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A radial cascaded composite ultrasonic transducer is analyzed. The transducer consists of three short metal tubes and
two radially polarized piezoelectric ceramic short tubes arranged alternately along the radial direction. The short metal
tubes and the piezoelectric ceramic short tubes are connected in parallel electrically and in series mechanically, which can
multiply the input sound power and sound intensity. Based on the theory of plane stress, the electro-mechanical equiv-
alent circuit of radial vibration of the transducer is derived firstly. The resonance/anti-resonance frequency equation and
the expression of the effective electromechanical coupling coefficient are obtained. Excellent electromechanical charac-
teristics are determined by changing the radial geometric dimensions. Two prototypes of the transducers are designed and
manufactured to support the analytical theory. It is concluded that the theoretical resonance/anti-resonance frequencies are
consistent with the numerical and experimental results. When R2 is at certain values, both the anti-resonance frequency
and effective electromechanical coupling coefficient corresponding to the second mode have maximal values. The radial
cascaded composite ultrasonic transducer is expected to be used in the fields of ultrasonic water treatment and underwater
acoustics.

Keywords: radial cascaded transducer, radial vibration, equivalent circuit, effective electromechanical cou-
pling coefficient

PACS: 07.07.Mp, 07.05.Tp DOI: 10.1088/1674-1056/abd399

1. Introduction
Piezoelectric ultrasonic transducer, an important electro-

acoustic conversion device, is used in the ultrasonic cleaning,
ultrasonic welding, ultrasonic nondestructive testing, ultra-
sonic medical imaging, ultrasonic water treatment, underwater
acoustic communication and energy collection, etc.[1–8] In the
field of power ultrasonic, Langevin ultrasonic transducer,[9–14]

as known as longitudinal sandwiched ultrasonic transducer,
has been widely used.

In recent years, with the rapid development of power ul-
trasonic technology, traditional longitudinal sandwiched ultra-
sonic transducers cannot meet the development needs. There-
fore, the optimization of traditional transducers and the de-
velopment of new models are the research hotspots of schol-
ars. Kim et al. developed a flexible piezoelectric composite
transducer composed of an active piezoelectric material and a
passive polymer matrix.[15] The transducer has achieved ex-
cellent flexibility, sensitivity and bandwidth, which is mainly
suitable for biomedical and industrial applications. Cannata
et al.[16] designed, manufactured and tested sensitive wide-
band lithium niobate (LiNbO3) unit ultrasonic transducers in
the 20–80 MHz frequency range. Abdullah et al.[17] made
an attempt to derive the general principles of the design of a
high-power ultrasonic transducer, excited by a DC-biased al-
ternating electrical source. Previously, we proposed tubular ul-

trasonic vibration systems,[18–21] wherein, equivalent circuits
corresponding to various types of radial composite transduc-
ers were derived and the vibrational characteristics were ana-
lyzed. Li et al.[22] proposed a wideband ultrasonic transducer,
which is composed of two radial enhanced composite vibra-
tors with different resonance frequencies stacked along the ax-
ial direction. Choi developed a negative group delay circuit
for high-frequency ultrasonic transducers.[23] On the basis of
a typical piezoelectric/elastic sandwich transducer, Wang and
Shi[24] designed two models of multilayer piezoelectric/elastic
composite cylindrical transducers with radial polarizations and
analyzed dynamic characteristics.

In order to improve the power capacity, input sound
power, sound intensity and heat dissipation performance of the
transducer, a radial cascaded composite ultrasonic transducer
is proposed in this paper. Based on the plane stress theory,
the equivalent circuit of the transducer is derived and the res-
onance/antiresonance frequency equation and the expression
of the effective electromechanical coupling coefficient are ob-
tained. Ignoring the losses and loads, the vibrational character-
istics of the transducer are analyzed theoretically. Two proto-
types of the radial cascaded composite ultrasonic transducers
are manufactured and tested to verify the correctness of the
theoretical results.
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2. The electromechanical equivalent circuit of
the transducer
The structure and longitudinal profile diagram of the ra-

dial cascaded composite ultrasonic transducer are displayed,
as shown in Fig. 1. The transducer is composed of three short
metal tubes denoted as m1, m2, and m3, and two piezoelec-
tric ceramic short tubes denoted as p1, p2, along the radial
direction. Two piezoelectric ceramic short tubes are radially
polarized shown by the arrows in Fig. 1(b). Three metal short
tubes and two piezoelectric ceramic short tubes are connected
in parallel electrically and in series mechanically. A cylin-
drical coordinate system is established, in which r and z are
radial and axial coordinates, respectively. The radius of the
transducer from inside to outside is R1, R2, R3, R4, R5 and R6,
the axial height is h, and the radial dimension is much larger
than the height. The direction of the applied excitation field of
the transducer is parallel to the direction of polarization.

Combined with the equivalent circuits of a single piezo-
electric ceramic short tube and a short metal tube deduced in
Ref. [18], the electro-mechanical equivalent circuit of radial
cascaded composite ultrasonic transducer can be obtained, as

shown in Fig. 2. Here, the forces and displacements are con-
tinuous at the contact surface of the metal/piezoelectric tube.
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z
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(b)

r
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o

Vi

m1 m2 m3p1 p2

R1 R2 R3 R4 R5 R6

Fig. 1. Radial cascaded composite ultrasonic transducer: (a) structure,
(b) longitudinal profile diagram.
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Fig. 2. The electromechanical equivalent circuit of the radial cascaded composite ultrasonic transducer.

In Fig. 2, Zl1 and Zl2 are the load mechanical resistances of the inner and outer end faces of the transducer, Zm11, Zm12, Zm13,
Zm21, Zm22, Zm23, Zm31, Zm32, and Zm33 are mechanical impedances of short metal tubes. The expressions of the mechanical
impedances of each part are as follows:[18]

Zm11 = j
2Z1

πk1R1 [J1(k1R2)Y1(k1R1)− J1(k1R1)Y1(k1R2)]

×
[

J1(k1R2)Y0(k1R1)− J0(k1R1)Y1(k1R2)− J1(k1R1)Y0(k1R1)+ J0(k1R1)Y1(k1R1)

J1(k1R1)Y0(k1R1)− J0(k1R1)Y1(k1R1)

]
− j

2Z1 (1−σ1)

π (k1R1)
2 [J1(k1R1)Y0(k1R1)− J0(k1R1)Y1(k1R1)]

, (1)

Zm12 = j
2Z1

πk1R1 [J1(k1R2)Y1(k1R1)− J1(k1R1)Y1(k1R2)]

×
[

J1(k1R1)Y0(k1R2)− J0(k1R2)Y1(k1R1)− J1(k1R2)Y0(k1R2)+ J0(k1R2)Y1(kR2)

J1(k1R2)Y0(k1R2)− J0(k1R2)Y1(k1R2)

]
+ j

2Z2 (1−σ1)

π (k1R2)
2 [J1(k1R2)Y0(k1R2)− J0(k1R2)Y1(k1R2)]

, (2)

Zm13 = j
2Z1

πk1R1 [J1(k1R2)Y1(k1R1)− J1(k1R1)Y1(k1R2)]
= j

2Z2

πk1R2 [J1(k1R2)Y1(k1R1)− J1(k1R1)Y1(k1R2)]
, (3)

040701-2
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Zm21 = j
2Z3

πk2R3 [J1(k2R4)Y1(k2R3)− J1(k2R3)Y1(k2R4)]

×
[

J1(k2R4)Y0(k2R3)− J0(k2R3)Y1(k2R4)− J1(k2R3)Y0(k2R3)+ J0(k2R3)Y1(k2R3)

J1(k2R3)Y0(k2R3)− J0(k2R3)Y1(k2R3)

]
− j

2Z3 (1−σ2)

π (k2R3)
2 [J1(k2R3)Y0(k2R3)− J0(k2R3)Y1(k2R3)]

, (4)

Zm22 = j
2Z3

πk2R3 [J1(k2R4)Y1(k2R3)− J1(k2R3)Y1(k2R4)]

×
[

J1(k2R3)Y0(k2R4)− J0(k2R4)Y1(k2R3)− J1(k2R4)Y0(k2R4)+ J0(k2R4)Y1(k2R4)

J1(k2R4)Y0(k2R4)− J0(k2R4)Y1(k2R4)

]
+ j

2Z4 (1−σ2)

π (k2R4)
2 [J1(k2R4)Y0(k2R4)− J0(k2R4)Y1(k2R4)]

, (5)

Zm23 = j
2Z3

πk2R3 [J1(k2R4)Y1(k2R3)− J1(k2R3)Y1(k2R4)]
= j

2Z4

πk2R4 [J1(k2R4)Y1(k2R3)− J1(k2R3)Y1(k2R4)]
, (6)

Zm31 = j
2Z5

πk3R5 [J1(k3R6)Y1(k3R5)− J1(k3R5)Y1(k3R6)]

×
[

J1(k3R6)Y0(k3R5)− J0(k3R5)Y1(k3R6)− J1(k3R5)Y0(k3R5)+ J0(k3R5)Y1(k3R5)

J1(k3R5)Y0(k3R5)− J0(k3R5)Y1(k3R5)

]
− j

2Z5 (1−σ3)

π (k3R5)
2 [J1(k3R5)Y0(k3R5)− J0(k3R5)Y1(k3R5)]

, (7)

Zm32 = j
2Z5

πk3R5 [J1(k3R6)Y1(k3R5)− J1(k3R5)Y1(k3R6)]

×
[

J1(k3R5)Y0(k3R6)− J0(k3R6)Y1(k3R5)− J1(k3R6)Y0(k3R6)+ J0(k3R6)Y1(k3R6)

J1(k3R6)Y0(k3R6)− J0(k3R6)Y1(k3R6)

]
+ j

2Z6 (1−σ3)

π (k3R6)
2 [J1(k3R6)Y0(k3R6)− J0(k3R6)Y1(k3R6)]

, (8)

Zm33 = j
2Z5

πk3R5 [J1(k3R6)Y1(k3R5)− J1(k3R5)Y1(k3R6)]
= j

2Z6

πk3R6 [J1(k3R6)Y1(k3R5)− J1(k3R5)Y1(k3R6)]
, (9)

where J0 (kir) and Y0 (kir) are the Bessel functions of the
first and second kinds of order zero, respectively; J1 (kir)
and Y1 (kir) are the Bessel functions of the first and second
kinds of order one, respectively; and i = 1,2,3. Imaginary
unit j =

√
−1; Z1 = ρ1cm1S1, Z2 = ρ1cm1S2, Z3 = ρ2cm2S3,

Z4 = ρ2cm2S4, Z5 = ρ3cm3S5, Z6 = ρ3cm3S6, S1 = 2πR1h,
S2 = 2πR2h, S3 = 2πR3h, S4 = 2πR4h, S5 = 2πR5h, S6 =

2πR6h; ki = ω/cmi is the wave number of radial vibration;

cmi =
√

Ei/
(
ρi
(
1−σ2

i

))
is the sound speed of radial vibra-

tion; ω = 2π f is angular frequency, f is the frequency. Ei, ρi,
σi are Young’s modulus, density and Poisson’s ratio of short
metal tube. Zp11, Zp12, Zp13, Zp21, Zp22 and Zp23 are the me-
chanical impedances of the piezoceramics short tubes. V1 and
V2 are the input excitation voltages and V1 =V2; Cor1, Cor2 and
N1, N2 are the clamping capacitances and electromechanical
conversion coefficients. Their expressions are as follows:[18]

Zp11 = −Z01
jR2

3M2
3 [Jυ(kr1R3)Yυ−1(kr1R2)− Jυ−1(kr1R2)Yυ(kr1R3)]

Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)

+
j2πhR2

3M2
3(c2− c3υ)

ω
+Z01

j2R3M2M3

πkr1 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]
, (10)

Zp12 = −Z02
jR2

2M2
2 [Jυ(kr1R2)Yυ−1(kr1R3)− Jυ−1(kr1R3)Yυ(kr1R2)]

Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)

+
j2πhR2

2M2
2(c3υ− c2)

ω
+Z02

j2R2M2M3

πkr1 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]
, (11)

Zp13 = −Z01
j2R3M2M3

πkr1 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]

= −Z02
j2R2M2M3

πkr1 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]
, (12)
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Zp21 = −Z03
jR2

5M2
5 [Jυ(kr2R5)Yυ−1(kr2R4)− Jυ−1(kr2R4)Yυ(kr2R5)]

Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)

+
j2πhR2

5M2
5(c2− c3υ)

ω
+Z03

j2R5M4M5

πkr2 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]
, (13)

Zp22 = −Z04
jR2

4M2
4 [Jυ(kr2R4)Yυ−1(kr2R5)− Jυ−1(kr2R5)Yυ(kr2R4)]

Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)

+
j2πhR2

4M2
4(c3υ− c2)

ω
+Z04

j2R4M4M5

πkr2 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]
, (14)

Zp23 = −Z03
j2R5M4M5

πkr2 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]

= −Z04
j2R4M4M5

πkr2 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]
, (15)

Cor1 = 2πht, Cor2 = 2πht0, (16)

N1 = 2πhtkr1R2R3M2M3, N2 = 2πht0kr2R4R5M4M5. (17)

Here, Jυ

(
krγ r
)

and Yυ

(
krγ r
)

are the Bessel functions of the
first and second kinds of order υ , respectively; Jυ−1

(
krγ r
)

and
Yυ−1

(
krγ r
)

are the Bessel functions of the first and second
kinds of order υ−1, respectively; and γ = 1,2. Z01 = ρr1cr1S2,
Z02 = ρr1cr1S3, Z03 = ρr2cr2S4, Z04 = ρr2cr2S5; krγ = ω/crγ

is the wave number of radial vibration; crγ =
√

c3/ρrγ is the
sound speed of radial vibration; ρrγ is the density of the piezo-
electric ceramic short tube; cE

αβ
, eαβ , εS

αβ
are elastic constants,

piezoelectric constants and dielectric constants, respectively;
n1 = R3M3, n2 = R2M2, n3 = R5M5, n4 = R4M4. The specific
expressions of M2, M3, M4, M5, c1, c2, c3, υ , t, t0 in Eqs. (10)–
(17) are listed in Appendix A.

By performing a series of circuit transformations on the
electromechanical equivalent circuit of Fig. 2, a simplified
equivalent circuit is obtained, as shown in Fig. 3.

Cor1 Cor2 V2
V1

.n5 N2.

Zn4 Zn5

Zn1

Fig. 3. Simplified equivalent circuit.

In Fig. 3, the specific expressions of impedances are as
follows:

Zn4 = Zb1 +Zn3, (18)

Zn5 = Zn2 +Za3, (19)

Zn1 =
Zd1Zd2

Zd1 +Zd2 +Zc3
, (20)

Zn2 =
Zc3Zd2

Zd1 +Zd2 +Zc3
, (21)

Zn3 =
Zc3Zd1

Zd1 +Zd2 +Zc3
, (22)

Zd1 =
Zb3Zc1

Zb3 +Zc1
, (23)

Zd2 =
Zc4Za4

Zc4 +Za4
, (24)

Zc1 = Zb2 +Zb4 +
Zb2Zb4

Zb5
, (25)

Zc2 = Zb4 +Zb5 +
Zb4Zb5

Zb2
, (26)

Zc3 = Zb2 +Zb5 +
Zb2Zb5

Zb4
, (27)

Zb1 =
Za1n2

3

n2
2

, (28)

Zb2 =
Zp12n2

3

n2
2

Zp22 +n2
3Zm21, (29)

Zb3 =
Za2n2

3

n2
2

, (30)

Zb4 = n2
3Zm23, (31)

Zb5 = Zp21 +n2
3Zm22, (32)

n5 =
n3N1

n2
, (33)

Za1 = Zp13−
N2

1
jωCor1

, (34)

Za2 = Zp11 +n2
1Zmi, (35)

Za3 = Zp23−
N2

2
jωCor2

, (36)

Za4 = Zp22 +n2
4Zmo, (37)

Zmi = Zm12 +
(Zm11 +Zl1)Zm13

(Zm11 +Zl1)+Zm13
,

Zmo = Zm31 +
(Zm32 +Zl2)Zm33

(Zm32 +Zl2)+Zm33
, (38)

where the total mechanical resistances of short metal tubes
(m1, m3) are defined as Zmi and Zmo, respectively. Under no-
load condition, Zl1 = Zl2 = 0. The expression of the input
electrical impedance of radial cascaded composite ultrasonic

040701-4
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transducer can be obtained from Fig. 3, as shown in the fol-
lowing form:

Ze =
Ze1Ze2

Ze1 +Ze2
. (39)

Here, the input electrical impedances of the piezoelectric ce-
ramic short tube (p1, p2) are Ze1 and Ze2, whose expressions
are as follows:

Ze1 =
Zmr1

jωZmr1Cor1 +n2
5
, (40)

Ze2 =
Zmr2

jωZmr2Cor2 +N2
2
, (41)

Zmr1 =
(Zn1 +Zn5)(Zn1 +Zn4)−Z2

n1
(Zn1 +Zn5)−N2/n5Zn1

, (42)

Zmr2 =
(Zn1 +Zn5)(Zn1 +Zn4)−Z2

n1
(Zn1 +Zn4)−n5/N2Zn1

. (43)

The resonance frequency equation, anti-resonance fre-
quency equation and the expression of the effective electrome-
chanical coupling coefficient of the radial cascaded composite
ultrasonic transducer are as follows:

Ze =
Ze1Ze2

Ze1 +Ze2
= 0, (44)

Ze =
Ze1Ze2

Ze1 +Ze2
→ ∞, (45)

Keff =
√

1− f 2
r / f 2

a , (46)

where fr and fa are the resonance frequency and anti-
resonance frequency of the radial vibration of the trans-
ducer. From Eqs. (44)–(46), when the geometric dimen-
sions and material parameters of the transducer are given,
the resonance/anti-resonance frequency can be determined,
and then the effective electromechanical coupling coeffi-
cient can be obtained. Different resonance/antiresonance fre-
quencies correspond to different vibrational modes. Each
resonance/anti-resonance frequency corresponds to an effec-
tive electromechanical coupling coefficient.

3. Analysis of vibration characteristics of radial
cascaded composite ultrasonic transducer
In order to optimize the electromechanical characteris-

tics of radial vibration of the transducers, the theoretical re-
lationships between the radial dimensions of piezoelectric
short tubes and the resonance ( fr)/anti-resonance ( fa) frequen-
cies and the effective electromechanical coupling coefficients
(Keff) are studied in this section. Because Eqs. (44)–(46) are
transcendental equations, Wolfram Mathematica 8.0 is used
to solve analytical theory. Herein, the short metal tubes (m1,
m2, and m3) are selected as steel, aluminum and aluminum,
and the piezoelectric ceramic short tubes (p1, p2) are all se-
lected as PZT-4. The standard parameters of these materials

are as follows: E1 = 2.05× 1011 N/m2, ρ1 = 7850 kg/m3,
σ1 = 0.28; E2 = E3 = 7×1010 N/m2, ρ2 = ρ3 = 2700 kg/m3,
σ2 = σ3 = 0.33; ρrγ = 7500 kg/m3, cE

11 = 13.9×1010 N·m−2,
cE

12 = 7.78× 1010 N·m−2, cE
13 = 7.43× 1010 N·m−2, cE

33 =

11.5× 1010 N·m−2, e31 = −5.2 C·m−2, e33 = 15.1 C·m−2,
εS

33/ε0=635, ε0 = 8.854×10−12 F·m−1.
The theoretical relationships between the radial dimen-

sions of the piezoelectric ceramic short tube p1 and the
resonance/anti-resonance frequencies, the effective electrome-
chanical coupling coefficients are analyzed, as shown in
Figs. 4 and 5. In the calculation, R2 is gradually changed
and other geometric dimensions are fixed (R1 = 11 mm, R3 =

19 mm, R4 = 23 mm, R5 = 27 mm, R6 = 31 mm and h =

5 mm). As can be seen from Figs. 4 and 5, as R2 increases,
the first-order resonance ( fr1)/antiresonance ( fa1) frequencies
both increase while the effective electromechanical coupling
coefficient (Keff1) decreases. When R2 is at certain values,
both the second-order anti-resonance frequency ( fa2) and the
effective electromechanical coupling coefficient (Keff2) of the
transducer have maximum values, which is crucial to the en-
gineering design and application of the transducer.
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Fig. 4. Theoretical relationships between the radial dimensions of
p1 and the resonance/anti-resonance frequencies: (a) the fundamental
mode, (b) the second mode.

The theoretical relationships between the radial dimen-
sions of the piezoelectric ceramic short tube p2 and the reso-
nance/antiresonance frequencies, the effective electromechan-
ical coupling coefficients are analyzed, as shown in Figs. 6
and 7. In the calculation, R4 gradually changed and other
geometric dimensions are fixed (R1 = 11 mm, R2 = 15 mm,
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R3 = 19 mm, R5 = 27 mm, R6 = 31 mm and h = 5 mm).
As can be seen from Figs. 6 and 7, as R4 increases, the
first-order resonance ( fr1)/anti-resonance ( fa1) frequencies in-
crease, and the effective electromechanical coupling coeffi-
cient (Keff1) responding to the fundamental mode has a max-
imum value. When R4 is at a certain value, the second-order
anti-resonance frequency ( fa2) has a minimum value, which
should be avoided in the actual design of the transducer.
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Fig. 5. Theoretical relationships between the radial dimensions of p1
and the effective electromechanical coupling coefficients.
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Fig. 6. Theoretical relationships between the radial dimensions of
p2 and the resonance/anti-resonance frequencies: (a) the fundamental
mode, (b) the second mode.

It can be clearly seen from Figs. 4–7 that the
resonance/anti-resonance frequency and effective electrome-
chanical coupling coefficient of the transducer are all related to
the radial dimensions of the piezoelectric ceramic short tube.
Under the same conditions, the effective electromechanical
coupling coefficients of the transducer at the second mode are

much larger than those at the fundamental mode (Figs. 5 and
7). Therefore, the radial cascaded composite ultrasonic trans-
ducer should be worked at the second mode to ensure a higher
electromechanical conversion capability. The conclusions of
this section have certain reference value for the engineering
design and application of transducer.
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Fig. 7. Theoretical relationships between the radial dimensions of p2
and the effective electromechanical coupling coefficient.

4. Experiments
In this section, the experiments are carried out to verify

the correctness of the analytical theory. Based on the con-
clusions in Section 3, two prototypes of radial cascaded com-
posite ultrasonic transducer are designed and manufactured,
whose geometric dimensions are listed in Table 1. The piezo-
electric and metallic materials of the transducer are consistent
with those in Section 3.

Table 1. Geometric dimensions of two radial cascaded composite ultra-
sonic transducers.

No. R1 (m) R2 (m) R3 (m) R4 (m) R5 (m) R6 (m) h (m)
1 0.014 0.018 0.021 0.025 0.028 0.032 0.006
2 0.016 0.019 0.022 0.026 0.030 0.033 0.005

For comparison, the first-order and second-order
resonance/anti-resonance frequencies of the transducers are
displayed in Tables 2 and 3. Herein, theoretical results are
calculated by Eqs. (44) and (45). The numerical results are
obtained by COMSOL Multiphysics 5.4, and the vibrational
modes of transducer 1 at the fundamental mode and the sec-
ond mode are shown in Fig. 8. The experimental results are
measured by a WK6500B precision impedance analyzer. The
experimental device is displayed in Fig. 9, and the magnitude
and phase of the input electric impedance of transducer 1 are
measured, as shown in Fig. 10.

Table 2. Resonance frequencies and anti-resonance frequencies of the trans-
ducers at the fundamental mode.

No.
Theoretical results Numerical results Experimental results
fr/Hz fa/Hz frn/Hz fan/Hz frm/Hz fam/Hz

1 34909 35040 34928 35058 34242 34546
2 30573 30820 30622 30847 30202 30414
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Table 3. Resonance frequencies and anti-resonance frequencies of the trans-
ducers at the second mode.

No.
Theoretical results Numerical results Experimental results

fr/Hz fa/Hz frn/Hz fan/Hz frm/Hz fam/Hz
1 108722 122096 113120 124950 105758 109798
2 108169 123248 113230 125380 104416 108368
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Fig. 8. Vibrational modes of transducer 1: (a) the fundamental mode,
(b) the second mode.

In Tables 2 and 3, fr, fa, frn, fan and frm, fam are the
theoretical, numerical and experimental resonance frequencies
and anti-resonance frequencies, respectively. Obviously, when
the transducers are vibrating at the fundamental mode and the
second mode, the theoretical results are consistent with the nu-
merical results and the experimental results. For the frequency

errors, the main reasons are as follows: (1) In the experiments,
the coupling between modes affects the vibration of the trans-
ducer, which is inconsistent with the theoretical analysis. (2)
The standard material parameters of the theoretical analysis
are not exactly the same as the actual material parameters. (3)
The losses and loads are ignored in the theoretical analysis.
(4) The complexity of the actual fabrication of the transducer,
such as the incomplete application of conductive glue, has a
certain impact on the experimental results.

Fig. 9. Experimental device for measuring frequency characteristics of
the transducers.

(a) resonance frequency=34242 Hz (b) resonance frequency=105758 Hz

Fig. 10. Magnitude and phase of the input electric impedance of transducer 1: (a) the fundamental mode, (b) the second mode.

5. Conclusions

The radial vibration of radial cascaded composite ultra-
sonic transducer is analyzed. Based on the plane stress the-
ory, the electromechanical equivalent circuit of the transducer
is derived for the first time. The theoretical relationships be-
tween the electromechanical characteristics and the radial di-
mension are studied. Analyzing the study results, we can draw
the following conclusions:

(1) The theoretical resonance/anti-resonance frequencies

are consistent with the numerical and experimental results.
(2) The other geometric dimensions of the transducer are

fixed, when R2 is at certain values, the anti-resonance fre-
quency and effective electromechanical coupling coefficient
responding to the second mode have maximum values. When
R4 at a certain value, the second-order anti-resonance fre-
quency has a minimum value.

(3) Under the same conditions, the effective electrome-
chanical coupling coefficients at the second mode are much
larger than those at the fundamental mode.
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Appendix A
The specific expressions of M2, M3, M4, M5, c1, c2, c3, υ , t, t0 in Eqs. (10)–(17) are listed as follows:

M2 = F1

{
(υ−2)s−2,υ−1(kr1R2)−

[Jυ−1(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ−1(kr1R2)]s−1,υ(kr1R2)

Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)

−
2s−1,υ(kr1R3)

πkr1R2 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]

}
+

F2

kr1R2
,

M3 = F1

{
(υ−2)s−2,υ−1(kr1R3)−

[Jυ−1(kr1R3)Yυ(kr1R2)− Jυ(kr1R2)Yυ−1(kr1R3)]s−1,υ(kr1R3)

Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)

+
2s−1,υ(kr1R2)

πkr1R3 [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]

}
+

F2

kr1R3
,

M4 = F1

{
(υ−2)s−2,υ−1(kr2R4)−

[Jυ−1(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ−1(kr2R4)]s−1,υ(kr2R4)

Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)

−
2s−1,υ(kr2R5)

πkr2R4 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]

}
+

F2

kr2R4
,

M5 = F1

{
(υ−2)s−2,υ−1(kr2R5)−

[Jυ−1(kr2R5)Yυ(kr2R4)− Jυ(kr2R4)Yυ−1(kr2R5)]s−1,υ(kr2R5)

Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)

+
2s−1,υ(kr2R4)

πkr2R5 [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]

}
+

F2

kr2R5
,

c1 =
εS

33cE
11cE

11− εS
33cE

12cE
12 +2e31e31cE

11−2e31e31cE
12

εS
33cE

11 + e31e31
, c2 =

εS
33cE

11cE
13− εS

33cE
12cE

13 + e31e33cE
11− e31e33cE

12

εS
33cE

11 + e31e31
,

c3 =
εS

33cE
11cE

33− εS
33cE

13cE
13 + e31e31cE

13 + e33e33cE
11

εS
33cE

11 + e31e31
,

t =
Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)

p
, t0 =

Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)

p0
,

p = [Jυ(kr1R2)Yυ(kr1R3)− Jυ(kr1R3)Yυ(kr1R2)]

×
{

F1F ′1(HR3 −HR2)

2υ2(4−υ2)
+F2F ′1 [s−1,υ(kr1R3)− s−1,υ(kr1R2)]+

(
cE

11

εS
33cE

11 + e31e31
− F1F ′1

υ2

)
(lnR3− lnR2)

}
+
[
F ′1Yυ(kr1R2)s−1,υ(kr1R3)−F ′1Yυ(kr1R3)s−1,υ(kr1R2)

]
×
{

F1
[
(υ−2)(J1R3 − J1R2)+ J2R2 − J2R3

]
+F2 [Jυ(kr1R3)− Jυ(kr1R2)]

}
+
[
F ′1Jυ(kr1R3)s−1,υ(kr1R2)−F ′1Jυ(kr1R2)s−1,υ(kr1R3)

]
×
{

F1
[
(υ−2)(Y 1R3 −Y 1R2)+Y 2R2 −Y 2R3

]
+F2 [Yυ(kr1R3)−Yυ(kr1R2)]

}
,

p0 = [Jυ(kr2R4)Yυ(kr2R5)− Jυ(kr2R5)Yυ(kr2R4)]

×
{

F1F ′1(HR5 −HR4)

2υ2(4−υ2)
+F2F ′1 [s−1,υ(kr2R5)− s−1,υ(kr2R4)]+

(
cE

11

εS
33cE

11 + e31e31
− F1F ′1

υ2

)
(lnR5− lnR4)

}
+
[
F ′1Yυ(kr2R4)s−1,υ(kr2R5)−F ′1Yυ(kr2R5)s−1,υ(kr2R4)

]
×
{

F1
[
(υ−2)(J1R5 − J1R4)+ J2R4 − J2R5

]
+F2 [Jυ(kr2R5)− Jυ(kr2R4)]

}
+
[
F ′1Jυ(kr2R5)s−1,υ(kr2R4)−F ′1Jυ(kr2R4)s−1,υ(kr2R5)

]
×
{

F1
[
(υ−2)(Y 1R5 −Y 1R4)+Y 2R4 −Y 2R5

]
+F2 [Yυ(kr2R5)−Yυ(kr2R4)]

}
,

where su,υ(krγ r) is Rommel function,

υ =
√

c1/c3, F1 =
e31cE

12− e31cE
11

εS
33cE

11 + e31e31
, F2 =

e31cE
13− e33cE

11

εS
33cE

11 + e31e31
, F ′1 =

F1

c3
,

J1r = krγ rJυ(krγ r)s−2,υ−1(krγ r), Y1r = krγ rYυ(krγ r)s−2,υ−1(krγ r),

J2r = krγ rJυ−1(krγ r)s−1,υ(krγ r), Y2r = krγ rYυ−1(krγ r)s−1,υ(krγ r),

H(r) = (krγ)
2

2F3

(
[1,1],

[
2,2+

υ

2
,2− υ

2

]
,−1

4
(krγ)

2
)
.
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