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A new three-dimensional (3D) cellular model based on hinging open-cell Kelvin structure is proposed for its negative
compressibility property. It is shown that this model has adjustable compressibility and does exhibit negative compressibil-
ity for some certain conformations. And further study shows that the images of compressibility are symmetrical about the
certain lines, which indicates that the mechanical properties of the model in the three axial directions are interchangeable
and the model itself has a certain geometric symmetry. A comparison of the Kelvin model with its anisotropic form with
the dodecahedron model shows that the Kelvin model has stronger negative compressibility property in all three directions.
Therefore, a new and potential method to improve negative compressibility property can be derived by selecting the system
type with lower symmetry and increasing the number of geometric parameters.

Keywords: negative compressibility, 3D cellular model, open-cell Kelvin structure, analytical methods
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1. Introduction
Over the past few decades, the metamaterials with neg-

ative property have attracted extensive researches due to
their specialties and potentials for wide applications. The
studies mainly focused on negative Poisson’s ratio,[1] neg-
ative thermal expansion,[2] negative stiffness,[3] negative
permittivity,[4] and negative compressibility.[5–30] Although
negative compressibility is the latest and least studied among
these features, it offers a new insight into the nonconven-
tional behavior that materials will expand in one or two direc-
tions under the hydrostatic pressure rather than shrink in all
directions, exhibiting negative linear compressibility (NLC)
or negative area compressibility (NAC).[5] These two prop-
erties do exist in stable systems[6–8] as the systems have
positive volume compressibility, which indicates that nega-
tive volume compressibility (NVC) is non-existent in classical
thermodynamics.[5] However, it is still possible for some foam
structures to have the potential to be designed with NVC under
pressure-induced phase transition[9] and metamaterials.[10,11]

The materials with negative compressibility are promis-
ing for potential applications due to the extraordinary mechan-
ical property. Baughman et al.[5] predicted that NLC/NAC
materials have potentials such as optical telecommunication
line systems, sensitive pressure sensors and optical materials.
Cairns et al.[12] presented that the NLC/NAC materials could
be used as the optical components of pressure sensors, effi-

cient biological structures and nanofluidic actuators. Recently,
Grima et al.[13] provided a new view for designing the pressure
sensors in nanonetworks with NLC due to the sudden changes
in dimensions.

Up to now, there have been extensive materials proving
to show negative compressibility. At a molecular level, the
NLC behaviors have been demonstrated in plenty of mate-
rials, including nanonetworks,[13] methanol monohydrate,[14]

Na(NH2BH3),[15] α-BiB3O6(BIBO),[16] oC24 carbon al-
lotrope network,[17] MCF-34,[18] and LnFe(CN)6.[19] How-
ever, the NAC is found to be much harder than the NLC, which
is currently discovered in a few materials such as potassium
beryllium fluoroborate[20] and [Zn(L)2(OH)2]n·Guest.[21] At
a micro level and macro level, a large number of two-
dimensional (2D) models or three-dimensional (3D) models
have been proposed, the most classical model of which is
wine-rack mechanism presented by Baughman.[5] This mech-
anism can be used to explain the negative compressibility be-
haviors of many materials such as nanonetworks,[13] methanol
monohydrate,[14] α-BiB3O6,[16] and MCF-34.[18] From this
point, the macro structures with negative compressibility can
not only be used as blueprints for the design of system with
negative compressibility, but also explain the deformation
mechanism of materials with negative compressibility.[8] In
addition to wine-rack mechanism, there are many other 2D
structures proposed recently, such as hexagonal honeycomb

∗Project supported by the National Natural Science Foundation of China (Grant Nos. U1601203 and U19A20104), the Jilin Provincial Science and Technology
Development Program, China (Grant Nos. 20180101321JC and 20190302099GX), the Jilin Provincial Industrial Technology of Research and Development,
China (Grant No. 2019C037-3), the Science and Technology Project of Jilin Provincial Department of Education, China (Grant No. JJKH20200955KJ), and
the Graduate Innovation Fund of Jilin University, China (Grant No. 101832018C191).

†Corresponding author. E-mail: xqzhou@jlu.edu.cn
© 2021 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

056201-1

http://dx.doi.org/10.1088/1674-1056/abd6f7
xqzhou@jlu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 30, No. 5 (2021) 056201

mechanism,[22] bi-material strips,[23] truss-type systems,[24]

hexagonal truss systems,[25] tetragonal beam structures,[26] ro-
tating rigid units,[27–29] common materials,[30] and polygon
with connecting rods.[31]

In addition to these 2D mechanisms, some 3D structures
with negative compressibility have also been proposed. For
example, Grima et al.[6] proposed a 3D cellular structure with
negative compressibility, i.e., the elongated hexagonal dodec-
ahedron, which can have not only NLC and NAC, but also
zero and negative Poisson’s ratio. Lim[32] proposed a ring-
rod structure which can have not only negative compressibil-
ity, but also negative thermal expansion and negative moisture
expansion. Ghaedizadeh et al.[7] proposed two methods of
designing and fabricating the composite structures with neg-
ative compressibility, which indicates that the composite ma-
terials are another important negative compressive material.
Zhou et al.[8] constructed three different 3D analytical mod-
els based on the different layouts of the 2D wine-rack mech-
anism. And then Zhou et al.[33] and Ma et al.[34] used the
2D hexagonal truss mechanism and wine-rack mechanism to
re-construct some new 3D cellular models, which prove that
the arrangement of framework, the layout orientations of 2D
mechanism and the number or length of rods can also change
the extent of NLC and NAC. Similarly, the 3D structures can
also be used to explain the negative compressibility behavior
of many materials, of which the most important is the hinging
octahedral structure. Yan et al.[35] proposed two rigid metal-
organic frameworks MFM-133(M) (M = Zr, Hf) constructed
in the form of an octahedron, which exhibits an unusual NLC
behavior.

Although 3D models can realize more special properties
and can be more easily used in practical applications than
2D mechanisms, so far there have existed only a few stud-
ies about extending the negative compressibility to 3D space
and a few methods to be proposed to build 3D models with
negative compressibility. The study about the 3D models
with negative compressibility was relatively rare in previous
research though it is significant, in this study, we propose
a new 3D cellular structure based on the hinging open-cell
Kelvin structure,[36–43] which is a typical form of cellular ma-
terial and extensively used in diverse industrial, biomedical
and chemical applications. Specifically, the expressions of
Young’s moduli and the Poisson’s ratios as well as compress-
ibility are given and discussed. It is shown that this model has
adjustable compressibility and does exhibit NLC and NAC.
Further study shows that the images of compressibility are
symmetrical about the certain lines, which indicates that the
mechanical properties of the model in the three axial direc-
tions are interchangeable and the model itself has a certain

geometric symmetry. Moreover, it is found that the Kelvin
model has a stronger negative compressibility property than
the anisotropic form and the dodecahedron model in all three
directions. From these, a new and potential method to im-
prove negative compressibility property can be derived by se-
lecting the system type with lower symmetry and increasing
the number of geometric parameters. All of these are cov-
ered in detail in the following sections. Note that there is
a Supplementary information in this work, mainly including
the detailed deformed images under uniaxial compression and
hydrostatic compression, the derivation of the expressions of
Young’s moduli and Poisson’s ratios, the validation of Young’s
moduli, and the 2D simplified contour plots of the area com-
pressibility.

2. Hinging mechanism of Kelvin model
The model proposed in this study is mainly based on the

hinging Kelvin structure, which is a typical form of open-cell
porous materials shown in Figs. 1(a) and1(b). And this system
possesses a space-filling structure with two types of unit cell
arrays, i.e., the tetrakaidecahedron cell[36] (Fig. 1(c)) and the
characteristic unit cell[37] (Fig. 1(d)). The former possesses
14 faces (i.e., 6 tetragons and 8 hexagons), 24 vertices, and
36 edges, with all 6 tetragons distributed in the centers of 6
surfaces separately. The latter is the characteristic form of the
Kelvin model that plays a more significant role in the theoret-
ical and simulation analysis.

(a) (b) (c)

(d)

(e)

(f)

Fig. 1. [(a), (b)] Clusters of Kelvin model with two unit cell arrays, (c)
tetrakaidecahedron cell, (d) characteristic unit cell, [(e), (f)] details of flexure
hinge at vertex for two unit cells.

Unlike the isotropic form in which all rods and angles
must be the same, the model studied here is a more gener-
alized form of open-cell Kelvin structure and the generality
in this model could be gained by using different angles and
lengths of the rods. The lengths of rods parallel to the OX2–
OX3 plane, the OX1–OX3 plane, and the OX1–OX2 plane are
denoted as l1, l2, and l3, and the corresponding angles are de-
noted as θ1, θ2, and θ3, which are illustrated in Fig. 2.

Before making concrete analysis, it is necessary to elab-
orate several assumptions of the model. Firstly, in order to
better produce a negative compressibility deformation, an ide-
alized hinging model should be set up in this model, that is, all
rods in the model are completely rigid and can be deformed
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only when the angle between the rods is changed. However,
in the actual system, the hinging deformation is always ac-
companied with bending deformation and stretching deforma-
tion, which will lead the negative compressibility to deviate
from the value predicted from the idealized model. Therefore,
as we previously set,[33] flexible hinges are also used to con-

nect the joints between rods in this work, which can enhance
the hinging deformation and weaken the other deformations,
thus making the actual model closer to an idealized model.
The unit-cell with flexible hinges can be clearly illustrated in
Figs. 1(c) and 1(d) and the details of the flexure hinges can be
observed in Figs. 1(e) and 1(f).
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Fig. 2. Two kinds of unit cells and their 2D projections on three axes.

In order to more vividly explain the mechanism to pro-
duce negative deformation, commercial finite element soft-
ware ANASY/Workbench version 15.0 is adopted to gain a
further insight into the responses of the three configurations of
the model, separately, under the uniaxial and uniform com-
pression loading. The FE models of the three configurations
for compression is depicted in Fig. 3 and the dimensions of
the configurations are chosen to be (45◦, 45◦, 45◦), (60◦, 60◦,
45◦), and (30◦, 30◦, 45◦) with l = 10 mm. In order to produce
more obvious deformation, the resin is adopted to the models
with ρ = 1300 kg/m3, E = 2.52 GPa, and υ = 0.41, and the
structural steel is chosen for the platens with ρ = 7850 kg/m3,
E = 200 GPa, and υ = 0.3. Mesh convergence analysis shows
that the element size of 0.50 mm is enough to generate accu-
rate results. No separation contacts are defined between the
platens or between the models. Finally, a pressure of 1000 Pa
is applied to the platen to test whether uniaxial compression or
uniform compression happens.

The simulation results are also shown in Fig. 3, and the
more detailed deformed simulation images in different direc-
tions and the stress distribution images can be seen in the
Supplementary information. It can be seen from the images
(Figs. 3(b), 3(f), and 3(j)) that the three configurations all con-
tract when uniaxial compression is implemented in the Z di-
rection (i.e. OX3) and the amount of the compression increases
gradually. Due to the boundary effect, the deformation of the
central region will be clearly observed to explain the mecha-
nism of the model. It can be found that the rods in the hori-

zontal plane (i.e. l3) still keep basically horizontal and none of
them deforms under the uniaxial compression in the Z direc-
tion, and the rods in the vertical planes (i.e. l1 and l2) mainly
deform through the angle. Therefore, the deformation pro-
cess of the three configurations with flexure hinges confirms
to the setting of the idealized hinging model. When the con-
figurations are subjected to uniform compression, it can be
found that the configuration with (60◦, 60◦, 45◦) can produce a
negative compressibility deformation in the OX3 direction and
the configuration with (30◦, 30◦, 45◦) will produce a negative
compressibility deformation in the OX1 and OX2 directions,
separately, which proves that the configuration with (60◦, 60◦,
45◦) has NLC in the OX3 direction and the configuration with
(30◦, 30◦, 45◦) has NLC in the OX1 and OX2 directions. Fi-
nally, it should be noted that the simulation results can only act
as the qualitative observation and explanation of the negative
compressibility deformation of the model and the value of de-
formation directly obtained from the simulation results cannot
be used to obtain the specific value of the mechanical property
of the model due to the boundary effect, the selected material
of the model and the design of the flexure hinge. The refer-
ence points for quantitative analysis of the mechanical proper-
ties need to select those that are in the intermediate region and
the relevant qualitative simulation and experimental verifica-
tion will be carried out in our follow-up work.

It can be found from the above discussion that when the
flexure hinges choose suitable material or geometry to make its
stiffness constant much less than that of the rods, the rods in
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this model will only produce hinging deformation rather than
bending deformation that is more frequently happens to the
porous materials. And the porous structures with the flexure
hinge can be manufactured in a variety of processing meth-
ods, such as 3D printing,[41] selective laser sintering,[42] and
projection microstereolithography.[43] The work on designing
the flexure hinge mainly includes two parts, i.e., the geomet-
ric design and the material selection. The geometric design is
mainly to select and optimize the shape, cross-sectional area
and length of the flexure hinges to enhance the hinging de-
formation and weaken the other deformations, which can be
completed together with the model by 3D printing. The ma-
terial selection is implemented mainly through choosing the
composite material to make the difference between the rods
and the hinges to enhance the hinging deformation and weaken
the other deformations, which will be manufactured separately
from the rods and finally assembled together by splicing or
welding. The design of the flexure hinge and the effect of the
nonuniformity of the unit cell or the hinges are an important
task, which will be carried out in our follow-up work. And

when the flexure hinges are chosen suitable, the overall defor-
mation of the model will mainly depend on the deformation
of the hinges, and the influence of many features of the rod
itself (such as material, shape, length, area) on the overall de-
formation is insignificant. Therefore, in the stage of elastic
deformation, the stiffness of the mechanism is related to the
stiffness of the hinge that resists the change of angle between
rods, and the relationship between the stiffness constant and
load can be expressed as

M = khδθ , (1)

where M is the moment applied to the rod, δθ is the angular
displacement due to the moment, and kh is the rotational stiff-
ness constant of the hinge. Although the flexible hinge can
meet the setting of the idealized hinging model, neither of the
bending and stretching deformation can be eliminated in the
actual system. And the bending and tensile deformation di-
rectly depend on the length and shape of the rod, which limits
the rods of the model to being not too long or too thin.

(45Ο, 45Ο, 45Ο)

(60Ο, 60Ο, 45Ο) (60Ο, 60Ο, 45Ο)

(30Ο, 30Ο, 45Ο) (30Ο, 30Ο, 45Ο)

uniaxial compression uniform compression(45Ο, 45Ο, 45Ο)(a)

(e)

(i) (j) (k) (l)

(f) (g)
(h)

(b) (c) (d)

Fig. 3. FE models and simulation results under uniaxial and uniform compressions: [(a)–(d)] configuration with (45◦, 45◦, 45◦); [(e)–(h)] configuration with
(60◦, 60◦, 45◦); [(i)–(l)] configuration with (30◦, 30◦, 45◦).

In addition, in order to ensure negative compressibility to
be generated normally, the uniform pressure subjected to the
model can only act on the surface, but cannot be immersed into
the model. Therefore, when the model is tested in or applied to

an actual system, it is necessary to wrap a layer of sealed plas-
tic bag[7] with a certain rigidity on its outer surface. And in
this case, the model can not only be placed in the hydrostatic
pressure, but also be exerted on by a uniform pressure from
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an air compression. Finally, it should be emphasized that all
negative compressibility property discussed below holds true
only for the case of small deformation.

3. Mechanical properties of Kelvin model
In this part, the mechanical properties of the Kelvin model

is deduced and obtained for the discussion of negative com-
pressibility property. As for the Kelvin multi-cells model
shown in Figs. 1 and 2, it could be obtained by aligning the unit
cell vectors along the OX1, OX2, and OX3 directions. There-
fore, the projections of the unit cell in the three directions can
be given by

X1 = 2l2 cosθ2 +2l3 sinθ3, (2)

X2 = 2l1 cosθ1 +2l3 cosθ3, (3)

X3 = 2l1 sinθ1 +2l2 sinθ2. (4)

Considering that the model should be physically real-
ized, the normal conditions, that is, l1 > 0, l2 > 0, l3 > 0,
90 > θ1 > 0, 90 > θ2 > 0, and 90 > θ3 > 0 need to be sat-
isfied. Before calculating the expressions of compressibility,
we should first figure out the expressions of Young’s mod-
uli and Poisson’s ratios in relevant directions. And referring
to the analysis discussed elsewhere,[6,8,33] the expressions of
Young’s moduli along the three axes and Poisson’s ratios in the
three projection planes can be obtained below, and the detailed
derivation and verification can be found in the Supplementary
information.

Loading in the OX1 direction:

E1 = 4kh
X1

X2X3

1
l2
2 sin2

θ2 + l2
3 cos2 θ3

, (5)

v12 =
X1

X2

l2
3 sinθ3 cosθ3

l2
2 sin2

θ2 + l2
3 cos2 θ3

, (6)

v13 =
X1

X3

l2
2 sinθ2 cosθ2

l2
2 sin2

θ2 + l2
3 cos2 θ3

. (7)

Loading in the OX2 direction:

E2 = 4kh
X2

X1X3

1
l2
1 sin2

θ1 + l2
3 sin2

θ3
, (8)

v21 =
X2

X1

l2
3 sinθ3 cosθ3

l2
1 sin2

θ1 + l2
3 sin2

θ3
, (9)

v23 =
X2

X3

l2
1 sinθ1 cosθ1

l2
1 sin2

θ1 + l2
3 sin2

θ3
. (10)

Loading in the OX3 direction:

E3 = 4kh
X3

X1X2

1
l2
1 cos2 θ1 + l2

2 cos2 θ2
, (11)

v31 =
X3

X1

l2
2 sinθ2 cosθ2

l2
1 cos2 θ1 + l2

2 cos2 θ2
, (12)

v32 =
X3

X2

l2
1 sinθ1 cosθ1

l2
1 cos2 θ1 + l2

2 cos2 θ2
. (13)

Based on the expressions of Young’s moduli and Pois-
son’s ratios, the linear compressibility along the OXi direction
can be determined by substituting Eqs. (5)–(13) into the fol-
lowing equation:

βL(OXi) =
1
Ei

−
(

v ji

E j
+

vki

Ek

)
, (i, j,k = 1,2,3), (14)

i.e.,

βL(OX1) =
1

4kh

[
X2X3

X1
(l2

2 sin2
θ2 + l2

3 cos2
θ3)

−X3l2
3 sinθ3 cosθ3 −X2l2

2 sinθ2 cosθ2

]
, (15)

βL(OX2) =
1

4kh

[
X1X3

X2
(l2

1 sin2
θ1 + l2

3 sin2
θ3)

−X3l2
3 sinθ3 cosθ3 −X1l2

1 sinθ1 cosθ1

]
, (16)

βL(OX3) =
1

4kh

[
X1X2

X3
(l2

1 cos2
θ1 + l2

2 cos2
θ2)

− X1l2
1 sinθ1 cosθ1 −X2l2

2 sinθ2 cosθ2

]
. (17)

The area compressibility in the OXi–OX j plane and the
volume compressibility can be obtained from the following
formulas. And the specific expressions are omitted here for
the sake of simplification.

βA(OXi −OX j) = βL(Xi)+βL(X j), (18)

βV = βL(X1)+βL(X2)+βL(X3). (19)

For reducing the complexity of discussion, we set the
length parameters to be the same, i.e., l1 = l2 = l3 = l. The
equations for the linear compressibility can be simplified, in
which way the simplified equations for the area and volume
compressibility can be obtained. In addition, for the con-
venience of expression in the following discussion, the lin-
ear compressibility in the OX1, OX2, and OX3 directions can
be also directly expressed as β 1, β 2, and β 3. Similarly, the
area compressibility in the OX1–OX2, OX1–OX3, and OX2–
OX3 planes can be also directly expressed as β 12, β 13, and
β 23:

βL(OX1) =
l2

4kh

[
X2X3

X1
(sin2

θ2 + cos2
θ3)

−X3 sinθ3 cosθ3 −X2 sinθ2 cosθ2

]
, (20)

βL(OX2) =
l2

4kh

[
X1X3

X2
(sin2

θ1 + sin2
θ3)

−X3 sinθ3 cosθ3 −X1 sinθ1 cosθ1

]
, (21)

βL(OX3) =
l2

4kh

[
X1X2

X3
(cos2

θ1 + cos2
θ2)

−X1 sinθ1 cosθ1 −X2 sinθ2 cosθ2

]
. (22)
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4. Discussion
Equations (18)–(22) show that if the value of l is assumed

to be constant, the signs and magnitudes of the line, area and
volume compressibility are dependent mainly on the angle pa-
rameters (i.e., the values of θ1, θ2, and θ3). And it can be
proved from Figs. 4 and 5 that the model does exhibit NLC
and NAC. In the following section, we will mainly discuss its
angle parameter features and the comparisons in its two special
cases (i.e., the anisotropic form and the dodecahedron model)
in terms of negative compressibility.

The 3D contours of the linear, area, and volume com-
pressibilities across various angle parameters are plotted in
Fig. 4, which confirms that the model exhibits NLC and NAC.
And these images can also clearly show the angle ranges to
obtain negative compressibility, where the green surfaces cor-
respond to zero compressibility and the yellow, orange, and
red surfaces correspond to negative compressibility. What can
also be observed from Fig. 4 is the variation trend of compress-
ibility, which corresponds to the changing process of surface
color from red to green and then to blue. Note also that the di-
agrams shown in Figs. 3(a)–3(c), and Figs. 3(d)–3(f) have the
same shapes with different orientations, which indicates that
the geometry of model is so symmetric that the three angle
parameters θ1, θ2, and θ3 are equivalent in affecting the val-
ues of compressibility. The same regularity is also reflected
in the expressions of Young’s moduli, The Poisson’s ratios
and compressibilities (i.e., Eqs. (5)–(13) and Eqs.(15)–(17)),
which are all highly similar and unified. Therefore, it can be
concluded that the angle parameters θ1, θ2, and θ3 influence

the mechanical properties of the model equivalently. More-
over, from a mathematical point of view, the minimum values
of the three linear compressibilities, when kh = 0.25 kJ·rad−1

and l1 = l2 = l3 = l = 10 mm, are all about −1.319 GPa−1

and those of the three area compressibilities are all about
−1.871 GPa−1, which also verifies the previous discussion
about the similarity of compressibility. It is also of interest
that the minimum values of the three linear compressibilities
can occur at two points, which can infer that the linear com-
pressibility of the model itself can also have some symmet-
rical relationships. In addition, the minimum of the volume
compressibility is 0 when θ1 = θ2 = θ3 = 45◦, i.e., NVC is
non-existent in this model.

In order to analyze more specific and accurate informa-
tion about negative compressibility, we can simplify the 3D
images by assigning specific values to angle parameter in each
given direction, and then drawing the corresponding 2D im-
ages. Specifically, for this model, we set specific values of θ3:
we select 30◦, 45◦, and 60◦ for the linear compressibility and
select 25◦, 45◦, and 65◦ for the area compressibility.

The 2D contours of the linear compressibility after angle
simplification are shown in Fig. 5, in which the color defini-
tions are chosen to be the same as those in the 3D images.
And we can analyze the influence of each angle parameter
on the linear compressibility by comparing these three groups
of images. For example, we first observe images 5(c), 5(f),
and 5(i), which correspond to the images of β 3 with different
values of θ3. When looking at each image separately, it can be
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respectively.
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Fig. 5. The 2D contours for linear compressibility across various angles of θ1 and θ2 with kh = 0.25 kJ·rad−1 and l1 = l2 = l3 = l = 10 mm, with panels
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found that whether in horizontal direction or in vertical direc-
tion, the value of β 3 changes dramatically in the whole range
of angles, which shows that angle parameters θ1 and θ2 have
a great effect on β 3. When observing the three images to-
gether, the differences among are tiny and negligible, which
indicates that the angle parameter θ3 has a little effect on β 3.
Moreover, comparing these three images with the 3D image
shown in Fig. 4(c), it is easier to find that the image of β 3 is
approximately distributed along the OX3 direction. Therefore,
it can be summarized that for β 3, the influence of parameter
θ3 is obviously inferior to that of θ1 and θ2, indicating that
the former only slightly affects the value of compressibility,
while the latter two affect in the whole range. The same rules
can be also obtained by comparing Figs. 5(a), 5(d), 5(g) and

Figs. 5(b), 5(e), 5(h), respectively. Although the observation is
not so obvious as the previous one, it can be found from these
two groups of images that parameters θ1 and θ2 both have a
strong influence on the values of β 1 and β 2 in the scope where
the minimum values of β 1 and β 2 are obtained, respectively.
Therefore, the conclusion above is applicable to that for β i,
the influence of θ j and θk are obviously stronger than that of
θi (i, j,k = 1,2,3), in which the former have an effect in the
whole range, while the latter only drastically affect the value
of β i in the scope where the minimum value of β i is obtained.

Furthermore, what can be also found from Fig. 5 is that
the shapes of images (a) and (h), (b) and (g), (c), and (i), (d)
and (e) are exactly the same and symmetrical along line (0, 0)–
(90, 90). Comparing with the 3D images shown in Figs. 4(a)–
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4(c), it can be concluded that the image of β 1 and β 2 are sym-
metrical about line (0, 0, 45)–(90, 90, 45), and the image of
β 3 itself is also symmetrical about this line. It should be noted
that this conclusion is obtained only through qualitative ob-
servation, and it will be quantitatively explained below. The
symmetric transformation is performed on angles along line
(0, 0, 45)–(90, 90, 45) and the transformed angles can be ex-
pressed as θ s

1 = θ2, θ s
2 = θ1, and θ s

3 = 90–θ3. Therefore, the
projections of unit cell after symmetric transformation can be
expressed as

X s
1 = 2l cosθ1 +2l cosθ3 = X2, (23)

X s
2 = 2l cosθ2 +2l sinθ3 = X1, (24)

X s
3 = 2l sinθ1 +2l sinθ2 = X3. (25)

Then, the transformed expressions of the linear compressibil-
ity can be determined as

β
s
L(OX1) =

l2

4kh

[
X1X3

X2
(sin2

θ1 + sin2
θ3)

−X3 sinθ3 cosθ3 −X1 sinθ1 cosθ1

]
= βL(OX2), (26)

β
s
L(OX2) =

l2

4kh

[
X2X3

X1
(sin2

θ2 + cos2
θ3)

−X3 sinθ3 cosθ3 −X2 sinθ2 cosθ2

]
= βL(OX1), (27)

β
s
L(OX3) =

l2

4kh

[
X1X2

X3
(cos2

θ1 + cos2
θ2)

−X1 sinθ1 cosθ1 −X2 sinθ2 cosθ2

]
= βL(OX3). (28)

It can be found that the transformed expressions of the
three linear compressibilities, i.e., β s

1 , β s
2 , β s

3 , are exactly the
same as the expressions of β 2, β 1, and β 3 accordingly. There-
fore, the above hypothesis about image symmetry is quan-
titatively verified. In order to explain this conclusion more
vividly, we can rotate the model 90◦ along the OX3 axis. It can
be found that after these two operations, the models have ex-
actly the same structure form, which suggests that in a sense
the symmetric operation is equivalent to the rotation opera-
tion about the vertical direction. All of these are illustrated

in Fig. 6. And under this rotation operation, all parameters
in the OX1 and OX2 directions are exchanged, including an-
gles, projections, Young’s moduli, Poisson’s ratios, and com-
pressibilities, which proves that the images of these character-
istics in the two directions are symmetrically distributed along
this symmetry line. Moreover, all the mechanical properties
of the model in the two horizontal directions are interchange-
able after the rotation operation, which also indicates that the
model itself has a geometric symmetry about the symmetry
line. For the OX3 direction, due to the difference in the defi-
nition between angle parameters, the angle before the rotation
operation and the angle after the rotation operation are mu-
tually complementary angles, but the other characteristics are
exactly identical, which indicates that the image of β 3 itself
is also symmetrical about this symmetry line. Similarly, when
θ1 and θ2 are set to be specific values, the symmetry lines of
the other linear compressibilities can also be found and the
conclusions are shown in Table 1.

In the same way, we can also study the area compressibil-
ity and the 2D contours of the area compressibility in the three
planes after angle simplification, which are shown in Fig. S6 of
Supplementary information. Comparing them with the coun-
terparts of 3D images shown in Figs. 4(d)–4(f), the symmetry
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Fig. 6. Diagrammatic illustration of Kelvin model after symmetric operation
and rotation operation.

Table 1. Symmetry lines of linear compressibility and area compressibility in various cases.

Comprssibility Symmetry line Compressibility Symmetry line

β 1 (45, 90, 0)–(45, 0, 90) β 12 (45, 90, 0)–(45, 0, 90)
β 2 (0, 45, 0)–(90, 45, 90) β 13 (0, 45, 0)–(90, 45, 90)
β 3 (0, 0, 45)-(90, 90, 45) β 23 (0, 0, 45)–(90, 90, 45)

β 1 and β 2 (0, 0, 45)–(90, 90, 45) β 12 and β 13 (0, 0, 45)–(90, 90, 45)
β 1 and β 3 (0, 45, 90)–(90, 45, 0) β 12 and β 23 (0, 45, 90)–(90, 45, 0)
β 2 and β 3 (45, 90, 0)–(45, 0, 90) β 13 and β 23 (45, 90, 0)–(45, 0, 90)
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lines of the area compressibility can also be found and the spe-
cific conclusions are shown in Table 1. Note that the analysis
about the image symmetry is not only for compressibility, but
also for many other mechanical properties, including Young’s
moduli, Poisson’s ratios, etc., which proves that these mechan-
ical properties are also interchangeable in the three directions
and the model itself has geometric symmetry about the sym-
metry line. And it is obviously more important for the geomet-
ric symmetry of the model itself that the model can change the
geometric parameters of the model through symmetric trans-
formation to obtain the completely symmetric and identical
mechanical properties. Finally, it should be highlighted that
the image symmetry and geometric symmetry discussed here
are very important, not only because the image symmetry and
geometric symmetry themselves in the three directions are
rare, after all, the models with negative compressibility stud-
ied previously[6,8,33,34] have image symmetry and geometric
symmetry only in the two horizontal directions, but also due to
the fact that this model can possess some parameter-controlled
applications, in which many performances in the three direc-
tions are completely interchangeable by selecting appropriate
geometric parameters.

Having analyzed the angle parameter features, we can
now discuss some special cases of the Kelvin model. It should
be noted that the Kelvin model is normally studied in two
forms, i.e., the isotropic form[36] and the anisotropic form[38]

as shown in Fig. 7. And in the isotropic form, all three angle
parameters are 45◦, and for the anisotropic form the angle pa-
rameters can be described as θ1 = θ2 = θ , and θ3 = 45◦. Un-
der this anisotropic condition, the corresponding expressions
of the linear compressibility can be expressed as

β1 = β2 =
l2

4kh
(X3 sin2

θ −X1 sinθ cosθ), (29)

β3 =
l2X1

2khX3
(X2 cos2

θ −X3 sinθ cosθ). (30)

It can be seen that the expression of β 1 and β 2 are exactly the
same. And referring to these formulas, the NLC will be exhib-
ited when the following conditions are satisfied:
for negative β1 = β2,

X3 sinθ < X1 cosθ , (31)

for negative β 3,

X3 sinθ > X1 cosθ (i.e., 45◦ < θ < 90◦). (32)

It indicates that in this anisotropic case, the model can exhibit
NLC simultaneously in the OX1 and OX2 directions but NLC
in the OX3 direction can never arise in this range. Then taking
derivation of Eqs. (29) and (30), we can know that the maxi-
mum value of NLC in the OX1 and OX2 directions will occur at

θ ≈ 24.2◦ and the maximum NLC in the OX3 direction appears
at θ ≈ 61.8◦. And the minimum values in three directions
when kh = 0.25 kJ·rad−1 and l = 10 mm are about −0.935,
−0.935, and −1.260 GPa−1 respectively. The three minimum
values are all larger than those in the general form. Moreover,
the isotropic form of this model also needs to be introduced,
i.e., θ1 = θ2 = θ3 = 45◦. It is obvious that when the model is
under this condition, the values of the linear compressibility
are all 0, which implies that the NLC is non-existent in this
form.

θ1 θ2
θ θ

θ3

the general form the anisotropic form the isotropic form
θ1 θ2 θ3 θ1=θ2, θ3=45O θ1=θ2=θ3=45O

the orthorhombic 
system

the tetragonal
system

45O

45O
45O

45O

a b c

α=β=γ=90O
a=b c

α=β=γ=90O
a=b=c

α=β=γ=90O

the cubic
system

(a) (b) (c)

Fig. 7. (a) General form of Kelvin cell, (b) anisotropic form, and (c) or-
thotropic form, correspond to orthorhombic, tetragonal, and cubic systems
respectively.

Through the comparison among these three forms, it can
be found that for the Kelvin model, the greater the anisotropy
of the structure, the larger the maximum negative compress-
ibility is and the NLC will disappear when the structure is
isotropic. And referring to the concept of crystal system, the
general form has three perpendicular but unequal axes, which
can be seen as an orthorhombic model. And the anisotropic
and isotropic form belong to the tetragonal model and the cu-
bic model, respectively. In addition, Cairns and Goodwin[44]

pointed out that the directional dependence of negative com-
pressibility property can be relative complex when the crystal
symmetry is low due to the fact that it will lead to shear com-
ponent in the compressibility tensor. Ma et al.[45] proposed
a monoclinic octahedron model based on the tetragonal oc-
tahedron model by changing the system type, which proves
that the negative compressibility property can be improved in
the horizontal direction. Therefore, it may be inferred that
the greater the symmetry of the system, the weaker the nega-
tive compressibility property is. It is very important because it
provides a new and potential method to improve negative com-
pressibility property by selecting the system type with lower
symmetry, such as the monoclinic system, the trigonal system,
the hexagonal system, and even the triclinic system. In the
meanwhile, it can also be regarded as a reference to designing
new models with negative compressibility.

In addition to the anisotropic form and isotropic form, the
dodecahedron model[8] can be seen as another special case of
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the Kelvin model, which has been discussed in detail in our
previous work as shown in Fig. 8. It can be seen from this
figure that the dodecahedron model can be regarded as a spe-
cial case of Kelvin model when the length parameter l3 is zero,
and the angle parameter θ3 will also disappear. According to
this, the expressions of the linear compressibility for the do-
decahedron model can be obtained by deleting l3 and θ3 in the
relevant expressions of the Kelvin model as

β1 =
l2X2 sinθ2

4khX1
(X3 sinθ2 −X1 cosθ2), (33)

β2 =
l2X1 sinθ1

4khX2
(X3 sinθ1 −X2 cosθ1), (34)

β3 =
l2

4kh

[
X1X2

X3
(cos2

θ1 + cos2
θ2)

−X1 sinθ1 cosθ1 −X2 sinθ2 cosθ2

]
. (35)

l3/

l3

(b)(a)

Fig. 8. (a) Kelvin model and (b) dodecahedron model.

It shows that the expressions are the same as those in our
previous work.[8] And by taking derivation of these three equa-
tions, the maximum value of NLC in the OX1, OX2, and OX3

directions when kh = 0.25 kJ·rad−1 and l = 10 mm are about
−0.6006, −0.6006, and −0.8301 GPa−1, respectively. It can
be found that the three minimums are all larger than those of
the Kelvin model, which means that the negative compress-
ibility properties of the dodecahedron model in all three direc-
tions are weaker than those of the Kelvin model. Moreover, it
should be also noted that the Kelvin model can be regarded
as a structure with three sets of geometric parameters (i.e.,
l1/θ1, l2/θ2, and l3/θ3), while the dodecahedron model only
has two sets of geometric parameters (i.e., l1/θ1 and l2/θ2).
It is this extra set of parameters that increases the anisotropy
of the model, which leads to stronger negative compressibil-
ity property of the Kelvin model. In addition, Grima et al.[22]

pointed out that the value of h/l in hexagonal honeycombs can
favor the negative compressibility property in the direction of
h. Similarly, Zhou et al.[33] proposed several 3D models con-
structed by hinging hexagonal truss mechanism, which also
proves that the value of h/l in hexagonal honeycombs can im-
prove the negative compressibility property in the direction of
h. Ma et al.[34] proposed three models constructed by hinging
wine-rack and hexagonal truss mechanism, which show that

increasing the number or length of the rods in the vertical di-
rection can improve the negative compressibility property in
this direction. Therefore, it can be inferred that increasing the
number of rods with deformation can increase negative com-
pressibility property of the model, and more importantly, it can
improve the negative compressibility property in all three di-
rections. Note that this finding not only proves that the Kelvin
model has stronger negative compressibility property than the
dodecahedron model, but also proposes a new and potential
method to improve the negative compressibility, which will
increase the anisotropy of the model by adding the geometric
parameters. Finally, there is an interesting point that the maxi-
mum values of NLC in the anisotropic form are all larger than
in the dodecahedron model. Although the two models cannot
be directly compared with each other and the anisotropic form
has a set of geometric parameters (l/θ ), it should be noted
that the anisotropic form should be regarded as having three
sets of geometric parameters (l/θ , l/θ , l/45◦). And the num-
ber of the geometric parameters in set should be the number of
geometric parameters in each direction rather than the number
of independent variables, which is mainly because all the ge-
ometric parameters in the three direction form the model and
they can be reflected in the projection length of each direc-
tion in the expression of compressibility. In addition, it can be
found that the maximum values of NLC in the general form
and anisotropic form are all multiples of that in the dodecahe-
dron model, which is mainly due to the fact that the geometric
parameters of l/45◦ multiply increase the area of the model
bearing uniform pressure in each plane and produce more neg-
ative compressibility deformation.

Before concluding, it should be noted that the open-cell
Kelvin structure, as a typical form of cellular material, are
widely used as ultralight structural component,[39] bone sub-
stituting biomaterial[40] and catalytic substrate.[41] However,
the researches in this field mainly focus on its anisotropic
form[36] and uniaxial loading.[38] And the present work pro-
vides a new idea for studying the open-cell Kelvin structure,
in which more general and hinging form is considered when
the structure is loaded in the three axis directions, which may
make the material show some extraordinary characteristics dif-
ferent from the traditional material. Moreover, the conclusion
about the symmetry of mechanical properties in three direc-
tions also provides a reference for studying other properties,
such as chemical, acoustic, and thermal, which may be also
tailored or even interchanged in three directions by selecting
geometric parameters. Furthermore, there are many manufac-
turing methods that allow the material behaviors to be manip-
ulated consciously by changing the morphology of structure,
such as 3D printing,[41] selective laser sintering,[42] and pro-
jection microstereolithography,[43] which can provide a guar-
antee for the follow-up study of this work. In conclusion, al-
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though the study is carried out only through theoretical analy-
sis and the model has some limitations, it should be also noted
that the model and conclusions studied in this work are very
important, not only due to the fact that the Kelvin model does
exhibit NLC and NAC, but also because it provides a method
to improve negative compressibility property by selecting the
system type with lower symmetry and increasing the number
of geometric parameters. In addition, it can explain the me-
chanical behavior with this model, and if the systems are syn-
thesized in this way, they can indeed have NLC and NAC. And
the extension in image symmetry and the improvement of neg-
ative compressibility, may further extend the applicability of
explaining and predicting the mechanical behaviors or some
other special behaviors in practical applications.

5. Conclusions
In this paper, a new 3D cellular model based on the hing-

ing open-cell Kelvin structure is proposed and the expressions
of its mechanical properties are given and discussed, such as
Young’s modulus, Poisson’s ratio, and compressibility. In ad-
dition, we analyze angle parameter features of the model in
detail and compare it with its two special cases in terms of
negative compressibility. The specific conclusions are as fol-
lows.

(i) The Kelvin model does have NLC and NAC and can
be tailored for specific applications by choosing the appropri-
ate parameters. Moreover, the model has image symmetry in
three directions, which indicates that the mechanical proper-
ties in three directions are interchangeable and their images are
symmetrical. The specific symmetrical lines are also given.

(ii) The anisotropic form and the dodecahedron model can
be regarded as two special cases of the Kelvin model. When
comparing the Kelvin model with them, it can be found that
the Kelvin model has strong negative compressibility property
in all three directions. Therefore, a new method to improve
negative compressibility property can be inferred by selecting
the system type with lower symmetry and increasing the num-
ber of geometric parameters.

Finally, in view of the importance of this work, we expect
the findings here to be able to serve as a blueprint for designing
and developing the more superior applications in the future.
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