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We use the full-density matrix numerical renormalization group method to calculate the equilibrium dynamical corre-
lation function C(®) of the spin operator o; at finite temperature for the sub-ohmic spin-boson model. A peak is observed
at the frequency @y ~ T in the curve of C(®). The curve merges with the zero-temperature C(®) in @ > @7 and deviates

significantly from the zero-temperature curve in ® < ®r.
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1. Introduction

The spin-boson model (SBM) is widely used in mod-
eling a two-level system interacting with the environmen-
tal bath.['3] Using the SBM, one can easily build the
decoherence!*! or damping!®! picture of the quantum impu-
rity system due to influence of the bath. Thus, SBM is fre-
quently applied in contexts such as damping in electric cir-
cuits, decoherence of quantum oscillations in qubits,[6-8! ther-
mal conductance.®! It has also been used in quantum infor-
mation processing.!'’l The coupling between the spin and
bosonic bath is described by the spectral function J(®w) ~ a®®.
In this paper, we focus on the sub-ohmic case with 0 < s < 1 in
the delocalized side (¢ < &) of the delocalize-localize quan-
tum phase transition (QPT).

The spin-boson model has been studied by many theoret-
ical as well as numerical techniques in the past few decades.
Although an exact solution has not yet be obtained, vari-
ous methods have deepened our understanding of this model,
including the path integral method,!”! bosonic renormaliza-
tion group (NRG),[11-12] quantum Monte Carlo (QMO), 131
exact diagonalization,““l variational method, [15-20! hierarchy

[22]

equation of motion,?!l dissipaton theory,?”) and stochastic

approach,??!

etc. Among the many properties of this model,
the equilibrium spin correlation function C(®) (defined be-
low) is of particular interest because it not only reflects the
damping effect of the bath on the spin, but also shows non-
trivial critical properties close to the QPT. Previous studies
of C(®) mainly focus on zero temperature.>>*2% For the
sub-ohmic case with zero bias € = 0 and o < «, the zero-
temperature C(®) has a peak at the renormalized tunnelling

strength @ = A;. For a close to o, a crossover frequency

DOI: 10.1088/1674-1056/abd393

@ separates the frequency axis into two part: C(®) ~ @~*
for W < 0 < A and C(@) ~ @° for @ < @,.1**? Here
. ~ T* is the crossover energy scale between the delocalized

[5:26] When a bias is ex-

fixed point and the critical fixed point.
erted, a competition between the energy scales € and 7™ are
observed and the Shiba relation*" still holds in C(®).!*”! For
the spin-boson model with quadratic spin-boson coupling, the
study of equilibrium dynamical correlation functions at zero
temperature shows that the power-law w-dependence occurs
at and away from the critical point.[?7-28]

Much less is known for the behavior of C(w) at finite tem-
perature, however. Since all experiments are carried out at a
finite temperature, the study of C(®) at finite T is of more rel-
evance to experiments. C(®) contains information about the
real time evolution of a two-level system subjected to the influ-
ence of a thermal bath.!'3] One would expect that the thermal
excitation of the SBM would significantly increase the damp-
ing of the two-level system and invalidate the Shiba relation in
the low-frequency regime.! It is the purpose of this paper to
present a quantitative study of C(®) at finite T and zero bias.

The bosonic NRG is a powerful tool to study quantum
impurity models including SBM. There are various ways to
generate the equilibrium dynamical quantities such as C(®)
from NRG data, i.e., from the eigenstates and eigenenergies
produced in the NRG iterative diagonalization. The patching
scheme produces C(®) by empirically combining the spectral
functions generated from each energy shell of the SBM!! and
does not guarantee exact sum rule. The density-matrix NRG
(DM NRG) combines the data of each energy shell using the
reduced density matrix of the full system, such that the in-
fluence of the low energy state on the high frequency spec-
tral function is well described.??) Although DM NRG com-
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bines NRG data from all NRG iterations, it works through
patching scheme. For finite temperature, one still needs to
set the temperature according to the energy scale of a cho-
sen shell.[*31 A true multi-shell framework was built on the
full density matrix and the complete basis sets introduced
by Anders and Schiller.[3*3 The full-density matrix (FDM)
NRG treats the density matrix exactly and guarantees the sum
rule rigorously.[®! Recently, we developed the full excitation
(FE) NRG method for calculating the equilibrium dynamical
quantities.*”) Tt treats the density matrix exactly and employs
the full excitations of NRG, i.e., both intra-shell and inter-shell
excitations are taken into account. This method guarantees
both the sum rule and the positiveness of the diagonal spectral
function. In this paper, we use FDM NRG to study finite tem-
perature C(®) for SBM, since FDM NRG is much faster than
FE NRG and with suitable broadening, the problem of nega-
tive spectral function of FDM NRG method does not influence
our conclusion.

Our results show that a peak emerges at the frequency
or ~ T in the curve of C(®). For @ > wr, C(w) merges
with the zero-temperature curve. For @ < @t, we observe that
C(®) deviates significantly from the zero-temperature curve,
but a reliable quantitative description of C(®) in this regime is
difficult to obtain, due to the limitation of the NRG method.
Our work is organized as follows: We introduce SBM and
NRG method in Section 2; results of C(w) are shown in Sec-
tion 3; a final summary is given in Section 4.

2. Model and method
The Hamiltonian of the SBM reads

A £ O
H:_EGX+ EGZ—F;O)iajai—l—?z;ll’(ai—l-aj), @))

where € is the bias and A is the tunnelling strength between
the two levels. The spin represented by the Pauli matrices is
coupled to a bosonic bath. Here @; is the frequency of the
ith boson bath site and J; is the coupling strength between the
spin and bath mode i. The coupling is encoded into the spec-
tral function

J() :nZ/liZS(a)—a),-). 2)

Usually the following power-law form of J(®) with a cut-off
o, = 1 is used:

J(o)=2ra0’n ", (0< o< o). 3)

(8

In this form, the coupling strength is described by . For the
sub-ohmic bath (0 < s < 1) with € =0 and T = 0, a quan-
tum phase transition occurs at o = o between the delocalized
state (0 < @) and the localized state (ot > o). [12:241

The NRG calculation consists of three steps, the loga-
rithmic discretization, mapping to Wilson chain, and the it-
erative diagonalization.[?>*°1 In the first step, the continuous
bath is discretized to bath sites with energies decreasing as
@, < A7". A > 1 is the logarithmic discretization parameter
which controls the logarithmic discretization error. The con-
tinuous bath is recovered only in the limit A = 1. In the sec-
ond step, the star-like discretized Hamiltonian is mapped into

a Wilson chain with the Hamiltonian!!?!

O
He = Himpﬂ/%f(bowg)

+Y [enbjlbn+tn(blbn+1 +b! an)}. @)
n=0

The chain Hamiltonian describes an impurity (spin) Hjmp cou-
pled to the zeroth bath site. The nth (n > 0) boson bath site
only interacts with the nearest neighbor bath sites through the
hopping #,. Both #, and €, decrease as A™" with increasing
n. For a finite chain of length N, we multiply a factor AV to
rescale the smallest energy scale of the chain into unity. The
truncated chain Hamiltonian is then written as

0 O;
Hy = AN {Hlocﬂ/?[;(bﬁbg)

N N-1
+ Y &biba+ Y talbibui1 +b5, ba) | (5)
n=0 n=0

Diagonalization of H,, gives the eigenenergies and eigenstates
of the nth energy shell. An iterative scheme is used to im-
plement the diagonalization process for a given chain length
N. We start from diagonalizing the Hamiltonian of a short
chain whose Hilbert space dimension is small. Then we add
a new bath site to the chain and build the Hamiltonian matrix
on the product space of the diagonalized basis and the newly
added site. The matrix is diagonalized again and the next site
is added. To avoid the exponential enlargement of the Hilbert
space dimension, a truncation of the energy spectrum is intro-
duced after each diagonalization: only the lowest M; eigen-
states are kept and used to form the new Hilbert space. The
high energy discarded eigenstates are also stored for comput-
ing physical quantities later. This spectrum truncation intro-
duces the NRG truncation error which diminishes in the limit
M, = 0.138] For the bosonic NRG, the number of states of each
bosonic bath site has also to be truncated. For the newly added
site, we use the lowest M, occupation number states to build
the Hamiltonian matrix which has a linear size Mg X Ny. The
infinitely large local bosonic Hilbert space is recovered in the
limit N, = co. We therefore have three NRG parameters A, M,
and N, to control the NRG numerical error. The exact result
are obtained only in the simultaneous limit A = 1, My = oo,
and Ny, = co. Conclusion from NRG study should be checked
by extrapolating the numerical data to the above limit.
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Physical quantities can be calculated from the eigenstates
{|s)X} and eigenenergies EX (s € [I,M x Ny}, n € [0,N])
generated by the iterative diagonalizations. Here X = K and
X = D denote the kept states and the discarded states, respec-
tively. In this paper, we focus on the 0, — o, correlation func-
tion C(®), defined as

C(w) = (1/271)/(1/2)<[0z(f)76z(0)>]+>ei“”dﬁ (6)

We will mainly use the FDM NRG method to calculate C(®)
at finite temperature. FDM NRG employs the complete basis
set composed of discarded states of all NRG shells.>*3>] In
Fig. 1, we schematically show the NRG process and the struc-
ture of the complete basis, taking N = 3, N, =4, and M; =4
for an example. For the chain N = 3, the complete basis set is
se)? of Hy (blue dashed
lines), |se)? of H, (green dashed lines), and all the eigen-
states |s)2 of Hj (red dashed and solid lines in the third box).
Here |se)? denotes the sth eigenstate of H,, direct multiplied

composed of discarded eigenstates

with the bare states e of later bath sites. The complete rela-
tion reads 1 = ¥, |se¢)PP (se|. Under this complete basis set,
a Lehmann representation for (o;(¢)o;) and (0,0;(¢)) can be
written down, which involves the inter-shell matrix elements
of the form 2 (se|o.(1)|s'¢’)5). After expressing the matrix ele-
ments in terms of intra-shell ones of the form ¥ (se|c. (1)|s'e)X’
(X,X' = K, D) and using the NRG approximation

Hy|se)y ~ Ex|se)y (X =K,D) (7

for the kept states (X = K) and the discarded states (X =
D), one obtains the FDM expression for C(®) which con-
tains intra-shell excitations only. For details, we refer to
Refs. [36,37]. In FDM NRG, the matrix elements of the den-
sity operator p = e PHN / Tr(e~BHV) is treated exactly. That
is, for a given temperature, the contribution from all eigen-
states of p is taken into account according to the Boltzmann
distribution. The excitation energies in the dynamical correla-
tion function, however, are approximated by the intra-shell ex-
citations only. The obtained FDM NRG method!33-3%] has the
advantage of conserving the sum rule and being computation-
ally efficient, but the positiveness of diagonal spectral function
is not guaranteed in certain situations.>”] We also compare the
results from FE NRGE7! with those from FDM NRG and find
no qualitative differences.

In both FDM and FE NRG methods, the delta peaks in
the Lehmann representation of C(®) are broadened with a log-
Gaussian function, [3!]

o(0—w,) —

e b4 { (lnwlna)n)z}' ®

b/ P P2

Here b is the broadening parameter.

— — — - — 1
—_— ®1 -_— e ®1 -_— D
—_— [— ‘4 — . - -_— |se)1
— — — - L | 1
Ho|____ = = —
— S ==|en |E E p
—|am|EE |2 |BE |
— | AH, |se)3D
+AH, +AH AH.
Hy——"s H, Log, 2, g

Fig. 1. Schematic picture of NRG complete basis set for N = 3. In this fig-
ure, we assume that Hy has two eigenstates, each bath site has N, = 4 bare
states, and we keep M = 4 lowest eigenstates after each diagonalization. In
NRG algorithm, the coupling term AH), in H, | = H, + AH,, is applied only
to the lowest Mg = 4 kept states (red solid lines) and splits their degeneracies
(dashed arrows). AH, is not applied to the discarded states (dashed lines).
Upon adding a new bath site, the discarded states only expand their degen-
eracies by a factor of 4 but keep their energies intact (solid right arrows).
The three rectangular boxes contain the complete bases for N = 1, 2, and 3,
respectively. Levels of different colors correspond to discarded states from
different shells. In the last shell N = 3, all eigenstates (red dashed lines and
solid lines) for H3 are regarded to be discarded.

3. Result
3.1. Existence of thermal peak at ® ~ wr

For zero temperature, previous studies of C(®) show that
besides the tunnelling peak at the renormalized tunnelling Ay,
there is a power-law behavior C(®) ~ @* in the low frequency
regime @ < @ and critical behavior C(®) ~ ®* in the in-
termediate frequency @ > @.."*! The crossover frequency @,
follows the crossover energy scale T* ~ (o — o)? 1!l be-
tween the delocalized fixed point and the critical fixed point.
Here z and v are the dynamical and correlation function expo-
nents, respectively.

For finite temperature, the properties of C(®) is less
clear. In Fig. 2, we focus on the sub-ohmic bath s = 0.7
and the nonbiased case € = 0. Representative results are pro-
duced by FDM NRG using a set of typical NRG parameters
A =20, Ny =8, Mg =100 and N = 40. Panel (a) is for
a =0.113872 ~ . Panels (b) and (c) correspond to two val-
ues of o in the delocalized phase. Each panel contains C(®) at
four finite temperatures 7 /A = 1078, 107°, 10~%, and 102
These curves are compared with the zero-temperature curve
obtained at 7/A = 10718,

For a fixed @, it is seen that the C(®) curve does not
change much with temperature in the high frequency regime.
As frequency decreases to a temperature-dependent frequency
or «< T (marked by arrows in Fig. 2), C(®) deviates from the
zero-temperature curve, forming a broad peak. For lower fre-
quency @ < or, C(®) decreases a bit and a plateau is formed.

It does not follow the power forms C(®) ~ ®»**

anymore.
This is quite different from the zero-temperature case where
C(®) o< @* down to T = 0. This scenario holds for different
a values, whether it is close to the critical point (Fig. 2(a)), in

weak coupling (Fig. 2(c)), or intermediate coupling (Fig. 2(b)).
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In Fig. 2(b), for different T, the cases of wr > . as well
as wr < @ appear. Apparently if @r > @, the thermal
peak will take over the low frequency behavior such that the
crossover at @, will not occur. However, if or < @, the
thermal peak will not influence the crossover peak at ;.

(a) @=0.113872~q,

C(w)

T ST
R
-

(¢) a=0.1
104 102 100

w/A

Fig. 2. Correlation function C(®) at different temperatures. The pa-
rameters are s = 0.7, A = 0.01, € = 0. Panels (a)—(c) correspond
to o0 = 0.113872 = ¢, 0.113, and 0.1, respectively. In each panel,
T /A =10718 =~ 0 (black solid line), 10~8 (red dashed line), 10~° (green
dash-dotted line), 10~* (blue short-dashed line), and 10~2 (pink dash-
dot-dot line). NRG parameters are N, = 8, N =40, M = 100, A = 2.0,
and b = 1. The peak positions are marked by arrows.

In the following, we check the above observation of a
peak in C(®) at or to be not the artefact of NRG errors.
Firstly, we study the influence of the discretization parameter
A on the results. It is known that the discretization error could
distort the NRG results for A > 1. In Fig. 3, we compare the
C(w) curve of T/A = 1073 obtained at A = 6.0, 4.0, and 2.0
using Bulla’s discretization method, originally developed by
Wilson. 3?40l For these calculations, we use broadening pa-
rameter b = 1.0. We also plot two curves obtained at A = 2.0
and A = 6.0 using Zitko’s discretization method (upper two

curves in Fig. 3).

103 )
102
—~ 10!
3 0
© 100
— A =2 Bulla
10-1}F — A =4 Bulla i
0 A=6 Bulla
— A =2 Zitko N, =10
1072 -

— A =6 Zitko N.=10

108 10-6 10— 102 100
w/A

Fig. 3. Correlation function C(®) at T /A = 107> obtained at different
A values. The parameters are s = 0.7, A =0.01, € =0, and & = 0.1.
NRG parameters are N, = 8, N = 40, and M = 100. Different colors
refer to different A. The lowest three curves are obtained from Bulla’s
discretization method and using b = 1. The top two curves are from
Zitko’s discretization method with N; = 10 and b = 1/N,. The arrows
mark out the peak position.

Zitko’s discretization method*! requires that the hybrid
function after the discretization be equivalent to the original
hybrid function. It is supposed to lead to much less discretiza-
tion error than Bulla’s method. For the two curves from Zitko’s
method, the z-average trick[*>**! is used to further reduce the
effect of broadening. Specifically, the result is obtained by av-
eraging N, = 10 curves, each obtained with slightly twisted
boundaries on the energy axis in the discretization process and
with a much smaller broadening parameter b = 1/10.

In Fig. 3, apart from the curve for A = 6.0 with Bulla’s
discretization, all curves have a peak at a common @r. For
Bulla’s discretization, with decreasing A, C(®) shifts upwards
and the peak at wr gets more pronounced. The two curves
from Zitko’s discretization method stay on the top of the figure
and almost coincide with each other, implying that they repre-
sent the converged curve at A = 1.0. The curve for A = 6.0
has too much discretization error such that the thermal peak at
ot does not appear.

Secondly, we study the influence of NRG truncation error
on C(®). Recently, the NRG truncation error has been ana-

1381 Systematic analysis

lyzed for the static physical quantities.
of the NRG truncation error in dynamical quantities is still
missing. In Fig. 4(a), C(w) curves from several M, are com-
pared at N, = 16. It is seen that for A = 2.0 and N, = 16,
M = 80 and M, = 100 give almost identical C(®) in the
regime @ 2 @r, showing that My = 100 is sufficient to give
converged result for this regime. However, the low frequency
regime ® < @r is much more difficult to converge with in-

creasing M.

102
101F

100

C(w)

102

10!

100 1 1
10-8 10-6

104 10—2
w/A

Fig. 4. Correlation function C(®) for (a) different My at N, = 16, and
(b) different M, at Mg = 80. The parameters are s = 0.7, A = 0.01,
e=0,00=0.1,T/A = 1073, The other NRG parameters are N = 40,
A =2, and b = 1. The peak positions are marked by arrows.

In Fig. 4(b), we show the influence of N, on C(®) using
M = 80. With increasing Ny, C(®@) does not change in the
regime @ >> @r but the peak at @ = wr becomes more pro-
nounced. This supports that the peak at @r exists even in the
limit of N, = eo. Similar to the dependence on M, C(®) in
the regime @ < wr depends irregularly on N, making it diffi-
cult to draw a reliable conclusion on the behavior of C(w) in
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the low frequency limit. Combining Figs. 3 and 4, we draw
the conclusion that at finite temperature, C(®) has a peak at
or which is proportional to temperature. C(®) merges with
the zero-temperature curve above this frequency while devi-
ates significantly below this frequency.

3.2. C(w) for various ¢ and s values

In Fig. 5, we present C(®) at T /A = 107> for various
values of a < o, and at € = 0.0. For very small o values, i.e.,
for o0 < o, it can be seen that a tunnelling peak at @ = A
is directly connected to the @* power law behavior at lower
frequency. For o < o, the tunnelling peak gets smeared and
a clear crossover peak appears at @, which can be used to
distinguish the @~ behavior in the higher frequency regime
from the @*® behavior in the lower frequency regime. See the
curve for a = 0.1. At & = o, the critical behavior @ ~* would
extend to the low frequency limit if 7' = 0. In all these curves
for T/A = 107>, the thermal peak at @r are present, with al-
most a-independent wr values. Note that for o very close o,
@ < @1 will occur and the thermal peak at wr and the ir-
regular C(®) behavior in low frequency regime will takeover.
In that case the crossover at @, is no longer present. See the
curves for ¢ =0.113 and 0.114.

107

105

103

10t

C(w)

10—t

1077 - 1 L 1 |7 |7 1 — 1 1
10-10 10-% 106 10-* 102 100
w/A

Fig. 5. Correlation function C(®) at T /A = 1073 for various o values.
Other parameters are s = 0.7, A = 0.01 and € = 0. The NRG param-
eters are N, = 8, N =40, My = 100, A = 2, and b = 1. From bottom
to top in the low frequency regime, o = 0.0, 1074, 0.03, 0.1, 0.113,
and 0.114 =~ «, respectively. The peak positions are marked by arrows.
The dashed lines show @* and @~* behavior.

Figure 6 shows the evolution of C(®) curve with s in-
creasing from 0.1 to 1.0, with fixed & = 0.001 which is in the
delocalized phase for all s values shown in the figure. A ro-
bust tunnelling peak at @ = A is always present through this
process. The low frequency regime has cw® behavior. Besides
the change of slope in the log-log plot in the low frequency
regime, the coefficient ¢ decreases with increasing s. This is
mainly because as s increases, 0, increases. This makes the
state at & = 0.001 further away from the critical point and the
coupling strength is effectively reduced. In all these curves,

there are thermal peaks at @t with an s-independent wr value.
The curves in @ < @t does not show consistent pattern with s.

10—
10!
100

VARV RV RV VARV VARV )

OO0
NWRUONWOD

10-¢ 1072 100 102
w/A

10-8 106

Fig. 6. Correlation function C(w) at T/A = 107> for various s val-
ues. Other parameters are A = 0.01, € =0, and @ = 0.001. The NRG
parameters are N, =8, N =40, M; =100, A =2,and b = 1.

3.3. C(o) in ® < or regime

Finally, we discuss our exploration into the low frequency
regime of C(®), i.e., in ® < @r. In Fig. 7, we plot C(w)
curves for different M values (main figure) and A values (in-
set). Although the thermal peaks at @r are robust for all varia-
tion of these parameters, C(®) in the lower frequency regime
® < or does not show the signature of convergence. In the
main figure of Fig. 7, it seems that as M; increases, the low fre-
quency part of C(®) continues to decrease, leading to a pseudo
gap behavior below @r. This observation, however, is not con-
clusive given the available data. The curve of C(w) always
seem to be irregular in @ < @r such that we have not found a
persistent pattern in the low frequency limit in the large M
limit. In the inset, the same situation appears for decreas-
ing A towards unity. Although we have not understood this
phenomena completely, we suspect that this loss of descrip-
tive power of NRG for dynamical correlation functions in the
regime @ < T is not an accidental phenomenon, but a general
problem rooted in the NRG algorithm. This problem was ob-
served in the patching method for computing dynamical cor-
relation functions. Although it is claimed that FDM NRG can
solve this problem for the Anderson impurity model, 33 here
we find an exception.

To elucidate this issue, we compare the C(w) curves from
FDM NRG and FE NRG in Fig. 8. FE NRG fully takes into
account all excitations in C(®), including both the intra-shell
ones and the inter-shell ones.*’! It is expected to be more ac-
curate than the FDM NRG which only takes into account the
The curves of C(w) at two
different temperatures show the same feature. Both methods

intra-shell excitations in C(®).

produce almost identical curves in the high frequency regime
® > or. For ® < wr, the curves from the FDM and FE NRG
methods deviate from each other, although both have the ther-
mal peak at same wr. In the low frequency regime, they dif-
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fer significantly, with FE result always larger than FDM re-
sults. In the large M limit, both methods become exact and
they should produce identical results. This consistence of the
two methods has not been reached by our present computation.
This issue is therefore left for a future study.

T/A=10-8
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Fig. 7. The low-frequency part of C(w) at T /A = 1073 for different M
values. The parameters are s = 0.7, A = 0.01, € =0, and o = 0.1. The
NRG parameters are N, =8, N =40, M; = 100, A =2, and b = 1. Inset:
low frequency part of C(®) at T /A = 1078 for different A values.
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are s =0.7,A =0.01, € =0, and o = 0.1. The NRG parameters are N, = 8,
N =40, M =100, A =2, and b = 1. Peak positions are marked by arrows.
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Here we discuss the physical implication of the thermal
peak in C(w). The frequency @wr ~ T corresponds to a time
scale of 7i/kgT. A peak in C(w) at this frequency implies
that the correlation function C(z) has an oscillation with pe-
riod 7i/kpT and the amplitude decays at a rate corresponding
to the width of this peak. This could be observed in the non-
equilibrium time evolution of (o;(¢)) in qubit experiments,
since previous studies have established the correspondence be-
tween C(t) and (o, (t)) under certain initial conditions.!!>! The
experiments involving two-level systems(*—*8 are always car-
ried out at a finite temperature. Such a thermal effect is an im-
portant factor to consider in interpreting the experimental re-
sults. Theoretically, it is interesting to study this effect directly
in the non-equilibrium time evolution of (o;(¢)) and to explore
whether the thermal peak in dynamical correlation function
occurs in other open quantum systems with a bosonic bath.

4. Conclusion

We have studied the 6, — o, correlation function C(®) at
finite temperature for the SBM. A thermal peak is observed at
the frequency wr ~ T in the delocalized phase and zero bias.
We find that @r is controlled solely by temperature and it is
independent of & and s. Above this frequency, C(®) is al-
most identical to the zero-temperature curve. Below or, C(®)
significantly deviates from the zero-temperature curve and our
NRG calculation gives irregular behavior. A definite conclu-
sion for the behavior of C(®) in this regime is yet to be ob-
tained.
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