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We propose the concept of thermal demultiplexer, which can split the heat flux in different frequency ranges into
different directions. We demonstrate this device concept in a honeycomb lattice with dangling atoms. From the view of
effective negative mass, we give a qualitative explanation of how the dangling atoms change the original transport property.
We first design a two-mass configuration thermal demultiplexer, and find that the heat flux can flow into different ports in
corresponding frequency ranges roughly. Then, to improve the performance, we choose the suitable masses of dangling
atoms and optimize the four-mass configuration with genetic algorithm. Finally, we give out the optimal configuration with
a remarkable effect. Our study finds a way to selectively split spectrum-resolved heat to different ports as phonon splitter,
which would provide a new means to manipulate phonons and heat, and to guide the design of phononic thermal devices in
the future.

Keywords: phonon transport, thermal demultiplexer, optimization algorithm
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1. Introduction

Manipulating heat transport and understanding the mech-
anism are long-standing goals in both classical and quan-
tum open systems.[1] Conventionally, many studies have pre-
sented phonon transport manipulation in different systems
such as aperiodic lattice,[2,3] composite material,[4] porous
system,[5] graphene folding[6,7] isotopic doping,[8,9] disorder
system,[10,11] edge roughness,[12] and so on. Furthermore,
in analogy to the modern electronics, many thermal func-
tional devices have been realized theoretically, including the
thermal diode,[13,14] the thermal transistor,[15,16] the thermal
memory,[17,18] the thermal capacitor,[20] and even the thermal
logical gate for computing.[19] Moreover, many experiments
have realized these thermal operations.[21–23]

In phononic thermal transport, people usually integrate
the whole phonon frequency range when calculating heat flux
and thermal conductivity, because all spectra contribute to
thermal transport. Yet, there is lack of exploration of con-
trolling the spectrum-resolved phonon transport at the differ-
ent frequencies and wavelengths. Managing different phonon
transport of different frequencies can largely broaden the
scope of applications of phononic devices, which is able to
achieve the spectrum-resolved manipulations of thermal and

phonon transport, as the multiplexer and demultiplexer in
phononics. For example, dielectric wavelength (frequency)
demultiplexer has been demonstrated in integrated photonic
devices.[24,25] This frequency-dependent demultiplexer will
split the light, which means the short wavelength (high fre-
quency) light will transmit to one port while the long wave-
length (low frequency) light will transmit to the other. Sim-
ilarly, there exist both theoretical and experimental proposals
for acoustic demultiplexer by exploiting sonic crystals.[26–28]

In this work, we design a thermal demultiplexer that will
split phonons of different frequency ranges and transmit them
to different ports. Concretely, in Section 2 we first intro-
duce the dangling atoms model, which is shown in Fig. 1(a).
Dangling atoms will lead to zero transmission in specific fre-
quency range, which can be explained by the concept of neg-
ative mass.[29–33] Then we show how to calculate the trans-
mission and heat flux via the nonequilibrium Green’s function
(NEGF) method.[34–37] In Section 3, we start with a thermal
demultiplexer with two-mass dangling atoms that can split the
phonons into different ports with different frequency ranges.
We then use genetic algorithm (GA) to optimize the structure
for a better demultiplexer performance. Finally, we conclude
in Section 4.
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2. Structure and method
The primary structure we used in this paper is the infinite

honeycomb lattice. But each atom connects to an extra atom,
namely, the dangling atom, whose schematic view is shown in
Fig. 1(a).

(b) (c)
3

0

F
re

q
u
e
n
c
y

3

meff

0
0

-5 5

F
re

q
u
e
n
c
y

1 1

2 2

dangling atoms

unit cell(a)

K MΓM

Fig. 1. (a) Schematic view of infinite honeycomb lattice with dangling atoms
and the unit cell is shown in red dashed parallelogram. (b) Dispersion rela-
tion of infinite honeycomb lattice with dangling atoms. (c) Effective mass
versus frequency. The pink shadow region denotes the effective negative
mass zone. The frequency gap of the dispersion relation almost coincides
with the effective negative mass zone.

To understand how the dangling atoms affect phonon
transport, we calculate the dispersion relation of the honey-
comb lattice with dangling atoms shown in Fig. 1(b). In
our calculation, we set lattice atoms’ mass m0 = 1, dangling
atoms’ mass md = 1, the coupling constant kd = 1 between
them, and the inner coupling constant of lattice atoms k0 = 1.
Here without loss of generality, we consider scalar phonon
model, i.e., only one-dimensional vibration, the scalar dis-
placement from each atom’s equilibrium position, is taken into
account. After Fourier transformation, the equation of motion
is described as

−ω
2𝑀𝑋𝑘 =𝐾𝑋𝑘. (1)

The dynamical matrix 𝐾 is described as

𝐾 =


−3k0 − k1 k1 k0Φ 0

k1 −k1 0 0
k0Φ* 0 −3k0 − k1 k1

0 0 k1 −k1

 , (2)

where Φ = 1+ e i(
√

3
2 kx+

3
2 ky)+ e i(−

√
3

2 kx+
3
2 ky), Φ* is the com-

plex conjugate, and 𝑀 = diag{m0,m1,m0,m1}. Obviously,
the band gap induced by dangling atoms is opened which will
cause the specific phonon transport forbidden. This is the key
ingredient to design the thermal demultiplexer.

To describe the collective behavior of lattice atoms and
dangling atoms, we introduce the effective mass term. For the
effective mass meff, it can be calculated by

meff = m0 +
kdmd

kd −mdω2 . (3)

Here meff is a function of frequency ω .[32,33]

In phononic metamaterial, effective negative parameters,
which means some effective parameters will become negative
at some frequency range, have been thoroughly studied.[29–31]

The mass–spring structure[32] is a common used system to
realize effective negative parameters. Interestingly, effective
negative parameters may contribute to zero transmission.[33]

In our system, the effective negative mass (ENM) frequency
range is given by√

kd

md
< ω <

√
kd

md

(
m0 +md

m0

)
. (4)

In Fig. 1(c), we not only show the effective mass curve
but also mark the ENM zone by the pink shadow zone. In
the frequency range of ENM, original propagating modes will
become localized or resonant modes which contribute to the
frequency gap that phonon cannot transport. As we expect,
the ENM region matches with the band gap very well.

From the dispersion relation, we can see that the upper
boundary frequency of ENM and band gap are equal while
there is tiny difference between two lower boundaries. This
is mainly because the effective mass works well in long wave
limit Γ point but poorly on the border of Brillouin zone M
point due to Bragg scattering. The two upper boundaries
match well because the minimum value of optical branches
(two upper branches) are at Γ point. However, it seems that the
maximum values of acoustic branches (two lower branches)
are also at Γ point, mainly because of the band fold. The max-
imum value of acoustic branch was originally on the border of
the Brillouin zone but after the band folding it turns to the Γ

point.

We propose a three-port demultiplexer whose diagram
is shown in Fig. 2(a). The structure is a finite honeycomb
lattice with dangling atoms and connects with three ports
which are Langevin heat baths. We then use NEGF method
to calculate transmission and heat flux.[34,37] First of all, we
set the displacement vector and momentum vector as 𝑋 =

{x1,x2, . . . ,xN}T and 𝑃 = {p1, p2, . . . , pN}T, then the Hamil-
tonian of this system can be expressed as

H =
1
2
𝑃 T𝑀−1𝑃 +

1
2
𝑋T𝐾𝑋, (5)

where 𝑀 is the mass matrix and 𝐾 is the coupling matrix.
Then the retarded Green’s function Gr(ω) for a common two-
port setup is given out

Gr(ω) =
1

−ω2𝑀 +𝐾−Σ
+
L (ω)−Σ

+
R (ω)

, (6)

where Σ
+
L (ω) and Σ

+
R (ω) are self-energy of heat bath in the

left and right. After getting the Gr(ω), the transmission 𝒯 (ω)

can be expressed as

𝒯 (ω) = 4Tr[Gr(ω)ΓL(ω)Ga(ω)ΓR(ω)], (7)

where Ga(ω) = Gr(ω)† and Γ (ω) =Im[Σ(ω)]. Choosing the
Σ+ corresponding to each port, we can calculate the phonon’s
transmission from the input port to one output port. We can
also calculate the correlation C between displacement 𝑋 and
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velocity 𝑋̇

C = ⟨𝑋𝑋̇T⟩

=
2kBTL

π

∫
∞

0
dωωGr(ω)ΓL(ω)Ga(ω)

+
2kBTR

π

∫
∞

0
dωωGr(ω)ΓR(ω)Ga(ω), (8)

where TL and TR are the temperatures of the heat baths. Con-
ventionally, we can use Ji→ j = −⟨(K jixi)

p j
m j
⟩ = −K jiCi j to

calculate the site-to-site heat flux. However, to look into
the spectrum-resolved details, we can define the phonon-
spectrum-resolved correlation

C(ω) =
2kBω

π
Gr(ω)[TLΓL(ω)+TRΓR(ω)]Ga(ω), (9)

such that C =
∫

∞

0 dωC(ω). As such, we can calculate the
spectrum-resolved heat flux Ji→ j(ω) from the i-th atom to the
j-th atom as

Ji→ j(ω) =−
〈
(K jixi)

p j

m j

〉
=−K jiCi j(ω). (10)

By integrating over certain frequency range [ω1,ω2], we can
calculate the phononic heat flux contributed from this fre-
quency range [ω1,ω2],

Ji→ j(ω1,ω2) =
∫

ω2

ω1

dωJ(ω) =−K ji

∫
ω2

ω1

dωCi j(ω). (11)
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Fig. 2. (a) Diagram of thermal demultiplexer. The main body is constructed
of finite honeycomb lattice with dangling atoms, but not draw up for conve-
nience. One input port (red rectangle) and two output ports (blue rectangles)
connect with the edge atoms. (b) Transmissions of ports 1 and 2 calculated
by NEGF. They are identical due to the symmetry of the junction. The ENM
zone is marked by pink shadow region. (c) Heat flux in low frequency range
and the integral interval is [0, 1.25]. (d) Heat flux in high frequency range
and the integral interval is [1.25, 5].

By using NEGF, it is straightforward to calculate the
transmission from the input port to port 1 and port 2 shown
in Fig. 2(b). We find that transmission to port 1 is the same as
transmission to port 2. This is because there is only one kind
of dangling atoms which keeps the symmetry of the junction.
Besides, we can also calculate the heat flux by Eqs. (8), (11),
and (10). In this work we use Langevin heat bath and the self-
energy is Σ+

u (ω)= iγω , u= input, port 1, port 2, γ = 0.2. The

temperature of the input port is Tinput = 1 and the temperatures
of ports 1 and 2 are T1 = T2 = 0.6. To visualize the transport
of phonon, Fig. 2(c) shows the heat flux of every bond in the
frequency range of acoustic branch [0, 1.25] while Fig. 2(d)
shows the heat flux in the frequency range of optical branch
[1.25, 5]. It is clear that the heat flux is also symmetric both in
high and low frequency ranges, which is intuitive.

3. Results and discussion

In this section, we first study the two-mass thermal de-
multiplexer. To achieve a better performance, we use the four-
mass thermal demultiplexer and genetic algorithm to optimize
the configuration.

3.1. Two-mass configuration

Based on the above analysis, it is easy to tune the band
gap by changing the dangling atoms’ mass. Hence we can
use this effect to realize a phonon demultiplexer. One of the
designing methods is optimizing the distribution of dangling
atoms with different mass to form several freqeuncy gaps,
which can influence the phonon transport.

As for the configuration of dangling atoms, we first con-
sider the equipartition configuration, which means each kind
of dangling atoms only exists on one side. It is intuitive that
phonons in different frequency ranges may split roughly and
flow into different ports. The configuration of dangling atoms
is shown in Fig. 3(a). The lattice atoms (m0 = 1) with dan-
gling atom mass m1 = 0.5 are on the left part, marked by red
and those with dangling atom mass m2 = 2 are on the right
part, marked by blue.
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Fig. 3. (a) Schematic view of sites configuration with equipartition of dan-
gling atoms. The sites with dangling atom mass 0.5 are colored as red, while
the sites with dangling atom mass 2 are colored as blue. (b) Transmission
of equipartition configuration which shows that different mass of dangling
atoms will contribute different frequency gap. (c) Heat flux in low frequency
range [0.66, 1.25]. In this frequency range, the heat flux will mainly flow
into port 1. (d) Heat flux in high frequency range [1.25, 1.70]. In this fre-
quency range, the heat flux will mainly flow into port 2. In these two fre-
quency ranges, the heat flux and phonons have been split completely, while
in the other frequency range the heat flux does not split completely.
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The transmission is shown in Fig. 3(b), which can be cal-
culated by NEGF method. It illustrates that transmission of
port 1 in frequency range [0.66, 1.25] is much larger than
the transmission of port 2. While in another frequency range
[1.25, 1.70], the result reverses. This result demonstrates that
in equipartition configuration the transmission of one port will
be largely affected by dangling atoms of its side. We also plot
the heat flux calculated by Eq. (10) in Figs. 3(c) and 3(d).
Figure 3(c) shows the heat flux in low frequency range and
the integral interval is [0.66, 1.25]; while Fig. 3(d) shows the
heat flux in high frequency range and the integral interval is
[1.25, 1.70]. The reason we choose these two intervals is that
phonons in these two frequency ranges split quite completely.
To show the degree of splitting, we define α as

α =
Jmax

Jmin
, (12)

where Jmax and Jmin are the maximum and minimum values
of the two ports’ heat flux in the same frequency range. After
defining the rate α , it is easy to calculate that αl = 37.3 in low
frequency range [0.66, 1.25] and αh = 253.2 in high frequency

range [1.25, 1.70].

3.2. Four-mass configuration and genetic algorithm opti-
mization

Although equipartition configuration of two masses can
split phonons in certain frequency range, it is still possible
to broaden the splitting frequency range and enhance its per-
formance. To reach this goal, we introduce four kinds of
dangling atoms. We choose four different dangling atom
masses: m1 = 0.5 (red), m2 = 2 (blue), m3 = 0.2 (black), and
m4 = 5 (green). We first calculate the transmission of equipar-
tition configuration shown in Fig. 4(a). From the transmission
Fig. 4(b), we find that the splitting effect does not get better.
Then we choose a random configuration shown in Fig. 4(c)
and calculate the transmission shown in Fig. 4(d). Compared
with transmission of equipartition configuration, the splitting
frequency range broadens. Then we attempt to find the best
configuration. Thus, we perform the GA to optimize the con-
figuration.
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Fig. 4. (a) Schematic view of equipartition configuration of dangling atoms and their masses are 0.2 (black), 0.5 (red), 2 (blue), and 5 (green),
respectively. (b) Transmission of equipartition configuration. (c) Diagram of random configuration which is one of the initial configurations of
GA optimization. (d) Transmission of random configuration which broadens the splitting frequency range. (e) Optimization curve and the inset is
the final optimal configuration. (f) Transmission of the final optimal configuration. (g) Real space profile of heat flux in low frequency range [0.40,
1.25]. (h) Real space profile of heat flux in high frequency range [1.25, 2.45]. The splitting frequency ranges are expanded larger and clearer. The
heat flux in the lower frequency range will almost completely flow into the left port, while the heat flux in the higher frequency range will almost
completely flow into the right port.

Machine learning has attracted lots of interest due to its
efficiency of dealing with complex problem in the area of
photonics,[38] phononics,[39] etc. GA is the one that can solve
the problem of finding extreme value.[40,41]

The explicit process of GA is described as follows: (1) de-
fine the fitness to represent how close the result is to the op-
timization objective, (2) initialize the population containing
dozens of genotypes (various configurations in this paper),
(3) calculate fitness, (4) choose a few of the highest fitness
configurations to create a new population by crossover and
mutation, (5) repeat (2)–(4) for generations. An appropriate

fitness function is essential to GA. Our objective is to split
the phonons with different frequencies, thus it is necessary to
enlarge the transmission difference of two ports in a certain
frequency region. Therefore we define fitness function F as

F =
∫

∞

0
f (ω)dω, (13)

f (ω) =

{
𝒯1(ω)−𝒯2(ω), ω < ωc

𝒯2(ω)−𝒯1(ω), ω > ωc,
(14)

where 𝒯1 and 𝒯2 are the transmissions from the input port to
port 1 and port 2, respectively. ωc is the critical frequency that
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we want to split the phonons and we set ωc = 1.25 here. The
number of population is 30 and optimization will evolve for
100 generations.

We plot the maximum fitness of every generation as the
optimization curve shown in Fig. 4(e) and the inset is the op-
timal configuration. The transmission is calculated and shown
in Fig. 4(f). It is obvious that the optimal configuration works
well in broader frequency range [0.40, 2.45]. Then we cal-
culate the heat flux of two frequency ranges [0.40, 1.25] and
[1.25, 2.45] shown in Figs. 4(g) and 4(h), respectively. And
the splitting rate αl = 51.7 and αh = 125.6, which implies a
good splitting effect.

Finally, we give a qualitative explanation of the optimiza-
tion result. We have the knowledge that the certain mass of
dangling atoms will cause the certain frequency gap so that
we need different masses of dangling atoms to broaden the
frequency gap. Besides, compared with the equipartition con-
figuration, disorder in random and optimal configurations will
merge the frequency gaps induced by different masses of dan-
gling atoms. For these two reasons, the optimal configuration
has much better performance. Furthermore, as for an atom
whose m ∼ 10−26–10−27 kg and a ∼ 1 Å, it yields the unit of
physical frequency (k/m)1/2 ∼ 1013 Hz.

There is still a key problem remaining to be solved in
our work that the thermal demultiplexer cannot work in a low
frequency range. This is mainly because vibration of low
frequency cannot be influenced by localized mode no mat-
ter which mass we choose. And even for the heterogeneous
onsite potential, it will suppress the phonon transmission in
the low frequency range but will not solve the problem com-
pletely since the transmission in low frequency range will shift
to higher frequency range, which makes it still difficult to dis-
tinguish the transmissions of two ports. Another thing that can
be improved is the splitting rate α since we find the α of low
frequency range is quite smaller than the high frequency one.
We are going to reveal it in future work.

4. Conclusion

In summary, we have proposed the thermal demultiplexer,
which selectively transmits phonons of different frequencies
to different ports. This is achieved by exploiting the effective
negative masses caused by dangling atoms to induce frequency
gaps. By constructing a three-port device, we have calculated
the phonon transmission and spectrum-resolved heat flux of
a two-mass configuration, which shows phonons splitting in
frequencies at different ports. To broaden the phonon split-
ting frequency range, we have further chosen four kinds of
masses and used genetic algorithm to optimize the configura-
tion of dangling atoms for a better performance. Our study
finds a way to selectively split spectrum-resolved phonons to

different ports, which would provide a new means to manipu-
late phonons and guide the design of phononic devices in the
future.
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