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This paper presents intensive investigation of dynamics of high frequency nonlinear modulated excitations in a damped
bimodal lattice. The effects of the dissipation are considered through a linear dissipation coefficient whose evolution in
terms of the carrier wave frequency is checked. There appears that the dissipation coefficient increases with the carrier
wave frequency. In the linear limit and for high frequency waves, study of the asymptotic behavior of plane waves reveals
the existence of two additional regions in the dispersion curve where the modulational phenomenon is observed compared
to the lossless line. Based on the multiple scales method exploited in the continuum approximation using an appropriate
decoupling ansatz for the voltage of the two different cells, it appears that the motion of modulated waves is described
by a dissipative complex Ginzburg–Landau equation instead of a Korteweg–de Vries equation. We also show that this
amplitude wave equation admits envelope and hole solitons in the high frequency mode. From basic sources, we design
a programmable electronic generator of complex signals with desired characteristics, which delivers signals exploited as
input waves for all our numerical simulations. These simulations are performed in the LTspice software that uses realistic
components and give the results that corroborate perfectly our analytical predictions.

Keywords: dissipative bi-inductance network, high-frequency mode, continuous approximation, dissipative
complex Ginzburg–Landau equation, programmable electronic generator, LT-Pspice observations
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1. Introduction

In the recent decades, nonlinear phenomena are continu-
ously attracting the interest of researchers in several fields of
sciences.[1–6] Within these studies, behavior of discrete non-
linear systems has been of great thoughtfulness in many ar-
eas of physics. Thus, discrete nonlinear transmission lines
(NLTLs) are very useful tools for investigating dynamics of
waves in nonlinear dispersive media.[7,8] By their affordability
and relative ease of realization, electrical transmissions lines
are the simplest experimental systems for observing nonlinear
phenomena and predicting new ones[9–11] such as the prop-
agation of the solitons. Recently, Iqbal et al. analyzed the
bifurcation with chaotic motion of oblique plane waves in an
NLTL.[12] From a qualitative point of view, the origin of the
soliton in the nonlinear electrical line is explained by the bal-
ance between the dispersion effect (due to the periodic posi-
tioning of the capacitor in the line) and the nonlinear linear-
ity (due to the dependence of this capacity). In other words,
these solitary waves are created when the action of the non-
linearity that leads to the compression of the packet wave is
compensated for by a dispersion that tends to spread the wave.
This balance between dispersion and nonlinearity induces the
creation of lattice envelope solitons. Furthermore, envelope
solitons can also be viewed as the result of an instability that

leads to a self-induced modulation of the steady state produced
by the interaction between nonlinear and dispersive effects.
This phenomenon is well known as modulational instability
(MI).[13–17]

In nonlinear real dispersive media, the dissipative effect
coexists with both nonlinear and dispersive effects and may
play a role in the wave generation and its propagation. Indeed,
Yemele et al. examined the dynamics of modulated waves in
a dissipative nonlinear LC transmission line and showed that
dissipative losses in the series branch are less than those ob-
tained in the shunt branch. They also established that wave
dynamics in such a medium is governed by a type of non-
linear Schrödinger equation.[18] This amplitude equation can
be used, among other things, to investigate bifurcation behav-
iors of oblique plane waves in the network.[19] Moreover, Ab-
doulkary et al. investigated the behavior of a modified dissi-
pative discrete NLTL and established the generalized discrete
Lange–Newell criterion for the MI phenomenon.[20] Recently,
Doka proposed a dissipative electrical analog of the micro-
tubules protein structure to show that its dynamics in the con-
tinuum limit is governed by a nonlinear perturbed Korteweg–
de Vries (KdV) equation whose dark soliton solutions are de-
termined theoretically.[21]

In spite of the above-mentioned works displaying the dis-
sipative phenomenon in NLTLs, one could easily note that
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there are very few investigations dealing with the nonlinear bi-
inductance transmission line (NLBTL).[22–26] In this paper, we
examine the impact of the dissipation on the dynamics of high
frequency (HF) modulated waves in the bi-inductance trans-
mission line using the continuous approximation. We also de-
sign the programmable electronic generator exploited to gen-
erate various complex signals used as input voltages in the
NLBTL. The first part of these finding was carried out in the
low-frequency (LF) mode of propagation and exhibited very
interesting features.[27]

The structure of this paper is organized as follows. In
Section 2, the model of dissipative NLBTL is presented and
its circuit equations are derived. In Section 3, the linear dis-
persion law and the linear dissipative factor of the damped
oscillations are determined in the low-amplitude limit. The
behavior of this dissipative coefficient versus the carrier fre-
quency is checked. In Section 4, we consider the dynamics of
the modulated waves in the continuum limit. In Section 5, we
use the multiple time scales method and deeply investigate the
dynamics of the modulated waves in the HF mode of transmis-
sion. The amplitude wave equation for voltage motion in the
dissipative NLBTL is found and the impact of the dissipation
on its coefficients is investigated. We also examine the asymp-
totic behavior of the finite amplitude voltage in the network
and appreciate the effects of the dissipative character of the
system. In Section 6, we consider basic sources and design a
programmable electronic generator (PEG) of complex signals
(plane wave, bright soliton, dark soliton) with desired char-
acteristics. These output signals are exploited as input wave
voltages in the network for all our numerical simulations. The
soliton solutions of the voltage amplitude equation are deter-
mined and their propagation observed in the network. Section
7 is reserved to discussion and concluding remarks.

2. Structural dynamics of the network

The model under consideration is a distributed NLBTL
constituted of N identical unit cells made of constant inductors
(L1,L2) and voltage-dependant capacitors C (V ) as depicted in
Fig. 1. Hereafter, the losses due to the resistance (r1,r2) of
the inductors as well as those induced by the conductance gp

of the capacitances are taken into account in our search. In
2013, Farota and Faye carried out experimental studies of the
Fermi–Pasta–Ulam recurrence in a bimodal electrical trans-
mission line of Fig. 1 and recovered results that corroborated
the theoretical previsions.[28] Moreover, Farota et al. inves-
tigated experimentally the entire properties of the electrical
NLBTL.[29]

C↼V↽ C↼V↽
Vn⇁

An⇁rAn

Vn

In↩ In

gp

rL L

gp

Fig. 1. Unit cell of the NLBTL. Each unit contains two real inductors
(L1,L2) of resistances (r1,r2), respectively, in the series branch; two
voltage dependent capacitors C (V ) in parallel branch with linear con-
ductance gp.

Application of Kirchhoff’s laws to the circuit of Fig. 1
leads to the following set of fundamental equations:

L2
∂ I2n−1

∂ t
+ r2I2n−1 =V2n−1−V2n,

L1
∂ I2n

∂ t
+ r1I2n =V2n−V2n+1,

IP,2nrp =V2n,
IP,2n+1rp =V2n+1,

∂Q2n

∂ t
= I2n−1− I2n− IP,2n,

∂Q2n+1

∂ t
= I2n− I2n+1− IP,2n+1.

(1)

In Eq. (1), the subscript t denotes the time differentia-
tion, I2n represents the current passing through the 2n-th linear
inductor with constant inductance L1, and Q2n(t) designates
the charge stored in the 2n-th nonlinear capacitor C(V2n) =

dQ2n/dV2n biased by the dc bias voltage V0. The quanti-
ties IP,2n and IP,2n+1 define the current flowing in the conduc-
tance gp in the cells of rang 2n and 2n+ 1, respectively. For
low voltages taken around V0, the dependence Q2n(V2n) may
be approximated by[26] Q2n(V2n)≈C0

(
V2n−αV 2

2n
)
, where α

represents the nonlinear parameter and C0 = C(V0) defines
the characteristic capacitance. For V0 = 1.5 V, we obtain
α = 0.159 V−1 and C0 = 540 pF.[24] To continue, the explicit
form of Q2n(V2n) defined above is exploited to eliminate the
current in the circuit Eq. (1) and express them in terms of the
voltages Vn(t) and Wn(t) as follows:(

Vn−αV 2
n
)

tt +µr1
(
Vn−αV 2

n
)

t + γrpVn,t

= Y2 (Wn−Vn)−Y1 (Vn−Wn+1)−µr1γrpVn,(
Wn+1−αW 2

n+1
)

tt +µr2
(
Wn+1−αW 2

n+1
)

t + γrpWn+1,t

= Y1 (Vn−Wn+1)−Y2 (Wn+1−Vn+1)−µr2γrpWn+1,

(2)

where Vn(t) denotes the voltage of the even cells (V2n) with
inductance L2, and Wn(t) represents the voltage of the odd
cells (V2n−1) with inductance L1. In deriving Eq. (2), we
set Y1 = 1/L1C0, Y2 = 1/L2C0, µr1 = r1/L1, µr2 = r2/L2

and γrp = gp/C0 with gp = 1/rp. Expressions (2) comprise a
set of 2N coupled nonlinear difference-differential equations
to be solved in the upcoming sections. Let us remind that
n = 1,2, . . . ,N, where N is the number of cells considered in
the network.
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3. Dynamics of the linear waves
In this section, we consider the linear domain and seek

the behavior of waves in the lattice. Hence, the differential
capacitance C(V ) is constant and the charge stored in the 2n-
th capacitor is reduced to Q2n(Vn) ≈ C0(Vn). Thus, the basic
Eqs. (2) that characterize the network become

(Vn)tt +µr1(Vn)t + γrpVn,t

= Y2(Wn−Vn)−Y1(Vn−Wn+1)−µr1γrpVn,

(Wn+1)tt +µr2(Wn+1)t + γrpWn+1,t

= Y1(Vn−Wn+1)−Y2(Wn+1−Vn+1)−µr2γrpWn+1.

(3)

At this level, we intend to examine the behavior of travelling
plane waves in this system. Since the network possesses non-
neglected sources of dissipation, we assume that the excitation
has a complex wave number of the form k = kp + iχ , in which
kp and χ are, respectively, the wave number of the carrier and
its linear dissipation coefficient, with the quantity i =

√
−1

being a complex number. Then the linear wave solutions to
Eq. (3) are taken as follows:

Un (t) = B2 exp(−2nχ) · exp
[
i(2nkp−ωt)

]
+ c.c., (4a)

Wn (t) = B1 exp[−(2n−1)χ] · exp
{

i[(2n−1)kp−ωt]
}
+ c.c.,

(4b)

where ω is the frequency of the carrier waves of amplitudes
B1 and B2; c.c. means the complex conjugate of the preceding
term since the signal voltage is real. The first (resp. the sec-
ond) expression in (4) defines waves that evolve only in cells
with linear inductance L2 (resp. L1). Substituting relations (4)
into Eqs. (3) and retaining only linear terms lead to a linear
homogeneous system for B1 and B2:

aB1 +bB2 = 0, dB1 + cB2 = 0, (5)

with a = ω2 +µr2 iω + γrp iω−Y12−µr2γrp, b =Y1 eχ e−ikp +

Y2 e−χ e ikp , Y12 = Y1 +Y2, c = ω2 + µr1 iω + γrp iω −Y12 −
µr1γrp and d = Y2 eχ e−ikp +Y1 e−χ e ikp .

The condition for the existence of nontrivial solutions to
Eqs. (5) gives{

cos(2kp) [exp(2χ)+ exp(−2χ)]+
F0

D0

}
+i
{

sin(2kp) [exp(−2χ)− exp(2χ)]+
G0

D0

}
= 0. (6)

Due to the uniqueness of the development (6), its real part acts
as the linear dispersion relation between kp and ω , i.e.,

cos(2kp) =−
F0

2D0ch(2χ)
(7)

and its imaginary part may act as the linear dissipation equa-
tion for χ and yields

χ = 2−1 log
(

ϑ +
√

ϑ 2−1
)
. (8)

In the previous Eqs. (6)–(8), we have set

ϑ =

√
1+

η2
0 +φ 2

0 −1+
[
(η2

0 +φ 2
0 +1)2−4η2

0
]1/2

2
,

η0 =−
F0

2D0
, φ0 =

G0

2D0
,

with D0 =−Y1Y2,

G0 = ω
3 [

µr1 +µr2 +2γrp
]

−ω[2µr1µr2γrp +µr1γ
2
rp +µr2γ

2
rp

+µr1Y12 +µr2Y12 +2γrpY12],

F0 = ω
4−ω

2 [
µr1µr2 +2µr1γrp +2µr2γrp + γ

2
rp +2Y12

]
+µr1µr2γ

2
rp +µr1γrpY12 +µr2γrpY12

−Y 2
1 −Y 2

2 +Y 2
12.

In the absence of dissipation (i.e., µr1 = µr2 = µrp = 0 then
ϑ = 1 and χ = 0), the linear spectrum (7) is reduced to the
well-known dispersion relation of the typical cut-band filter of
the lossless NLBTL:[22,24]

ω
2 =

1
C0

{(
1
L1

+
1
L2

)

±

√(
1
L1

+
1
L2

)2

− 4
L1L2

sin2 (kp
)}

, (9)

wherein the signs + and − refer, respectively, to the LF and
HF modes of transmission. In the following, we focus our at-
tention on the nonlinear behavior of the network. This plot of
Fig. 2 showing the evolution of the frequency in terms of the
wave number confirms the existence of these two modes of
transmission in our damped lattice: the LF mode for frequen-
cies f ∈ [0, 1.835 MHz] and the HF mode for frequencies be-
longing to the range [2.587 MHz, 3.174MHz]. Figure 2 ex-
hibits the frequency bandwidth of the line of Fig. 1 for given
system parameters. This curve also allows noting the forbid-
den frequency region for which the network cannot support
wave transmission for the same parameters. To close this sec-
tion, we seek the behavior of the linear dissipation coefficient
χ in terms of the carrier frequency chosen in the HF mode of
propagation. It appears from the plots of Fig. 3 that the dissipa-
tion coefficient grows with the growth of the carrier frequency
showing that low values of the dissipation coefficient are indi-
cated during the signal voltage transmission in the HF mode.
In the upcoming sections, we examine its impact on the other
system parameters.
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Fig. 2. Dispersion curves versus the wave number of the carrier
wave for the line parameters L1 = 28 µH, L2 = 14 µH, V0 = 1.5 V,
C0 = 540 pF, r1 = 10−3 Ω , r2 = 0.5× 10−3 Ω , gp = 10−7 S and
α = 0,159 V−1. This curve shows the existence of two different modes
of transmission in the network: the LF mode ( f ∈ [0,1835 kHz]) and
the HF mode ( f ∈ [2587 kHz, 3174 kHz]) separated by a gap zone
( f ∈ [1835 kHz, 2587 kHz]).
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Fig. 3. Variation of the linear dissipation coefficient χ(cell−1) as a func-
tion of the frequency f (MHz) chosen in the HF mode for the line pa-
rameters of Fig. 2 and several values of r1.

4. Dynamics of modulated waves in the contin-
uum limit
Here, we describe the general mathematical approach

used to investigate modulated waves transmission in the
NLBTL considering the continuum approximation (CA). To
understand our motivation, we start by reminding that Kofane
et al.[22] considered the CA and established that the behav-
ior of nonlinear excitations in a lossless NLBTL is governed
by a KdV-type equation that admits pulse soliton solutions.
Then, Pelap et al.[24] showed that the dynamics of modu-
lated waves in the same network while considering the semi-
discrete approximation is described by a complex Ginzburg–
Landau (CGL) equation. These results (Pi, Qi 6= 0) show
that the bi-inductance line seems to generate damped disper-
sion and nonlinearity. Trying to understand how this phe-
nomenon occurs, we plan to use the continuous approximation
and deeply look for the behavior of modulated waves in the
dissipative NLBTL using the analytical techniques developed

for diatomic chains.[30] Therefore, we apply the CA for the
voltage of each inductance separately (i.e., if we put x = 2n)
and obtain the upcoming expansions for Un±1 and Wn±1 in
terms of the Taylor series

Vn±1 = V ±2ε
∂V
∂x

+2ε
2 ∂ 2V

∂x2 ±
4
3

ε
3 ∂ 3V

∂x3 +
2
3

ε
4 ∂ 4V

∂x4

± 4
15

ε
5 ∂ 5V

∂x5 +
4

45
ε

6 ∂ 6V
∂x6 +O

(
ε

7) , (10a)

Wn±1 = W ±2ε
∂W
∂x

+2ε
2 ∂ 2W

∂x2 ±
4
3

ε
3 ∂ 3W

∂x3 +
2
3

ε
4 ∂ 4W

∂x4

+
4

15
ε

5 ∂ 5W
∂x5 +

4
45

ε
6 ∂ 6W

∂x6 +O
(
ε

7) . (10b)

In these relations, ε is a small scaling parameter such that
∂/∂ t ∼O(ε), ∂/∂x∼O(ε), and 2ε measures the distance be-
tween two consecutive identical linear inductances. This also
means that we are only interested in waves varying slowly in
time and space. Exploitation of the relations (10) helps in
transforming Eq. (3) in two partial differential equations for
V (x, t) and W (x, t):

(V −αV 2)tt +µr2(V −αV 2)t + γrpVt

= −Y2(V −W )+Y1(Wn+1−V )−µr2γrpV, (11a)

(W −αW 2)tt +µr1(W −αW 2)t + γrpWt

= Y2(V −W )−Y1(W −Vn+1)−µr1γrpW. (11b)

Because Eqs. (11) are still coupled, we make use of the fol-
lowing decoupling ansatz[30] obtained by expanding W (x, t)
in terms of V (x, t) and its derivatives:

W = σ

[
V + εb1Vx +

1
2

ε
2b2V2x +

1
6

ε
3b3V3x +

1
24

ε
4b4V4x

+
1

120
ε

5b5V5x +
1

720
ε

6b6V6x +O
(
ε

7)], (12)

where σ and b j ( j = 1, . . . ,6) are parameters to be determined.
Substitution of expression (12) into Eqs. (11) gives:

ε
2(V −αV 2)tt + εµr2(V −αV 2)t + εγrpVt

= AV + εBVx + ε
2CV2x

+ε
3DV3x + ε

4EV4x +FV5x +GV6x, (13a)

ε
2(W −αW 2)tt + εµr1(W −αW 2)t + εγrpWt

= A′V + εB′Vx + ε
2C′V2x

+ε
3D′V3x + ε

4E ′V4x +F ′V5x +G′V6x. (13b)

The parameters of Eqs. (13) are defined in the Appendix. The
compatibility of the expressions (13a) and (13b) means that
the two equations for V (x, t) are equivalent. Then, we can de-
rive the following equivalences:

A = A′, (14a)

B = B′, (14b)

C =C′, (14c)

D = D′, (14d)
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E = E ′, (14e)

F = F ′, (14f)

G = G′. (14g)

The resolution of Eqs. (14) helps in completing informa-
tion related to the system under study. Indeed, from Eq. (14a),
we obtain two values of σ that are σ =±1. The value σ =+1
leads to the LF mode of propagation where the voltages V and
W in one cell are in phase whereas the value σ = −1 deals
with the HF mode of transmission where the two voltages are
opposite in phase. Hereafter, we investigate the dynamics of
the system in the HF mode of transmission.

5. Dynamics of the high-frequency excitations
5.1. Amplitude equation

Here, the dynamics of modulated waves along the dissi-
pative NLBTL of Fig. 1 in the HF mode of transmission that
deals with σ = −1 is checked. For this value of σ , we solve
Eqs. (14b)–(14g) by keeping terms up to O(ε7) and obtain re-
spectively:

b1 = 2L/L1, b2 = 4L2/L2
1 = b2

1,

b3 = 3b3
1−6b2

1 +4b1, b4 = 9b4
1−24b3

1 +16b2
1,

b5 = 45b5
1−180b4

1 +240b3
1−120b2

1 +16b1,

b6 = b61/b62, (15)

with b61 = 128Y1
(
225Y 5

1 −540Y 4
1 Y12 +450Y 3

1 Y 2
12−150Y 2

1 Y 3
12 +16Y1Y 4

12
)

and b62 = Y 5
12
(
Y12µr2γrp−µr1γrp−2Y12

)
.

The substitution of expresses (15) into Eq. (12) helps to obtain the explicit form of the decoupling ansatz W , that is,

W = V + εb1Vx +
1
2

ε
2b2

1V2x +
1
6

ε
3 (3b3

1−6b2
1 +4b1

)
V3x +

1
24

ε
4 (9b4

1−24b3
1 +16b2

1
)

V4x

+
1

120
ε

5
(

45b5
1−180b4

1 +240b3
1−120b2

1 +16b1

)
V5x

+
1

720
ε

6
(

128Y1(225Y 5
1 −540Y 4

1 Y12 +450Y 3
1 Y 2

12−150Y 2
1 Y 3

12 +16Y1Y 4
12)

Y 5
12(Y12µr2γrp−µr1Irp−2Y12)

)
V6x +O(ε7).

Substitution of expresses (15) into Eqs. (14) yields a single
equation for U(x, t) (or W (x, t)) which includes the influence
of cells of the other rank (odd or even) owing to the starting
considerations, namely,

Utt −α
(
U2)

tt +αµr2U2
t

= A′′U +C′′U2x +E ′′U4x +G′′U6x +H ′′Ut , (16)

where

A′′ =−µr2γrp−2µ12, C′′ =−2Y1 +2Y 2
1 /Y12,

B′′ = D′′ = F ′′ = 0, H ′′ =−µr2− γrp,

E ′′ = 2Y1
(
3Y 3

1 −6Y 2
1 Y12 +4Y12Y 2

1 −Y 3
12
)
/3Y 3

12,

G′′ = 4Y1(φ +η +µ)
[
45Y 5

12(Y12µr2γrp +2Y 2
12−µr1γrp)

]−1
,

with

φ = Y1(270Y 5
1 Y12µr2γrp−675Y 4

1 Y 2
12µr2γrp +600Y 3

1 Y 3
12µr2γrp

−225Y 2
1 Y 4

12µr2γrp +32Y1Y 5
12µr2γrp−Y 6

t µr2γrp,

η = 540Y 5
1 Y 2

12−270Y 5
1 µr1γrp−1350Y 4

1 Y 3
12 +675Y 4

1 Y12µr1γrp

+1200Y 3
1 Y 4

12−600Y 3
1 Y 2

12µr1γrp−450Y 2
1 Y 5

12,

µ = 225Y 2
1 Y 3

12µr1γrp +64Y1Y 6
12−32Y1Y 4

12 +2Y 7
12

+Y 5
12µr1γrp−450Y 5

1 Y12 +1080Y 4
1 Y 2

12−900Y 3
1 Y 3

12

+300Y 2
1 Y 4

12−32Y1Y 5
12.

Expression (16) represents a damped Boussinesq-type equa-
tion for the voltage U(x, t)[31] wherein the quantity C′′ desig-
nates the velocity of the linear non-dispersive waves and A′′,
E ′′, G′′, H ′′ are positive constants. In the small amplitude
limit, Eq. (16) can be reduced to the universal KdV equation
by introducing a suitable transformation. Hereafter, instead of
searching the pulse solution characteristic of the KdV systems
as it was done by Kofane et al.,[22] we look for the modulated
wave solutions of Eq. (16). Following this aim, we call the
multiple scales method where x and t are scaled into indepen-
dent variables x0,x1, . . . ,xn and t0, t1, . . . , tn, respectively, with
xn = εnx, tn = εnt. Therefore, Eq. (16) is transformed up to
the second harmonic generation. For convenience, we intro-
duce U → εU1 and replace x0, x1 and t0, t1, respectively, by x,
X and t, T . Hence, Eq. (16) can be written as

U1,tt +2εU1,tT + ε
2U1,T T

−α
{

U2
1,tt +2ε

(
U2

1
)

tT + ε
2 (U2

1
)

T T

}
+αµr2

{(
U2

1
)

t + ε
(
U2

1
)

T

}
= A′′U1 +C′′

{
U1,2x +2εU1,xX + ε

2U1,XX
}

+E ′′
{

U1,4x +4εU1,3xX +6ε
2U1,2x2X +4ε

3U1,x3X + ε
4U1,4X

}
+G′′

{
U1,6x +6εU1,5xX +15ε

2U1,4x2X +20ε
3U1,3x3X

+15ε
4U1,2x4X +6ε

5U1,x5X + ε
6U1,6X

}
+H ′′U1,t . (17)

The modulated wave solutions to Eq. (17) are chosen in the
general form[24]

U1 = εU11 (X ,T )exp [i(kx−Ω t)]+ c.c.+ ε
2U20 (X ,T )
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+ε
2U22 (X ,T )exp [2i (kx−Ω t)]+ c.c., (18)

where c.c. designates the complex conjugate of the preceding
term, k represents the complex wave number (k = kp + iχ) of
the carrier and Ω defines its angular frequency, which satisfy
the following complex relation:[

Ω
2 +A′′+C′′(χ2− k2

p)+E ′′(χ4−6χ
2k2

p + kp4)

+G′′(χ6−15χ
4k2

p +15χ
2k4

p− k6
p)
]

+ i
[
−2C′′kpχ +E ′′(−4χ

3kp +4χk3
p)

+G′′(−6χ
5kp +20χ

3k3
p−6χkp5)−H ′′Ω

]
= 0. (19)

Resolution of Eq. (19) leads, respectively, to the dispersion
law (7) and the linear dissipative coefficient (8) for the HF
mode of transmission. At this level, the procedure is to sub-
stitute Eq. (18) into Eq. (17) and apply the secular conditions
to the resulting equation. Therefore, the terms proportional to
ε2e2i(kx−ωt) and ε4e0i(kx−ωt) permit to determine, respectively,
the voltages

U22 = A11U2
11 and U20 = A12 |U11|2 (20)

with

A11 = [4αΩ − i2αµr2Ω ]/D1,

A12 = 2αV 2
g exp(−2χx)/

(
V 2

g −C
)
,

D1 = 4Ω +A′′+4C′′
(

ikp−χ
)2

+16E ′′
(

ikp−χ
)4

+64G′′
(

ikp−χ
)6−2iΩH ′′.

Hereafter, we collect information to the third order terms
(i.e., O(ε3)) of the first harmonic and set z = X −VgT and
τ = εT . While exploiting these transformations together with
the voltage expressions (20), one obtains that the evolution of
a packet wave in the HF mode of the continuous dissipative bi-
inductance line is described by the following dissipative CGL
equation:

i
∂V11

∂τ
+P1

∂ 2V11

∂ z2 +Q1|V11|2V11 = iJ1V11. (21)

In this equation, the coefficient J1 materializes the dissipation
produces in the network due to the imperfection of the differ-
ential capacitance C (V ) justified here by the presence of the
conductance gp in the circuit. Equation (21) is well known as
a basic model to describe phase transitions and wave propa-
gation in various systems.[22,32–34] Within Eq. (21), the dis-
persion coefficient P1P1r + iP1i and the nonlinear coefficient
Q1 = Q1r + iQ1i are, respectively, defined by

P1 =
1

2Ω

{
−V 2

g f −β
2
3 −2iβ3Vg f +C′′

+6E ′′
(

ikp−χ
)2

+15G′′
(

ikp−χ
)4}

, (22a)

Q1 = iαΩ µr2A12−αΩ [A11 exp(−2χx)+A12] , (22b)

where
β3 =

K2H14 +K3H15

16β4

[
H16 +

√
K2

2 +K2
3

]
with the other quantities defined as follows:

K2 = −4G′′
(

χ
6−15χ

4k2
p +15χ

2k4
p− k6

p

)
−4E ′′

(
χ

4−6χ
2k2

p + k4
p
)

−4C′′
(
χ

2− k2
p
)
−H

′′2−4A′′,

K3 = 8G′′
(

3χ
5kp−10χ

3k3
p +3χk5

p

)
+16E ′′

(
χ

3kp−χk3
p
)
+8C′′χkp,

H14 = −24G′′
(

χ
5−10χ

3k2
p +5χ

3k2
p

)
−16E ′′

(
χ

3−3χk2
p
)
−8C′′χ,

H15 = 24G′′
(

5χ
4kp−10χ

2k3
p + k5

p

)
+16E ′′

(
4χ

2kp− k3
p
)
+8C′′kp,

H16 = −2H14,

β4 =
1
2

H ′′+
1
4

(
2
√

K2
2 +K2

3 −2K2

) 1
2
.

The analytical expressions of P1r, P1i, Q1r and Q1i were
not reachable. However, we separate P1 (resp. Q1) into real
and imaginary parts during numerical simulations. We also
check the effects of the dissipation on the dispersive and non-
linear coefficients of the CGL equations (Figs. 4 and 5).
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Fig. 4. Effects of the dissipation on the dispersion coefficient (P1r, P1i)
as a function of the wave number for the line parameters of Fig. 2 and
several values of χ .
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These plots show the behavior of the coefficients of the
CGL equation as a function of the wave number kp of the car-
rier for several values of the linear dissipation rate χ . It ap-
pears that these coefficients (P1r, P1i, Q1r, Q1i) are non nulls
and their profile changes with the growth of χ .

Concretely, each coefficient in Eq. (21) possesses a phys-
ical meaning. Indeed, P1r measures the linear dispersion of the
wave; P1i represents the increase in disturbances whose spec-
tra are concentrated in the vicinity of the fundamental wave
number kp; Q1r shows how the frequency of the wave is mod-
ulated by nonlinear effects and Q1i expresses the saturation of
the unstable wave.[35] Figures 4 and 5 display significant vari-
ations of each of these coefficients for various values of the
linear dissipation coefficient.
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Fig. 5. Effects of the dissipation on the nonlinear coefficient (Q1r, Q1i)
versus of the wave number for the line parameters of Fig. 2 and several
values of χ .

5.2. Asymptotic behavior of modulated waves

The modulational instability (MI) phenomenon is a ba-
sic process that informs on the asymptotic behavior of a plane
wave during its evolution in a physical system.[20,24] Also
well-known as self-modulation, the MI phenomenon is ex-
ploited to classify qualitative dynamics of modulated waves
and may initialize the formation of stable entities such as
bright solitons.[36,37] In 2001, Pelap et al.[24] studied ana-
lytically and numerically this phenomenon in a lossless bi-
inductance transmission lines and found that, in the HF mode,
the occurrence of this phenomenon in the network strongly is

linked to the sign of the pseudo product P1rQ1r +P1iQ1i. Ow-
ing to the literature, it is well known that a plane wave in-
troduced in the system described by an amplitude equation of
CGL-type is unstable under modulation if P1rQ1r +P1iQ1i > 0
and stable otherwise.[14,38,39] This allows us to check the be-
havior of this pseudo product in terms of the wave number of
the carrier for the dissipative NLBTL described by Eq. (21)
(see Fig. 6). This curve shows that P1rQ1r +P1iQ1i changes its
sign for particular values of the wave number kp chosen in the
first Brillouin zone (0 ≤ kp ≤ π/2) and for the linear dissipa-
tion factor taken as χ = 0.1711.
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Fig. 6. High frequency evolution of the pseudo product P1rQ1r +P1iQ1i
versus the wave vector kp for the line parameters of Fig. 2. It appears
that P1rQ1r +P1iQ1i changes its sign for particular values of the wave
vector and given values of the linear dissipative coefficient χ . For the
parameters χ = 0.1711, the different critical wave numbers of the car-
rier are respectively k5 = 0.2042 rad·cell−1 and k6 = 1.486 rad·cell−1.

Figure 6 displays that the growth of the dissipative coef-
ficient modifies the values of the critical wave numbers of the
carrier but does not change the number of stability frequency
domains. The curves establish the existence of three regions
concerning the modulation of the plane wave in the lattice and
possible soliton solutions of the amplitude Eq. (21).[38,39] Re-
lated details are given below.

In region I, the wave number of the carrier kp belongs to
0≤ kp≤ k1 with the critical wave number k5 = 0.2042 rad/cell.
Since P1rQ1r +P1iQ1i > 0 in this region, a plane wave mov-
ing in the lattice with a frequency f chosen in the range[

f fHmax , f5
]

with f5 = 3156 kHz, fHmax = 3174 kHz is un-
stable under modulation and, Eq. (21) possesses an envelope
soliton solution.[38,39] The quantity fHmax defines the upper
cut-off frequency of the HF mode of transmission.

In region II, the carrier wave number kp and frequency
f are taken, respectively, in the ranges k5 ≤ kp ≤ k6 and
f ∈ [ f5, f6] with the critical wave number of the carrier wave
k6 = 1.486 rad·cell−1 and the corresponding critical frequency
f6 = 2598 kHz. Within this region, the pseudo product
P1rQ1r +P1iQ1i is negative and any plane wave introduced in
the line is stable under modulation. Therefore, the amplitude
wave Eq. (21) admits a dark soliton solution.[38,39]
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In region III, we have k6 ≤ kp ≤ π/2 that corresponds to
the frequency domain f ∈ [ f6, fHmin] with the low cut-off fre-
quency of the HF mode fHmin = 2587 kHz. Here, the pseudo
product P1rQ1r +P1iQ1i is always positive and a plane wave
travelling in the line is modulationally unstable. It appears
from the results established in Refs. [38,39] that equation (21)
admits an envelope soliton solution.

Hereafter, we recapitulate these results on the dispersion
curve of Fig. 7. These curves exhibit three regions of modu-
lational phenomenon depending on the sign of P1rQ1r +P1iQ1i

instead of one frequency domain as established for the lossless
model.[26] The asymptotic behavior of plane waves and the
solitary waves expected in each frequency domain are stressed.
In the next section, we will carry out numerical search of the
analytical results previously established.
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Fig. 7. Dispersion curve with a frequency band divided into three do-
mains dealing with the sign of the pseudo product P1rQ1r +P1iQ1i and
defining the stability of the system. The critical frequencies of the car-
rier are f5 = 3156 kHz, and f6 = 2598 kHz. Tatsinkou et al. established
the existence of only one domain of frequency in the HF mode of a loss-
less bi-inductance model.[26]

6. Implementation of the system and numerical
simulations
This section deals with the numerical simulations of the

dynamics of excitations in the dissipative NLBTL. Here, we
do not use the fourth-order Runge–Kutta algorithm to inte-
grate circuit equations as the usual case. The entire network
is implemented and simulated by means of the professional
LTspice software that uses realistic components for the circuit
simulations. In 2015, Pelap et al.[37] carried out the similar
experiment that exhibits very good results on the 1D mono-
inductance nonlinear transmission line using Multisim envi-
ronments. Hereafter, we introduce some brief details on each
part of our system for its better understanding before present-
ing the results of our findings.

6.1. General concept of the programmable electronic gen-
erator

Nowadays it is possible to design generators capable
of generating complex signals such as envelope or dark
solitons.[40–43] Those generators are exploited in various do-
mains such as nonlinear optics[44–47] and NLTLs.[37,48–50]

Therefore, it remains of interest to improve existing genera-
tors. Nevertheless, such generators are not essay access. The
simplest solution approach should be based on a source di-
rectly generating complex signals (bright and dark solitons for
example). Unfortunately and to the best of our knowledge, no
work has been performed in this direction.

In this subsection, we design a complex generator capa-
ble of producing envelope and dark solitons at its output from
simplest electronic sources. To reach this aim, we remind that
most circuits require an input signal whose amplitude varies
over time. This signal may be a true bipolar ac signal or it
may vary over a range of dc offset voltages, either positive or
negative. It may also be a sine wave or other analogue func-
tion, a digital pulse, a binary pattern or a purely arbitrary wave
shape. Then, the approach developed uses the contribution of
several basic sources for producing the complex output signals
(Fig. 8). The choice of such basic sources is motivated by the
fact that sine and AM sources can produce signals with fre-
quencies above megahertz (MHz) as a function of each source
frequency with the resolution of microHertz (µHz) or even
better (e.g., AD9914[51]). We are also encouraged by the pos-
sibility to adjust the frequency of the output signal by playing
on the frequencies of each source simultaneously.

sine source

AM source

pulse
source

voltage controller
switch (VCS)

output sien signal
envelope signal

hole signal

Fig. 8. Block diagram of the proposed PEG.

Then, we implement the PEG of Fig. 8 in the LT-Spice
software environment as depicted in Fig. 9. This chart repre-
sents the analogue simulator of the PEG consisting of three
input sources (two sinusoidal, one pulse) and three output
sources (sinusoidal, bright soliton, dark soliton). The sinu-
soidal source V1 sends an amplitude modulated signal through
A1 while the source V3 delivers a signal which is combined
with the one supplied by A1 helping to construct the frequency
of the carrier wave. The pulse generator V2 intervenes in the
management of the voltage controlled switches S1, S2 and S3
allowing the PEG to produce different signals in various out-
puts depending on the needs of the user.
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V2

V1

A1

V3

pulse

sine

sine

FM

AM
Q

S3

R2

R3

R1

S1

S2
hole signal

sine signal

envelope signal

Fig. 9. LT-Spice diagram of our PEG.

6.2. Description of the simulation device

The entire system for simulating the transmission of di-
verse excitations in the dissipative NLBTL is displayed in
Fig. 10. The PEG of Fig. 9 is utilized to generate waves with

desired characteristics used as input signals for the dissipative
NLBTL. The behavior of these signals will be observed dur-
ing their propagation in the network having 58 identical unit
cells made each of two diodes BB112 biased by a dc voltage
Vp = 1,5 V through a resistance rd = 5 MΩ. The linear ca-
pacitors Cc and Cosc are used to block the dc biased current
but have no effect on the frequencies range. The linear re-
sistor Rf is also introduced to protect the programmable gen-
erator (SRC module). The linear inductors L1 = 28 µH and
L2 = 14 µH possess associated resistances r1 and r2, respec-
tively. The conductance of the differential diode is linked to
the resistance rp. The input waves are created in the PEG and
after their propagation in the network, their waveforms are ob-
served and stored in the numerical oscilloscope XSC1. The
frequencies of these waves are chosen in the different regions
of the HF mode of transmission summarized in Fig. 7.

SRC

PEG

Rf Cf

1 3

2 4

cell 1 cell n

 

 

Rosc

Cosc XSC1

numerical

oscilloscope

1

2 4

3

rp
rp

Vp
Vp

rdrd

r1 r2L1 L2

CcCc

BB112 BB112

Fig. 10. Representation of the entire simulation system.

6.3. Numerical results
6.3.1. Impact of the dissipation

First, the effect of the dissipation on the dynamics of a
plane wave travelling in the system is observed. The curves of

Fig. 11 show the attenuation of the signal amplitude in cells 31

and 51 compared to that of the initial wave in cell 1. We could

note a diminution of about 36% of the signal energy in cell 31

and 50.4 % in cell 51.
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Fig. 11. Dissipation effects on the dynamics of a plane wave in the network for the carrier frequency fp = 2802 kHz and the carrier amplitude
Ap = 500 mV.

6.3.2. Observation of the modulational phenomenon

Here, we carry out numerical investigations of the MI phenomenon in the dissipative NLBTL for plane wave frequency
belonging to the HF mode of transmission. Input plane wave signals generated by the PEG with desired characteristics are
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directly injected in the first cell of the line. Cells 1, 20, 31 and 51 are considered for the observation of their asymptotic behavior
in the lattice. Figures 12–14 exhibit the results obtained for the carrier wave frequencies fp = 3157.2 kHz, fp = 2762 kHz,
fp = 2595 kHz chosen, respectively, in regions I, II and III.
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Fig. 12. Temporal evolution of the signal voltage showing the MI of the signal with the carrier frequency fp = 3157.2 kHz chosen in region I of the
dispersion curve. We could remark the attenuation of the signal amplitude during its propagation in the system due to the dissipation phenomenon.
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Fig. 13. Temporal evolution of the signal voltage exhibiting the mod-
ulational stability (MS) of the signal with the carrier frequency ( fp =
2762 kHz) belonging to region II of the dispersive curve. One could
observe the diminution of the signal amplitude during its progression
dealing with the dissipative character of the network.

It appears from the graphs of Fig. 13 that after a slide
adaptation to the line, the signal voltage moves in the NLBTL
without modulation. On the other hand, Figs. 12 and 14 show
signal voltages that are unstable under modulation during
their propagation in the network. Furthermore, these curves
(Figs. 12–14) demonstrate that the dissipation phenomenon in-
duces the attenuation of the signal amplitude during the MI
phenomenon. These results are in good agreement with our
analytical predictions. We could also observe that in the vicin-
ity of the HF lower gap zone, the plane wave loses its memory
and exhibits arbitrary behavior (Fig. 15). This last result con-
firms the fact that the dynamics of waves in the gap zone are

governed by other laws.[23]
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Fig. 14. Modulational instability of the carrier wave with amplitude
Ap = 500 mV and frequency fp = 2595 kHz chosen in region III of the
dispersive curve. We could note the signal attenuation during its motion
in the system due to the dissipation: about 24% in cell 20, 44% in cell
31 and around 78% in cell 51 compared to the initial wave.
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Fig. 15. Numerical observation in cell 31 of the signal voltage of ampli-
tude Ap = 500 mV and frequency fp = 2347 kHz belonging to the HF
lower gap zone of the dispersive curve.
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6.3.3. Propagation of solitary waves in the NLBTL

In this subsection, we investigate the propagation of soli-
tary waves in the dissipative nonlinear bi-inductance transmis-
sion of Fig. 1. To achieve this aim, the PEG is adjusted in order
to deliver as output signals, an envelope soliton with the char-
acteristics Ap = 500 mV, fp = 2595 kHz or fp = 3157 kHz,
fm = 8.75 kHz and m = 1[27,37] or a dark soliton with the
parameters Ap = 500 mV, fm = 8,75 kHz, m = 0.66 and
fp = 2762 kHz.[27,37] In these quantities, Ap defines the am-
plitude, fp stands for the carrier frequency, fm represents the
modulation frequency and m designates the modulation index.
These output signal voltages are used as input signal for the
dissipative NLBTL. Each carrier frequency is chosen in one
of the three regions I, II, III of the dispersive curve in Fig. 7
according to the phenomenon to be observed. Cells 1, 16, 32
and 41 are arbitrarily selected to observe the behaviors of the
input signal voltages in the network.

Figures 16 and 18 allow observing the propagation of
bright soliton waves in the line, respectively, for the carrier
frequencies fp = 3147 kHz and fp = 2595 kHz, while Fig. 17
exhibits the motion of the dark soliton wave in the network for
fp = 2762 kHz. It appears from these plots (Figs. 16–18) that
the solitary waves evolve in the network with an attenuation
of their amplitudes, probably due to the presence of the dissi-
pation introduced by the resistances of the inductors and the
conductance of the differential capacitor.
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Fig. 16. Propagation of the envelope soliton in the network for the
input signal parameters fp = 3157 kHz, m = 1, fm = 8.75 kHz and
A = 500 mV (in cell 1).
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Fig. 17. Transmission of the hole soliton with the characteristics
A = 500 mV, fp = 2762 kHz, m = 0.66 and fm = 8.75 kHz through-
out the network of Fig. 1. This signal is generated by the PEG.
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Fig. 18. Propagation of the envelope soliton in the network for the
input signal parameters fp = 2595 kHz, m = 1, fm = 8.75 kHz and
A = 500 mV (in cell 1).

7. Discussion and conclusion
In summary, we have theoretically investigated the behav-

ior of the modulated waves in the dissipative NLBTL which
is an electrical equivalent of a dissipative nonlinear diatomic
chain submitted to cubic interactions in which transversal os-
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cillations are neglected. In the linear limit, we show that the
network upholds two modes of propagation and made deep-
ness search in the HF mode. We have also shown that the dis-
sipative effects increase with the frequency of the carrier wave.
In the continuum limit, we establish that the propagation of
HF modulated waves in the dissipative NLBTL is governed by
the CGL equation instead of the KdV equation as previously
documented. During the study of the asymptotic behavior of a
plane wave voltage moving in the dissipative line, there appear
three frequency domains of the modulational phenomenon in-
stead of one as obtained earlier[26] for the HF mode of the
lossless NLBTL. On the other hand, we propose a design of
a complex generator capable of producing envelope and dark
solitons at its output from simplest electronic sources. More-
over, these output signal voltages with desired characteristics
are utilized as initial conditions to observe some physical phe-
nomena such as wave dissipation, MI phenomenon, envelope
and hole propagation in the different frequency domains of
the dissipative NLBTL. In all these numerical simulations, we
note the attenuation of the signal voltage amplitude during its
displacement surely due to the dissipative character of the net-
work. Finally, our established numerical results are in good
agreement with the analytical predictions. Furthermore, based
on the stability of its outputs, the PEG proposed here could be
used for pedagogic and research requirements.

Appendix A: Parameters of Eq. (13)
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[49] Kenmegne F, Yemélé D and Woafo P 2012 Phys. Rev. E 85 56606
[50] Suchenek M and Starecki T 2012 Rev. Sci. Instrum. 83 124704
[51] Analog Devices AD9914, 2020 accessed on September 20, 2020

060504-13

http://dx.doi.org/10.1143/JPSJ.53.1581
http://dx.doi.org/10.1143/JPSJ.28.1366
http://dx.doi.org/10.4236/jmp.2012.36060
http://dx.doi.org/10.1103/PhysRevE.85.011916
http://dx.doi.org/10.1103/PhysRevE.85.011916
http://dx.doi.org/10.1016/j.cnsns.2012.09.005
http://dx.doi.org/10.1364/OL.15.001203
http://dx.doi.org/10.1109/5.293161
http://dx.doi.org/10.1088/1367-2630/7/1/247
http://dx.doi.org/10.1103/PhysRevE.49.828
http://dx.doi.org/10.1103/PhysRevE.85.056606
http://dx.doi.org/10.1063/1.4771921
http://www.analog.com/static/imported-files/data_sheets/AD9914.pdf

	1. Introduction
	2. Structural dynamics of the network
	3. Dynamics of the linear waves
	4. Dynamics of modulated waves in the continuum limit
	5. Dynamics of the high-frequency excitations
	5.1. Amplitude equation
	5.2. Asymptotic behavior of modulated waves

	6. Implementation of the system and numerical simulations
	6.1. General concept of the programmable electronic generator
	6.2. Description of the simulation device
	6.3. Numerical results
	6.3.1. Impact of the dissipation
	6.3.2. Observation of the modulational phenomenon
	6.3.3. Propagation of solitary waves in the NLBTL


	7. Discussion and conclusion
	References

