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SPECIAL TOPIC — Quantum computation and quantum simulation

Fast generation of W state via superadiabatic-based shortcut in
circuit quantum electrodynamics*

Xue-Mei Wang(王雪梅), An-Qi Zhang(张安琪), Peng Xu(许鹏)†, and Sheng-Mei Zhao(赵生妹)‡

Institute of Signal Processing and Transmission, Nanjing University of Posts and Telecommunications, Nanjing 210003, China
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We propose a scheme to fast prepare the three-qubit W state via superadiabatic-based shortcuts in a circuit quantum
electrodynamics (circuit QED) system. We derive the effective Hamiltonian to suppress the unwanted transitions between
different eigenstates by counterdiabatic driving, and obtain the W state with high-fidelity based on the superadiabatic
passage. The numerical simulation results demonstrate that the proposed scheme can accelerate the evolution, and is more
efficient than that with the adiabatic passage. In addition, the proposed scheme is robust to the decoherence caused by the
resonator decay and qubit relaxation, and does not need additional parameters, which could be feasible in experiment.
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1. Introduction

During the development of quantum communication
and quantum computation, quantum entanglement plays an
increasingly important role in quantum information pro-
cessing. Correspondingly, the generation of entanglement
states has also been widely investigated in literature both
theoretically[1–16] and experimentally.[17–19] For multi-particle
entanglement, there are two major types of entangled states,
the W states and the Greenberger–Horne–Zeilinger (GHZ)
states. They can not be converted to each other by local op-
erations and classical communications. The W states of three
or multi-particle are more stable when one of the particles is
lost. Additionally, the W states are robust to the global de-
phasing and bit flip noises. Therefore, the W states have been
widely exploited in quantum key distribution (QKD), quantum
teleportation, quantum conversation, etc.[20–27]

Till now, the preparation of W states was demonstrated in
different physical systems, such as, the ion trap system,[28] the
cavity quantum electrodynamics (cavity QED),[29,30] circuit
quantum electrodynamics (circuit QED),[31,32] and many other
physical systems.[33,34] In different physical systems, due to
their different devices and protocols, the time taken to prepare
W states is also very different. Among them, the time used
to prepare W state in Rydberg atomic system is 0.6 µs.[33]

Among the different physical systems, the circuit QED has
become the promising candidate due to its long coherent time,
easily being coupled with other physical system and scaled up
to large scale. In the circuit QED, the widely used qubit is the

superconducting transmon qubit.[35,36] Compared with the su-
perconducting charge qubit, the transmon qubit is immune to
charge noise, and has a longer coherent time.

Many evolution processes to prepare the W states fol-
lowed the adiabatic passage,[37–39] so that they required a long
enough time to meet the adiabatic condition, which severely
limits the applications of the W states in quantum informa-
tion processing. One possible way to overcome the above
drawback is the shortcut to adiabatic passage.[40–45] Several
schemes have been proposed for the generation of the W states
via the shortcut adiabatic passage. For example, Kang et al.[46]

proposed a scheme for the fast preparation of W state with the
superconducting quantum interference devices by choosing a
set of dressed states suitably, which could be used to acceler-
ate the adiabatic passage with an auxiliary qubit. On the other
hand, Yu et al.[47] prepared the W states of three supercon-
ducting qubits via Lewis–Riesenfeld (LR) invariants, which
needed an additional parameter and made it difficult to realize
in experiment.

In this paper, we propose a simple scheme to achieve the
fast generation of three-qubit W state based on the circuit QED
system via the superadiabatic-based shortcut. First, the ef-
fective Hamiltonian is obtained by unitary transformation and
supposed to ignore the high frequency term. Then, two it-
erations are carried out to obtain the counterdiabatic driving
for suppressing the unwanted transitions between the different
eigenstates for acceleration. Finally, the W state is achieved
through the superadiabatic passage with high-fidelity. In addi-
tion, the pulse form in the Hamiltonian is designed to be re-
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placed by the alternative superpositions of Gaussian pulses for
the feasibility. And the performance of the proposed scheme
is discussed by numerical simulations.

The paper is organized as follows. Section 2 presents the
physical model based on the circuit QED system, and an effec-
tive Hamiltonian is deduced to realize the fast generation of the
three-qubit high-fidelity W state. In Section 3, we describe the
superadiabatic scheme and investigate the conditions for the
fast generation of W state analytically. In Section 4, numeri-
cal simulations are performed with selectively controllable pa-
rameters which prove that the protocol is feasible. Finally,
conclusions are given in Section 5.

2. Physical model and effective dynamics
We consider a superconducting architecture where three

identical transmon qubits are fabricated in a transmission line
resonator. Figure 1 shows the schematic diagram of the su-
perconducting architecture, including the circuit QED and the
energy-level of the transmon qubit. All the qubits are trun-
cated to three-level, i.e., |0⟩l , |e⟩l , |1⟩l , here, |e⟩l is an auxil-
iary state, and the subscript l = 1,2,3 label different transmon
qubits. The information is encoded on the states |0⟩l and |1⟩l .
The transition between states |0⟩l and |e⟩l is resonantly cou-
pled to the resonator with coupling strength gl . And states |1⟩l

and |e⟩l are resonantly driven by a classical pulse with time-
dependent Rabi frequency Ωl(t). Both the qubit–resonator and
qubit–pulse are considered on one-photon resonance and the
|0⟩l ↔ |1⟩l transition is forbidden.

Ωl↼t↽

κ

γ
γφ

|1>l

|0>l

|e>l

gl

Fig. 1. The schematic diagram of the superconducting architecture, in-
cluding the circuit QED and the energy-level of the transmon qubit. The
κ is the decay rete of the resonator. The γ and γφ denote the spontaneous
emission rate and the dephasing rate of the qubit, respectively.

The transmission line resonator possesses many modes,
and each of them can be modelled as an LC resonator. Here,
we just consider that one mode is closely related to the qubit–
resonator interation, and the Hamiltonian of the resonator can
be written as (here in after h̄ = 1)

H = ωr

(
a†a+

1
2

)
, (1)

where ωr is the frequency of the resonator, and a (a†) is the
associated annihilation (creation) operator for the resonator.

Under the rotating-wave approximation, the effective Hamil-
tonian of the circuit QED system can be described as

Htotal =
3

∑
l=1

[gla|e⟩l ⟨0 |+Ωl(t)|1⟩l ⟨e|]+h.c. (2)

The total excitation operator Ne = ∑
3
l=1 (|e⟩l⟨e|+ |1⟩l⟨1|) +

a†a, and Ne commutes with Htotal(t) which demonstrates that
the excitation number is conserved during the whole dynami-
cal evolution.

Assume that the system is initialized on the state
|0⟩c|1⟩1|0⟩2|0⟩3, where the resonator is in the vacuum state
|0⟩, the qubit-1 is prepared in the state |1⟩, and the qubits 2
and 3 are in the ground state |0⟩. According to the effective
Hamiltonian, the system evolves in a subspace spanned by the
following seven bases:

|φ1⟩= |0⟩c|1⟩1|0⟩2|0⟩3, |φ2⟩= |0⟩c|0⟩1|1⟩2|0⟩3,

|φ3⟩= |0⟩c|0⟩1|0⟩2|1⟩3, |φ4⟩= |1⟩c|0⟩1|0⟩2|0⟩3,

|φ5⟩= |0⟩c|e⟩1|0⟩2|0⟩3, |φ6⟩= |0⟩c|0⟩1|e⟩2|0⟩3,

|φ7⟩= |0⟩c|0⟩1|0⟩2|e⟩3. (3)

In order to realize the fast generation of three-qubit W
state under the superadiabatic evolution, the assumptions g1 =√

2g2 =
√

2g3 =
√

2g (g is real), and Ω2(t) = Ω3(t) are given.
Then the effective Hamiltonian in Eq. (2) can be rewritten as

Htotal =
√

2g|φ5⟩⟨φ4|+g(|φ6⟩+ |φ7⟩)⟨φ4|+Ω1(t)|φ1⟩⟨φ5|

+Ω2(t)(|φ2⟩⟨φ6|+ |φ3⟩⟨φ7|)+h.c.

=
√

2g|φ5⟩⟨φ4|+
√

2g|ζ ⟩⟨φ4|+Ω1(t)|φ1⟩⟨φ5|

+Ω2(t)(|Φ⟩⟨ζ |+ |Φ−⟩⟨ζ−|)+h.c., (4)

for which |ζ ⟩ = 1√
2
(|φ6⟩+ |φ7⟩), |ζ−⟩ = 1√

2
(|φ6⟩− |φ7⟩),

|Φ⟩= 1√
2
(|φ2⟩+ |φ3⟩), and |Φ−⟩= 1√

2
(|φ2⟩− |φ3⟩). They are

the two set of orthogonal states constructed from Eq. (3). If the
initial state is |φ1⟩, it is obviously noted that the states |ζ−⟩ and
|Φ−⟩ are not populated during the whole evolution.[48] Thus
the Hamiltonian in Eq. (4) can be simplified as

Htotal = HC +HL(t),

HC =
√

2g|φ5⟩⟨φ4|+
√

2g|ζ ⟩⟨φ4|+h.c.,

HL(t) = Ω1(t)|φ1⟩⟨φ5|+Ω2(t)|Φ⟩⟨ζ |+h.c. (5)

And the eigenstates of Hamiltonian HC are

|ψ0⟩=
1√
2
(|ζ ⟩− |φ5⟩) , |ψ1⟩=

1
2

(√
2 |φ4⟩+ |φ5⟩+ |ζ ⟩

)
,

|ψ2⟩=
1
2

(
−
√

2 |φ4⟩+ |φ5⟩+ |ζ ⟩
)
, (6)

with the corresponding eigenvalues of E0 = 0, E1 = 2g, and
E2 =−2g.

Therefore, the Hamiltonian in Eq. (5) can be further
rewritten in the eigenstates of HC as

Htotal = HC +HL(t),
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HC = 2g|ψ1⟩⟨ψ1|−2g|ψ2⟩⟨ψ2|+h.c.,

HL(t) = Ω1(t)|φ1⟩
[
− 1√

2
⟨ψ0|+

1
2
(⟨ψ1|+ ⟨ψ2|)

]
+Ω2(t)|Φ⟩

[
1√
2
⟨ψ0|+

1
2
(⟨ψ1|+ ⟨ψ2|)

]
+h.c. (7)

After the unitary transformation UC = exp(−iHCt) performed
on the above Hamiltonian and neglecting the high-frequency
oscillating terms under the condition Ω1(t), Ω2(t) ≪ g, the
effective Hamiltonian of the system becomes

Heff(t) = −Ω1(t)√
2

|φ1⟩⟨ψ0|+
Ω2(t)√

2
|Φ⟩⟨ψ0|+h.c.

= Ωp(t) |φ1⟩⟨ψ0 |+Ωs(t)|Φ⟩⟨ψ0|+h.c., (8)

where Ωp(t) =−Ω1(t)/
√

2 and Ωs(t) = Ω2(t)/
√

2. Now, the
Hamiltonian in Eq. (8) can be simply considered as a three-
level quantum system that consists of two ground states |φ1⟩
and |Φ⟩, and an excited state |ψ0⟩.

3. Generation of three-qubit W state via supera-
diabatic passgae
In this section, we discuss the fast generation of the three-

qubit W state via the superadiabatic-based shortcut path.
By defining Ω(t) =

√
Ω 2

p (t)+Ω 2
s (t) and tanθ0(t) =

Ωp(t)/Ωs(t), the instantaneous eigenstates of the effective
Hamiltonian in Eq. (8) are

|ϕ0(t)⟩= cosθ0(t) |φ1⟩− sinθ0(t)|Φ⟩,

|ϕ+(t)⟩=
1√
2
[sinθ0(t) |φ1⟩+ |ψ0⟩+ cosθ0(t)|Φ⟩] ,

|ϕ−(t)⟩=
1√
2
[sinθ0(t) |φ1⟩− |ψ0⟩+ cosθ0(t)|Φ⟩] , (9)

with the corresponding eigenvalues being ε0 = 0, ε+ = Ω(t),
and ε− = −Ω(t), respectively. Then, the unitary transforma-
tion U0(t) = ∑k=0,± |ϕk⟩⟨ϕk(t)| is performed on the Hamilto-
nian in Eq. (8) under the adiabatic frame. After the transfor-
mation, the Hamiltonian becomes

H1(t) = U0(t)Heff(t)U
†
0 (t)+ iU̇0(t)U

†
0 (t)

= Ω(t)(|ϕ+⟩⟨ϕ+|− |ϕ−⟩⟨ϕ−|)

+
θ̇0(t)√

2
(i |ϕ+⟩⟨ϕ0|+ i|ϕ−⟩⟨ϕ0|+h.c.) . (10)

It is indicated that the system evolves adiabatically following
one of the states |ϕ0,±(t)⟩ on the condition of adiabatic approx-
imation |θ̇(t)| ≪ Ω(t).[45] Here, the last term in Eq. (10) rep-
resents the transitions between different eigenstates. Hence,
with slow enough change of the parameters of the Hamilto-
nian, the evolution of the system would just follow one of the
eigenstates but it needs a long time.[11] Otherwise, the tran-
sitions between different eigenstates would be induced with
a little faster change of the system’s Hamiltonian. However,
in Refs. [49,50], a suitable counterdiabatic (CD) Hamiltonian

was proposed to suppress the transitions between different
eigenstates. Inspired by their works, the CD Hamiltonian in
Eq. (10) should have the form of −iU̇0(t)U

†
0 (t) within the ba-

sis {|φ1⟩, |ψ0⟩, |Φ⟩}. Hence, in the adiabatic frame, the CD
Hamiltonian can be written as

H1
CD(t) = −iU†

0 (t)U̇0(t)

= iθ̇0(t)(|φ1⟩⟨Φ|− |Φ⟩⟨φ1|) . (11)

Compared with the Hamiltonian in Eq. (8), this CD Hamilto-
nian needs the direct coupling between the states |φ1⟩ and |Φ⟩,
which is hard to realize in practice. In order to suppress the
transitions between different eigenstates, another CD Hamil-
tonian for Eq. (10) should be achieved which is easy to imple-
ment. We adopt the method proposed in Ref. [51] to obtain
the CD Hamiltonian by only modifying the shapes of pulses
as the following.

Firstly, we get the instantaneous eigenstates of H1(t)
with the corresponding eigenvalues ε ′0 = 0, ε ′+ = Ω ′(t), and
ε ′− =−Ω ′(t) as∣∣ϕ ′

0(t)
〉
=

1√
2

[
−i sinθ1(t) |ϕ+⟩+

√
2cosθ1(t) |ϕ0⟩

+ i sinθ1(t) |ϕ−⟩
]
,∣∣ϕ ′

+(t)
〉
=

1
2

i [1+ cosθ1(t)] |ϕ+⟩+
1√
2

sinθ1(t)|ϕ0⟩

+
1
2

i [1− cosθ1(t)] |ϕ−⟩,∣∣ϕ ′
−(t)

〉
=

1
2

i [1− cosθ1(t)] |ϕ+⟩−
1√
2

sinθ1(t)|ϕ0⟩

+
1
2

i [1+ cosθ1(t)] |ϕ−⟩, (12)

where Ω ′(t) =
√

θ̇0(t)2 +Ω 2(t) and tanθ1(t) = θ̇0(t)/Ω(t).
Then we move the Hamiltonian H1(t) to the instantaneous
eigenstates [shown in Eq. (12)] with respect to U1(t) =

∑k=0,±
∣∣ϕ ′

k

〉〈
ϕ ′

k(t)
∣∣. After the transformation, the Hamiltonian

becomes

H2(t) = U1(t)H1(t)U
†
1 (t)+ iU̇1(t)U

†
1 (t)

= Ω
′(t)
(∣∣ϕ ′

+

〉〈
ϕ
′
+|− |ϕ ′

−
〉〈

ϕ
′
−
∣∣)

+
θ̇1(t)√

2

(
i
∣∣ϕ ′

+

〉〈
ϕ
′
0|− i|ϕ ′

−
〉〈

ϕ
′
0
∣∣+h.c.

)
. (13)

Like the CD Hamiltonian in Eq. (11) in the basis {|φ1⟩, |ψ0⟩,
|Φ⟩}, the new version CD Hamiltonian −iU̇1(t)U

†
1 (t) can be

expanded as

H2
CD(t) = iU†

0 (t)U̇
†
1 (t)U1(t)U0(t)

= θ̇1(t)
[
−cosθ0(t) |φ1⟩⟨ψ0|

+ sinθ0(t)|Φ⟩⟨ψ0|
]
+h.c. (14)

The new version H2
CD(t) is feasible since it has the same

form as the effective Hamiltonian Heff(t). Meanwhile, the sys-
tem evolves along the eigenstates in Eq. (12). Finally, the total

030307-3



Chin. Phys. B Vol. 30, No. 3 (2021) 030307

Hamiltonian of the system can be expressed as

Hmod(t) = Heff(t)+H2
CD(t)

=
[
Ωp(t)− θ̇1(t)cosθ0(t)

]
|φ1⟩⟨ψ0|

+
[
Ωs(t)+ θ̇1(t)sinθ0(t)

]
|Φ⟩⟨ψ0|+h.c.

= Ω
A
p (t) |φ1⟩

〈
ψ0
∣∣+Ω

A
s (t)

∣∣Φ〉⟨ψ0|+h.c. (15)

for which Ω A
p (t) = Ωp(t) − θ̇1(t)cosθ0(t) and Ω A

s (t) =

Ωs(t)+ θ̇1(t)sinθ0(t). Without loss of generality, we assume
that the time-dependent pulses Ω A

p (t) and Ω A
s (t) are Gaussian

envelopes which are easy to fit through numerical calculation.

From the above discussion, the Hamiltonian H2
CD(t) is

achieved to suppress the unwanted transitions, and the pa-
rameters θ0(t), θ1(t) should follow the conditions θ0,1(0) =
θ1(tf) = 0, θ0(tf) = arctan(−

√
2), where tf is the final time

of the dynamical evolution. The reasons are the following.
If θ1(0) = θ1(tf) = 0, then

∣∣ϕ ′
0(0)

〉
=
∣∣ϕ ′

0(tf)
〉
= |ϕ0⟩, the in-

stantaneous eigenstates of H1(t) are coincided with those of
Heff(t). When the initial state is |φ1⟩ and the target state
is |W3⟩, the boundary conditions θ0(0) = 0 and θ0(tf) =

arctan(−
√

2) are obtained according to |ϕ0(t)⟩.
With the above conditions, the three-qubit W state |W3⟩=

1√
3
(|1⟩1|0⟩2|0⟩3 + |0⟩1|1⟩2|0⟩3 + |0⟩1|0⟩2|1⟩3) could be ob-

tained via the superadiabatic protocol.

4. The numerical simulation

In this section, we do some numerical simulations to ver-
ify the proposed scheme.

In order to satisfy the conditions θ0,1(0) = θ1(tf) =

0, θ0(tf) = arctan(−
√

2), the pulses Ω A
p (t) and Ω A

s (t) with
Gaussian envelopes are chosen as[11]

Ωp(t) =
√

2Ω0 exp
[
−(t − τ11)

2 /T 2
]
,

Ωs(t) = −
√

2Ω0 exp
[
−(t − τ21)

2 /T 2
]

−Ω0 exp
[
−(t − τ22)

2 /T 2
]
, (16)

where Ω0 is the pulse amplitude, tf is the total evolution time,
τ11 = 0.5tf, τ21 = 0.05tf and τ22 = 0.5tf are the time de-
lay, and T = 0.2tf is the operation duration. Therefore, the
θ0(t) and θ1(t) can be determined by engineering the shape
of the driven pulses Ωp(t) and Ωs(t). In Fig. 2, we plot the
time-dependent θ0(t) and θ1(t) versus different pulses Ωp(t)
and Ωs(t). As shown in Fig. 2(a), one can easily find that
the θ0(t) is independent of the pulse amplitude Ω0 when the
conditions θ0(0) = 0, θ0(tf) = arctan(−

√
2) are satisfied all

the time. However, for the time-dependent parameter θ1(t),
the limitations θ1(0) = θ1(tf) = 0 can only be satisfied on
the condition that the value of Ω0 is large enough, as seen
from Fig. 2(b). During the superadiabatic evolution process,
Ωk(t)≪ g (k = 1,2,3) should be ensured, which implies that

the value of Ω0 can not be taken too large. Therefore, we adopt
Ω0 = 6.75t−1

f and g = 36t−1
f for the following discussions.

0 0.2 0.4 0.6 0.8 1.0
-1.0

-0.8

-0.6

-0.4

-0.2

0

t/tf

t/tf

θ
0
(t
)

θ
1
(t
)

Ω0=1tf

Ω0=50tf

↩

↩

(a)

0 0.2 0.4 0.6 0.8 1.0
-1.5

-1.0

-0.5

0
Ω0=1tf

↩
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↩

↩

↩

Ω0=10tf
Ω0=20tf
Ω0=40tf
Ω0=60tf

(b)

Fig. 2. (a) Time-dependent parameter θ0(t) versus different pulse am-
plitude. (b) Time-dependent parameter θ1(t) versus different values of
pulse amplitude.

Since the analytic results of the pulses Ω A
p (t) and Ω A

s (t)
are too complicated to realize in experiment, we replace them
with the superpositions of Gaussian pulses by nonlinear least
square fitting.[52] The form of the related Gaussian pulses can
be written as

Ω
0
p (t) =

4

∑
i=1

Ω1i exp
[
−(t − τ1i)

2 /T 2
1i

]
,

Ω
0
s (t) =

4

∑
i=1

Ω2i exp
[
−(t − τ2i)

2 /T 2
2i

]
. (17)

The related parameters are shown in the following:

Ω11 = 4.807/tf, Ω12 = 5.055/tf, Ω13 = 12.75/tf,

Ω14 =−11.05/tf, τ11 = 0.4385tf, τ12 = 0.5319tf,

τ13 = 0.227tf, τ14 = 0.2829tf, T11 =−0.2487tf,

T12 = 0.1699tf, T13 = 0.07043tf, T14 = 0.0818tf, (18)

Ω21 = 18.51/tf, Ω22 =−8.889/tf, Ω23 =−19.78/tf,

Ω24 = 0.8233/tf, τ21 = 0.2797tf, τ22 = 0.3271tf,

τ23 = 0.2521tf, τ24 = 0.08117tf, T21 = 0.1655tf,

T22 = 0.06405tf, T23 = 0.309tf, T24 = 0.0581tf. (19)
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To explore the difference between the alternative Gaus-
sian pules and the original ones, we plot the superadiabatic
pulses Ω A

p,s(t) and their corresponding fitted pulses Ω 0
p,s(t) in

Fig. 3. The results show that the alternative superpositions
of Gaussian pulses are almost the same as the original pulses
Ω A

p,s(t). The approximate coincidence of the two curves (as
shown in Fig. 3) illustrates that the pulses Ω A

p,s(t) can be re-
placed by the alternative Gaussian pulses.

t/tf
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Fig. 3. (a) Time dependence of pulse Ω A
p (t) and its fitted pulse Ω 0

p (t)
shown by blue and dotted black curves, respectively. (b) Time depen-
dence of pulse Ω A

s (t) and the corresponding fitted pulse Ω 0
s (t) are in-

dicated by blue and dotted black curves.

To further check the effectiveness of the two alternative
pulses, we present the fidelity F(t) = |⟨W |Ψ(t)⟩|2 of the sys-
tem state for the superadiabatic-based shortcut protocol with
the pulses Ω 0

p,s(t) in Fig. 4, where the |W ⟩ and |Ψ(t)⟩ denote
the ideal state and evolved state, respectively. During the dy-
namical evolution, one can find that the fidelity can almost
approach one after t/tf is greater than 0.4.

In Fig. 5, we plot the populations for all the states in
Eq. (3) during the time evolution process. It shows that the
three-qubit W state can be obtained with high-fidelity after
the system evolution, i.e., the state remains stable after t/tf is
greater than 0.4. The intermediate states |φ5⟩–|φ7⟩ emerge in
a very short time during the time intervals 0.15t/tf to 0.4t/tf,
and the population of state |φ4⟩ is almost zero during the whole
evolution. Hence, the decoherence induced by the resonator
decay can be neglected in the proposed superadiabatic short-
cut.
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Fig. 4. Fidelity of the state during the time evolution with the applica-
tion of pulses Ω 0

p,s(t).
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Fig. 5. The populations P1–P7 of the states |φ1⟩–|φ7⟩ during the time
evolution with the parameters Ω0 = 6.75t−1

f and g = 36t−1
f .

Next, we compare the performance of superadiabatic
(STA) and adiabatic cases in Fig. 6. For the adiabatic pro-
tocol, the Rabi frequencies of the pulses are selected as the an-
alytic functions of Ω1(t) = −

√
2Ωp(t) and Ω2(t) = Ω3(t) =√

2Ωs(t), where Ωp,s(t) is described by Eq. (16). The results
show that when the parameters Ω0 = 6.75t−1

f and g = 36t−1
f

are the same as that used in the superadiabatic-based shortcut
protocol, the fidelity of the final state is 0.4506 for the adi-
abatic path (the green curve), while it increases to 1 for the
superadiabatic shortcut (the red curve). Otherwise, the param-
eters for Ω0 and g should be increased so that the fidelity of
the final state for the adiabatic path can approach to 1, for ex-
ample, Ω0 = 50t−1

f and g = 250t−1
f . The smaller the product

of the pulse amplitude Ω0 and the total operation time tf is, the
faster the evolution speed can be obtained. The pulse ampli-
tude Ω0 = 6.75t−1

f of this protocol is much smaller than Ω0 =

50t−1
f in the adiabatic protocol. In this protocol, we choose pa-

rameters Ω0/2π = 135 MHz and g/2π = 720 MHz,[53] then
the system evolution time is 50 ns. In addition, in Ref. [33],
the time to obtain the W state is about 0.6 µs. The proposed
superadiabatic-based scheme takes 1/12 of the evolution time
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in Ref. [33]. Therefore, the results also indicate that the adi-
abatic scheme for the generation of high-fidelity three-qubit
W state requires a long time to satisfy the adiabatic criteria,
while, the proposed superadiabatic one is speeded up with the
merits of the adiabatic evolution.

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

F
id

e
li
ty

0 0.2 0.4 0.6 0.8 1.0

STA Ω0=6.75t↩, g=36t↩  f  f  

f  f  

f  f  

f  f  

Ω0=6.75t↩, g=36t↩  

Ω0=30t↩, g=160t↩  

Ω0=50t↩, g=250t↩  

t/tf

Fig. 6. Fidelities versus time for the superadiabatic-based shortcut (with
Ω0 = 6.75t−1

f and g = 36t−1
f denoted by the red curve) and adiabatic

protocols with Ω0 = 6.75t−1
f and g = 36t−1

f (green), Ω0 = 30t−1
f and

g = 160t−1
f (black), and Ω0 = 50t−1

f and g = 250t−1
f (blue).

In the following, we take the resonator decay and qubit
relaxation into account and analyze their influence on the gen-
eration of the W state. The decoherence process can be de-
scribed by the master equation, which can be written as

ρ̇ =−i [Htotal,ρ]+∑
k

[
bkρb†

k −
1
2
(b†

kρbk +ρb†
kbk)

]
, (20)

where bk is the dissipative term, and expressed as

b1 =
√

γ1|0⟩1⟨e|, b2 =
√

γ2|1⟩1⟨e|, b3 =
√

γ3|0⟩2⟨e|,
b4 =

√
γ4|1⟩2⟨e|, b5 =

√
γ5|0⟩3⟨e|, b6 =

√
γ6|1⟩3⟨e|,

b7 =
√

κa, b8 =
√

γφ11(|e⟩1⟨e|− |1⟩1⟨1|),
b9 =

√
γφ01(|e⟩1⟨e|− |0⟩1⟨0|),

b10 =
√

γφ12(|e⟩2⟨e|− |1⟩2⟨1|),
b11 =

√
γφ02(|e⟩2⟨e|− |0⟩2⟨0|),

b12 =
√

γφ13(|e⟩3⟨e|− |1⟩3⟨1|),
b13 =

√
γφ03(|e⟩3⟨e|− |0⟩3⟨0|). (21)

Here, γn (n = 1,2, . . . ,6) is the spontaneous emission rate of
the qubit-l from the high-level state |1⟩l (|1⟩l) to the lower
state |e⟩l (|0⟩l). The κ is the decay rate of the resonator and
γφil (i = 1,e; l = 1,2,3) is the dephasing rate of the qubit l with
the levels |1⟩ and |e⟩. For simplicity, we choose γn = γ and
γφil = γφ .

In order to quantify the final fidelity caused by the res-
onator decay κ and the spontaneous rate of qubit γn, where the
dephasing rate is assumed too small to ignore, we plot the final
fidelity F(tf) versus the resonator decay κ and the spontaneous
rate of qubit γn in Fig. 7(a), where κ varies from 0 to 0.01/t−1

f ,
γ is set from 0 to 0.01/t−1

f . Simultaneously, we plot the final

fidelity F(tf) versus γφ and γ in Fig. 7(b), and the final fidelity
F(tf) versus γφ and κ in Fig. 7(c). Figures 7(a) and 7(c) show
that the final fidelity remains over 0.988 under different κ . It
is also hinted that the proposed scheme is robust to the res-
onator decay. As shown in Fig. 7(b), the effect from the qubit
decoherence on the final fidelity is also little. The final fidelity
is over 0.98, even though γ = 0.01/t−1

f and γφ = 0.001/t−1
f ,

which is greater than the results in Ref. [45] by using the LR
invariant (the final fidelity was 0.94 when the decoherence fac-
tors γ = 0.01/t−1

f , γφ = 0.001/t−1
f , the final fidelity was 0.982

when κ = 0.01/t−1
f , γφ = 0.001/t−1

f ). Furthermore, there is
not any additional parameter in the proposed scheme in com-
parison with the method using the LR invariant. Hence, the
proposed scheme for the fast generation of three-qubit W state
is robust to the resonator decay and qubit decoherence without
any additional parameters.

0 0.002 0.004 0.006 0.008 0.010
0

0.002

0.004

0.006

0.008

0.010

0.99

0.992

0.994

0.996

0.998
(a)

0 0.002 0.004 0.006 0.008 0.010
0

0.2

0.4

0.6

0.8

1.0

0.990

0.992

0.994

0.996

0.998
(b)

0 0.2 0.4 0.6 0.8 1.0
0

0.002

0.004

0.006

0.008

0.010

0.9980

0.9982

0.9984

0.9986

0.9988

0.9990

0.9992
(c)

γφ/t
↩ (10↩3)f

γ
φ
/
t
↩


 (
1
0

↩
3
)

f

γ/t↩
f

γ/t↩
f

κ
/
t
↩


f

κ
/
t
↩


f

Fig. 7. Final fidelity versus the different decoherence factors κ , γ , and γφ .
(a) F(tf) versus different values of γ and κ; (b) is the case of γ and γφ , and
(c) shows the effect of decoherence without γ .
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5. Conclusion
We have proposed a scheme to prepare the high-fidelity

three-qubit W state via superadiabatic-based shortcut. In or-
der to suppress the transitions between different instantaneous
eigenstates, the counterdiabatic Hamiltonian with the same
form as the effective Hamiltonian has been obtained for the
easily implementation in experiment. Additionally, the in-
tricately driven pulses have been replaced by the Gaussian
pulses which is feasible experimentally. The numerical results
show that the time evolution for the proposed scheme has been
significantly speeded up, and the proposed scheme is robust
against the decoherence caused by the resonator decay and the
spontaneous emission and dephasing of qubit. Compared with
the adiabatic case, the proposed protocol could prepare the
entanglement state within a very short time. Meantime, it is
found that our result can be extended to the case of multiple-
qubit W state, especially the odd-number qubit W state.
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