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With the rapid demand for underwater optical communication (UOC), studies of UOC degradation by oceanic tur-
bulence have attached increasing attention worldwide and become a research hot-spot in recent years. Previous studies
used a simplified and inaccurate oceanic turbulence spectrum, in which the eddy diffusivity ratio between temperature and
salinity is assumed to be unity and the outer scale of turbulence is assumed to be infinite. However, both assumptions are
not true in most of the actual marine environments. In this paper, based on the Rytov theory in weak turbulence, we derive
analytical expressions of “the aperture-averaged scintillation index” (SI) for both plane and spherical waves, which can
clearly demonstrate how SI is influenced by several key factors in UOC. Then, typical fade statistics of the UOC system in
weak turbulence is discussed including the probability of fade, the expected number of fades per time, the mean fade time,
signal-to-noise ratio and bit error rate. Our results show that spherical wave is preferable in the UOC system in weak tur-
bulence compared to plane wave, and the aperture-averaged effect has a significant impact on UOC system’s performance.
Our results can be used to determine those key parameters for designing the UOC system over reasonable ranges.

Keywords: underwater optical communication (UOC), aperture-averaged scintillation index, fade statistics

PACS: 42.68.Xy, 42.68.Ay, 42.25.Bs

1. Introduction

Underwater optical communication (UOC) has gained in-
creasing attention in recent years for the increasing demand
of military applications.!'-3] Tt has obvious advantage over
the underwater acoustic communication in many aspects, etc.,
large data capacity, and low-time delay in short to medium
distance. However, propagation of a laser beam used in UOC
is seriously limited by oceanic turbulence, causing the degra-
dation of UOC performance. To tackle this issue, Nikishov
and Nikishov firstly proposed an oceanic turbulence spec-
trum, providing a foundation for further analysis of oceanic
turbulence.[* Since then, there have been some studies on “the
aperture-averaged scintillation index” (SI) and performance of
UOC in oceanic turbulence based on Nikishov’s spectrum. For
example, Korotkova presented numerical simulation of SI of
both plane and spherical waves in weak oceanic turbulence.!
Wang et al.!%! gave an analytical expression of SI by geomet-
rical optics approximation. Yi et al.!”8! also analyzed SI of
both plane and spherical waves in weak oceanic turbulence
and showed that using large-aperture receiver can remarkably
decrease SI and consequently improve the system performance

119,10

significantly. Recently, Gokce and Bayka | systematically

studied how the aperture’s size of the receiver affects SI in

DOI: 10.1088/1674-1056/abd 756

strong oceanic turbulence.

Although much progress has been made in this field, the
validity of them in real situation is strongly restricted by Nik-
ishov’s spectrum, which is over-simplified in describing turbu-
lence in several aspects. For example, it assumes that seawater
has a stable stratification, that is, the larger the density is, the
lower it lies, so that the eddy diffusivity ratio is equal to unity.
However, because the surface water is affected by winds and
heat exchanges with atmosphere, it is usually neither stable
nor layered. Especially at medium and high latitude on earth,
the density stratification is reduced or even disappeared.!'!!
Awareness of such a problem in Nikishov’s spectrum, Yue et
al.'" proposed a modified power spectrum model, which took
the instability of stratification into account. Furthermore, their
spectrum considered the outer scale of the turbulence as a vari-
able rather than setting it to be infinite. Based on this new
model, they investigated how laser beam wanders in weak tur-
bulence. Their results are very different from those using Nik-
ishov’s spectrum. They also showed that the wander of a laser
beam with Gaussian intensity profile is significantly reduced
by decreasing the outer scale of turbulence. It seems promis-
ing that Yue’s spectrum can bring new insight to the theoretical
studies of UOC systems. However, to our knowledge, no such
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research of UOC systems by applying Yue’s spectrum is avail-
able yet.

In this study, we present an improved model of a
UOC system in weak oceanic turbulence based on Yue’s
spectrum.'?! We derive the analytic expressions of SI in weak
oceanic turbulence and carry out a numerical simulation. It
is found that spherical wave is preferable in the UOC system
in weak turbulence compared to plane wave, and the aperture-
averaged effect has a significant impact on UOC system’s per-
formance. We further discuss some typical fade statistics of
the UOC system including the probability of fade, the ex-
pected number of fades per time and the mean fade time,
signal-to-noise ratio (SNR) and bit error rate (BER), according
to the numerical simulation. Particularly, the eddy diffusivity
ratio and the outer scale of the turbulence are considered!!!! in
our model and their effect on SI is discussed.

2. Theory

2.1. The oceanic turbulence power spectrum with the eddy
diffusivity ratio and the outer scale

Let us firstly briefly introduce Yue’s spectrum used in our
model. In 2019, Yue et al.['2] presented an oceanic turbulence
power spectrum @, (x), which includes the temperature spec-
trum ®r(x), the salinity spectrum @Pg(k), and the coupling
spectrum g (k). The power spectrum of oceanic turbulence
is expressed as

(Dn(K) = (DF(K)+¢S(K)7<DTS(K)7 (1)
Br(k) = (47)" ' Coolyred (K24 13) °
_ .
X {1+CT(K17)%]CXP —('jvnz) ; )
L T .
bs(K) = (47t)"C0(x2xT£*% (1<2+;<§)‘% %
)
X {1+CS(KT])%} exp ,(’jvnz) , 3)
L S -
1 1 144,
Prs(k) = (4m) ' Coa* yre 3 (K2 +k5) © "
2
X {l—s—CTS(Kn)%}exp —(;g) ], 4
TS

where Kk is the magnitude of the spatial frequency; « is the
thermal expansion coefficient, which is related to the temper-
ature and salinity of the marine environment; kp—27/Lg (Lo is
the outer scale of turbulence); € is the dissipation rate of tur-
bulent kinetic energy per unit mass of fluid in the range from
107! m?/s® to 10710 m?/s3. Cj is a constant equal to 0.72.
In Egs. (2)—(4), n is Kolmogorov microscale length (inner
scale); x is the dissipation rate of mean-squared temperature,
varying from 10~% K?/s to 10710 K?/s; w is a dimensionless
parameter providing the ratio between temperature and salin-
ity that contributions to the refractive index spectrum ranging

from —5 to 0. Pr, Ps and Prg are the Prandtl number of tem-
perature, salinity, and the coupled temperature salinity, respec-
tively, where Prs = 2PrPs/(Pr+Ps). C; (i=T, Sor TS) is a
constant related to &;. N; is a function of the Prandtl number
P;, governing the upper bound for the inertial-diffusive range
of @;, which can be written as

3/2
) ; (%)

12 1/3
wod (1 ey 1] 1 omeyl
e 27 6Cy 729 27 6Cy '
The eddy diffusivity ratio d, is given by

Vww+1)—w, —5<w<—1,
Z(1.85w+0.85), —1 <w< —0.5, @
—0.15w, -0.5<w<0.

— 1 1
N; =30 3/2<Wi—3+9W
l

dy =

From Eq. (7), it can be seen that d; is a segmented function of
w. However, in previous studies using Nikishov’s spectrum, d;
is treated as unity, independent of w.

2.2. Aperture-averaged SI and fade statistics

SI of plane and spherical waves in weak turbulence is de-
fined as!!?!

1 oo 2.2
Gfpl (L) = 87r2k2L/0 /0 KD, (k) exp (—Dlg )
2
x {lcos<L:§)] dxdE, 8)

I oo D22E?
Ofyp (L) = 87r2k2L/0 /0 K@, (k) exp (— ’1<6§ )

X {1 ~cos [kazz‘;(l —5>dedg, )

where Gfpl and Gfsp represent SI of plane and spherical waves
in oceanic turbulence, respectively; k is the wave number given
by k =27 /A with A being the wavelength of light; L is the
propagation distance; & is the normalized path length given by
& =1—z/L; and D is the receive aperture diameter.

Substituting Eq. (1) into Egs. (8) and (9), SI of plane and
spherical waves can be expressed as

ofp = 2mk*La*Coxre '/
dy 1+d;
x| I —Isp — —1 , 10
( Tpl + L2 lsal ” TS,pl) (10)
Ofy = 27k°La*Co yre /3
d, 1+d
X (IT,sp + ;;IS,sp - WrITS,sp> . (11)
We leave the detailed calculation of SI in the Appendix.
Referring to the mathematical model for the probability
density function (PDF) of the randomly fading irradiance sig-
nal, we discuss the probability of fade, the expected number of

fades per time, the mean fade time below a prescribed thresh-
old, SNR and BER.
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The probability of fade can be expressed as!!3!

0.5cyfj —0.23Fp a2
V2oi; ,

where j = pl or sp represents plane and spherical waves, re-

1
Pr(I<h)=- {1—|—erf
j 2

spectively; erf(x) is the error function. The fade parameter
Fr, given in decibels (dB), represents the dB level below the
on-axis mean irradiance.

The number of negative crossing of a prescribed threshold
(n(It)) characterizes the expected number of fades per time,
which can be expressed as

(0.561’{]. —0.23FT>2

2
20'Lj

(n(Ir)); = voexp | — ;o (13

where (---) represents the ensemble average and vy is the
quasi-frequency.

Mean fade time (¢(I1)) can be written as

Pr;(I <Ir)
(t(in); === (14)
7 (n(l)),
For a shot-noise-limited system, the SNR at the output of
the detector can be written as[>7-8)
SNR
(SNR); = 0 (15)

\/1+02,SNRy

where SNRy is the SNR in the absence of turbulence.

In the presence of oceanic turbulence, the probability of
error is considered to be a conditional probability that must be
averaged over the PDF of the random signal to determine the
unconditional mean BER. In terms of a normalized signal with

unit mean, it leads to the expression >8]

o0 SNR) . u
(BER), = % /0 puj (u)erfe (<2f;’

where py(u) is taken to be the gamma-gamma distribution!>!

)du, (16)

2
Inu+050%]

1
() = ——— - 0.(17
P () uGLj\/ZTreXp{ } u>0.(17)

2
26L j

3. Result and discussion

In this section, we present some numerical results based
on our model. All the expressions developed in the paper are
restricted to weak turbulence, so we limit the ST below 1.[71 A
typical marine environment is considered, in which the salinity
is 35% and temperature is 20 °C,['% o = 2.56 x 10~* L/°C,
Pr =17, Ps =700, Prs = 13.86, Ct = 2.18, Cs = 2.22 and
Crs = 2.21,10 3 =107 K%/s, € = 1074 m?/s3. We set the
wavelength A = 532 nm in the calculation, which is in the
range of light window!'*! (470-580 nm) for the seawater.

Notably, although we introduce outer scale Ly in the ana-
Iytical expression of SI for both plane and spherical waves in
Egs. (10) and (11), Lo has negligible effect on SI (details are
not shown here) similar to that in atmosphere turbulence. This
justifies setting it to be infinite in previous studies. !
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Fig. 1. SI of plane wave (a) and spherical wave (b) versus w for var-
ious receive aperture diameters. The solid lines are with d, calculated
by Eq. (7), while dotted lines are with d; = 1. The red solid/dotted lines
represent D = 0 mm, the green solid/dotted lines represent D = 1 mm,
the blue solid/dotted lines represent D = 3 mm and the magenta lines
represent D = 5 mm, respectively. For all the curves, L = 20 m and
n=10"3m.

Firstly, we study how SI varies according to w, 7 and L
one by one. Figure 1 shows Gfpl and Gﬁsp as functions of w for
various D in two cases (d; calculated by Eq. (7) and d; = 1).
D = 0 mm corresponds to the point receiver. Since d; is sep-
arated into three pieces in Eq. (7), the curves of of; and o7,
(solid line) in this case can also be divided into three sections.
In the first section, Gfpl and Gﬁsp initially increase as w in-
creases, reaching a maximum when w is about 1.15, and then
decreases as w approaches —1. However, the overall changes
of 67, and o7, are small. The second section is from w = —1
tow = —0.5, where GI%PI and Gﬁsp decrease parabolically. The
third section is from w = —0.5 to w = 0, where Gfpl and Gfsp
increase sharply with the increase of w. Since —5 <w < —1
and —1 < w < 0 are dominated by temperature fluctuations
and salinity fluctuations, respectively, from these curves, we
may conclude that salinity fluctuations have greater impact
than temperature fluctuations on oceanic turbulence. However,
their influences on Gfpl and Gfsp are not trivial particularly in
the second section. In addition, increasing D will reduce 0'12_’pl
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and o7, which is more noticeable when the salinity fluctua-

sp>
tions dopminate the underwater turbulence (—1 < w < 0). On
the other hand, o7 and o7, with d; = 1 show different trends,
namely, they monotonically increase as w increases from —5
to 0, though from these two curves, it also seems that salinity
fluctuations have greater impact than temperature fluctuations
on oceanic turbulence. At a fixed receive aperture diameter,
Nikishov’s spectrum underestimates turbulence strength than
Yue’s spectrum with —1 < w < 0, while it overestimates tur-
bulence strength with —5 < w < —1.13] In both the cases, SI
of plane wave is larger than that of spherical wave indicating
that spherical wave is less affected by oceanic turbulence.

1.0
—#= D=0 mm (a)
D=1 mm
0.8f 4D =3 mm
0.6
NG
e
0.4
0.2F
0 1
104 103 102
n (m)
0-5 D=0
—a D=0 mm
D=1 mm (b)
0.4F 4D =3 mm
—-- D=5 mm
0.3F
&
NbH
0.2
0.1
0 1
104 10-3 102
n (m)

Fig. 2. SI of plane wave (a) and spherical wave (b) versus Kolmogorov
microscale length for various receive aperture diameters. For all the
curves, L=20mand w = —1.

Next, we show Gfpl and GI%SP as a function of 1) at cer-
tain D in Fig. 2. For each D, Gfpl and ofsp first increase and
then decrease with increasing 17, and finally saturate at a level
commonly described as the saturation regime.>!3! The peak
values of Gfpl and Gfsp should occur when the random focus-
ing due to large-scale inhomogeneities achieves its strongest
effect.l!>!4] Then such a focusing effect reduces due to multi-
ple scattering as 1 further increases. When 1) is fixed, lower
ofy and of, are observed for larger D. Such a trend is
most obvious when Gl%pl and Gﬁsp are around their peak val-
ues. Plane wave is quite sensitive to the 7, leading to a higher
value of GIZ_PI than the corresponding Gl%sp' This is consistent
with the case of atmosphere turbulence. [°/

Figure 3 presents SI of plane and spherical wave through
oceanic turbulence with respect to L for various D. It can be

seen that for each D, o7, and oy, increase quadratically with
increasing L, indicating that UOC system works well only
in short to medium distance. There is a significant drop in
Gfpl and Gfsp when D increases from 0 mm to 5 mm due to
the effect of aperture averaging, especially in long propaga-
tion distance, because an increase in L causes a decrease in
the receiver intensity correlation and thus the receiver aperture
successfully averages all the intensity fluctuations. Given the
same L and D, Gﬁp] is larger than Gfsp, which means spherical
wave is less affected by oceanic turbulence than plane wave.
Particularly, 6, with point receiver is about 2.5 times o,.
The result is similar to that in atmosphere turbulence. 6!

1.0

- D=0 mm (a)
D=1 mm

0.8F 4-D=3 mm

—--D =5 mm

0.6
NG
g
0.4
0.2
0
0.5
—#- D=0 mm (b)
D=1 mm

0.4F 4D =3 mm
—-D =5 mm

2
Gl,sp

0.2+

0.1

0 1 1
10 20 30 40 50

L (m)

Fig. 3. SI of plane wave (a) and spherical wave (b) versus propagation
distance for various receive aperture diameters. For all curves, w = —1
andn = 1073 m.

o

In order to demonstrate the validity of our analytic
method, SI of plane wave with D = 0 mm at different prop-
agation distances is simulated by Monte Carlo simulation, )
as shown in Fig. 4 (spherical wave is difficult to simulate by
Monte Carlo because its infinite beam width). Table 1 gives
a comparison between the SI’s extracted from the analytic
method and the Monte Carlo method. The relative error be-
tween the them is less than 10%, proving the rationality of our
analytic method.

Next, performance of the UOC system is evaluated
for different aperture diameters by investigating typical fade
statistics including Pr(I < It), (n(It)) and (z(I1)) as functions
of Fr for various D based on the SI. We choose vy = 550 Hz
in our analysis for the convenience of making comparison be-
tween different conditions.[!3-16:17]
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(b) SI=0.052

©

(c) SI=0.179

®

(d) SI=0.319

&

(e) SI=0.526

%

Fig. 4. Plane wave at 0 m (a), 10 m (b), 20 m (c), 30 m (d), 40 m (e) and 50 m (f).

Table 1. SI of plane wave at different propagation distances (SI; is from
this paper and SI, is calculated by the Monte Carlo method).

L (m) 10 20 30 40 50
N 0.048 0.164 0.332 0.544 0.795
SI, 0.052 0.179 0.319 0.526 0.751
Relative error  8.33% 9.15% 3.92% 3.31% 5.53%

As shown in Fig. 5, Pr(I < It) decreases with increasing
Fr and D. Particularly, increasing Fr by several dB can sub-
stantially reduce Pr(I < It) by several orders of magnitude,
especially with large D.1'8! Pr(I < It) of spherical wave is
lower than that of plane wave under the same Fr and D. To
achieve the same Pr(I < It) of 10~ under the same D, Fr for
spherical wave is again lower than the plane wave. These re-
sults indicate that spherical wave is better than the plane wave
for UOC.

10-10

10-12 L L
0 5 10 15 20
Fr (dB)
109 =g
N (b) —— D=0 mm
10-2f D=1 mm
—A— D=3 mm
. —— D=5 mm
o 10~ 4f
~
TR
<
a8
10-8}
10710 L
10-12 . . A . .
0 2 4 6 8 10 12

Fr (dB)
Fig. 5. Probability of fade of plane wave (a) and spherical wave (b)
versus Fr for various receive aperture diameters. For all the curves,
L=20m,w=—landn =103 m.

Next, the effect of receiving aperture diameter on (n(ft))
for plane and spherical wave is shown in Fig. 6. It can be seen
that (n(I7)) firstly reaches the peak value with increasing Fr,
then rapidly decreases to low level; and (n(It)) of the point
receiver is the smallest when Fr is set to less than 1dB. On

the contrary, if an Fr of more than 1dB is chosen, (n(f1)) de-
creases with increasing D. To achieve the same (n(It)), the
required Fr value decreases with an increase in D, consistent
with the previous studies.!°->?! For example, to achieve the
(n(fr)) of 100, Fr of 4.3, 6.1, 8.1 and 9 dB are required for
D =0, 1, 3 and 5 mm for plane wave, respectively, where it
reduces to 2.8, 4, 5.1 and 5.5 dB, for D =0, 1, 3 and 5 mm
for spherical wave, respectively. This means that under the
same oceanic turbulence and system parameters, the UOC sys-
tem with spherical wave has the lower requirement for Fr than
that with plane wave. These results also indicate that spherical
wave is better than the plane wave for UOC.

600 D=0
e —— = mim
500F AT (@) D=1 mm
—A- D =3 mm
—-D =5 mm
400
< 300}
£
200
100
0
0 2 4 6 8 10
Fr (dB)
600
,‘__‘ (b) D=0 mm
D=1 mm
500¢ —4- D=3 mm
—-D =5 mm
. 400
e
= 300}
£
200t
1001
0

0 2 4 6 8 10 12 14
Fr (dB)

Fig. 6. Expected number of fades versus Fr of plane wave (a) and spher-
ical wave (b) for various receive aperture diameters. For all curves,
L=20m,w=—1 andn =103 m.

Finally, we plot (¢#(I7)) against Fr with various D in
Fig. 7. We can see that (¢(I7)) monotonically decreases with
Fr. For D less than 1 mm, increasing Fr has no significant
impact on (f(It)). However, when D is larger than 3 mm,
(t(It)) reduces several orders of magnitude by increasing Fr.
To achieve a targeted (r(It)) of 1075 s, the Fr values of 4.3
and 6.9 dB are required for D = 0 and 1 mm in the case of
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plane wave, respectively, while they reduce to 1.7 and 3.4 dB,
respectively, for D = 0 and 1 mm in the case of spherical
wave. If we want to achieve an acceptable (¢(It)) (for exam-
ple, 1076 5)[2324] at Fr = 5 dB, D must be larger than 5 mm
and 3 mm for plane wave and spherical wave, respectively.
This means that spherical wave for UOC can achieve the same
(t(Ir)) with less difficulty and lower cost than plane wave.
These results again indicate that spherical wave is better than
the plane wave for UOC.

102

(a) —a— D=0 mm
—-D=1 mm

10-3

10—

(t(I7)) (s)

10-°

10-6

107

0 2 4 6 8 10

10-2 (b) —a— D =0 mm
10-3
10—4

10-5

(t(I)) (s)

10-6

10-7

-8 L ! !
10 0 1 2 3 4 5

Fr (dB)

Fig. 7. Mean fade time versus of plane wave (a) and spherical wave
for various receive aperture diameters. For all the curves, L =20 m,
w=—1andn=10"3m.

In Fig. 8, we plot the SNR in dB as a function of L for
various D. SNRy is set as 10 dB[?>! in our analysis for con-
venience of making comparison between different conditions.
Unsurprisingly, turbulence causes a drop in SNR.[7#! Particu-
larly, SNR decreases with increasing L and decreasing D. Un-
der the same oceanic condition, the SNR of spherical wave is
only slightly better than that of plane wave.

Finally, numerical calculation of the BER against the L
for various D leads to the results shown in Fig. 9. These re-
sults indicate that to achieve an acceptable level of BER (typ-
ically around 10~%)[7826] with a receive diameter of 5 mm in
the presence of oceanic turbulence, L is required to be lim-
ited in 40 m for spherical wave, while it reduces to 15 m for
plane wave. This means that under the same BER, spherical
wave for UOC can work in longer distance than plane wave,
indicating that spherical wave is better than the plane wave for
UOC.

It is concluded that the performance of UOC with spher-
ical wave is superior to that of plane wave due to the fact

that lower SI leads to lower fade statistics.?”-?8] We believe
that our results provide a guidance for future UOC systems
to choose best parameters such as propagation distance, re-
ceiving aperture diameter and fade threshold parameter to fit
different ocean conditions.

SNR (dB)

SNR (dB)

4 1 1 1 1
0 10 20 30 40 50

L (m)
Fig. 8. SNR of plane wave (a) and spherical wave (b) versus propaga-
tion distance for various receive aperture diameters. For all the curves,
w=—landn =107 m.
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(b) - D=0 mm

105

BER

10—

-7 L L L L
10 0 10 20 30 40 50

L (m)

Fig. 9. BER of plane wave (a) and spherical wave (b) versus propaga-
tion distance for various receive aperture diameters. For all the curves,
w=—landn =103 m.
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4. Conclusion and perspectives

In summary, we have adopted a spatial power spectrum
model that considers the eddy diffusivity ratio and outer scale
of turbulence and derived the analytical expressions of SI for
plane and spherical waves based on the Rytov theory in weak
turbulence. The numerical results show that w, 17, L and D play
an importance role in SI, while Ly does not. In many cases, SI
based on our model is very different from that based on Nik-
ishov’s spectrum. Based on SI, the typical fade statistics of the
UOC system including the Pr(I < It), (n(It)), (t(Ir)), SNR
and BER are discussed, clearly showing that the UOC system
with spherical wave has advantage over that with plane wave.
These results are helpful for design of UOC systems in future.

1 roo
ofpl (L)= 871'2k2L/0 /0 KD, (k) exp <—

Substituting Eq. (1) into Eq. (A1), Glzpl can be expressed as

d, 1+d,
of ol =27k 2L Coyre™ '3 (IT p1+frls P —Is, pl)

with

K/ ]
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Appendix A

Here, we would show how to calculate o7 i and 0'I ol
details based on Yue’s spectrum. The results are valid for weak
oceanic turbulence where SI is below 1.

SI of plane wave is expressed as!!?!

exp [—
fip = Re/ d&/{ K2+K0)11/6

2.2 2
Dlg ) {1—005 (L'Zgﬂdxdg, (A1)
(A2)
ol }dK
(K2+K'0)” 6
22
3550 | K/:?/’G]}dic, (A3)
(k2 + x5 (12 +x5)

+Rec,-n2/3/ dé /w{x5/3eXp [« /1'?/'; _
0 0 )

where k7, = 1/(n?/N? + D*/16), &3, = 1/(n*/N? + D*/16 + jLE /k), j is imaginary number given by j = (—=1)'/2; Re(x)

denotes the real part of x.
Using the integral formula in Ref. [12] yields

0o 2 /12
i on SR ) e L uosiop
0

(k2+x3) "0

where (-
By performing the integral over k in Eq. (A3), we obtain

=k [ 37T v (1

-) represents the gamma function and U (- -

1 4
+Rec,-n2/3/0 2K°]F<3) {

1K
6’

1 1 1 K}
(#+2>U(u+2;u 3 3) (A)

-) represents the confluent hypergeometric function of the second kind.

) (53]
(j;z?j) —U(:;;;:';)] dg.

(A5)

With the approximation relationship of U (a; c,z) under the condition of &g 2/ K‘]l <1 and x; 2/ Kzl < 1, Eq. (A5) can be further

simplified"?! to

I'(l-—c¢) F(c
F(lJrafc I'(a

5 6 5/6

" 5 /3 / Kg /
Lip1 =Re K Kz
lz 2i

Ul(asc;z) = )zlf‘) lz] < 1.

1
dé +Reci772/3/0 %K(;I

(A6)

Then, by performing the integral over £ in Eq. (A7), we obtain

16N2L

I _lr _§ 12_,_22 e 1_2 ! S e
P \Te) \N2 T 16 11\ 16kn? + kN2D?
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11/12 5
sin 1 arctan 16N L
in | — ar _
6 16k172+kNl.2D2

2 p!\'"*(r 2 16N2L 1/2
+£Cm2/3r 1 i+ -2 (5t
2 2 16 3 \ 16kn2 +kN2D?

3/4

| (16K + kNPD? ?
16N?L

2 212\ 2 2
: 16N7L
1+ 16kn” +kN;D” sin | sarctan | ——————— . (AB)
16N?L 2 16kn? + kN7 D?
Here, GI%SP, similar to the definition of that of plane wave, is expressed as
"l poo DZKZ 2 LK2
oy, (L) = 8n2k2L/ / KD, (K)exp [ — S L1~ cos —E(1-&)| pdrdé. (A9)
P o Jo 16 k
Similar to the plane wave, ofsp can be expressed as
dy 144,
oy = 2Tk Lo Coxre '/ <1T ot 3lse—— rITs,sp), (A10)
with
X K2 /K2 exp [—x2 /K2
ISP_Re/ deg/ pl- /111/’6]—;< ull /112‘/’6] drc
() (e )
exp [—Kk?/x? exp [—Kk?/x3,
+Recm2/3/ dg/ el /Hl/'g _onel /1 ﬁ/g dxk, (A1)
o U (o) (59

where k% = 1/(n2/N2 +D?/16). k3, = 1/[n% /N2 + D*/16 + JLE(1 — &) /K]
Utilizing similar processing methods to plane wave, I; 5, can be derived as

po LY () et [ MDA
isp = 5 6]\ N 11N?D? 2412
1 s\ /n\"? JLN* 2 ([ kD> JLN?
— (-2} (L) ReloF (-5/6,1;2i—L0 4 = (o 41 i
2 ( 6) (N,») e\ =/6 2= T3 e T ) T
3/2
1. 23 1\ /n)\ 1602 N?D?
—em*Pr( -z ) (& 14— —1
FaGn ( 2) (N,- veo? [\ T 22

1. 2 1\ /7 JLN? sz JLN?
- =G — | = |Re|2F [ —1/2,1;2; - 4 = 1 L. Al2

(14x)*—1
ax

Based on the approximate formula of generalized hypergeometric function | F; (1 —a,1;2; —x) = , We can obtain

3kD?

JLN? 2 [ kD? JLN? 8L
Re [2F [ =5/6,1;2; - —L + 2 ( j——+1 L) =—
e{z 1< /6 m? T3Vter ) g2 11 (LN?) (1 k2D4>

kn? 6412
11/12
1+<kD2+3kn )2 /
N2\ 8L ' LN? [ sk k027! [ kD?
+ sin | — tan —t + tan — |, (A13)
kn? 11 s/6 D4 1/2 6 LN; 8L 8L
%" (+64L2)
i . 3kD?
JLN? 2 ([ kD JLN: 8L
Re |»F [ —1/6,1;2;—2—L + = 1 - =
e{“( /6.1; kn2+3<16L+)kn2>} 3 (LN} | kD
kn? 6412
kD*  3kn?\2)3/4
1 L
(7 el G )| s [ 2 tan ! [(2E1 KDY Tt (K] (Al4)
kn? 331/2(1+k204 /2 2 LN} 8L 8L /1
2 6412
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