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We present a cluster mean-field study for ground-state phase diagram and many-body dynamics of spin-1 bosons
confined in a two-chain Bose–Hubbard ladder (BHL). For unbiased BHL, we find superfluid (SF) phase and integer filling
Mott insulator (IntMI) phase. For biased BHL, in addition to the SF and IntMI phases, there appears half-integer filling
Mott insulator (HIntMI) phase. The phase transition between the SF and IntMI phases can be first order at a part of phase
boundaries, while the phase transition between the SF and HIntMI phases is always second order. By tuning the bias energy,
we report on the change of the nature of SF–MI phase transitions. Furthermore, we study the effect of the spin-dependent
interaction on the many-body population dynamics. The spin-dependent interaction can lead to rich dynamical behaviors,
but does not influence the particle transfer efficiency. Our results indicate a way to tune the nature of the SF–MI phase
transition and open a new avenue to study the many-body dynamics of spinor bosons in optical lattices.

Keywords: spinor Bose gases, superfluid-Mott insulator phase transition, Landau–Zener dynamics
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1. Introduction
The high degree of tunability of ultracold atoms in pe-

riod optical potentials enables it to be an excellent platform for
simulating the Bose–Hubbard (BH) models.[1–5] The quantum
phase transition from a superfluid (SF) phase to a Mott insula-
tor (MI) phase has been widely studied after its realization in
scalar Bose–Einstein condensate (BEC) trapped in cubic opti-
cal lattice.[2,6–9] It is a second order phase transition for spin-
less bosons confined in optical lattices, which is characterized
by a continuous change of the SF order parameter with the
system parameters.[10,11]

As an important fundamental problem, the Landau–
Zener (LZ) dynamics has attracted much attention for a long
time.[12–22] The original single-particle LZ problem describes
the non-adiabatic transition when a two-level system is lin-
early driven across an avoided level crossing.[23,24] The tran-
sition probability is independent of the initially occupied level
and given by the celebrated LZ formula.[23,24] The many-body
generalization of the LZ problem has been explored in scalar
BECs within double-well potentials and its extension, a two-
chain optical ladder, where population dynamics is studied
through linearly sweeping the bias energy between the dou-
ble wells and the two chains respectively.[12–18,20] Unlike the
single-particle LZ process, adiabaticity breaks down in the in-

verse sweep from the highest level while avoided level cross-
ing remains in the ground-state sweep from the ground state
level. This is ascribed by the interparticle interaction which
induces a characteristic swallow-tail-shaped loop structure in
the high energy levels.[12–15,17,18]

Bosons can possess spin degree of freedom when con-
fined in optical traps. Different from scalar BECs, when spinor
BECs are loaded into an optical lattice, the spin-dependent
interaction comes to play a role. It can change the spins of
two interacting bosons while conserving the total magnetiza-
tion, which leads to a range of phenomena that are absent in
the scalar BECs.[25–30] One important aspect is the change of
the nature of the SF–MI phase transition. While the SF–MI
phase transition remains second order in ferromagnetic inter-
acting BECs in optical lattice, it can be first order in anti-
ferromagnetic interacting ones.[31–34] The SF–MI phase dia-
grams for both ferromagnetic and antiferromagnetic interact-
ing BECs have been given by Monte Carlo and mean-field
(MF) calculations.[31–34] Recently, the first order nature of
the SF–MI phase transition has been experimentally demon-
strated in cubic lattice trapped sodium antiferromagnetic in-
teracting BECs.[35] On the other hand, spinor bosons in op-
tical lattices serve as a good candidate to study many-body
dynamics.[4,29,36–42] The main dynamical studies have focused
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on the spin-mixing oscillations in a single site of deep optical
lattice,[37,38] nonequilibrium dynamics by quenching the lat-
tice depth or the magnetic field,[39–41] and the coupled dynam-
ics of few atoms in double well.[42] The adiabatic dynamics of
the lattice confined spinor BECs, to our knowledge, is rarely
uncovered.

The cluster MF approach, as an extension of conventional
single-site MF approach, provides an alternative way to sim-
ulate BH models.[20,43–48] It decouples the whole system as
clusters of multiple lattice sites, where intracluster couplings
remain and the clusters interact with the surrounding ones
through mean fileds. Thus, it preserves most merits of the
spatial correlations but costs relatively small amount of com-
putational resources. The cluster MF approach has been suc-
cessfully applied to solve the ground-state and many-body LZ
problems for bosons trapped in superlattices.[20,43–46]

In this article, we present a theoretical study on the
ground-state properties and many-body population dynamics
of spin-1 bosons confined in a two-chain lattice ladder by
the cluster MF approach. In the framework of our cluster
MF treatment, each rung of the ladder is treated as a coher-
ent whole, in which the intra-rung correlation is reserved, and
the inter-rung tunneling is decoupled by the MF approxima-
tion. For unbiased ladder, we find that the ground states (GSs)
include SF phase and integer filling MI (IntMI) phase, the
transition between which can be first order at a part of the
phase boundary curves. For biased ladder, in addition to the
SF phase and IntMI phase, we find a half-integer filling MI
(HIntMI) phase, and the transition between the SF phase and
the HIntMI phase is always second order. Tuning the bias en-
ergy continuously, we report on a change of the SF–MI phase
transition nature, accompanied by the variation of the filling
number in the MI phase. Furthermore, we analyze the popu-
lation dynamics by linearly sweeping the inter-chain bias with
different sweep rate and initial states, namely, the equilibrium
initial states which are the eigenstates of the initial system and
the nonequilibrium initial states. We find that, for the equi-
librium initial state, the adiabaticity breaks down if the atoms
initially occupy the higher chain while it is kept if they initially
occupy the lower chain. For nonequilibrium initial states, the
spin-dependent interaction leads to rich population dynamics,
but does not affect the adiabaticity of the population transfer.

The article structure is as follows. In Section 2, we give
the Hamiltonian for our physical system. In Section 3, we
present the cluster MF ground-state phase diagrams. In Sec-
tion 4, we study the population dynamics and analyze the ef-
fect of the spin-dependent interaction. In the last section, we
summarize our results.

2. Spinor bosons in two-chain ladder
We consider an ensemble of F = 1 bosons confined

in a two-dimensional optical lattice created by two pairs of
counterpropagating linearly polarized laser waves running in
two orthogonal directions. The laser waves form left- and
right-polarized standing waves with Rabi frequency Ων (rν) =

Ω0ν cos(kLrν), where ν = x, y represents the propagation di-
rection, and kL is the wave vector of the laser beams. The
mF = ±1 sublevels are coupled indirectly by the V and Λ

transitions to the excited states caused by the two polarized
standing waves. When the detunings are sufficiently large, the
effective potential for the atoms in the three degenerate GSs
reads as[31,32]

VL (x,y)∼
[
cos2 (kLx)+ cos2 (kLy)

] 1 0 1
0 2 0
1 0 1

 . (1)

The two lowest Bloch eigenmodes of this potential, denoted by
0 and Λ, can be well seperated from the others. Thus, the tight-
binding model in the lowest-band approximation can be re-
duced to a two-component Bose–Hubbard Hamiltonian.[31,32]

Imposing an additional standing wave with wave vector
kL/2 along the y direction, we can obtain a series of parallel
two-chain ladders. If the barrier between neighboring ladders
is sufficiently high, the ladders are decoupled into individual
ones. The Hamiltonian for a single ladder, see Fig. 1, can be
described by a spinor Bose–Hubbard ladder (BHL)

Ĥ = −J ∑
j

∑
α=0,Λ
m=L,R

(
â†

α,m, j+1âα,m, j +h.c.
)

−J ∑
j

∑
α=0,Λ

(
â†

α,L, jâα,R, j +h.c.
)

+ ∑
j

∑
m=L,R

[
Us

2
n̂m, j (n̂m, j−1)+Ua

(
2T̂ 2

m, j−
n̂m, j

2

)]
−µ ∑

j
∑

m=L,R
n̂m, j−∆ ∑

j
n̂R, j, (2)

where α = 0, Λ, m = L, R, and j denote the components, the
chain labels, and the rungs, respectively. â†

α,m, j (âα,m, j) creates
(annihilates) a particle of component α on the m chain of the
j-th rung, and n̂m, j = ∑α n̂α,m, j = ∑α â†

α,m, jâα,m, j is the total
particle number operator on the corresponding site. µ is the
chemical potential, and ∆ is the bias between the two chains.
J is the nearest-neighboring tunneling strength, and Us and Ua

are the on-site spin-independent and spin-dependent interac-
tion strengths, respectively. Us is always positive, while Ua

can be positive or negative in F = 1 antiferromagnetic or ferro-
magnetic interacting spinor BECs, respectively, e.g., Ua/Us ≈
−0.009 for Rb87 and Ua/Us ≈ 0.037 for Na23.[49] The opera-
tor T̂m, j in Eq. (2) equals T̂m, j;x (for ferromagnetic interaction)
or T̂m, j;y (for antiferromagnetic interaction) of the isospin op-
erators 𝑇m, j = (T̂m, j;x, T̂m, j;y, T̂m, j;z) =

1
2 ∑α,β â†

α,m, j𝜎α,β âβ ,m, j,
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where 𝜎 are the Pauli matrices. Throughout this paper, we
assume antiferromagnetic interaction and use the interaction
ratio of Na23.

as

s
∆

Fig. 1. Schematic of the spinor BHL. The green and red balls denote the
particles of components 0 and Λ, respectively. The particles can tunnel to
nearest neighboring sites with strength J. Two particles of the same compo-
nent interact through on-site spin-independent interaction with strength Us.
Two particles of different components interact through both on-site spin-
independent and spin-dependent interactions with strength Us and −Ua, re-
spectively. The ladder has a bias ∆ between the left and the right chains. The
rungs are decoupled by the cluster MF treatment, denoted by the dashed red
box.

3. Cluster mean-field phase diagram
3.1. Mott limit

We first study the ground-state properties in the Mott
limit, i.e., J = 0, where some analytical results can be ob-
tained. In this case, the Hamiltonian is decoupled as a sum
of single-site Hamiltonian Ĥm = Us

2 n̂m (n̂m−1)+Ua(2T̂ 2
m;y−

n̂m
2 )− µ̃mn̂m, where µ̃L = µ and µ̃R = µ +∆ . We note that the

isospin operator has the property 𝑇 2
m = n̂m

2 ( n̂m
2 + 1). Ĥm, 𝑇 2

m

and T̂ 2
m;y commute with each other, thus the eigenstates of Ĥm

can be expressed as

|nm,Mm〉s =
(â†
↑,m)

nm/2+Mm(â†
↓,m)

nm/2−Mm√
(nm/2+Mm)!(nm/2−Mm)!

|0〉 , (3)

with â†
↑,m = (â†

0,m+ iâ†
Λ,m)/

√
2 and â†

↓,m = (â†
0,m− iâ†

Λ,m)/
√

2.
nm is the number of particles on site m and Mm =

−nm/2,−nm/2+1, . . . ,nm/2, which can be understood as the
isospin and magnetic quantum number of 𝑇 2

m and T̂m;y, respec-
tively. The corresponding eigenergies read as

E (nm,Mm) =
Us

2
nm (nm−1)+Ua

(
2M2

m−
nm

2

)
− µ̃mnm. (4)

When nm is even, the GS corresponds to Mm = 0, that is,
the particles form spin-singlet pairs. It leads to the remark-
able even-parity effect in which the singlet pairs stabilize the
MI states.[25,26,50] When nm is odd, the GS corresponds to
Mm = ±1/2, with one particle free from pairing. nm is de-
termined by µ̃ . The GS is filled with even number of particles
nm, when

nm−1−Ua

Us
<

µ̃m

Us
< nm, (5)

and odd number of particles nm, when

nm−1 <
µ̃m

Us
< nm−

Ua

Us
. (6)

3.2. Cluster mean-field treatment

When the tunneling strength is nonzero, the Hamiltonian
can not be solved analytically. In this subsection, we show
how to obtain the ground-state phase diagram by the cluster
MF approach.

We treat every single rung as a cluster, see Fig. 1, and
implement the standard MF decoupling schemes for different
rungs

â†
α,m,iâα,m, j→ ψ

∗
α,mâα,m, j + â†

α,m,iψα,m−|ψα,m|2, (7)

where ψα,m = 〈âα,m, j〉 is the superfluid order parameter for
component α of chain m. Unlike the single-site MF approach,
which decouples the whole lattice as single sites, the cluster
MF approach decouples the whole system as clusters and re-
tains the intracluster correlations. The Hamiltonian (2) then
can be reduced to the MF Hamiltonian ĤMF = ∑ j ĤMF

j , where
the single-rung MF Hamiltonian reads as

ĤMF
j = −J ∑

α=0,Λ

(
â†

α,Lâα,R + â†
α,Râα,L

)
−J ∑

α=0,Λ
∑

m=L,R

(
â†

α,mψα,m + âα,mψ
∗
α,m−|ψα,m|2

)
+ ∑

m=L,R

[
Us

2
n̂m (n̂m−1)+Ua

(
2T̂ 2

m;y−
n̂m

2

)]
−µ (n̂L + n̂R)−∆ n̂R, (8)

in which we have dropped the rung index, since all the
rungs are equivalent. The eigenequation for the whole sys-
tem ĤMF |ΦMF〉=E |ΦMF〉 is then reduced to the single-cluster
eigenequation

ĤMF
j

∣∣∣Φ j
MF

〉
= E j

∣∣∣Φ j
MF

〉
, (9)

with |ΦMF〉=⊗ j

∣∣∣Φ j
MF

〉
and E = ∑ j E j.

To diagonalize the single-rung MF Hamiltonian (8), we
introduce the Fock bases

∣∣nL
0 ,n

L
Λ

;nR
0 ,n

R
Λ

〉
F, with nm

α being
the particle number of component α on chain m. The
transformation between the isospin and Fock representations
can be obtained explicitly by calculating the inner product
s
〈
nL,ML;nR,MR

∣∣ nL
0 ,n

L
Λ

;nR
0 ,n

R
Λ

〉
F, where |nL,ML;nR,MR〉s =

|nL,ML〉s,L⊗|nR,MR〉s,R is the product of the isospin bases on
the left and right chains. The total particle number is trun-
cated at Nmax, that is, 0 ≤ (N = nL

0 + nL
Λ
+ nR

0 + nR
Λ
) ≤ Nmax.

We perform a self-consistent procedure to determine the order
parameters and the GSs∣∣∣Φ j

MF

〉
=

Nmax

∑
N=0

CnL
0 nL

Λ
nR

0 nR
Λ

∣∣nL
0 ,n

L
Λ;nR

0 ,n
R
Λ

〉
F (10)

for different parameters, where CnL
0 nL

Λ
nR

0 nR
Λ

is the complex am-
plitude. In our calculation, the truncation number is set as
Nmax = 10.

To distinguish the second and the first order SF–MI phase
transitions, in the self-consistent procedure, we manipulate
forward sweep, in which J/Us is swept from zero in the MI
phase to a final value Jf/Us in the SF phase, and backward
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sweeps, in which J/Us is swept from Jf/Us in the SF phase to
zero in the MI phase. The key steps are as follows.

Forward sweep:
(i) Input the system parameters Nmax, µ/Us, Ua/Us,

J/Us = 0, Jf/Us, and the sweep interval δJ/Us.
(ii) Initialize a normalized trial GS |Φ′〉 and calculate the

order parameters ψ ′α,m = 〈Φ|′ âα,m |Φ′〉.
(iii) Substitute ψ ′α,m into Hamiltonian (8), and diagonal-

ize it to obtain the GS |Φ〉 with eigenergy EGS. Calculate the
order parameters ψα,m = 〈Φ| âα,m |Φ〉.

(iv) Compare ψα,m with ψ ′α,m. If max |ψα,m−ψ ′α,m|< ε ,
where ε is a pregiven tolerance, output |Φ〉, EGS, and ψα,m;
otherwise, set ψ ′α,m = ψα,m and return to step (iii).

(v) Move to the next J/Us = J/Us + δJ/Us, and set the
initial ψ ′α,m = ψα,m + pα,m, where ψα,m are the converged or-
der parameters of the last step and pα,m is a random perturba-
tion.

(vi) Repeat steps (iii), (iv), and (v) until reaching the final
pregiven Jf/Us.

Backward sweep:
(vii) Move backward to J/Us = J/Us− δ/Us and set the

initial ψ ′α,m = ψα,m + pα,m.
(viii) Repeat steps (iii), (iv), and (vii) until J/Us = 0.
Through the procedure from step (i) to step (viii), we can

obtain the stable states of the system and the order parameters
as functions of J/Us. If there is no metastable states, the con-
verged states are the GSs, the order parameters as functions
of J/Us are the same for the forward and backward sweeps,
and the SF–MI phase transition is second order; otherwise,
the converged states can be metastable states near the SF–MI
phase transition points and the SF–MI phase transition is thus
first order, accompanied by hysteresis of the order parame-
ters, that is, the order parameters will jump from zero to a
finite value at the metastable MI–SF phase transition point in
the forward sweep, and jump from a finite value to zero at
the metastable SF–MI phase transition point in the backward
sweep, with the two transition points separating from each
other. The ground-state SF–MI phase transition is obtained by
considering the behavior of the order parameters of the GSs.

3.3. Ground-state phase diagram

We now show the ground-state phase diagrams for
antiferromagnetic spinor bosons in both unbiased and bi-
ased ladders. The MF GS energy depends only on ψL =√
|ψ0,L|2 + |ψΛ,L|2 and ψR =

√
|ψ0,R|2 + |ψΛ,R|2, so they

serve as the SF order parameters of the two chains.[31,32] Ac-
cording to ψL(R) and the filling number n = 〈n̂L + n̂R〉/2, the
GS can be classified into three typical phases: (i) IntMI phase
with ψL(R) = 0 and integer filling number n; (ii) HIntMI phase
with ψL(R) = 0 and half-integer filling number n; and (iii) SF
phase with ψL(R) 6= 0.

We first consider the unbiased case with ∆ = 0. Due
to the absence of asymmetry, the two chains are equivalent

and the order parameters of both chains are always equiva-
lent ψ = ψL = ψR. The phase diagram in this case is shown in
Fig. 2(a). The SF phase appears when the system is dominated
by the tunneling terms. Otherwise, when the on-site interac-
tion term dominates, the IntMI phase appears. Our cluster MF
calculation shows that the SF–IntMI phase transition can be
first order at a part of the boundaries for each Mott lobe, as
indicated by the jump and hysteresis behavior of the order pa-
rameters when sweeping the tunneling strength forwards and
backwards, see the green and yellow dashed lines in Fig. 2(c)
for µ/U = 0.4. The hysteresis behavior of the order parame-
ters suggests that there exist metastable SF and metastable MI
phases in the system. The true SF–MI critical points should be
determined by considering the GS properties. Our result con-
trasts with the case in the simple optical lattice, where the first
order phase transition may occur only between IntMI phase
with even filling number and SF phase, acquired by single-site
MF approach.[31–33,35]

When the spinor BHL is biased, the two chains are no
longer equivalent, so the order parameters ψL and ψR may
have different values. However, since the two chains are cou-
pled by interchain tunneling, ψL and ψR change to zero or
nonzero simultaneously as the system parameters vary, see
the dotted and dot-dashed black lines in Fig. 2(d), where we
plot ψL and ψR as functions of J/Us at ∆/Us = −0.5 and
µ/Us = 0.4. Thus, we can define the phase diagram according
to either of the order parameters.

The phase diagram for ∆/Us = −0.5 is shown in
Fig. 2(b). In the Mott limit, the intervals of µ/Us for different
nR on the right chain move upwards by an amount of −∆/Us,
compared to the corresponding ones on the left chain. Thus,
besides IntMI phase, there will appear HIntMI phase where
the total particle number is odd. The chemical potential in-
tervals for filling number n and n+1/2 are respectively given
by

n−1−Ua

Us
− ∆

Us
<

µ

Us
< n, (11)

n <
µ

Us
< n− ∆

Us
, (12)

if n is even, and

n−1− ∆

Us
<

µ

Us
< n−Ua

Us
, (13)

n−Ua

Us
<

µ

Us
< n−Ua

Us
− ∆

Us
, (14)

if n is odd. As J/Us increases, we find that while the phase
transition between the IntMI phase and the SF phase can be
first order, that between the HIntMI phase and the SF phase
must be second order. The order parameters continuously
change from zero in the HIntMI phase to finite in the SF with
no hysteresis, see Fig. 2(d) with µ/Us = 0.4.
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Fig. 2. (a) and (b) Ground-state phase diagrams for the unbiased and biased spinor BHL with ∆/Us = 0 and ∆/Us =−0.5, respectively. The IntMI
and HIntMI phases are denoted by the filling number n. The blue lines are the true boundaries between the MI and SF phases in the GSs. First
order phase transitions are accompanied by the appearance of metastable MI and metastable SF phases. The dashed green and yellow lines denote
the MI-metastable SF and metastable MI–SF phase boundaries. (c) The order parameters as functions of J/Us at µ/Us = 0.4, and ∆/Us = 0. First
order phase transition accompanied by jump and hysteresis of the order parameters appears when sweeping J/Us forwards (dashed yellow lines)
and backwards (dashed green lines). Arrows indicate the sweep direction. The true phase transition point is denoted by the solid blue line. (d) The
order parameters ψL and ψR as functions of J/Us at µ/Us = 0.4 and ∆/Us = −0.5. Second order phase transition appears with no hysteresis. ψL
(dotted black line) and ψR (dot-dashed black line) vanish continuously at the same value of J/Us. (e) The critical point Jc/Us as a function of ∆/Us
at µ/Us = 0.4. When µ/Us +∆/Us < 0, the filling number in the MI phase is 1/2, and the SF–MI phase transition is always second order. When
µ/Us−∆/Us > 0, the filling number in the MI phase is 1, and the first order phase transition may appear.

Our results can return to the case of a single ladder in
large detuning limit. When |∆ | is sufficiently large, the spinor
BHL can be regarded as two decoupled chains (the potential
energy of one chain is much lower than the other). Thus, the
GS phase diagrams would recover the ones of a single chain,
where the filling number is twice the definition here and only
the even-filling MI phases support the metastable states.[31–34]

Correspondingly, only integer filling MI phases support the
metastable states here.

The above results suggest that one can tune the nature of
the SF–MI phase transition by changing the bias energy be-
tween the two chains. In Fig. 2(e), we show the critical points
of the SF–MI phase transition as a function of the bias energy
at µ/Us = 0.4. When ∆/Us = 0, the IntMI phase is at unit
filling, and the transition to the SF phase is first order. As
∆/Us decreases before reaching −µ/Us, the filling number is
unchanged, and the SF–MI phase transition remains first or-
der. After ∆/Us decreases beyond −µ/Us, the filling num-
ber decreases to 1/2, and the SF–MI phase transition becomes
second order. Thus, it provides a new approach to control the
nature of the SF–MI phase transition by tuning the bias energy.

4. Population dynamics
In this section, we analyze the many-body population dy-

namics in the spinor BHL. The interchain energy bias ∆(t) is
linearly swept from negative to positive or vice versa, which
is described by ∆(t) = ∆0 + vt, with ∆0 being the initial bias
and v denoting the sweeping rate. We consider two typical

sweep processes: the direct and the inverse sweeps, and two
typical initial states: the equilibrium and the nonequilibrium
initial states. In the direct sweep, all the particles are prepared
in the lower chain, and the initial bias is set as ∆0 = −50 and
then it is linearly increased from ∆0 to ∆T with the sweep rate
v = (∆T −∆0)/T > 0. In the inverse sweep, all the particles
are prepared in the higher chain, and the initial bias is set as
∆0 = 50 and then ∆(t) is linearly decreased from ∆0 to ∆T

with the sweep rate v = (∆T −∆0)/T < 0. Here T is the to-
tal sweep time, and the particles are initial prepared on the
left chain for both sweep processes. We consider two typical
initial states for the initial condition: the equilibrium initial
state |N,0;0,0〉s (for even N) or |N,±1/2;0,0〉s (for odd N),
which is a product of the left-chain GS and the right-chain vac-
uum state; and the nonequilibrium initial state |N,0;0,0〉F or
|0,N;0,0〉F with all particles being either component on the
left chain, which makes no qualitative difference. To show
the population dynamics, we calculate the fraction of trans-
ferred components to the right chain nα,R(t) = 〈n̂α,R〉(t)/N
and the fraction of components remained on the left chain
nα,L(t) = 〈n̂α,L〉(t)/N. The total particle number is set as
N = 10. The interaction and tunneling strengths are set as
Us = 1 and J = 2, respectively. Below, we study the popula-
tion dynamics for different initial states and sweep rates. The
details of the cluster MF algorithm for calculating the popula-
tion dynamics can be referred to Ref. [20].

We first consider the equilibrium initial state |10,0;0,0〉s,
for which n0,L(0) = nΛ,L(0) = 0.5. Independent of the sweep
rate, the two components transferred to the right chain and/or
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remained on the left chain are always equal, see Fig. 3, where
n0,R(t) and n0,L(t) collapse with nΛ,R(t) and nΛ,L(t), respec-
tively. Significant population transfer occurs around ∆(t) = 0,
at which the potential energies of the two chains match. The
transfer fractions n0(Λ),R depend on the sweep process and
rate sensitively. For large sweep rate, both the direct sweep
and the inverse sweep are nonadiabatic. The transfer fractions
increase rapidly around ∆(t) = 0 and keep a specific value
which is lower than 0.5, see Figs. 3(a) and 3(b) with |v|= 50.
For small sweep rate, the direct sweep is adiabatic, while the
inverse sweep remains nonadiabatic, see Figs. 3(c) and 3(d)
with |v| = 25. In the direct sweep (v = 25), the final transfer
fractions n0(Λ),R reach the perfect limit 0.5 and the remained
fractions are zero. In the inverse sweep (v = −25), the fi-
nal transfer fractions are still below 0.5 and keep oscillating
around a particular value, which means the dynamic process
is still nonadiabatic. This adiabaticity breakdown in the in-
verse sweep has already presented in the LZ dynamics of the
many-body scalar BHL,[15–17,20] which is a result of the spin-
independent interaction that causes a swallow-tail-shaped loop
structure in the energy spectrum.[12–15,17,18]

We then consider the nonequilibrium initial state
|10,0;0,0〉F by preparing ten 0-particles on the left chain. In
this case, the spin-dependent interaction plays a role in the
population dynamics. We focus on the direct sweep, with the
results of the inverse sweep differentiating only by the lower
transfer efficiency. Dependent on the sweep rate, different
dynamic processes occur. For fast sweep, the transfer of the
particles to the right chain is nonadiabatic, see Fig. 4(a) with
v = 50. The 0-particles first partially transfer to the right chain
around ∆(t) = 0, and then interconvert with Λ-particles on in-
dividual chains due to the spin-dependent interaction Ua. For
slow sweep, the transfer of particles to the right chain is adia-
batic, see Fig. 4(b) with v = 25. The 0-particles transfer to the
right chain completely around ∆(t) = 0, and then interconvert
with the Λ-particles on the right chain, which is governed by
the dynamics led by the spin-dependent interaction. When the
sweep is slow enough that Ua is comparable with v/2π , the
0-particles can interconvert with the Λ-particles in time be-

fore they are adiabatically transferred to the right chain, see
Fig. 4(c) with v = 1, where n0(Λ),L oscillate with time before
∆(t) reaches 0. Around ∆(t) = 0, the two components trans-
fer to the right chain completely and then keep oscillating with
time on the right chain. These results imply that while the
spin-dependent interaction influences the details of the popu-
lation dynamics, it has little impact on the transfer efficiency
and even nonequilibrium state can be adiabatically transferred
to the other chain by tuning the interchain bias.

(a) (b)

(c) (d)

Fig. 3. Many-body population dynamics in the spinor BHL for equilibrium
initial state |10,0;0;0〉s and different sweep rate. n0(Λ),R(t) and n0(Λ),L de-
note the fractions transferred to the right chain and remained on the left
chain, respectively. The solid red line and the dashed green line denote
n0,L(t) and nΛ,L(t), respectively, and collapse with each other. The dotted
blue line and the dot-dashed yellow line denote n0,R(t) and nΛ,R(t), respec-
tively, and collapse with each other. The top panel stands for fast sweep:
(a) v = 50 and ∆0 = −50 for direct sweep and (b) v = −50 and ∆0 = 50
for inverse sweep. The bottom panel stands for slow sweep: (c) v = 25 and
∆0 =−50 for direct sweep and (d) v =−25 and ∆0 = 50 for inverse sweep.
The system parameters are set as Us = 1 and J = 2.

To further understand the population dynamics, we cal-
culate the energy spectrum of the system. The entire energy
spectrum can be obtained by diagonalizing the Hamiltoian (8)
with the order parameters obtained by the self-consistent
procedure.[17] In Fig. 5, we show the eigenergies as a func-
tion of the bias energy for total particle number N = 10.
The other system parameters are set as Us = 1 and J = 2.

(a) (b) (c)

Fig. 4. Many-body population dynamics in the spinor BHL for nonequilibrium initial state |10,0;0,0〉F with sweep rate: (a) v = 50, (b) v = 25,
and (c) v = 1. The initial bias is set as ∆0 =−50. n0,L(t), nΛ,L(t), n0,R(t), and nΛ,R(t) are denoted by the solid red, dashed green, dotted blue, and
dot-dashed yellow lines, respectively. The system parameters are set as Us = 1 and J = 2.
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It is clear that there are N + 1 bands, each of which features
nL = n0,L + nΛ,L and N − nL particles on the left and right
chains, respectively. When ∆ � −1, nL is an integer and
decrease from N to zero with the band index; by contrary,
it increases from zero to N when ∆ � 1. In the lower part
of the spectrum, there is an avoided level crossing point be-
tween the lowest and the second bands. In the upper part of
the spectrum, there forms a loop structure. Thus, for the di-
rect sweep, in which both the equilibrium and nonequilibrium
initial states are prepared in the lowest band, the states can
cross the avoided crossing point adiabatically without exciting
to the second band as far as the sweep rate is small enough.
For the inverse sweep, in which the equilibrium and nonequi-
librium initial states are prepared in the highest band, adia-
baticity breaks down, as indicated by the loop structure.

L

Fig. 5. Energy spectrum for total particle number N = 10. The color de-
notes the number of particles on the left chain. Insets on the left lower and
right top corners: the magnifications of the lower and upper parts of the en-
ergy spectrum around ∆ = 0, respectively. Only the lowest and highest two
bands are shown for visualization purpose. The system parameters are set
as Us = 1 and J = 2.

5. Summary
In conclusion, we present a cluster MF study of the static

and dynamic properties of spinor sodium atoms confined in a
two-chain ladder. For unbiased ladder, the ground-state phase
diagram includes the SF phase and the IntMI phase with inte-
ger filling number, the phase transition between which can be
first order at a part of the boundaries around each Mott lobe.
For biased ladder, in addition to the SF phase and the IntMI
phase, the HIntMI phase with half-integer filling number may
appear. The transition between the SF phase and the HIntMI
phase is always second order. Thus, we can change the nature
of the SF–MI phase transition by continuously tuning the bias
energy.

In the study of many-body population dynamics, we have
considered two different kinds of initial states to study the ef-
fect of the spin-dependent interaction: the equilibrium and the
nonequilibrium initial states. For the equilibrium initial state,

the spin-dependent interaction does not influence the dynamic
process. The adiabaticity breaks down in the inverse sweep, as
in scalar BHL. For the nonequilibrium initial state, the spin-
dependent interaction leads to rich dynamic processes, but
does not affect the efficiency of the particle transfer. Even
nonequilibrium initial state can be transferred from the lower
chain to the higher chain adiabatically. Our results open an av-
enue to study the dynamics of spinor bosons in optical lattices.

Our findings of the bias tuned SF–MI phase transition and
the population dynamics can be observed feasibly in experi-
ments of spinor Bose gases in two-chain ladder.
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