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Nonlinear propagation of an intense Laguerre–Gaussian laser pulse
in a plasma channel∗
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The nonlinear propagation of an intense Laguerre–Gaussian (LG) laser pulse in a parabolic preformed plasma channel
is analyzed by means of the variational method. The evolution equation of the spot size is derived including the effects of
relativistic self-focusing, preformed channel focusing, and ponderomotive self-channeling. The parametric conditions of the
LG laser pulse and plasma channel for propagating with constant spot size, periodically focusing and defocusing oscillation,
catastrophic focusing, and solitary waves are obtained. Compared with the laser pulse with fundamental Gaussian (FG)
mode, it is found that the effect of vacuum diffraction is reduced by half and the effects of relativistic and wakefield
focusing are decreased by a quarter due to the hollow transverse intensity profile of the LG laser pulse, while the effect
of channel focusing is the same order of magnitude with that of the FG laser pulse. Thus, the matched condition for the
intense LG laser pulse with constant spot size is released obviously, while the parameters of the laser and plasma for the
existence of solitary waves nearly coincide with those of the FG laser pulse.

Keywords: nonlinear propagation, intense Laguerre–Gaussian laser pulse, wake-field effect, plasma channel
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1. Introduction
The optical guiding of an intense laser pulse in plasma is

very important to many promising applications, such as laser-
driven accelerators,[1] harmonic generation,[2] laser confine-
ment fusion,[3] and x/γ-ray radiation sources.[4] As we know, a
laser pulse propagating in vacuum will diffract after a distance
on the order of a Rayleigh length ZR = πr2

0/λ , where r0 is the
laser spot size at focus and λ is the laser wavelength. However,
an intense laser pulse in uniform plasmas can guide itself due
to the relativistic self-focusing (RSF) when the laser power ex-
ceeds the critical power Pc = 17.4(ω0/ωp)

2 (GW), where ω0

is the laser frequency and ωp is the plasma frequency.[5] If the
laser power is smaller than Pc, laser diffraction will dominate
over the RSF. In this case, a preformed plasma channel with
a radially parabolic density profile can prevent laser diffrac-
tion and guide the latter propagating over many Rayleigh
lengths,[6] which is beneficial to the above applications. In
a realistic scenario, even if the laser power P > Pc, GeV quasi-
monoenergetic electron bunches can be obtained by increasing
the acceleration length to a few centimeters in a laser guiding
discharge capillary.[7–9] Recently, a striking result of electron
bunch approaching 8 GeV has been measured in such channel-
guided laser accelerator with more powerful laser systems.[10]

Such high energy electron bunches provide a potential ap-
proach to produce high brightness x-ray and even γ-ray ra-
diation sources.[11–13] Laser wake-field acceleration (LWFA)
is the main acceleration mechanism for the generation of such
energetic electron bunch and then wake field effects play a cru-

cial role in electron acceleration like as the plasma channel.
In these experiments, laser pulses with fundamental

Gaussian (FG) mode are usually used as drivers for propagat-
ing in a preformed plasma channel. It has been shown that
the propagation characteristics of an intense laser pulse in a
preformed plasma channel is strongly dependent on the inter-
actions between the laser and plasma according to the princi-
ple of the refractive guiding.[5] When electrons quiver trans-
versely in the electric field of an intense laser pulse, their mass
increase relativistically and then the radial profile of the re-
fraction index peaks on the propagating axis, which means
that the plasma acts as a positive len. Consequently, the laser
pulse focuses toward the axis, i.e., the RSF occurs. A per-
formed plasma channel with a radially parabolic density pro-
file creates a refractive index profile with on-axis maximum,
which yields the channel focusing (CF). The transverse pon-
deromotive force of an intense laser pulse can expel elec-
trons away from the region where the laser intensity is the
maximum, which gives rise to transverse gradient of the re-
fractive index. This effect is well known as the ponderomo-
tive self-channeling (PSC). All these nonlinearities discussed
above present the focusing effects. Therefore, whether the
laser pulse can realize guiding would mainly depend on the
competition between the vacuum diffraction and the combined
focusing effects of RSF, CF, and PSC. Many papers have in-
vestigated these focusing effects in the uniform plasma or pre-
formed channel cases.[14–20] It has been found that the spot
size of an laser pulse can evolve along the propagating axis
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with constant, periodically focusing and defocusing oscilla-
tions, and catastrophic focusing. Further, Zhang et al. has
investigated the existence conditions of solitary waves in a
parabolic plasma channel.[21] The solitary waves are helpful
to electron acceleration in the LWFA, because any perturba-
tion of the solitary waves would lead to the wave breaking
and realize the electron self-injection in the wake-field regime.
Hong et al. found that when the laser length is on the order
of plasma wavelength, a wake field will be excited efficiently
and focus the laser pulse during its propagation forward.[22]

Most of these results are based on the laser pulses with FG
modes. In recent years, there has been an increasing interest
on the laser pulses with Laguerre–Gaussian (LG) modes which
have hollow transverse intensity profile and carry orbital an-
gular momentum.[23–33] LG laser pulses drive donut-shaped
wake fields whose field structure is capable of accelerating
positrons and significantly enhances x/γ-ray generation.[23–26]

Obviously, the dynamics of LG laser pulse propagating in a
preformed plasma channel would definitely affect its applica-
tion. In non-relativistic limit, the condition for the matched
LG laser pulse in a preformed plasma channel is the same for
all modes whether it includes the finite pulse length and group
velocity dispersion or not.[6,34] However, electrons can be vio-
lently accelerated in the wake field regime driven by an intense
laser pulse. Thus, these nonlinearities, such as group velocity
dispersion, relativistic and wake-field effects, should be con-
sidered in analyzing the LG laser dynamics.

In this paper, we study the propagation characteristics
of an intense LG laser pulse in a preformed plasma channel
used by variational technique, including the combined effects
of RSF, CF, and PSC. In order to effectively excite the wake
field, the pulse length is defined as L = λp in our model,[1,5]

where L and λp are the pulse length and plasma wavelength,
respectively. The evolution equation of the LG laser spot size
is obtained and then the conditions of laser and plasma chan-
nel parameters for propagating with constant spot size, period-
ically focusing, and defocusing oscillations, catastrophic fo-
cusing and solitary waves are identified in detail. All these
nonlinear effects mentioned above are also illustrated numeri-
cally.

2. Evolution equation of laser spot size

The propagation along the z-direction of a linearly polar-
ized laser pulse in a preformed plasma channel will be con-
sidered in our model. The density of the plasma channel is
assumed with a profile of the form nch(r) = n0 + ∆nr2/r2

ch,
where n0 is the initial axial electron density, ∆n and rch are the
channel depth and radius, respectively. The normalized vector
potential of the laser field is given by

𝑎(r,z, t) =
1
2

a(r,z, t)exp[i(kz−ωt)]𝑥̂+ c.c., (1)

where 𝑎= e𝐴/m0c2 is the normalized amplitude of the vector
potential of the laser field, e and m0 are the charge and the rest
mass of electron, c is the light velocity in vacuum, ω = ck/βg

is the laser center frequency, βg = vg/c is the normalized group
velocity, 𝑥̂ is the unit vector along the x axis, and c.c. denotes
the complex conjugate.

In the following, it is considered in the limit of weakly rel-
ativistic |a|2 < 1 and under dense plasma nch/ncr < 1, where
ncr = m0ω2/4π e2 is the critical density. Starting from the
Maxwell’s equations and the relativistic cold electron fluid
equations, to the order of |a|3, using Coulomb gauge ∇ ·𝑎= 0,
the coupling equations describing an intense laser pulse propa-
gating in a preformed plasma channel can be written as[14,17,22][

∇
2
⊥+2ik

∂

∂ z
+2

∂ 2

∂ξ ∂ z
+(1−β

2
g )

∂ 2

∂ξ 2

−
(

k2 + k2
p0−

ω2

c2

)]
a(r,z,ξ )

=−k2
p0

( |a|2
4
− δn

n0
− ∆nr2

n0r2
ch

+
∆nr2

n0r2
ch

|a|2

4

)
a(r,z,ξ ), (2)[

∂ 2

∂ξ 2 +
k2

p0

β 2
g

(
1+

∆nr2

n0r2
ch

)]
δn
n0

=
1

4β 2
g

[
∇

2
⊥+

∂ 2

∂ξ 2

]
|a|2, (3)

where kp0 = ωp0/c is the plasma wave number, ωp0 =√
4πn0e2/m0 is the electron plasma frequency, δn/n0 = (n−

nch)/n0 is the normalized density perturbation, and the re-
tarded system (z, ξ = z−βgct) is introduced here. In deriv-
ing Eqs. (2) and (3), the term ∂ 2a/∂ 2z representing higher or-
der diffraction is neglected in the limit L� 2ZR and L2/r2

0 �
(1+ k2

p0r2
0/4− k2

p0r2
0a2

0/16), where L is the pulse length. For
a weakly relativistic laser pulse, the electron Lorentz factor,
which is approximately γ =

√
1+ |a|2/2 ' 1 + |a|2/4, has

been used to derive the source term of Eq. (2) and wake field
generation in the linear regime can be obtained using the cold
fluid equations, i.e., Poisson equation, continuity equation, and
fluid momentum equation. One can obviously see that equa-
tion (2) is the wave equation for the pulse envelop of the laser
field and equation (3) is the perturbed density equation in the
wake field region. The first, second, third, and fourth terms
on the right-hand side of Eq. (2) are due to relativistic nonlin-
earity, wake field effect, plasma channel, and the coupling of
relativistic nonlinearity with the plasma channel, respectively.
Furthermore, the right-hand side of Eq. (3) represents the pon-
deromotive force of the laser pulse.

According to the propagation dynamics, a general solu-
tion to Eq. (2) is a LG mode, characterized by the mode num-
bers n and l, of the form

a(r,z,ξ ) = as(z)
(√2r

rs(z)

)l
Ll

n

( 2r2

rs(z)2

)
×exp

[
iθ(z)− (1− iα(z))

r2

rs(z)2 + ilφ
]

×sin
(
πξ/L

)
, (0≤ ξ ≤ L), (4)
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where Ll
n is the generalized Laguerre polynomial, φ is the po-

lar angular coordinate, and as(z), θ(z), rs(z), and α(z) are
the real functions of the propagation distance z and represent
the amplitude, phase shift, spot size, and curvature, respec-
tively. For the sake of simplicity, the first order LG mode
(l = 1, n = 0) is considered in our model, which has been used
by most papers to study electron acceleration and radiation
sources.[23–33] By inserting Eq. (4) into Eq. (3), the solution
for the perturbed plasma density inside the pulse (0 ≤ ξ ≤ L)
is given by

δn
n0

= − a2
s

k2
p0r2

s

[
2r2

r2
s
−
(

1− 2r2

r2
s

)2
]

exp
(
− 2r2

r2
s

)
×
[
1− coskp0ξ +

kp0

2
(λp−ξ )sinkp0ξ

]
−

kp0a2
s

16

(2r2

r2
s

)
exp
(
− 2r2

r2
s

)
(λp−ξ )sinkp0ξ . (5)

In deriving Eq. (5), the laser pulse with L∼ λp and the normal-
ized group velocity βg ' 1 are assumed, wide channel approx-
imation kp0rch > 1, i.e., the radial dependence of the plasma
frequency can be neglected. The first and second terms on the
right-hand side of Eq. (5) represent those induced by the trans-
verse and longitudinal ponderomotive force of the laser pulse.
By inserting Eqs. (4) and (5) into Eq. (2) and adopting the
variational method,[16,17,35] we can obtain after some tedious
algebra the following equations:

as =
a0r0

rs
, (6)

α =
krs

2
∂ rs

∂ z
, (7)

∂ 2rs

∂ z2 =
2

k2r3
s
−

3k2
p0a2

0r2
0

128k2r3
s
−

k2
p0∆nrs

k2n0r2
ch
−

15a2
0r2

0
32k2r5

s
−

3π2a2
0r2

0
64k2r3

s L2 , (8)

where a0 and r0 are the initial (z = 0) amplitude and spot size
of the LG laser pulse, respectively. Considering the effects of
relativistic, channel-coupling nonlinearity and wake field, one
can obtain the evolution characteristics of the laser spot from
Eqs. (6)–(8). Equation (6) indicates the power conservation
relation a2

s r2
s = a2

0r2
0. The first term on the right-hand side of

Eq. (8) shows the vacuum diffraction, the second term repre-
sents the RSF, the third term yields the CF, the fourth and fifth
terms present the wake-field effects induced by the transverse
and longitudinal ponderomotive forces of the laser pulse, re-
spectively. It obviously shows that the wake field also leads to
the focusing of the LG laser pulse. Compared with the results
of a FG laser pulse, such as Eq. (8) in Ref. [22], coefficient
of the term of vacuum diffraction decreases by half and coeffi-
cients of the terms of the combined focusing also decrease by
a quarter except the third term of the CF. Therefore, the hollow
transverse intensity profile of the LG laser pulse significantly
influences on its nonlinear propagation characteristics.

3. Propagation characteristics of the LG laser
pulse

In the absence of wake field effect in Eq. (8), one can ob-
tain that the normalized critical power for relativistic focusing
using the LG laser pulse with the sinusoidal profile in the lon-
gitudinal direction is given by Pc = 256/3. If the trial function
is a laser beam with FG mode then Pc = 32, which is corre-
sponding to 17.4(k/kp0)

2 GW in practical units.[5] To simplify
the equation further, the dimensionless variables are intro-
duced as z̃ = z/zR, r̃s = rs/r0, and P̃ = P/Pc = 3k2

p0a2
0r2

0/256.
The tildes are omitted in the following for convenience. Then,
the normalized envelope equation for the laser spot size, i.e.,
equation (8), can be rewritten as

∂ 2rs

∂ z2 =
(1

2
− 3

4
P
) 1

r3
s
−Ncrs−

15a2
0

128
1
r5

s
, (9)

where Nc = k2
p0r4

0∆n/4n0r2
ch is a parameter related to the effect

of preformed channel focusing. One should note that the effect
of wake field induced by the longitudinal ponderomotive force
has been incorporated into the effect of the RSF. Compared
with the case of a FG laser pulse, e.g., Eq. (9) in Ref. [22], one
can obviously see that the effect of vacuum diffraction of the
LG laser pulse is reduced by half, the CF has the same order
of magnitude as the result of the FG laser pulse and the other
combined focusing is significantly reduced by a quarter.

With the initial conditions rs|z=0 = 1 and ∂ rs/∂ z|z=0 = 0,
integrating Eq. (9) once yields

1
2

(
∂ rs

∂ z

)2
+V (rs) = 0, (10)

where

V (rs) =
1
4

(
1− 3P

2

) 1
r2

s
+

1
2

Ncr2
s −

15a2
0

512
1
r4

s
−V0, (11)

V0 =
1
4

(
1− 3P

2

)
+

1
2

Nc−
15a2

0
512

. (12)

Equation (10) has the same form of an energy equation for a
particle in a potential well V (rs). Here, rs has the role of the
space coordinate and z is the “time”. Thus, it is more instruc-
tive to discuss the solution of Eq. (10) according to the value of
the potential V (rs), which in turn depends on the initial laser
and plasma parameters.

We first analyze the potential function V (rs). By solving
V (rs) = 0, one can obtain three solutions as

rs1 = 1, (13)

rs2 = [(Np +
√

N2
p −15360Nca2

0)/512Nc], (14)

rs3 = [(Np−
√

N2
p −15360Nca2

0)/512Nc], (15)

where Np = 128−192P−15a2
0. The relations among the three

roots intensively depend on the initial laser and plasma param-
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eters. It is convenient to define three thresholds Pth1 = (128−
15a2

0−32a0
√

15Nc)/192, Pth2 = (64−15a2
0−128Nc)/96, and

Nth = 15a2
0/256. It should note that when Nc = Nth, one can

get the critical condition Pth1 = Pth2. Thus, we can obtain the
following results about the relations of the three roots as: (i) if
P > Pth1, V (rs) = 0 has only one real root, i.e., rs1 = 1; (ii) if
P = Pth1 and Nc = Nth, V (rs) = 0 has triple real roots, i.e.,
rs1 = rs2 = rs3 = 1; (iii) if P = Pth1 and Nc > Nth, the roots
are rs1 = 1 and rs2 = rs3 = (

√
15a0/16

√
Nc)

1/2 < 1; (iv) if
P = Pth1 and Nc < Nth, the roots are rs1 = 1 and rs2 = rs3 =

(
√

15a0/16
√

Nc)
1/2 > 1; (v) if P < Pth2, V (rs) = 0 has three

unequal real roots, i.e., rs3 < rs1 < rs2; (vi) if P = Pth2 and
Nc >Nth, the roots are rs1 = rs2 = 1 and rs3 < 1; (vii) if P=Pth2

and Nc < Nth, the roots are rs1 = rs3 = 1 and rs2 > 1; (viii) if
Pth2 < P < Pth1 and Nc > Nth, V (rs) = 0 has three unequal real
roots, i.e., rs3 < rs2 < rs1; (ix) if Pth2 < P < Pth1 and Nc < Nth,
V (rs) = 0 has three unequal real roots, i.e., rs1 < rs3 < rs2.
For the sake of clarity, the evolutions of potential well V (rs)

with the spot size rs in the cases (i)–(ix) are depicted corre-
sponding to Figs. 1(a)–1(i), respectively. One can clearly see
the relations among the three roots according to the different
laser power P and channel parameter Nc. Therefore, it is eas-
ily obtain the propagation characteristics of a LG laser pulse
propagating in a plasma channel from Fig. 1.

First of all, we discuss the condition for a matched
(nonevolving) spot size of the LG laser pulse in the plasma

channel. Only case (vi) mentioned above can ensure the test

particle rest in the potential well V (rs) as shown in Fig. 1(f).

Thus, if the initial laser and plasma parameters satisfy P = Pth2

and Nc > Nth, the spot size rs = 1 will retain during the propa-

gation of the LG laser pulse in the plasma channel. Second, the

test particle will be unstable and eventually move boundlessly

to the position rs → 0, which can occur in the cases (i), (ii),

(iv), and (ix), respectively. In this case, the spot size will be fo-

cused catastrophically and contracted to a geometric point. It

should be pointed that the singularity will never occur since the

laser intensity will be increased infinitely, which is beyond the

weakly relativistic limit of our model. According to the param-

eter conditions of cases (i), (ii), (iv), and (ix), one can obtain

the comprehensive parameter regions for catastrophic focus-

ing, i.e., P > Pth1 for any Nc and Pth2 < P≤ Pth1 for Nc ≤ Nth.

Third, one can find from Figs. 1(e) and 1(h) that the test par-

ticle will oscillate back and forth between rs1 and rs2. So the

structure of the spot size rs is a train of finite amplitude waves

with finite wavelength. The test particle will perform period-

ically defocusing oscillation in the case (v) whereas perform

periodically focusing oscillation in the case (viii). Last but not

least, in cases (vii) and (iii), the test particle initially lies in or

moves to a critical point. It is very interesting to discuss the

two critical cases for the propagation of LG laser pulse in a

preformed plasma channel.
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Fig. 1. Potential well V (rs) as a function of rs. Panels (a)–(i) correspond to the enumerated cases (i)–(ix) in the paper discussed above rs1, rs2, and rs3 are
the three roots of V (rs) = 0. The red point in each figures represents the initial position of a test particle with rs = 1 and ∂ rs/∂ z = 0. The normalized laser
amplitude is a0 = 0.3 for all cases.
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According to the nonlinear dynamics theory, equation (9)
can be reduced to the following autonomous system’s equa-
tions:

∂ rs

∂ z
= u, (16)

∂u
∂ z

=−V ′(rs). (17)

Here V (rs) has been taken once the rs derivative in Eq. (17).
In the case (vii), the test particle initially lies in the critical
point (1, 0), which is one of the two fixed points of the au-
tonomous system. The eigenvalues of the linearized equations
of Eqs. (16) and (17) are η1,2 = ±

√
−V ′′|rs=1. Since the po-

tential well V (rs) has a maximum at rs = 1, V ′′|rs=1 < 0 holds.
Thus, one of the eigenvalues is a positive real number while the
other is a negative real number. Therefore, the critical point (1,
0) is a saddle point and equation (9) has solitary wave solution
in the case (ix). Similarly, in the case (iii), it can prove that
the point (rs2(= rs3),0) is also a saddle point. The test particle
with the initial position (1, 0) lies in the homoclinic orbit pass-
ing through the saddle point (rs2,0) since H(rs2,0) = H(1,0),
where H is the Hamiltonian function of the autonomous sys-
tem. Hence, equation (9) also has solitary wave solutions in
the case (iii). Consequently, it exists solitary waves for the LG
laser pulse in the appropriate parameters of laser and plasma.
From cases (iii) and (vii), one can obtain that the initial pa-
rameters of the LG laser pulse and plasma channel for the ex-
istence of solitary waves should satisfy as P=Pth1 for Nc >Nth

and P = Pth2 for Nc < Nth.

periodic 

defocusing 1

periodic focusing 3

solitary wave 4

catastrophic focusing 5

constant 

spot size 2

0 0.2 0.4 0.6 0.8 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

P

Nc

Fig. 2. Propagation characteristics of a LG laser pulse (black curves) and
a FG laser pulse (red curves) for a0 = 0.3. The circles correspond to the
critical parameters Nth. The solid curves 4 represent the parameters of the
existence of the solitary waves, while the dashed curves 2 denote the propa-
gation of laser pulse with constant spot size. There are three regions, which
correspond periodically defocusing oscillations (region 1), periodically fo-
cusing oscillations (region 3), and catastrophic focusing (region 5). The
results of the FG laser pulse have calculated according to the formulas of
Ref. [22].

In order to get the full view of the propagation character-
istics of the intense LG laser pulse, the initial parameters of
laser and plasma channel for each cases discussed above are
plotted in Fig. 2 (black curves). For comparison, the propaga-
tion characteristics of a FG laser pulse in a preformed channel

are also shown in Fig. 2 (red curves). The solid curves 4 are
the critical power of the laser pulse for the existence of the
solitary waves under different the channel parameter Nc, and
the dashed curves 2 denote the laser power for its propaga-
tion with constant spot size. The two types of curves classify
the Nc–P plane with three regions corresponding to the peri-
odically defocusing oscillation (region 1), periodically focus-
ing oscillation (region 3) and catastrophic focusing (region 5),
respectively. As expected, the effects of relativistic, channel-
coupling nonlinearity and wake field greatly release the total
critical power P for the laser focusing, which is far smaller
than 1. It is obviously seen from Fig. 2 that the critical power
of the LG laser pulse for the existence of the solitary waves al-
most coincides with that of the FG laser pulse, while the laser
power for its propagation with constant spot size in the case
of the LG laser pulse is decreased remarkably compared with
the case of the FG laser pulse. When Nc = 0.5, the powers for
the existence of the solitary waves are 0.525 for the LG laser
pulse and 0.515 for the FG laser pulse, respectively. However,
the power for the propagation with constant spot size is very
weak, i.e., P ' 0, in the case of the LG laser pulse, which is
more less than that (P = 0.305) in the case of the FG laser
pulse. Therefore, one can note that there is a overlapping area
between the periodic focusing region of the LG laser pulse and
the periodic defocusing region of the FG laser pulse.

4. Numerical results and discussion
In this section, the propagation characteristics of the LG

laser pulse in a performed plasma channel are numerically
investigated according to Eq. (9), which is solved using the
fourth-order Runge–Kutta method with the parameters pre-
sented in Fig. 1 and the initial conditions rs|z=0 = 1 and
∂ rs/∂ z|z=0 = 0. The evolution of laser spot size rs and am-
plitude as with the propagation distance z will be shown in the
following Figs. 3–5 for the cases of constant spot size, catas-
trophic focusing, periodically focusing (or defocusing) oscil-
lation, and solitary waves, respectively.

It can be seen from Eq. (9) that the propagation charac-
teristics of the LG laser pulse strongly depend on the competi-
tion between the vacuum diffraction and the combined focus-
ing effects of relativistic, channel-coupling nonlinearity, and
wake field. When the effect of the vacuum diffraction is ex-
actly canceled by the combined focusing effects, the equilib-
rium solution with constant spot size rs and constant ampli-
tude as are shown in the solid curves of Fig. 3 corresponding
to the case (vi) of Fig. 1. If the combined focusing effects sig-
nificantly overwhelm the vacuum diffraction, the catastrophic
focusing will happen. One can see the cases of the catas-
trophic focusing plotted in Fig. 3 with the dashed curves, dot-
ted curves and dash–dotted curves, which correspond to the
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cases of Figs. 1(a), 1(d), and 1(i), respectively. With the nearly
same laser power P, the spot size rs of the case of Fig. 1(a)
is focused catastrophically more faster than those cases of
Figs. 1(d) and 1(i) because of the higher channel parameter
Nc. As mentioned early, the catastrophic focusing will never
occur since the laser intensity will increase infinitely when the
spot size is focused to zero. Then, the effects of higher-order
relativistic nonlinearities and other terms will prevent the spot
size collapse in the real laser-plasma interactions. Actually,
the high-intense laser pulse (a0 ≥ 1) will expel local plasma
electrons and create an electron-free blowout. This effect will
lead to the diffracting propagation for the laser pulse as in the
vacuum.[36,37] Even so, it is still out of the weakly relativistic
limit used in our model.

case (vi)
case (i)
case (iv)
case (ix)

(a)

(b)

0 5 10 15 20
0

0.5

1.0

0 5 10 15 20
0

0.5

1.0

r
s

a
s

z

z

Fig. 3. The evolution of laser spot size rs (a) and amplitude as (b) with
the propagation distance z. The propagation characteristics of the LG laser
pulse with constant spot size are plotted with the parameters of Fig. 1(f)
(solid curve), while the cases of catastrophic focusing are plotted with the
parameters of Fig. 1(a) (dashed curve), (d) (dotted curve), and (i) (dash–
dotted curve).

If the initial parameters of laser and plasma are chosen as
in region 1 of Fig. 2, the periodically defocusing oscillations
will occur as shown in Figs. 4(a) and 4(c) responding to the
case of Fig. 1(e). In this region, the combined focusing effects
are weaker than the vacuum diffraction in the beginning, and
the laser spot size in turn increases at first, which can be veri-
fied by rs with greater than 1 in Fig. 4(a). With the increase of
the spot size, the CF will be enhanced but the vacuum diffrac-
tion becomes weaker. Then, the defocusing behavior of the
spot size will be prevented and it will decrease after reach-
ing a peak. Thus, the periodically defocusing oscillations of
the laser spot size will form as shown in Fig. 4(a). In the re-
gion 3 of Fig. 2, with the parameters of laser and plasma in
this region, e.g. the the case (viii) of Fig. 1, the laser spot size
decreases at first and will be less than 1, which leads to en-
hancing the vacuum diffraction but decreasing the CF. Thus,
the periodically focusing oscillations can build as shown in
Figs. 4(b) and 4(d).

The propagation characteristics of solitary waves are pre-
sented in Fig. 5. One can see that the homoclinic orbits in rs–
∂ rs/∂ z plane are depicted in Figs. 5(a) and 5(b) corresponding
to the parameters of Figs. 1(c) and 1(g), respectively. It means
that the evolution of the spot size rs and amplitude as with
the propagation distance z will be solitary waves. However, in
general it is hard to get the exact solutions of the solitary wave
for Eq. (9) since the numerical error is unavoidable. Hence, a
train of solitary-like waves of the spot size rs, of course ampli-
tude as, are shown in Figs. 5(c)–5(f). It should note that in the
case of Fig. 1(c), the initial spot size is not at a saddle point and
a solitary-like structure is formed at first, and then the spot size
keeps constant for a long distance about 7ZR. However, in the
case of Fig. 1(g), the spot size initially lies on a saddle point
and in turn keeps constant at first for a longer distance about
150ZR. It is worth pointing out that the solitary-like waves
have the focusing effect in Figs. 5(a), 5(c), and 5(e) because
of the higher channel focusing, while the solitary-like waves
have the defocusing effect in Figs. 5(b), 5(d), and 5(f).
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z z

z z
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Fig. 4. The evolution of laser spot size rs (a) and amplitude as (c) shows
the periodically defocusing oscillation with the parameters of Fig. 1(e). The
evolution of laser spot size rs (b) and amplitude as (d) shows the periodically
focusing oscillation with the parameters of Fig. 1(h).
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Fig. 5. Propagation characteristics of solitary-like waves corresponding to
the cases of Fig. 1(c) (left column) and 1(g) (right column). (a) and (b) Or-
bits on the phase plane rs–∂ rs/∂ z, the initial position is marked in red; (c)
and (d) the evolution of the laser spot size rs with the propagation distance
z; (e) and (f) the evolution of the laser amplitude as with the propagation
distance z.
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In order to further understand the influence of the hollow
transverse intensity profile of the LG laser pulse on its prop-
agation characteristics, it is necessary to investigate the be-
haviors of the spot size of the LG and FG laser pulses with
the same initial parameters. Figure 6 shows the evolution
of the spot size rs of the LG (solid curves) and FG (dashed
curves) laser pulses with the same parameters of laser power
and plasma channel in the different regions of Fig. 2, i.e.,
P = 0.2 and Nc = 0.2 in region 1, P = 0.2 and Nc = 0.5 in the
overlapping region, P = 0.4 and Nc = 0.5 in the region 3, and
P= 0.6 and Nc = 0.8 in the region 5. In region 1 of Fig. 2, both
of the LG and FG laser pulses perform periodically defocus-
ing oscillations as shown in Fig. 6(a). However, the effect of
vacuum diffraction of the LG laser pulse is weaker than that of
the FG laser pulse and then the spot size of the latter increases
to the peak about 2.05, close to 1.6 times the peak value of the
former. When the channel parameter Nc increases to 0.5, i.e.,
in the overlapping region of Fig. 2, the combined focusing ef-
fects overwhelm the vacuum diffraction effect for the LG laser
pulse and it in turn performs periodically focusing oscillations
as shown in Fig. 6(b). However, due to the stronger vacuum
diffraction, the FG laser pulse still remains the periodically de-
focusing oscillations but with the smaller amplitude of oscilla-
tion. In region 3 of Fig. 2, the combined focusing continually
overwhelms the vacuum diffraction for the LG laser pulse and
then its oscillation amplitude is further enhanced as shown in
Fig. 6(c). Due to the enhanced laser power, the FG laser pulse
converts to present periodically focusing oscillations with the
smaller amplitude of oscillation. When the parameters of laser
power and plasma channel locate in the region 5 of Fig. 2, the
focusing characteristics of the LG and FG laser pulses coin-
cide with each other except the spot size rs close to 0 as shown
in Fig. 6(d), which will never occur.
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Fig. 6. The evolution of spot size rs with propagation distance z for the
LG (black solid curves) and FG (red dashed curves) laser pulses. The pa-
rameters of laser pulse and plasma channel are (a) P = 0.2 and Nc = 0.2 in
region 1 of Fig. 2, (b) P = 0.2 and Nc = 0.5 in the overlapping region of
Fig. 2, (c) P = 0.4 and Nc = 0.5 in the region 3 of Fig. 2, and (d) P = 0.6
and Nc = 0.8 in the region 5 of Fig. 2, respectively.

5. Conclusion
In a summary, the propagation characteristics of an in-

tense LG laser pulse in a performed plasma channel are in-
vestigated, which takes into account the combined effects of
relativistic, channel-coupling nonlinearity, and wake field. An
evolution equation of the laser spot size is derived by means
of the variational method. It is proved that the LG laser pulse
can propagate with constant, periodically defocusing and fo-
cusing oscillations, catastrophic focusing, and solitary waves,
respectively. The behaviors of the laser spot size and ampli-
tude strongly depend on the initial parameters of the LG laser
pulse and plasma channel, i.e., laser amplitude a0, laser power
P, and channel parameter Nc. Comparing with the propagation
characteristics of a FG laser pulse, the effect of the vacuum
diffraction is reduced by half and the effects of relativistic and
wake-field focusing are decreased by one quarter because of
the hollow transverse intensity profile of the LG laser pulse.
However, the CF effect is the same order of magnitude with
that of the FG laser pulse. Correspondingly, the matched con-
dition for the LG laser pulse with constant spot size is reduced
obviously, while the parameters of the laser and plasma for the
existence of solitary waves nearly coincides with those of the
FG laser pulse. Therefore, the characteristic region of the peri-
odically defocusing oscillation is enlarged compared with the
case of the FG laser pulse and the characteristic region of the
periodically focusing oscillation in turn is reduced.

Our work shows that the propagation characteristics of
the LG laser pulse are remarkably different from those of the
FG laser pulse in a preformed plasma channel. The results
could be useful for the LG laser-plasma acceleration and fur-
ther new sources of radiation. It should notice that when the
laser power and channel parameter exceed the condition for
the existence of solitary waves, the catastrophic focusing of the
laser with intensity increasing infinitely and spot size focused
to be zero will occur, which is out of the weakly relativistic
limit in our model. Actually, our model is still valid for mildly
relativistic limit of the laser intensity, i.e., | a |∼ 0.6, accord-
ing to the approximation

√
1+ |a|2/2' 1+ |a|2/4. When the

normalized laser amplitude is enhanced to one or even more,
an electron cavitation can be formed around the propagation
axis and then the relativistic propagation of a high-intense LG
laser pulse in a preformed plasma channel play an important
role for electron acceleration and the generation of radiation
sources, which would be investigated in the near future.
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