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The elastic anisotropy and superconductivity upon hydrostatic compression of α , ω , and β Hf are investigated using
first-principle methods. The results of elastic anisotropies show that they increase with increasing pressure for α and
ω phases, while decrease upon compression for β phase. The calculated superconducting transition temperatures are in
excellent agreement with experiments. Electron–phonon coupling constants (λ ) are increasing with pressure for α and ω

phases, while decreasing for β phase. For β phase, the large values of λ are mainly due to the obvious TA1 soft mode.
Under further compression, the TA1 soft vibrational mode will disappear gradually.
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1. Introduction

Hafnium and its alloys have a narrow d-band. For
these d-band materials, the d-electron orbital occupation and
pressure-induced s–d electron transfer are crucial for the
structural stability, electronic transitions, and superconducting
properties.[1–6] Till now, phase transformation and mechanical
properties of Hf have been reported in experiments[7–11] and
calculations[2–4,11–15] widely. Also, the experimental results
of superconducting transition temperature (Tc) upon crystallo-
graphic phases under pressure for Hf have been reported by
Brshkin et al.[16] However, the theoretical investigations of its
superconductivity are not sufficient.

Under ambient conditions, Hf metal crystallizes in a
hexagonal close packed (hcp) structure (α phase).[9,17,18]

Upon compressing, the α phase transforms into a so-called ω

phase (hexagonal, space group P6/mmm).[9,11,18] Under fur-
ther compression, the ω phase transforms into a body centered
cubic (bcc) phase (β phase).[9,10] In previous theoretical and
experimental reports, the transition pressures of α → ω (ω →
β ) are in range of 13.9–50 (30.7–73.1) GPa.[3,9–11,14,15,18]

Structure changes will inevitably lead to performance changes.
For example, the experimental results have confirmed that Hf
metal exhibits the superconducting properties,[7,16,19–21] and
the values of Tc are directly associated with their pressure-
induced phase transitions. Under normal conditions, for α

phase, the value of Tc is 0.128 K.[7,19,20] The effects of pres-

sure on Tc are positive for α and ω phases, which results in an
increase of Tc under compression.[16,21–23] The values of Tc are
increasing until the ω phase transforms to the β phase.[16] This
high-pressure superconductivity behavior has not been theo-
retically studied in literature.

In our previous studies, the pressure-dependent behav-
iors, such as phase transition, elastic constants, elastic mod-
uli, phonon spectra, and thermodynamic properties, have been
systematically investigated for Hf.[3] In the present work, we
would like to extend our study to investigate these behaviors
of elastic anisotropy and superconductivity under pressure.

2. Computational methods
2.1. Computational details

The pseudopotential plane-wave method[24] is used
to calculate the electronic properties, lattice dynam-
ics, and electron–phonon coupling (EPC) within the
Perdew–Burke–Ernzerhof(PBE) generalized gradient approx-
imation (GGA)[25] through the QUANTUM-ESPRESSO (QE)
package.[26] The 5s25p65d26s2 electrons are treated as valence
electrons. A kinetic energy cutoff of 100 Ry is used for all
three phases, as well as Gaussians width of 0.02 Ry. The k-
point meshes of 24×24×16, 16×16×24, and 32×32×32 are
employed for α , ω , and β phases, respectively. The phonon
spectra and phonon density of states (PhDOS) are computed
using the density-functional perturbation theory (DFPT)[27]
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with 6×6×4, 4×4×6, and 8×8×8 q-point meshes for α , ω ,
and β phases, respectively.

2.2. Superconductivity

The superconducting transition temperature Tc can
be obtained from the Allen–Dynes modified McMillan
equation[28,29]

Tc =
ωlog

1.2
exp
[
− 1.04(1+λ )

λ −µ*(1+0.62λ )

]
, (1)

where the ωlog is the logarithmic average frequency, which can
be written as

ωlog = exp
[

2
λ

∫
∞

0

dω

ω
α

2F(ω) lnω

]
; (2)

λ and µ* are the electron–phonon coupling constant and the
Coulomb pseudopotential, respectively, with

λ =
∫

∞

0

α2F(ω)

ω
dω. (3)

The α2F(ω), Eliashberg electron–phonon spectral function, is
written as

α
2F(ω) =

1
2πN(EF)

∑
qν

γqν

ωqν

δ (ω −ωqν), (4)

where N(EF) is the electronic density of state (DOS) at the
Fermi level, γqv is the phonon linewidth, ωqv is the phonon
frequency. The γqv is calculated by

γqv =
2πωqv

ΩBZ
∑

n,k,m
| gv

kn,k+qm |2 δ (εkn − εF)δ (εk+qm − εF), (5)

where ΩBZ is the volume of Brillouin zone (BZ), εkn and εk+qm

represent the Kohn–Sham energy, and gv
kn,k+qm is the EPC ma-

trix element. The gv
kn,k+qm, determined self-consistently by the

linear response theory, describes the probability amplitude for
the scattering of an electron with a transfer of crystal momen-
tum q.[28]

3. Results and discussion
3.1. Anisotropy of elastic moduli

In our previous investigation,[3] Hf metal crystallizes in
α phase under ambient conditions. The transition pressure of
α → ω (ω → β ) is 44.8 (73.1) GPa, which is in good agree-
ment with the experimental result of 38±8 (72±1) GPa re-
ported by Xia et al.[9] The crystal structures for α , ω , and β

phases are shown in Figs. 1(a)–1(c), as well as the indices of
crystal direction and plane for hexagonal and cubic structures
in Figs. 1(d) and 1(e). The pressure-dependent behaviors of
the elastic constants and elastic moduli for Hf element have
been systematically reported, as well as the detailed data of
elastic constants, which can be found in Ref. [3]. Based on

the calculated elastic constants, we extend our study to inves-
tigate the behavior of elastic anisotropy. Many low symme-
try crystals exhibit a high degree of elastic anisotropy, which
is closely related to the possibility of inducing micro-cracks
in materials. The elastic anisotropy can be described by the
universal anisotropic index AU [30] and the percent anisotropy
in compression and shear (Acomp and Ashear).[31,32] AU, Acomp,
and Ashear for a crystal are given as follows:

AU = 5
GV

GR
+

BV

BR
−6 ≥ 0, (6)

Acomp =
BV −BR

BV +BR
, Ashear =

GV −GR

GV +GR
, (7)

where BV (GV ) and BR (GR) are the bulk modulus (shear mod-
ulus) in the Voigt–Reuss–Hill (VRH) approximations,[33–35]

respectively. Please see the detailed computation scheme of
the BV, BR, GV, and GR in Ref. [6] for the hexagonal crystal
and in Ref. [37] for cubic structure. When a solid is isotropic,
AU = 0. The large deviation of AU from 0 indicates the large
extent of single crystal anisotropy. Thus, AU represents a uni-
versal measure to quantify the elastic anisotropy.[30] The val-
ues of Acomp and Ashear can range from 0 to 1, where 0 (1)
represents the isotropic (the maximum elastic anisotropy).[38]

Additionally, the shear anisotropic factors A1, A2, and A3 are
also considered to describe the elastic anisotropy due to our in-
vestigated crystal systems including hexagonal and cubic crys-
tal structures. A1, A2, and A3 are defined as[32]

A1 =
4C44

C11 +C33 −2C13
for the {1 0 0} plane, (8)

A2 =
4C55

C22 +C33 −2C23
for the {0 1 0} plane, (9)

A3 =
4C66

C11 +C22 −2C12
for the {0 0 1} plane. (10)
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Fig. 1. Crystal structures of (a) α-Hf, (b) ω-Hf, and (c) β -Hf, as well
as the indices of crystal direction and plane for (d) hexagonal and (e)
cubic structures.

If A1 = A2 = A3 = 1, the crystal is isotropic. Otherwise, it
is anisotropic. For the hexagonal structure, due to C11 = C22,
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C13 = C23, and C44 = C55, A1 equals A2. For cubic structure,
due to C11 =C22 =C33, C12 =C13 =C23, and C44 =C55 =C66,
A1 = A2 = A3. These results of elastic anisotropies are listed
in Table 1 for α , ω , and β phases. At 0 GPa, the calcu-
lated results of the α-Hf are consistent with that from Duan
et al.[39] except A3. In our calculations, A3 = 1, because here
the C66 is calculated by C66 = C11−C12

2 . At ambient pressure,
clearly the order of the universal elastic anisotropic index is
ω-Hf> α-Hf> 0. For compression and shear anisotropies,
Ashear > Acomp > 0 for α and ω phases, which indicates that
the shear anisotropy is larger than the compression anisotropy
and the elastic moduli are dependent on different directions.
In addition, for shear anisotropic factors, A1 = A2 < A3 for
α and ω phases, which also supports the conclusion that the
elastic moduli are strongly dependent on different directions.
Along with the increase of pressure, the data of the universal
elastic anisotropic AU increase monotonically for α-Hf and
ω-Hf, while they decrease for β -Hf. For α-Hf, increasing the
pressure from 0 to 44.8 GPa, Acomp and Ashear increase mono-

tonically. However, A1 and A2 decrease, and the differences
between A1 and A3 range from 0.194 to 0.432, which means
that the dependence of the elastic moduli on different direc-
tions becomes more pronounced upon compression. Similar
phenomena occur in Acomp, Ashear, A1, A2, and A3 for ω-Hf
within 0–73 GPa. For β -Hf, although the universal elastic
anisotropic index decreases from 10.894 to 3.714 within 73.3–
100 GPa, it still much larger than 0. Thus the elastic properties
are still anisotropic. Although Acomp = 0 and Ashear decreases
from 0.5214 to 0.2409 within 73.3–100 GPa, Ashear still does
not equal 0. Similar to AU, here A1, A2 and A3 also decrease
from 10.987 to 4.419 within 73.3–100 GPa, but they still much
larger than 1. Overall, the calculated Ashear, Acomp and shear
anisotropic factors (A1, A2, and A3) values support this con-
clusion that the elastic moduli of α-Hf, ω-Hf, and β -Hf are
strongly dependent on different directions. Moreover, the elas-
tic anisotropy increases with increasing pressure for α and ω

phases, while decreases upon compression for β phase.

Table 1. The calculated ratio of bulk modulus (BV/BR) and shear modulus (GV/GR), universal anisotropic index (AU), percent anisotropy
(Acomp and Ashear), and shear anisotropic factors (A1, A2, and A2) of Hf.

Phase Pressure (GPa) BV/BR GV/GR AU Acomp Ashear A1 A2 A3

α 0 1.002 1.009 0.047 0.0010 0.0044 0.806 0.806 1.000
10 1.004 1.016 0.087 0.0022 0.0082 0.744 0.744 1.000
20 1.006 1.027 0.141 0.0028 0.0133 0.684 0.684 1.000
30 1.008 1.041 0.211 0.0040 0.0199 0.630 0.630 1.000
40 1.012 1.048 0.254 0.0060 0.0236 0.602 0.602 1.000

44.8 1.014 1.057 0.300 0.0069 0.0279 0.577 0.577 1.000
1.001a 1.003a 0.016a 0.0016a 0.0003a 0.932a 0.932a 0.868a

ω 0 1.001 1.059 0.298 0.0005 0.0288 0.567 0.567 1.000
20 1.0003 1.067 0.337 0.0001 0.0326 0.543 0.543 1.000
40 1.0001 1.090 0.450 0.00005 0.0431 0.496 0.496 1.000

44.8 1.0002 1.099 0.495 0.0001 0.0471 0.481 0.481 1.000
50 1.0004 1.110 0.552 0.0002 0.0523 0.464 0.464 1.000
60 1.0008 1.136 0.682 0.0004 0.0638 0.429 0.429 1.000
70 1.0012 1.166 0.833 0.0006 0.0768 0.396 0.396 1.000
73 1.0014 1.175 0.877 0.0007 0.0805 0.387 0.387 1.000

β 73.3 1.000 3.179 10.894 0 0.5214 10.987 10.987 10.987
80 1.000 2.665 8.327 0 0.4544 8.826 8.826 8.826
90 1.000 2.195 5.974 0 0.3740 6.832 6.832 3.832
100 1.000 1.635 3.174 0 0.2409 4.419 4.419 4.419

aRef. [39].

As a valid method to describe the elastic anisotropic be-
havior of a solid completely, the three-dimensional (3D) sur-
face constructions of the directional dependence of recipro-
cal of Young’s modulus are also investigated by the following
expressions:[40]

1
E

= (1− l2
3)

2S11 + l4
3S33 + l2

3(1− l2
3)(2S13 +S44) (11)

for hexagonal system,

1
E

= S11 −2
(

S11 −S12 −
S44

2

)(
l2
1 l2

2 + l2
2 l2

3 + l2
1 l2

3
)

(12)

for cubic system, where Si j is the usual elastic compliance con-

stant, which is obtained from the inverse of the matrix of elas-

tic constants; l1, l2, and l3 are the direction cosines. The results

of Young’s modulus for α , ω , and β phases are shown in pan-

els (a) and (c) of Figs. 2–4, as well as the corresponding shear

modulus in panels (b) and (d) of Figs. 2–4. The surface in each

of graphs means the magnitude of E and G in different direc-

tions. For an isotropic system, the 3D surface construction is

a spherical shape. The values of anisotropy coefficient are re-

flected by the deviation degree from the spherical shape. In ad-

dition, we calculate Young’s modulus in the three principal di-

rections by E[100] = 1/S11, E[010] = 1/S22, and E[001] = 1/S33.
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For the hexagonal α and ω phases, a large deviation in 3D
surface constructions from the sphere indicates that Young’s
modulus E and shear modulus G show a strong anisotropy
(see Figs. 2 and 3). Under compression, Young’s modulus and
shear modulus have the increasing deviation in shape from the
sphere. It is suggested that Young’s modulus and shear modu-
lus show a increasing elastic anisotropy. For α phase, E[100] is
equal to E[010] = 185.18 GPa < E[001] = 208.33 GPa at 0 GPa.
E[100] is equal to E[010] = 263.16 GPa < E[001] = 333.33 GPa
at 40 GPa. These indicate that Young’s modulus along [100]
or [010] direction are more compressible than along [001] di-
rection for α-Hf. Similarly, for ω phase, E[100] is equal to
E[010] = 163.93 GPa < E[001] = 212.77 GPa (E[100] is equal to
E[010] = 294.12 GPa < E[001] = 333.33 GPa) at 0 (60) GPa.
For β phase, Young’s modulus in three principal-axial (E[100],
E[010], and E[001]) directions are 263.16 (333.33) GPa at 73
(100) GPa. Meanwhile, Young’s modulus in [110] and [111]
directions by using the expressions introduced in the recent
report[41] are 300.75 (370.37) GPa and 500 (555.56) GPa at 73
(100) GPa. Therefore, one can conclude that Young’s modulus
has a strong directional dependence. The difference values in
the directional Young’s modulus between [111] and the princi-
pal axes direction are 199.25 GPa and 185.19 GPa for 73 GPa
and 100 GPa, respectively, which indicates that Young’s mod-
ulus shows an anisotropic property and the anisotropy de-

creases upon compression. Although the difference values are
on the decrease along with the pressure increasing from 73
to 100 GPa, Young’s modulus still shows a strong anisotropic
property [see Figs. 4(a) and 4(c)]. As shown in Figs. 4(b) and
4(d), the largest value locates on the [100] direction while the
smallest value exists on the [110] direction for shear modulus.
According to these results, one can conclude that the β -Hf
is much easier to stretch along the [100] direction than other
directions and also easy to shear along the [110] direction.
The results of 3D surface constructions also show that elas-
tic anisotropies increase with increasing pressure for α and ω

phases, while decrease upon compression for β phase. This
result also supports our conclusion from the analysis of the
universal elastic anisotropy indexes.

3.2. Superconductive properties

Hafnium has excellent performance for high-temperature
superconductivity, especially the high-pressure β phase.[16]

Now, we focus our attention on structures of the electronic,
vibration modes, and the EPC in pressure range of 0–100 GPa
to analyze the effect of pressure on superconductivity. The
orbital-resolved band structures and the electronic DOS curves
of α , ω , and β phases are plotted in Figs. 5–7.
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and (e) 40 GPa, respectively, with the total and orbital-resolved local
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Comparing the results at different pressures, one can see
that the contribution of the bands around the Fermi energy
level mainly comes from the Hf-d orbital, while the contri-
bution from the p orbital is limited and from the s orbital
is hardly seen. As the DOS curves shown in Fig. 5, for α

phase, the values of total N(EF) are 0.715 states/(eV atom),
0.701 states/(eV atom), and 0.688 states/(eV atom) at 0 GPa,
20 GPa, and 40 GPa, respectively. The values of total N(EF)

are decreasing with increasing pressure from 0 to 40 GPa.
In addition, at 0 GPa, there is a peak (near 0.31 eV) and a
valley (near −0.10 eV) lying in two sides of the Fermi en-
ergy level, respectively. Upon compressing, both of them are
shifted downwards in energy level. For ω phase (see Fig. 6),
there exist two different kinds of atoms: Hf1 in 1a and Hf2
in 2d sites. The N(EF) values of Hf1-d (Hf2-d) electrons
are 0.500 (0.626) states/(eV atom), 0.544 (0.611) states/(eV
atom), and 0.547 (0.570) states/(eV atom) at 45 GPa, 60 GPa,
and 70 GPa, respectively. Along with increasing the pressure
from 45 to 70 GPa, the occupied of Hf1-d electron will ap-
proach to Hf2-d electron occupation at the Fermi level. Al-
though the d-electron occupation of Hf1 and Hf2 has an op-
posite evolution upon compressing around the Fermi level, the
total N(EF) still increases within 45–70 GPa.
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2
qv
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The magnitude of λqv is displayed with identical scale.

Moreover, there also have a peak (near 0.21 eV) and a

valley (near −0.07 eV) at the conduction band and valence

band, respectively, and both of them are shifted downwards

in energy level upon compression. For β phase (see Fig. 7),

different from the α and ω phases, although the peak and the

valley also lie at nearly 0.24 eV and −0.18 eV, respectively,

both of them are shifted upwards in energy level with pressure

increasing. From 75 GPa to 100 GPa, the total N(EF) presents

a trend of decrease from 1.436 to 1.097 states/(eV atom).

Next, we want to discuss the vibrational properties, the

EPC, and the PhDOS of Hf metal, as well as the Eliashberg

spectral function α2F(ω). The results are plotted in Fig. 8 for

α phase at 0 GPa, 20 GPa, and 40 GPa, Fig. 9 for ω phase

at 45 GPa, 60 GPa, and 70 GPa, and Fig. 10 for β phase at

75 GPa, 80 GPa, and 100 GPa, respectively. In fact, no imag-

inary modes are observed, which clearly indicates that α , ω

and β phases are dynamically stable at given pressure domain.

In addition, one can see that pressure will enhance the phonon

energies. These results turn out to be the same as our recent
result.[3] The phonon vibrations can be divided into two forms:
in-plane vibrations Hfxy and out-of-plane vibrations Hfz. For
α and β phases, the Hfxy and Hfz phonon vibrations are vis-
ible in the full BZ. Different from the α and β phases, for ω

phase, the in-plane vibrations (Hf1xy and Hf2xy) are visible in
the full BZ while the out-of-plane vibrations of the Hf1z (Hf2z)
occupy the frequencies region above (below) 100 cm−1.

We also calculate the phonon dispersions weighted by
the magnitude of the EPC λqv, the PhDOS, the Eliashberg
electron-phonon spectral function α2F(ω), and the cumu-
lative frequency-dependent of EPC λ (ω) and plot them in
Figs. 8–10 for α , ω , and β phases, respectively. The λqv, here,
according to the Migdal–Eliashberg theroy,[42] can be written
as

λqv =
γqv

πhN(EF)ω2
qv
. (13)

The cumulative frequency dependence of EPC λ (ω) and the

056202-7



Chin. Phys. B Vol. 30, No. 5 (2021) 056202

α2F(ω) can be obtained from Eqs. (3) and (4), respectively.
For α-Hf (see Fig. 8), at 0 GPa, according to our calculated
λ (ω), one can see that the total EPC λ is equal to 0.511, and
the vibrations, in the frequency below ∼76 cm−1, contribute
0.205 (40.1%). The phonons, in the frequency region of 76–
112 cm−1, contribute 0.170 (33.3%) of the total EPC, and the
remaining 0.136 (26.6%) contribution comes from phonons
in frequencies above 112 cm−1. Increasing the pressure to
40 GPa, the total EPC λ increases to 0.605, and almost half
the λ comes from the contribution of phonons in frequencies
below ∼93 cm−1. In the frequency region 0–93 cm−1, the
large values of the λqv here lead to the large EPC strength,
which has resulted in a peak of the PhDOS and the α2F(ω).
As shown in Fig. 9, for ω phase, at 45 GPa, the total EPC
λ = 0.582. In frequencies below ∼65 cm−1, the λ accounts
for 15.3% (0.089) of the total EPC, and the large values of the
EPC strength λqv here result in a peak on the α2F(ω). Most

of the total λ , about 75.0%, come from the contribution of
phonons in frequency region of 65–187 cm−1. At 70 GPa, the
total EPC λ increases to 0.727, and the phonons’ contribution
in frequencies below ∼65 cm−1 increases to 21.2% (0.154) of
the total EPC. However, the contribution of phonons, in the
frequency region of 65–187 cm−1, decreases to 59.9%. For
β phase (see Fig. 10), at 75 GPa, the total EPC λ = 1.624.
The phonons, in frequency region of 0–45 (45–70) cm−1, con-
tribute 30.0% (15.0%) of the total λ . Obviously, the large
values of λqv along the Γ –A direction in the frequency range
0–50 cm−1 are mainly due to the lowest transverse-acoustics
(TA1) soft mode, which results in a peak on the α2F(ω). In-
creasing the pressure to 100 GPa, the total EPC λ decreases
to 0.941. In addition, the soft mode of the TA1 branch will
gradually fade away by increasing pressure, which results in
the decrease of λ . Similar results can be found in our previous
work of β Zr.[43]
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The superconducting transition temperatures Tc have been
calculated from Eq. (1) with a typical value µ* = 0.1 is used,
and plotted in Fig. 11 for these there phases. Clearly, the dif-
ferent phenomena are observed in the pressure dependence.
The pressure coefficient of the Tc in the α and ω phases is a
positive value, while the β -Hf shows a negative pressure coef-
ficient. In addition, although our predicted values of Tc are
larger than the experimental values, the pressure-dependent
behaviors accord well with the experimental results.[16] Ac-
cording to the McMilan equation [Eq. (1)], one can see that
the Tc is determined by ωlog, λ , and N(EF). Thus, we have
calculated the ωlog and the λ in the pressure range 0–100 GPa
and plotted them in Fig. 12. The results show that the val-
ues of the λ for α and ω phases increase with the increas-
ing pressure, as well as the values of the ωlog for α phase.
However, the ωlog change is not evident under compression
for ω phase. In our previous discussion, the total N(EF) of
α phase decreases with pressure. These results support this
conclusion that the increase of Tc for α phase under pressure

mainly originates from the increase of λ and ωlog, as well as
the decrease of N(EF) by increasing pressure. For ω phase,
although the total N(EF) of α phase increases with pressure,
the N(EF) of Hf2 decreases with pressure. Moreover, Fig. 9
shows that the Hf2 phonons’ vibrations contribute most of the
total λ . Therefore, one can conclude that the increase of Tc for
ω phase mainly originates from the increase of λ . However,
for β phase, almost opposite evolutions appear on ωlog and λ

curves in the pressure range 75–100 GPa. The increasing rate
of ωlog is smaller than the decreasing rate of λ . Thus the de-
crease of Tc for β phase mainly originates from the decrease
of λ in 75–100 GPa pressure domain. In addition, the lowest
TA1 soft mode for β phase can lead a significant electron-
phonon contribution, which has been discussed in the above
paragraph. With the increasing pressure, soft vibrational mode
gradually fades away. Thus, the decrease of Tc under pressure
mainly originates from the fading of soft vibrational modes in-
duced by increasing pressure. Actually, for Zr metal, similar
pressure-dependent behaviors are also observed in Tc, which
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has been reported in experiments by Akahama et al.[44] and
calculations by Wang et al.[43] Akahama et al. believe that
the effect of pressure on the Tc has relation with the s–d elec-
tronic transformation. For transition metals, the dTc/dP is
governed by the shape of the d-band, expressed by the quan-
tity dN(EF)/dZd.[45] Zd is valence electron numbers. Com-
pression affects the Tc in the same way as filling the d-band by
adding atoms of higher valency.[44] As a same group element,
the s–d transition is also a feature of Hf under pressure. There-
fore, we surmise that the effect of pressure on the Tc also has
relation with the s–d electronic transformation for Hf metal.
Future investigations are needed to verify our speculation.
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4. Conclusion
In summary, the first-principles calculations are em-

ployed to investigate the elastic anisotropy and supercon-
ductive properties of hafnium metal. Hafnium is an elastic
anisotropic crystal. Its elastic moduli are strongly dependent
on different directions. From the anisotropic parameters and
the 3D surface constructions of the E and G, one can conclude
that the elastic anisotropy increases with increasing pressure
for α and ω phases, while decreases under compression for
β phase. In addition, our calculated Tc agrees well with ex-
periments. Upon compression, the increase (decrease) of Tc

mainly originates from the corresponding increase (decrease)
behavior of the EPC constant λ .
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Appendix A: Convergence test of electron–
phonon coupling constant

It is difficult to obtain convergent λ , directly. In prac-
tical EPC matrix element calculation, the δ function can be
replaced by the smearing function with a broadening width
σ .[46] We are interested in the limit that σ → 0 and the number
of k points → ∞. In order to obtain convergent EPC constant
λ , we have extensively tested the number of k and q points for
α-Hf at 0 GPa. These results are shown in Fig. A1. As shown
in Fig. A1, for α-Hf at 0 GPa, with increasing the number of
k or q points, the values of λ decrease. When the k and q
points increase to a certain extent, the differences of λ values
are small, meanwhile there is an emergence of a small separa-
tion near σ = 0.02 eV in the overlapping results. According
to the results, we can say that the calculated EPC constant λ is
convergent for a k-point, e.g., 24×24×16, and a q-point, e.g.,
6×6×4. In addition, the corresponding σ is 0.02 eV.
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Fig. A1. Convergence test of EPC constant versus smearing parameter
σ in α-Hf at 0 GPa with different k and q points.
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