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We study the steady optical response of a square lattice in which all trapped atoms are driven by a probe and a
coupling fields into the ladder configuration of electromagnetically induced transparency (EIT). It turns out to be a many-
body problem in the presence of van der Waals (vdW) interaction among atoms in the upmost Rydberg state, so Monte
Carlo (MC) calculation based on density matrix equations have been done after introducing a sufficiently large cut-off
radius. It is found that the absorption and dispersion of EIT spectra depends critically on a few key parameters like lattice
dimension, unitary vdW shift, probe Rabi frequency, and coupling detuning. Through modulating these parameters, it is
viable to change symmetries of the absorption and dispersion spectra and control on demand depth and position of the
transparency window. Our MC calculation is expected to be instructive in understanding many-body quantum coherence
effects and in manipulating non-equilibrium quantum phenomena by utilizing vdW interactions of Rydberg atoms.

Keywords: electromagnetically induced transparency, Rydberg atomic lattices, Monte Carlo simulations
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1. Introduction
Much attention has been paid in theoretical and experi-

mental research on Rydberg atoms considering that they have
essential applications, e.g., in the flourishing fields of quan-
tum information and simulation, due to exaggerated properties
like long radiative lifetimes, large dipole moments, and strong
interatomic interactions.[1–8] In particular, rich many-body be-
haviors displayed in Rydberg atoms have been found to make a
promising prospect for efficiently implementing quantum de-
tection, gates, entanglement, devices, etc. as indispensable el-
ements in future quantum networks.[9–17] Most of these im-
plementations benefit form the so-called dipole blockade or
anti-blockade effect, which prohibits or enhances more than
one Rydberg excitations in a mesoscopic volume when the en-
ergy shift induced by interatomic interactions is prominent or
counteracted.[18–21]

Of our special interest, dynamic propagation behaviors
of classical or quantized light fields have been well stud-
ied in various Rydberg media in the regime of electromag-
netically induced transparency (EIT).[22–27] This is a linear
optical phenomenon exploiting quantum destructive interfer-
ence to eliminate (enhance) resonant absorption (dispersion)
in coherently dressed multi-level atomic systems, and has
been extended to reversible light storage,[28–31] enhanced op-
tical nonlinearities,[32–37] tunable photonic band-gaps,[38,39]

etc. Combined with Rydberg atoms, EIT becomes instead a
nonlinear optical phenomenon facilitating the efficient gen-
eration and manipulation of single-photon sources, switch-

ings, and transistors.[40–43] This is why much work has been
done in exploring nontrivial features of the Rydberg-EIT me-
dia. In particular, Pritchard et al. used EIT technique in a
highly excited Rydberg gas and predicted a third-order non-
linearity due to blockade from repulsive interactions.[44] Si-
mons et al. studied the effect of band-limited white Gaussian
noise on EIT and Autler–Townes (AT) splitting when perform-
ing radio-frequency field strength measurements in hot Ryd-
berg atoms.[45] Xu et al. proposed an EIT-based scheme to
generate stable spatiotemporal solitons in cold Rydberg atoms
exhibiting a Bessel lattice potential.[46]

Note however that it is very difficult or impossible to
investigate the EIT spectra of randomly distributed Rydberg
atoms by solving density matrix equations (DMEs). Great ef-
fort has been made to reduce the computation complexity by
developing approximation theories for recovering relevant ex-
periments. For instance, a superatom (SA) model developed
in the mean field sense is shown to be effective in explain-
ing most spectral features of the Rydberg-EIT media.[47,48]

On the other hand, Monte Carlo (MC) simulations based on
rate equations (REs) can also reproduce essential Rydberg-EIT
features upon the adiabatic elimination of off-diagonal density
matrix elements.[8,49] Meanwhile this method is found to be
effective in examining non-equilibrium phenomena like anti-
ferromagnetic phases, bistable phases, and topological super-
fluids in two-dimensional lattices of periodically distributed
Rydberg atoms.[50–55]

Here we investigate the steady EIT spectra of cold Ryd-
*Project supported by the National Natural Science Foundation of China (Grant No. 12074061).
†Corresponding author. E-mail: jhwu@nenu.edu.cn
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berg atoms arranged into a square lattice via MC simulations
based on both DMEs and REs. A direct comparison shows
that DMEs are more accurate than REs especially when the
Rydberg lattice has a large dimension and thus complicated
van der Waals (vdW) interactions. We find in particular that
the absorption and dispersion of EIT spectra become more
and more asymmetric until reaching the saturation regime as
the lattice dimension increases. More importantly, the trans-
parency window as a main EIT sign typically suffer from a
notable reduction in depth due to dephasings arising from the
inhomogeneous vdW interactions. The center of this trans-
parency window is determined however by the average value
of vdW induced level shifts. These nontrivial features are evi-
dent only when the probe field is not too weak and may also be
controlled by modulating the coupling field detuning to coun-
teract the average vdW shift.
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Fig. 1. (a) A three-level ladder atomic system with ground state |g⟩, interme-
diate state |e⟩, and Rydberg state |r⟩ driven by a probe field Ωp and a coupling
field Ωc (see text for more details). (b) A n× n atomic array of period a in
which each atom is driven into the three-level ladder configuration and inter-
acts with another atom via the vdW potential 𝒱kl if both are in state |r⟩ (see
text for more details).

2. Model and equations
We consider a ladder configuration [see Fig. 1(a)] with

ground state |g⟩, intermediate state |e⟩, and Rydberg state |r⟩
as driven by a strong coupling field of Rabi frequency (detun-
ing) Ωc (∆c) and a weak probe field of Rabi frequency (detun-
ing) Ωp (∆p). Then a square array of N = n× n such ladder-
type atoms trapped, e.g., in 2D optical lattices of period a [see
Fig. 1(b)] can be described by the following interaction Hamil-
tonian:

ℋI = ℋ∆ +ℋΩ ,

ℋ∆ =
N

∑
k=1

−∆p |ek⟩⟨ek|− (∆c +𝒱k) |rk⟩⟨rk| ,

ℋΩ =
N

∑
k=1

(
Ωp |ek⟩⟨gk|+Ωc |rk⟩⟨ek|+h.c.

)
, (1)

where 𝒱k = ∑l ̸=k 𝒱kl = C6 ∑l ̸=k |rl⟩⟨rl |/ |rk − rl |6 denotes the
vdW induced shift for atom k contributed by all other atoms,
and C6 is the vdW coefficient. For convenience in the fol-
lowing discussion, we further choose to label atom k by its
coordinate rk = (xk,yk)a with integers xk ∈ {1,2, . . . ,n} and

yk ∈ {1,2, . . . ,n} and define 𝒱0 = C6/a6 as the unitary vdW
induced shift.

Atom k in states |rk⟩ and |ek⟩ will decay via spontaneous
emission to states |ek⟩ and |gk⟩ at rates Γr and Γe, respectively.
Considering a Rydberg state is typically long lived, we may
set Γr → 0 and obtain from HI the following density matrix
equations (DMEs):

∂tρ
(k,l)
gg = (iΩpρ

(k,l)
ge +h.c.)+Γeρ

(k,l)
ee ,

∂tρ
(k,l)
ee = (iΩcρ

(k,l)
er − iΩpρ

(k,l)
ge +h.c.)−Γeρ

(k,l)
ee ,

∂tρ
(k,l)
ge = −γgeρ

(k,l)
ge − iΩp(ρ

(k,l)
ee −ρ

(k,l)
gg )+ iΩcρ

(k,l)
gr ,

∂tρ
(k,l)
gr = −γ

(k)
gr ρ

(k,l)
gr − iΩpρ

(k,l)
er + iΩcρ

(k,l)
ge ,

∂tρ
(k,l)
er = −γ

(k)
er ρ

(k,l)
er − iΩc(ρ

(k,l)
rr −ρ

(k,l)
ee )− iΩpρ

(k,l)
gr , (2)

for atom k in the l realization. We have set in Eq. (2) ρ
(k,l)*
µν =

ρ
(k,l)
νµ and ρ

(k,l)
gg + ρ

(k,l)
ee + ρ

(k,l)
rr = 1 so that γge = Γe/2+ i∆p,

γ
(k)
gr = i(∆p +∆c +𝒱k), and γ

(k)
er = Γe/2+ i(∆c +𝒱k). This set

of many-body DMEs can be reduced into those for a two-level
Rydberg model in the case of Ωc ≪ Ωp,[49] which is impracti-
cable however in the case of Ωc ≫ Ωp of our present interest.

Assuming sufficiently strong decoherence on the probe
transition (Γe ≫ Ωp), however, it is viable to adiabatically
eliminate the off-diagonal matrix elements in Eq. (2) by set-
ting ∂tρµν = 0 (µ ̸= ν) to attain the following set of reduced
rate equations (REs):

∂

∂ t

 ρ
(k,l)
gg

ρ
(k,l)
ee

ρ
(k,l)
rr

=

 R(k,l)
gg R(k,l)

ge R(k,l)
gr

R(k,l)
eg R(k,l)

ee R(k,l)
er

R(k,l)
rg R(k,l)

re R(k,l)
rr


 ρ

(k,l)
gg

ρ
(k,l)
ee

ρ
(k,l)
rr

 , (3)

which are much easier to solve than Eq. (2) in regard of a
many-body quantum problem. From the steady solutions of
Eq. (3) in the case of ∆c = 0, it is straightforward to attain the
off-diagonal matrix element

ρ
(k,l)
ge =

a1

(
ρ
(k,l)
gg −ρ

(k,l)
ee

)
+a2

(
ρ
(k,l)
ee −ρ

(k,l)
rr

)
b1𝒱2

k +b2𝒱k +b3
, (4)

with

a1 = Ωp
[
−4i𝒱2

k − (4i∆p +2Γe)Ωp𝒱k + iΩ 2
p −2∆pΓe

]
,

a2 = iΩpΩ
2
c ,

b1 = −4Γe −8i∆p,

b2 = −8i∆ 2
p −8∆pΓe +2iΓ 2

e +2iΩ 2
c ,

b3 = 2i∆p(Γ
2

e +Ω
2
p )+Γe(Ω

2
p −Ω

2
c −4∆

2
p ),

which determines the absorption and dispersion properties on
the probe transition and is contributed by both population dif-
ferences ρ

(k,l)
gg −ρ

(k,l)
ee and ρ

(k,l)
ee −ρ

(k,l)
rr . Equation (4) can be

largely simplified in the case of 𝒱k → 0, e.g., in sparse enough
atomic lattices.
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Fig. 2. Flow chart for a single realization of the Monte Carlo method used to calculate the averaged values of density matrix elements ρµν in
the steady state at time tf = 20 µs.

When solving Eq. (2) or Eq. (3), we should resort to the
MC method as described in Fig. 2. In each realization, at the
starting time t0 = 0, all atoms in the 2D lattices are first as-
sumed to be in the ground state with ρ

(k,l)
gg (t0) = 1. Then, we

calculate matrix elements ρ
(k,l)
µν (t1) at time t1 with their coun-

terparts at time t0 for all atoms one by one in the order of k ∈
{(1,1), . . . ,(1,n);(2,1), . . . ,(2,n); . . . ;(n,1), . . . ,(n,n)}, and
reset ρ

(k,l)
rr (t1) = 1 (ρ(k,l)

rr (t1) = 0) if ρ
(k,l)
rr (t1)> rk (ρ(k,l)

rr (t1)<

rk), rk ∈ {0,1} being a randomly generated number. In the
same sense, we can calculate matrix elements ρ

(k,l)
µν (t j) at

time t j with their counterparts at time t j−1 and determine
ρ
(k,l)
rr (t j) = 1 or ρ

(k,l)
rr (t j) = 0 until reaching the steady state

at a large enough final time tf. The above MC processes will
be repeated, e.g., Nf = 100 times so that the random fluctua-
tions of our numerical results can be smoothed by taking the
average of all Nf realizations. That is, the final average result
is given by ρµν = ∑

N
k=1 ∑

Nf
l=1 ρ

(k,l)
µν /NNf.

To be more concrete, we now take the three levels
in our ladder model as |g⟩ ≡

∣∣5S1/2,F = 2,mF = 2
〉
, |e⟩ ≡∣∣5P1/2,F = 1,mF = 1

〉
, and |r⟩ ≡

∣∣60S1/2,mJ = 1
〉

of cold
87Rb atoms, respectively.[47] In this case, we have Γe/2π ≃
6.0 MHz, Γr/2π ≃ 2.0 kHz, and C6/2π = 140 GHz·µm6.
In the following, we further set Ωp = 0.3 MHz and Ωc =

3.0 MHz, ∆p = 0, and 𝒱0 = 64.3 MHz for a = 3.6 µm (a);
𝒱0 = 130.4 MHz for a = 3.2 µm (b); 𝒱0 = 290.5 MHz for
a= 2.8 µm (c) to plot in Fig. 3 the average Rydberg population
ρrr against a cut-off radius Rc. Note that it is viable to create
a 2D trap lattice (array) of period a ≃ 3.0 µm using a spatial
light modulator to manipulate a dipole-trap beam, into which
cold single 87Rb atoms can be loaded from a magneto-optical

trap.[56] It is clear that Rc = 4a is enough to guarantee an ac-
curate calculation of ρrr, indicating atoms outside the circle of
radius Rc = 4a has negligible influences on atom k at the cen-
ter. Introduction of Rc is beneficial to largely reduce the heavy
computation tasks in solving a many-body quantum system.
Based on simulations in Fig. 3, it is also found that our square
atomic lattice will enter the steady state for tf ≃ 20 µs. In other
methods based on mean-field approximations,[42] the atomic
sample is usually divided into many independent volumes of
blockade radius Rb = (C6Γe/2Ω 2

c )
1/6, and vdW interactions

are assumed to occur only inside each blockade volume. For
our used parameters, it is easy to find that Rb = 6.0 µm is
smaller than Rc = 4a so that accurate results cannot be attained
if we simply set Rc = Rb.

(a)

(b)

(c)

103

102

103

Rc/a

2.00

1.95

1.90

0.15

0.12

0.09

1.25

1.00

0.75

1 2 3 4 5

ρ
r
r

-

Fig. 3. Averaged Rydberg population ρrr against cut-off radius Rc with
𝒱0 = 64.3 MHz (a), 𝒱0 = 130.4 MHz (b), and 𝒱0 = 290.5 MHz (c), re-
spectively. Other parameters used in calculations are given in the main text.
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3. Results and discussion

Based on the MC method, we now examine in Fig. 4
the dependence of absorption Im(ρ̄ge) and dispersion Re(ρ̄ge)

properties on probe detuning ∆p for a few square lattices
of different dimensions. Typical absorption and dispersion
spectra in ordinary EIT media, i.e., a transparent window of
mirror symmetry and a normal dispersion of rotation symme-
try centered at ∆p = 0, are observed for n = 1 because vdW
interactions won’t occur for a single atom. As n increases,
both absorption and dispersion spectra first suddenly deviate
from their original symmetries because vdW interactions start
to take place, and then slowly approach a saturation situation.
To be more concrete, as lattice dimension n increases, a higher
proportion of atoms will become far away from boundaries
to interact via the vdW shift 𝒱k with the same number of
neighboring atoms in the cut-off radius. Meanwhile, atoms
at or close to boundaries will take a lower proportion and
interact with (less) different numbers of neighboring atoms.
In this case, a saturation regime can be reached as lattice di-
mension n is large enough so that the number of atoms at or
close to boundaries can be neglected as compared to that of
others. This is evident by noting that the transparent win-
dow’s center is finally stabilized at ∆p/2π ≃ −1.63 MHz for
n . 50. That means, each atom suffers from an average vdW
shift 𝒱̄/2π ≃ 1.63 MHz as contributed by its neighboring
atoms because 𝒱̄ works indeed as an effective detuning of the
coupling field. It is worth noting that the average vdW shift is
determined by the vdW coefficient, the average Rydberg popu-
lation, and the atomic number in the cut-off radius. A depth re-
duction of the transparency window is also evident for n = 10

(a) (b)

(c) (d)

(e) (f)

(g) (h)

10Im(ρge) 10Re(ρge)

0.50
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0
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0

-0.3
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0

-0.3

0.3

0

-0.3

0 2 4 0 2 4-4 -2 -4 -2

∆p/2p (MHz)

- -

Fig. 4. Absorption Im(ρ̄ge) (left) and dispersion Re(ρ̄ge) (right) properties
against probe detuning ∆p attained via Monte Carlo calculations based on
DMEs (red-solid) and REs (blue-dashed) with n = 1 (a), (b), n = 2 (c), (d),
n = 10 (e), (f), and n = 50 (g), (h), respectively. Other parameters are the
same as in Fig. 3 except 𝒱0 = 64.3 MHz.

and n = 50 due to additional dephasings arising from the inho-
mogeneity of vdW shift 𝒱k. We further note that MC calcula-
tions based on DMEs are somewhat different from those based
on REs, indicating the adiabatic elimination of off-diagonal
matrix elements ρµν will result in more or less coherent infor-
mation loss, especially for a large atomic lattice.

It is not difficult to imagine that the spectra of absorption
and dispersion will finally recover those for two-level absorb-
ing atoms as vdW interactions are sufficiently strong. In this
case, a large enough average vdW shift 𝒱̄ works as an infinite
effective detuning of the coupling field so that it is decoupled
from the upper transition, yielding thus a two-level system in-
volving only the lower transition. This is confirmed in Fig. 5,
where a square lattice of n = 50 is considered for three values
of 𝒱0. We find in particular that the transparency window be-
comes shallower and the dispersion slope becomes smoother
as the lattice period a is reduced to attain a larger 𝒱0. It is
also worth noting that the centers of absorption and disper-
sion curves move left together so that their right parts become
more important and thus look more like those for two-level
absorbing atoms. This means that the lattice period a or the
atomic density 1/a2 should be carefully chosen to manipulate
the blockade effect for attaining a desired optical response in
a square lattice of Rydberg atoms. To be more concrete, a
smaller lattice period will result in a higher atomic density and
thus a stronger blockade effect because larger average vdW
shifts can be attained to yield weaker atom-field couplings
when more atoms are found in the cut-off radius.

(a) (b)

(c) (d)

(e) (f)

0.50

0.25

0

0.3

0

-0.3

-4 4-2 20

0.50

0.25

0

0.50

0.25

0

0.3

0

-0.3

0.3

0

-0.3

-4 4-2 20

∆p/2p (MHz)

10Im(ρge) 10Re(ρge)
- -

Fig. 5. Absorption Im(ρ̄ge) (left) and dispersion Re(ρ̄ge) (right) properties
against probe detuning ∆p for a square lattice of n = 50 with 𝒱0 = 130.4
MHz (a), (b), 𝒱0 = 290.5 MHz (c), (d), and 𝒱0 = 360.0 MHz (e), (f), respec-
tively. Other parameters are the same as in Fig. 3.

We then check in Fig. 6 how the spectra of absorption
and dispersion depend on the Rabi frequency of probe field
for a square lattice of n = 50. It is clear that both Im(ρ̄ge) and
Re(ρ̄ge) exhibit a nonlinear dependence on Ωp, manifested as
a notable change of the transparency window both in depth and
in position. To be more concrete, the spectra of absorption and
dispersion are found to recover those for a single atom as Ωp
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decreases from 0.3 MHz to 0.03 MHz, but become more asym-
metric with a shallower transparency window as Ωp increases
from 0.3 MHz to 0.9 MHz. This is a strong evidence of the so-
called cooperative nonlinearity[8,39] due to long-range vdW in-
teractions among Rydberg atoms. Different from atomic sam-
ples of random spatial distributions, a much larger deviation
of the transparency window from its original center is found
for our atomic lattice of a periodic spatial distribution.

(a) (b)

(c) (d)

(f)(e)
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∆p/2p (MHz)

Im(ρge) Re(ρge)
- -

Fig. 6. Absorption Im(ρ̄ge) (left) and dispersion Re(ρ̄ge) (right) properties
against probe detuning ∆p for a square lattice of n = 50 with Ωp = 0.03 MHz
(a), (b), Ωp = 0.3 MHz (c), (d), and Ωp = 0.9 MHz (e), (f), respectively.
Other parameters are the same as in Fig. 3 except 𝒱0 = 64.3 MHz.

Finally, we show how to control the absorption and dis-
persion of the EIT spectra by modulating the coupling field de-
tuning to compensate more or less the vdW shift for a square
lattice of n = 50. As can be seen from Fig. 7, the absorption
and dispersion curves disturbed by the coupling field detun-
ing do not exhibit mirror and rotation symmetries like those
for a single atom even if the transparency window is centered
again at ∆p ≃ 0 for ∆c/2π ≃ −2.0 MHz. In this case, the
average vdW shift is estimated to be 𝒱̄/2π ≃ 2.0 MHz be-
cause a transparency window centered at ∆p = 0 requires a
vanishing effective detuning ∆c + 𝒱̄ = 0. This average vdW
shift 𝒱̄ is slightly different from that estimated in Fig. 4 be-
cause it depends on the Rydberg population ρ̄rr and thus the
coupling detuning ∆c. We further find that the transparency
window moves left (right) for a larger (smaller) ∆c to result
in more asymmetric absorption and dispersion curves, but the
transparency window’s depth does not change too much as ∆c

is modulated to control the transparency window’s position.
Such a control of the transparency window is clearly different
from those shown in Figs. 4–6 by modulating other parame-
ters. The underlying physics is that the Rydberg population ρrr

depends on but is not very sensitive to the coupling field detun-
ing in the case of a relatively weak probe field (Ωp = 0.3 MHz
vs. Γe = 6.0 MHz), so that dephasings arising from the in-
homogeneity of vdW shift 𝒱k do not change evidently as ∆c

changes.
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Fig. 7. Absorption Im(ρ̄ge) (left) and dispersion Re(ρ̄ge) (right) properties
against probe detuning ∆p for a square lattice of n = 50 with ∆c =−3.0 MHz
(a), (b); ∆c =−2.0 MHz (c), (d); ∆c =−0.5 MHz (e), (f); ∆c = 0.5 MHz (g),
(h). Other parameters are the same as in Fig. 3 except 𝒱0 = 64.3 MHz.

4. Conclusion
In summary, we have studied a square lattice of Ryd-

berg atoms in the ladder configuration by examining its EIT
spectra of absorption and dispersion in the presence of vdW
interactions. Monte Carlo calculations based on density ma-
trix equations show that the EIT spectra becomes more and
more asymmetric, until the transparency window finally cen-
tered at a position determined by the average vdW shift 𝒱̄ ,
as the lattice dimension n increases. The transparency win-
dow is found in particular to suffer from a notable reduction
in depth due to the additional dephasings arising from the in-
homogeneity of vdW interactions. These features are evident
only when the probe Rabi frequency Ωp is not too small and
may turn out to be those for two-level absorbing atoms as the
unitary vdW shift 𝒱0 is large enough. Moreover, it is conve-
nient to control these features (e.g., roughly recover the sym-
metric EIT spectra) by modulating the coupling detuning ∆c

to counteract the average vdW shift 𝒱̄ . Our Monte Carlo cal-
culations are more accurate than calculations based on mean-
field approximations[47] and may be extended to study other
properties like non-equilibrium physics[50] in finite lattices of
Rydberg atoms.
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