodies, a factor fk is given as

fk =
∆G(k)∗hete
∆G(k)∗homo

(26)

to reflect the corresponding reduction on the nucleation
barrier in the presence of temperature gradient. It is
foreseeable that it is not only related to the contact an-
gle, but also related to the temperature gradient and the
degree of supercooling. It should be noted that to make
fk have an actual value, the temperature gradient sup-
plied should be lower than the critical temperature gra-
dient for θ = 180◦ illustrated in Fig. 6.
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2. To estimate the effect of temperature gradient on the
change in the nucleation barrier, a factor C is given as

C =
∆G(k)∗hete

∆G∗hete
. (27)

It is also related to the contact angle and the degree of
supercooling. As a result, if C > 1 implying that the nu-
cleation is suppressed. Conversely, if C < 1 implying
that the nucleation is enhanced.

The changes in factor fk with the contact angle θ for var-
ious cases are shown in Fig. 7. Compared with the Fletcher
factor f with flat geometry limit in CNT, there is a decrease in
fk indicating that the presence of foreign bodies will increase
the heterogeneous nucleation rate relatively more with tem-
perature gradient than that without. Furthermore, the higher
temperature gradient and the lower degree of supercooling, the
greater the decrease. For a given degree of supercooling, the
decrease will be very significant when the temperature gradi-
ent is close to the critical temperature gradient with θ = 180◦,
such as k =−8×108 K/m, ∆T = 15 ◦C in Fig. 7, for which kc

is about −8.4×108 K/m.
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Fig. 7. Factor fk as a function of contact angle θ at various degrees of super-
cooling in the presence of different temperature gradients and comparisons
with Fletcher factor f with flat geometry limit in CNT.

Figure 8 shows the variations of factor C with temperature
gradient at various contact angles and degrees of supercooling.
For all cases, C is larger than 1 indicating the increasing Gibbs
free energy which is in line with the increasing critical radius
of cluster formation. For a lower degree of supercooling with
same contact angle, C has a larger value. In the meanwhile,
the larger contact angle, the larger C. It is manifested that the
relatively greater enhancement in nucleation barrier occurs at
a lower degree of supercooling and larger contact angle. We
can see that C increases in different forms as the temperature
gradient increases. Particularly in the case of ∆T = 15 ◦C and
θ = 180◦, it presents an exponentially increasing form and has
no value when k is larger than −8×108 K/m. This is because
the temperature gradient closing to kc for the given ∆T and θ

will rapidly enhance the nucleation barrier, and after exceed-
ing it, there is no maximum Gibbs free energy. For the temper-
ature gradient lower away from kc, such as θ = 45◦, ∆T = 15
and 20 ◦C, C increases linearly. The similar linearity is also
presented in our previous fitted results in the macroscopic ex-
periment of temperature difference affecting the freezing tem-
perature of supercooled water.[37]
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Fig. 8. Factor C as a function of temperature gradient k at different degrees
of supercooling with various contact angles.

4.5. Nucleation rate

For a given case, an increased nucleation barrier will in-
evitably reduce the nucleation rate. The ratio of nucleation
rate in temperature gradient to that in isothermal condition,
denoted as Rk by us representing the level of reduction on nu-
cleation rate due to the presence of temperature gradient, is

Rk =
J(k)hete

Jhete
= e−

∆G∗hete
kBTs

(C−1)
. (28)

Figure 9 shows the nucleation rate changes with the de-
gree of supercooling in uniform temperature for different con-
tact angles. Figure 10 shows the relationship between the
level of reduction on nucleation rate Rk with the degree of su-
percooling ∆T in different temperature gradients with various
contact angles. Relative to the increasing temperature gradi-
ent, the increase in contact angle from 45◦ to 135◦ will signif-
icantly decrease the Rk. For θ = 45◦, the decreases in nucle-
ation rate at ∆T = 15 ◦C are less than two orders of magnitude,
but it can be tens of orders of magnitude for θ = 135◦. When
the contact angle is large, the decreasing order of magnitude is
also noticeable as the temperature gradient increases. In addi-
tion, the higher degree of supercooling, the lower the order of
magnitude of reduction. Of course, if the temperature gradi-
ent applied is close to the critical temperature gradient for the
high degree of supercooling, there also will be a decrease in
nucleation rate with tens or hundreds of orders of magnitude.
It should be mentioned that for θ = 180◦, i.e., homogeneous
nucleation, the nucleation rate will present heterogeneous with
units of m−2·s−1 since the lowest temperature area under the
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temperature gradient is a plane. For instance, the homoge-
neous rate at ∆T = 30 ◦C will reduce about from 1016 m−3·s−1

to 103 m−2·s−1 in a temperature gradient k = −8× 108 K/m
according to our analysis.
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5. Conclusions
In summary, we have carried out a thermodynamic anal-

ysis on free energy based on classical nucleation theory to in-
vestigate ice nucleation from supercooled water in a tempera-
ture gradient. How a temperature distribution in a cluster af-
fects the behaviours of nucleation is presented. The effects of

temperature gradient and contact angle on the change in free
energy, critical radius, nucleation barrier and nucleation rate
at various degrees of supercooling are demonstrated. The fol-
lowing conclusions can be drawn:

1. In the presence of a temperature gradient, during the for-
mation of an ice embryo, the energy gain, i.e., the volu-
metric free energy, will be lower than that in an isother-
mal case. On the contrary, the energy cost, i.e., the sur-
face free energy, will be higher. Therefore, a larger crit-
ical nucleus radius is required to make the volumetric
free energy overcome the surface free energy. That is, a
temperature gradient will increase the critical radius for
nucleation.

2. Different from that the critical radius is only tempera-
ture dependent on CNT, it is also related to the tempera-
ture gradient and the contact angle between the ice em-
bryo and substrate. For a given contact angle, the crit-
ical radius will increase with temperature gradient and
becomes more obvious at a low degree of supercooling.
For a given temperature gradient, the increase in the crit-
ical radius will increase as the contact angle increases
and similarly becomes more significant at a low degree
of supercooling.

3. When the temperature gradient is large enough, the en-
ergy gain no longer overcomes the energy cost even if
the cluster grows infinitely. Thus, there is a critical tem-
perature gradient for the given contact angle and degree
of supercooling, at the higher of which the ice nucle-
ation can be suppressed completely. In addition, the crit-
ical temperature gradient will increase as the degree of
supercooling increases and the contact angle decreases.

4. The factor fk reflecting the reduction on the nucleation
barrier for heterogeneous nucleation compared to the
homogeneous nucleation in the temperature gradient is
smaller than the Fletcher factor in CNT. The factor C
representing the increase in Gibbs free energy under
the effect of the temperature gradient increases linearly
when the temperature gradient is lower away from the
critical temperature gradient, and presents a parabolic
increasing form when closing to the critical temperature
gradient.

5. A larger degree of supercooling is needed to initiate
nucleation in temperature gradients. An appropriate
temperature gradient can significantly reduce nucleation
rate in tens or hundreds of orders of magnitude, partic-
ularly with a large contact angle and at low degree of
supercooling.
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The hypothesis of ideal linear temperature distribution in
the cluster and surrounding water in the current work is in-
consistent with the actual situation, which will cause an error
between the analytical results and the real values, but no mat-
ter what form the actual temperature distribution is, as long
as there is a temperature gradient, the nucleation barrier will
increase and the corresponding nucleation rate will decrease.
It can be verified from macroscopic experimental phenomena
that a larger degree of supercooling can be obtained when su-
percooled water is cooled with a temperature difference.[34,37]

In order to eliminate discrepancies caused by model simplifi-
cation and assumptions, more accurate temperature distribu-
tion within the cluster and on the interface between the wa-
ter and ice embryo needs to be studied in depth, and the cor-
responding strict experiments need to be designed with the
help of the relevant numerical simulation and advanced ex-
perimental techniques[59–61] in future work. Our analysis and
results will help us to understand ice nucleation under non-
equilibrium conditions in fundamental researches, and to bet-
ter control the stability of supercooled water by using a tem-
perature gradient in practical applications.
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