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and its decayed states”

Xin-Feng Jin(4:3%%), Li-Zhen Jiang(# %), and Xiao-Yu Chen(f/N )T
College of Information and Electronic Engineering, Zhejiang Gongshang University, Hangzhou 310018, China

(Received 26 September 2020; revised manuscript received 23 November 2020; accepted manuscript online 30 December 2020)

We use the generalized Wootters formula, the positive partial transpose (PPT) criterion and the matched entanglement
witness, to detect entanglement of three-qubit GHZ and W superposition state and its decayed states. It shows that the
results of the generalized Wootters formula in the part near the W state are tight. In the other parts, the PPT criterion
is superior to the generalized Wootters formula. Furthermore, we investigate the relationship between entanglement and

coherence.
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1. Introduction

Quantum entanglement plays a crucial role in quantum in-
formation and quantum computation. Thus, judging whether
a quantum state is entangled has become a prominent topic
in quantum information. In Ref. [1] the entanglement prop-
erty of the mixed state of three-qubit W state and GHZ state
has been studied, and the superposition state has rarely been
investigated. In this paper, we study the entanglement proper-
ties of the superposition of three-qubit GHZ state and W state
and its decayed states.

Many entanglement criteria have been proposed for bi-

[2-61 guch as PPT criterion,!”! which is neces-

partite systems
sary and sufficient for 2 x 2 and 2 x 3 bipartite systems to be
separable, but it is no longer sufficient in the higher dimen-
sions. Therefore, PPT criterion is often used as an auxiliary

[8-13] there is no

verification method. In multipartite systems,
simple criterion. The entanglement witness (EW)!4-17] is a
common method for entanglement detection of multipartite
systems, and the construction of EW becomes a task for en-
tanglement detection.

Another method for identifying entanglement is formu-
lated in terms of Wootters formula. It is restricted to a two-
qubit system, and its application in multipartite systems is lim-
ited. Thus the generalized Wootters formula was proposed,
and it is not only applicable to higher dimensional bipartite
systems but also to multipartite systems.

It is well known that both entanglement and
coherence!!'®1° originate from the superposition principle.
Therefore, it is a very meaningful work to study the relation-
ship between them.[20-24]

This paper has two purposes. Firstly, we use the the gen-

eralized Wootters formula, PPT criterion and matched entan-
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glement witness, to detect entanglement of the superposition
state of three-qubit GHZ state and W state and its decayed
states. We find that the generalized Wootters formula can be
used as a tight criterion for the full separability of quantum
states near the W state. In the other parts, the PPT criterion
is superior to the generalized Wootters formula. Secondly, we
show the connection of entanglement and coherence for the
above superposition state.

2. The generalized Wootters formula

The concurrence is a useful tool to characterize quantum
correlations in various physical systems. Concurrence was
first proposed by Wootters in 1998.12%1 Wootters formula of

a two-qubit state p is
C(p) :max{O,ﬂ,l —12—13—14}, (1)

where C is named concurrence. The entanglement of for-

mation is a monotonically increasing function of C,[26:27]
A (i =1,2,3,4) are the eigenvalues of the Hermitian ma-
trix R = /,/pp/p in descending order, where p = (0, ®
0,)p* (02, ® 02), with p* being the complex conjugate of p,
0y = —i|0)(1]| +i|1)(0] is a Pauli operator.
Ai (i=1,2,3,4) are the square root eigenvalues of the non-

Alternatively,

Hermitian matrix pp. Note that each 4; is a non-negative real
number. When C(p) is positive, p is entangled. In 2012,
Chen et al.!”8! extended the formula to higher dimensional
bipartite systems and three-qubit system. For the bipartite
pure quantum state of any dimension on H4 ® Hp expressed
as pap = |y¥)(y|, the pure state |y) can be expressed in a

m n
product basis as |y) = Y. ¥ y;j|ij). We can define on the
i=1j=1
subspace H4 (with dimension m) the generators of the spe-

cial orthogonal group SO(m) as Ly = |i){j| — |j)(i|, there are
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m(m — 1)/2 such generators. Similarly, the special orthogo-
nal group SO(n) on the subspace Hp (with dimension n) has
n(n—1)/2 generators Sg. Defining J = Ly ® Sg we can obtain
the expression of the concurrence as

C(p) > max{0, A% — ¥ A}, )

i>1

where ),,512 is the square root eigenvalues of the matrix y =
pJp*J* in descending order, when C = 0, then p is separa-
ble. Therefore, the criterion for the separability of the quan-
tum state can be transformed to solve the eigenvalues of the
x matrix. In the three-qubit system, let |y) € H?> @ H> @ H?,

2 2 2
it can be written as |y) = ¥ Y Y Wapc|ABC). We may
A=1B=1C=1

2 4
rewrite the state as [y) = ¥ Y Wyjpc|A)|BC), where A, B,
A=1BC=1

and C denote the three qubits. The orthogonal group SO(2)
is obtained in subspace H?, there is only one generator for
LA =|0)(1]| — |1)(0]. In the subspace H*, the orthogonal group
SO(4) is obtained, there are 6 generators. We need to select
appropriate generators to construct the J matrix according to
different states. Considering the interchange of qubits, we can
reach J = JAIBC 4 JBIAC 4 JCIAB yhere JAIBC = [A  §BC.

For the three-qubit Green—-Horne—Zeilinger (GHZ) state
IGHZ) = (]000) + [111))/v/2 mixed with white noise:
p%(p) = p|GHZ)(GHZ| + I_Tplg, where Ig is an 8 x 8 identity
matrix, we take a single-qubit operator L* = [0){1] — |1){0],
and take a two-qubit operator S¢ = |00) (11| — |11)(00|. Fi-
nally we construct Jgyz as

Jorz = 3]000)(111]43[111)(000| — [001)(110)|
—[110)(001| — [101)(010| — [010)(101|
—1011)(100| — [100)(011]. 3)

When p = 1, the state p©(p) is the pure GHZ state, we can
obtain that pY(p) is entangled when p > 1/5.

For the three-qubit W state |W) = (|001) + |010) +
1100))/+/3 mixed with white noise: pW(p) = p|W)(W| +
l%’Ig. In this case, we use again the operator 4 = [0)(1] —
|1)(0|, while for the two-qubit operator, we use SBC =
|00) (10| —|10)(00|. Finally we construct Jy,

Jw = [000)(011| +|011){000] +[000)(101| + |101)(000|
+1000)(110] + | 110)(000] — [001)(010|
— [010)(001| — [001)(100| — | 100) (001 |
— [010)(100| — [100)(010]. (&)
When p = 1, the state p" (p) is the pure W state, we can obtain
that p% (p) is entangled when p > /3/(8++/3) =~ 0.178.
The quantum state considered in this paper is the superpo-

sition state of the three-qubit W state and the GHZ state under
the white noise environment, it is

l-p
8

p = ply)(vy|+ Iy

— p(a|W) +b|GHZ))(a(W| + b(GHZ|) + I_Tplg, (5)

where a% 4+ b? = 1. The above formula is further extended to
cover the case of decaying,

p = wiW)(W|+g|GHZ) (GHZ| + 1,/gw(|W) (GHZ|

—g—w
S8 W 6)

+IGHZ) W)+ =%
where g and w are probabilities, T represents the decaying fac-
tor (the degree of decay), and its value ranges from O to 1.
When 7 = 0, the state in Eq. (6) represents the mixed state of
the three-qubit GHZ state and W state with white noise, and
when 7 = 1, it represents the superposition state of the three-
qubit GHZ state and the W state mixed with white noise.
By mixing Jw and Jguz, we obtain J = aJtw + BJcuz,
where o and f are probabilities and o + B = 1, its explicit
form in computational basis is

0 0 0 a 0 o o -3B
0 0 a 0 —a 0 B 0
0 —-a 0 O —a B 0 O
;| @ 0 0o 0 p 00 0
a 0 -« —-a B 0 0 0 O
« 0 B 0 0 0 0 O
«a B 0O 0O 0O 0 0 O
33 0 0 0 0 0 0 0 |

We convert the square root eigenvalue for y = pJp*J*
into the absolute eigenvalues |A;|(i = 1,...,8) of pJ (p* and
J* represent the complex conjugates of p and J; p and J
are real matrices), we get four eigenvalues 117273,4 = %((x +
Vo2 +4B2), where ¢ = 1_§_W, the remaining 4 eigenvalues
need to be calculated numerically. The separable criterion is

given by C = 0. If the criterion coincides with the numeri-
cal criterion of the matched entangled witness, the generalized
Wootters formula can be used as a tight criterion for the full
separability of the superposition state of the three-qubit GHZ
state and the W state.

3. Matched entanglement witness

The state (6) can also be decomposed with the products
of Pauli matrices and the identity matrix 6y of 2 X 2, namely,

1

p = §(600'00'0 + R (01000p + 0y 010y + G001 )
+ R (0300 0p + 60300 + 0y 0,03 )
+R3(010100 + 0p01 01 + 010p01)

+ R4(00 020, + 620200 + 020002

+R¢(010101) +R7(010103 + 010301 + 030107)

+

(

(
+Rs(0p0303 + 030300 + 030 03)

(
Rg(0,0,01 + 0,010, + 610202)
(

+Ry(03030] + 030103 + 010303)
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+R10(020203 + 02,030, + 030,0,2) + R11(030303)
+R12(0p01 03 + 0y 0301 + 510300

+ 010003 + 030001 + 0301 0)), (N

. . 01
where o1, 0», 03 are Pauli matrices, o] = 1ol o) =

i0
of characteristic function!

[O _1}, 03 = [(1) _OJ, the parameters of R; are the rename
29]
Ry =Tr(po;® o ® 0y), 8)

where j, k,1 =0,1,2,3.
6gwT

_ 2w++/6gwT  2w—/6gWT
Wehave (Ry,...,Ri2) = (5, %, s , 5 8=

w 2w—+/bgwt VogwT 2w+/6gwT \/6gwT
ERE-E 3 ) 8 3 3 [ 3 ) The
characteristic function vector is defined as R =

(3R1,3R2,3R3,3R4,3R5,R6,3R7,3R3,3R9,3R10,R11,6R2).

A Hermitian operator W is called an entanglement wit-
ness if for any separable py, there is Tr(psW) > 0, and for
at least one entangled state p there is Tr(pW) < 0. When
Tr(p,W) = 0is achieved we call W optimal entanglement wit-
ness. Let W = AI — M, where I is identity matrix with the
same dimension as M. If we define

A::n?depJVL 9)

then W is optimal. The Hermitian operator M corresponding
to the quantum state (7) can be written as

M = M1(016060+006100+606061)
+M> (030900 + 000300 + G 0 O3
+M3(010100 + 600101 + 01000
+ My (0690207 + 020,0() + 0>,6(02
+Ms
+ M7

+Mg(02,0,01 + 02,0102+ 010,07

)
)
)
000303 + 030300 + 030003) + Mg(010107)
010103 + 010301 + 030101)

)

)

(
(
(
(
(
(

+ My (030301 + 030103 + 010303

+M0(02,0,03 + 6,030, + 030,02) + M1 (030303)

+ M>(0p0103 + 0p0301 + 610309

+ 010903 + 030001 + 0301 0p). (10)
Given a state p, we may adjust parameters M; so that
A A
L= 11)

Tr(pM) " M-R

is minimized. While choosing M; we keep both A and M - R
positive, M = (My,M,,...,M),). We have the following con-
clusion, if a state satisfies

ACmin = m}n£ > 1, (12)
M
then it is separable, otherwise, it is entangled.
Any three-qubit fully separable state can be written as
ps=Y pipl) @p wpl, (13)
i
where p; are probabilities, p; can be written as the mix-

9.
ture of pure states |y;) = [Wa)|WB)|Wc). |W;) = cos = (0) +
sin % e®|1) (j =A,B,C), Eq. (9) then is simplified as

Tr(M|y;) (ys]). (14)

max

A = max M =
><%‘ ve) 04.08,0¢, 97 P.9C

[y

We use Bloch representation expression to obtain

1

[Wa) (wa| = 5(1x0+01x1 + 02x2 + 0373),
1

W) (Ws| = 5(’Y0+01y1 + 0oy2 + 03y3),

1
\we) (el = 5(1Z0+01Z1+62Z2+63Z3)7 (15)

where xg = yp = z09 = 1, x| = sin 64 cos @4, x» = sin G4 sin @4,
X3 = cos 04, y1 = sin Ogcos Qp, y, = sin Op sin @p, y3 = cos O,
and similar expressions for z; can be represented with 8¢ and
¢c. Then

Te(M| ) (ws]) = ! Y Y Mijexiymza Tr[(0i0)) @ (6;6,) @ (010y)]

ijk Imn

ijk

= ZMijkxinZk = (ZMijoxiyj) 20+ (ZMijlxiyj>Zl + (ZMijZXi)’j>ZZ+ (ZMijBxin>Z3
iy i i i

IN

where M, j, = é Tr(Mo; ® 0;j® 0y). Correspondingly, M, is the
rename of some M, ;.
Finally, the maximum value of A can be obtained accord-

ing to the following expression:

2
<ZMij0xin) + (ZMijlxiyj> + (ZMijzxiyj>
ij ij ij

2 2
+ (ZMij3xiyj> ; (16)
ij
\
A= max (A (A2 ()2 (A (1T)
04.08,94.98
where

Ay = Mi(x1+y1) +Ma(x3 +y3) +Msxiy
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+Maxays +Msxzys + Mz (x1y3 +x3y1),

Ay = My +M;3(x1 +y1) +Mexiy1 + M7 (x1y3 +X3y1)
+Msxoy2 + Moxzys +Miz(y3 +x3),

Az = My(x2+y2) +Ms(x1y2 +x2y1) +Mio(x2y3 +x3Y2),

Ay = Mo+ Ms(x3+y3) +Maxiyr +Mo(x1y3 +x3y1)
+Miox2y2 +Mi1xzys +Mia(y1 +x1)-

The maximum value of A is only related to 64, 0g, @4, @5,
and in the process of calculating the witness for the superpo-
sition state, we find that 6; and ¢; (i = A, B) have a certain
relationship. A is achieved when 64 = 6, and @4 = @p or
¢4 = —@p. The maximum value of A calculated by Eq. (17)
is a function of M;. After random searching of M; to find the
minimum value of £, we can obtain the matched entanglement
witness.

4. Comparison of three methods

It can be clearly seen from Figs. 1 and 2 that there is no
unified generalized Wootters formula and PPT criterion that
completely explain the full separability of the superposition
state of the three-qubit GHZ state and the W state.

0.20 F59588E =
Y 0%0660'0'6-0-» ..
M W %0p

0.16 i
o
°
L O
[}

2
0.12F 2 1

o
= i 8.
—¢— numerical necessary condition 3 %
0.08F  atr=0.25 X 8
—— the generalized Wootters formula curve R §
- at 7=0.25 % S
o  PPT criterion at 7=0.25 3 §
0.04r numerical necessary condition at 7=0.5 D 27

... the generalized Wootters formula curve o)

= at 7=0.5 s

—©— PPT criterion at 7=0.5 &

O 1 1 1 1 1 1 1 1 X

0 0.04 0.08 0.12 0.16 0.20

w
Fig. 1. Necessary conditions of separability for p = w|W)(W| +

¢|GHZ)(GHZ| + 7,/gw(|W)(GHZ| + |GHZ)(W|) + "4 fg at 7 =
0.25 and 7 = 0.5. The numerical necessary condition is the numerical
calculation of matched entanglement witness.

The generalized Wootters formula we constructed can
only be used to explain the part close to the W state, in this part
the numerically calculated results of matched entanglement
witness coincide with the generalized Wootters formula. As
the decay factor decreases, the range of coincidence increases,
the superposition state is with the least coincidence range. The
approximate range that the two curves overlap in the super-
position state is @ € (0°, 14°); when 7 = 0.75, the range is
® € (0°, 20°); when T = 0.5, the range is © € (0°, 29°); when
7 =0.25, the range is © € (0°, 33°), where ® = arctan(g/w).
We also find that the PPT criterion is superior to the general-
ized Wootters formula except for the part near the W state.

0.20 E—— T T T T T T T 5
- — e~ ~. -
~ .
0.16 N\ §
\.
- \ -
0.12} \ .
S - \ B
> numerical necessary condition .
0.08 at 7=0.75 \ b
— -the generalized Wootters formula curvi
r at 7=0.75 q b
~@ - PPT criterion at 7=0.75
0.04r numerical necessary condition at 7=1 7
—— the generalized Wootters formula curve T
r at =1 ! qi?: b
—a— PPT criterion at =1 “, &
O 1 1 1 1 1 1 1 1 $ 1
0 0.04 0.08 0.12 0.16 0.20

w

Fig. 2. Necessary conditions of separability for p = w|W)(W|+
¢|GHZ) (GHZ| + t,/gw(|W)(GHZ| + |GHZ)(W|) + 2[5 at T =
0.75 and 7 = 1. The numerical necessary condition is the numerical
calculation of matched entanglement witness.

S. The relationship between entanglement and
coherence

Quantum coherence depends on the choice of basis. In
the d-dimensional Hilbert space, we choose an orthogonal ba-
sis {|i)}_,, if a quantum state can be expressed as a diagonal
matrix in the basis then it is called an incoherent state (other-
wise it is a coherent state),

6:

™=

& li) (i, (18)
i=1

where §; > 0 is the diagonal element of the density matrix.
Similarly, if we select [GHZ), |W) as the basis in Eq. (8), then
the off-diagonal element is e = 7,/gw.

The [;-norm of coherencel® is an intuitive coherence
measure based on the off-diagonal elements of the density ma-
trix. It is defined as

Cy(p) =min|lp —olly, =} |pijl, (19)

i#J

where 7 is the set of incoherent states. It exactly corre-
sponds to the sum of the absolute values of all off-diagonal
elements of the quantum state density operator. According to
formula (19), the expression of coherence measure of the su-

perposition state can be written as

Ci, (p) = 2le| = 2|7\ /gw]. (20)

Note that the mixed state of the three-qubit GHZ state and W
state (incoherent state) is o, we denote the difference of white
noise tolerance between the target state p; and ¢ as D, where
i =2,3,4,5 correspond to the states with 7 = 0.25, T = 0.5,
T =0.75, T = 1, respectively; the L, for state ¢ is denoted
as ry, and the L, for the target state p; is denoted as r;, then
the expression for D can be written as

D=(1-r)—(1—r)=r—rn. (21)
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The graphs of ®—D and ®-coherence are given in Figs. 3 and
4.

It can be seen from the figures that the relationship be-
tween D and coherence is that they are positively correlated.

10.14
— ©@-Datr=05 10-12
©—coherence at 7= 0.5

0.051 — 6-Dat7=025 10-10
©—coherence at 7=10.25 <
10.08 ©
Q 2
0.06 ©
0.05 ~

0.04

0.02

0 0

0.02
S 10.15
0.05} ; _. 5
Q {0.01 2
S S
——6-Dr=1 "."x _
B —— ©—coherence T=1 0.05
o - O=DT=075
_ —p— O—coherence 7=0.75
( ot ) X X N N N L »0
20 40 60 80
S

Fig. 4. The coherence and entanglement property of T=0.75 and 7 = 1.

6. Conclusion

We have conducted a separable condition study on the su-
perposition state of the three-qubit GHZ state and the W state
in a noisy environment and extended it to its decayed states
(1 =0.25, 0.5, 0.75). After a series of calculations, we obtain
the numerical results of separability by the matched entangled
witness. Then we compare the numerical results of separabil-
ity by the matched entanglement witness with the generalized

Wootters formula and PPT criterion. The comparison results
can be seen from Figs. 1 and 2. We draw a conclusion that the
generalized Wootters formula can be used as a tight criterion
for the separability of the superposition state of the three-qubit
GHZ state and the W state in the part close to the W state and
its decayed states in white noise environment. The PPT crite-
rion is superior to the generalized Wootters formula except for
the part near the W state. In the study of coherence, we find
that entanglement and coherence are positively correlated.

References

[1] Chen X Y and Jiang L Z 2020 IEEE J. Sel. Areas Commun. 38 557

[2] Horodecki R, Horodecki P, Horodecki M and Horodecki K 2009 Rev.
Mod. Phys. 81 865

[3] Peres A 1996 Phys. Rev. Lett. 77 1413

[4] Giihne O and T6th G 2009 Phys. Rep. 474 1

[5] Rudolph O 2004 Lett. Math. Phys. 70 57

[6] Chen K and Wu L A 2003 Quant. Inf. Comput. 3 193

[71 Horodecki P 1997 Phys. Lett. A 232 333

[8] Diir W, Vidal G and Cirac J I 2000 Phys. Rev. A 62 062314

[9] Giihne O and Seevinck M 2010 New. J. Phys. 12 053002
[10] Chen XY, Jiang L Z and Xu Z A 2018 Front. Phys. 13 130317
[11] Hu X M, Zhang C, Zhang C J, Liu B H, Huang Y F Han YJ,Li CF

and Guo G C 2019 Quantum Eng. 1 e13

[12] LiM, Wang J, Fei S M and Li-Jost X 2014 Phys. Rev. A 89 022325
[13] LiuL, Gao T and Yan F 2018 Chin. Phys. B 27 020306
[14] Chen X Y, Jiang L Z and Xu Z A 2017 Quant. Inf. Process. 16 95
[15] Chen XY, Jiang L Z and Xu Z A 2019 Quant. Inf. Process. 18 262
[16] Sperling J and Vogel W 2013 Phys. Rev. Lett. 111 110503
[17] Chen X Y and Jiang L Z 2020 Phys. Rev. A 101 012308

[18] Baumgratz T, Cramer M and Plenio M B 2014 Phys. Rev. Lett. 113
140401

[19] Liu F, Gao D M and Cai X Q 2019 Acta Phys. Sin. 68 230301 (in Chi-
nese)

[20] Yang H, Qin L G, Tian L J and Ma H'Y 2020 Chin. Phys. B 29 040303
[21] Tan K C, Kwon H, Park C 'Y and Jeong H 2016 Phys. Rev. A 84 012302
[22] Lee S Y,Ji S W, Kim H J and Nha H 2011 Phys. Rev. A 84 012302
[23] Chitambar E and Hsieh M H 2016 Phys. Rev. Lett. 117 020402

[24] Yang L W and Xia Y J 2017 Chin. Phys. B 26 080302

[25] Wootters W K 1998 Phys. Rev. Lett. 80 2245

[26] Bennett C H, Bernstein H J, Popescu S and Schumacher B 1996 Phys.
Rev. A 532046

[27] Hill S and Wootters W K 1997 Phys. Rev. Lett. 78 5022

[28] Chen Z H, Ma Z H, Giihne O and Severini S 2012 Phys. Rev. Lett. 109
200503

[29] Stgrmer E 1963 Acta Math. 110 223

[30] Rana S, Parashar P, Winter A and Lewenstein M 2017 Phys. Rev. A 96
052336

060301-5


http://dx.doi.org/10.1109/JSAC.49
http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1103/PhysRevLett.77.1413
https://doi.org/10.1016/j.physrep.2009.02.004
http://dx.doi.org/10.1007/s11005-004-0767-7
https://dblp.org/rec/journals/qic/ChenW03
http://dx.doi.org/10.1016/S0375-9601(97)00416-7
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1088/1367-2630/12/5/053002
http://dx.doi.org/10.1007/s11467-018-0799-6
https://onlinelibrary.wiley.com/doi/full/10.1002/que2.13
http://dx.doi.org/10.1103/PhysRevA.89.022325
http://dx.doi.org/10.1088/1674-1056/27/2/020306
http://dx.doi.org/10.1007/s11128-017-1529-7
http://dx.doi.org/10.1007/s11128-019-2373-8
http://dx.doi.org/10.1103/PhysRevLett.111.110503
http://dx.doi.org/10.1103/PhysRevA.101.012308
http://dx.doi.org/10.1103/PhysRevLett.113.140401
http://dx.doi.org/10.1103/PhysRevLett.113.140401
http://dx.doi.org/10.7498/aps.68.20190966
http://dx.doi.org/10.1088/1674-1056/ab773e
http://dx.doi.org/10.1103/PhysRevA.84.012302
http://dx.doi.org/10.1103/PhysRevA.84.012302
http://dx.doi.org/10.1103/PhysRevLett.117.020402
http://dx.doi.org/10.1088/1674-1056/26/8/080302
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevA.53.2046
http://dx.doi.org/10.1103/PhysRevA.53.2046
http://dx.doi.org/10.1103/PhysRevLett.78.5022
http://dx.doi.org/10.1103/PhysRevLett.109.200503
http://dx.doi.org/10.1103/PhysRevLett.109.200503
https://doi.org/10.1007/BF02391860
http://dx.doi.org/10.1103/PhysRevA.96.052336
http://dx.doi.org/10.1103/PhysRevA.96.052336

	1. Introduction
	2. The generalized Wootters formula
	3. Matched entanglement witness
	4. Comparison of three methods
	5. The relationship between entanglement and coherence
	6. Conclusion
	References

