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Local dynamical characteristics of Bessel beams upon
reflection near the Brewster angle∗
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We analytically and numerically study the local dynamical characteristics of the Bessel beams reflected from an air–
glass interface near the Brewster angle. A Taylor series expansion based on the angular spectrum component is applied
to correct the reflection coefficients near the Brewster angle. Using a hybrid angular spectrum representation and vector
potential method, the explicit expressions for the electric and magnetic field components of the reflected Bessel beams
are derived analytically under paraxial approximation. The local energy, momentum, spin, and orbital angular momentum
of the Bessel beams upon reflection near the Brewster angle are examined numerically by utilizing a canonical approach.
Numerical simulation results show that the properties of these dynamical quantities for the Bessel beams near Brewster
angle incidence change abruptly, and are significantly affected by their topological charge, half-cone angle, and polarization
state. The present study has its importance in understanding the dynamical aspects of optical beams with vortex structure
and diffraction-free nature during the reflection process.
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1. Introduction
In recent years, a special type of light beams that do

not spread on propagation, i.e. the so-called nondiffracting
beams, has attracted much attention for its interesting prop-
erties and potential applications.[1–9] The best known exam-
ple of such beams is the Bessel beams, which are the exact
solutions of the Helmholtz wave equation in circular cylindri-
cal coordinates and described by Bessel function of the first
kind.[10–17] The intensity distributions of these beams exhibit
circular symmetry and consist of a series of concentric rings.
The zero-order Bessel beam has a high-intensity central core,
whereas the higher-order Bessel beams have a dark central
core. As a special type of electromagnetic waves, the non-
diffracting Bessel beams can carry not only energy and mo-
mentum but also angular momentum, which includes the spin
angular momentum (SAM) corresponding to the polarization
of the beams and the orbital angular momentum (OAM) as-
sociated to the spatial distribution of the beams. It is well
known that the energy, momentum, SAM, and OAM are the
main dynamical characteristics of light and play a crucial role
in the understanding of the light–matter interactions. Mean-
while, the reflection of light from an interface between two
media with different material properties is a well-known phe-
nomenon involving the light–matter interaction. The existing
studies have shown that a bounded beam of light upon reflec-
tion near the Brewster angle exhibits a variety of interesting

phenomena, such as large and negative Goos–Hänchen (GH)
shift,[18] large in-plane angular shift,[19] and switchable and
enhanced photonic spin Hall effect (PSHE).[20] It is expected
that these phenomena accompanying the reflection of a beam
at an interface near the Brewster angle will lead to the change
of its energy, momentum, SAM, and OAM. Now a question
arises: how do these dynamical quantities of the Bessel beams
change upon reflection near the Brewster angle? The study
on this issue could provide useful insights into the behavior of
optical beams with vortex structure and diffraction-free nature
during the reflection process, and find potential applications in
the fields of new optical sensing, information processing, and
new optoelectronic devices design.

There have been some studies on the reflection of Bessel
beams at the interface between two media and the accompa-
nying phenomena.[21–26] Mugnai first examined the behav-
ior of a Bessel beam on total reflection;[21] however, only
zero-order Bessel beam is considered. Later, Novitsky and
Barkovsky further studied the total internal reflection of Bessel
beams with arbitrary order and the accompanying IF shift.[22]

Novitsky also studied the change of the size of Bessel beam
rings under reflection.[23] Subsequently, Aiello and Woerd-
man discussed the GH and IF shifts of the Bessel beams upon
reflection.[24] Brandão and Pires explored the reflection of
vector Bessel beams at an interface between dielectrics.[25]

More recently, Liu et al. analytically investigated the reflec-
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tion of a Bessel vortex beam incident on a uniaxial anisotropic
media.[26] There have also been some reports on the dynamical
properties of Bessel beams.[27–34] An analysis of the energy of
Bessel beams was presented in Ref. [27]. The OAM density of
higher-order Bessel beams was investigated in Refs. [28,29].
The coupling between SAM and OAM of the Bessel beams
via spin–orbit interaction was studied in Refs. [30,32–34]. De-
spite all these works, few attentions have been paid to the en-
ergy, momentum, SAM, and OAM of the Bessel beams upon
reflection. These dynamical quantities are of great importance
in understanding the dynamical processes concerning the re-
flection of light beams. In this paper, we focus on the local
dynamical characteristics of Bessel beams upon reflection near
the Brewster angle. A Taylor series expansion based on the an-
gular spectrum component[35] is used to correct the reflection
coefficients near the Brewster angle that changes dramatically.
A hybrid method based on the angular spectrum representation
and vector potential in the Lorenz gauge[36] is introduced to
derive the analytical expressions of the electric and magnetic
field components of the reflected Bessel beams, which are the
key to study their dynamical characteristics theoretically. The
local energy, momentum, SAM, and OAM are described by
using the canonical approach proposed by Bliokh et al.[37,38]

The rest of this paper is organized as follow. In Section 2,
the theoretical formulae of this work are presented, where the
explicit analytical expressions for the electric and magnetic
field components of Bessel beams reflected at an air–medium
interface are derived in detail. Some numerical simulations are
performed and analyzed in Section 3. Finally, the conclusion
is drawn in Section 4.

2. Theoretical formulae
2.1. Angular spectrum representation of the Bessel beams

In this section, we start with a description of the angular
spectrum representation of the Bessel beams. As stated ear-
lier, the Bessel beams are the exact solutions of the Helmholtz
wave equation in circular cylindrical coordinates (ρ,φ ,z).
Mathematically, the scalar electric field of a Bessel beam prop-
agating in the +z direction is given by

E (ρ,φ ,z) = Jl
(
kρ ρ

)
exp(ilφ)exp(ikzz) , (1)

where Jl(·) is the Bessel function of the first kind, with l be-
ing the order numbers of the Bessel function. Here, l is also
called the topological charge of phase singularities. The pa-
rameters ρ =

√
x2 + y2 and φ = tan−1 (y/x) are the radial

distance and azimuthal angle in the transverse plane (x,y),

respectively, kρ =
√

k2
x + k2

y and kz =
√

k2− k2
x − k2

y are the
transversal and longitudinal components of the wavevectors k,
respectively. Usually, these two components are more conve-

niently expressed as kρ = k sinϑ0 and kz=k cosϑ0, with ϑ0 be-
ing the half-cone angle of the Bessel beam. If sinϑ0� 1, the
wavevectors 𝑘 are almost parallel to the z axis and the trans-
verse components (kx,ky) are small compared to k. In this
case, the longitudinal component kz can be expanded in a se-
ries as

kz =
√

k2− k2
x − k2

y ≈ k−
k2

x + k2
y

2k
. (2)

Under the above paraxial approximation, considering the
relation k2

ρ = k2
x + k2

y , equation (1) takes the form

E (ρ,φ ,z) = Jl
(
kρ ρ

)
exp(ilφ)exp

(
−i

k2
ρ

2k
z

)
exp(ikz) . (3)

In this work we will consider, for simplicity, only the paraxial
Bessel beams given by Eq. (3). By setting z = 0, we obtain the
complex amplitude of the Bessel beams in the initial plane

u(ρ,φ ,z = 0) = Jl
(
kρ ρ

)
exp(ilφ) . (4)

Following the idea of angular spectrum representation,
the Bessel beams can be expanded in terms of lots of plane
waves with variable amplitudes and propagation directions.
By taking the Fourier transform of Eq. (4), we can evaluate the
angular spectrum amplitude of Bessel beams, as follows:[39]

ũ(θ ,ϕ) =
1

4π2

∫
∞

0

∫ 2π

0
u(ρ,φ ,z = 0)

× exp [−ikr sinθ cos(ϕ−φ)]ρ dρ dφ , (5)

where θ and ϕ being the spherical coordinates in k space.
Substituting Eq. (4) into Eq. (5), utilizing the following

integral formula:[40]∫ 2π

0
exp(ilϕ)exp [−iρ cos(φ −ϕ)] dϕ

= 2π ilJl (−ρ)exp(ilφ) , (6)

and recalling the properties of Dirac delta function[39]

δ (b−a) = b
∫

∞

0
rJl (br)Jl (ar) dr, (7)

δ (ax) =
δ (x)
|a|

, δ [g(x)] =
δ (x− x0)

|g′ (x0)|
, (8)

it is finally derived that

ũ(θ ,φ) =
1

2π il
δ (θ −ϑ0)

k2 sinϑ0 cosϑ0
exp(ilφ) . (9)

2.2. Vector wave analysis of the Bessel beams upon reflec-
tion

As a next step, we now consider the reflection of Bessel
beams at a plane interface between air and a homogeneous
glass. It is well known that the reflection of plane waves at
an interface between two media is described by the Snell law
and Fresnel formulas, which, however, are not accurately com-
plied by the Bessel beams. As has been mentioned, Bessel
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beams consist of a lot of plane waves, which are incident at
different angles. Although each of the plane waves satisfies
the Snell and Fresnel laws, their superposition exhibits unique
polarization properties. To reveal some important and interest-
ing features, it is necessary to carry out a vector wave analysis
of the Bessel beams upon reflection. Here we adopt a hybrid
method based on the angular spectrum representation and vec-
tor potential in the Lorenz gauge[36] to describe the vectorial
structure of Bessel beams upon reflection.

Figure 1 schematically illustrates the reflection of a
Bessel beam at an interface between two media. The beam
is assumed to be incident from the air characterized by permit-
tivity and permeability (ε0,µ0) to a homogeneous glass char-
acterized by (ε1,µ1). A global coordinate system (x,y,z) is
attached to the interface, in which the z axis is perpendicular
to the interface located at z = 0. Two local coordinate systems
(xi,yi,zi) and (xr,yr,zr), corresponding to two cylindrical co-
ordinate systems (ρi,φi,zi) and (ρr,φr,zr), are used to describe
the incident and reflected Bessel beams, respectively. The an-
gles ϑi and ϑr denote the incident angle and reflection angle
of the main Fourier component, respectively.

oi
xi

yi

zi or

xr
zr

yr

x

z

o

y

glass

air

ϑi ϑr

Fig. 1. Illustration of a Bessel beam reflected from an air–glass interface.

In the coordinate system (xi,yi,zi), an arbitrarily polar-
ized Bessel beam is assumed to propagate parallel to the pos-
itive zi axis, the vector potential of such a beam can be ex-
pressed as

𝐴i = (α𝑥̂i +β 𝑦̂i)ui exp(ikizi) , (10)

where the parameters α and β satisfying |α|2 + |β |2 = 1 de-
termine the polarization state of the incident beam, ki = k0 =

2π/λ0 is the wave number in the air, with λ0 being the wave-
length of the beam, and ui is the complex amplitude of the
Bessel beam. Within the paraxial approximation, the two di-
mensional Fourier transform of the complex amplitude ui takes
the form[39]

ui =
∫

∞

0

∫ 2π

0
ũi exp [ikiρi sinθi cos(φi−ϕi)]

× exp
(
−i

ki sin2
θi

2
zi

)
k2

i cosθi sinθi dθi dφi, (11)

with

ũi =
1

2π il
δ (θi−ϑ0)

k2
i sinϑ0 cosϑ0

exp(ilφi) , (12)

being the angular spectrum of the Bessel beam. As we can see,
a Bessel beam has been decomposed into lots of plane waves,
which can be used to analyze the Bessel beam reflection at an
interface between two different dielectric media.

After reflection of the Bessel beam from an air–glass in-
terface, the corresponding vector potential in the coordinate
system (xr,yr,zr) can be written as

Ar =
(
uH

r x̂r +uV
r ŷr
)

exp(ikrzr) , (13)

where kr = k0, uH
r and uV

r are the transverse amplitudes of the
reflected Bessel beam, which can be evaluated by[

uH
r

uV
r

]
=
∫

∞

0

∫ 2π

0

[
ũH

r

ũV
r

]
exp [ikrρr sinθr cos(φr−ϕr)]

× exp
(
−i

kr sin2
θr

2
zr

)
k2

r cosθr sinθr dθr dφr, (14)

with ũH
r and ũV

r being the horizontal and vertical components
of the angular spectra for the reflected beam, respectively. Fol-
lowing the works of Luo et al.,[20,41,42] we can express the an-
gular spectra ũH

r and ũV
r as

[
ũH

r

ũV
r

]
=

 rp
kry
(
rp + rs

)
cotϑi

k0

−
kry
(
rp + rs

)
cotϑi

k0
rs


[

ũH
i

ũV
i

]
,(15)

where ũH
i = α ũr and ũV

i =β ũr with ũr = ũi (−krx,kry), rp and
rs are the Fresnel reflection coefficients, which are explicitly
given as

rp =
n2 cosϑi−

√
n2− sin2

ϑi

n2 cosϑi +
√

n2− sin2
ϑi

,

rs =
cosϑi−

√
n2− sin2

ϑi

cosϑi +
√

n2− sin2
ϑi

, (16)

in which, n denotes the refractive index of the homoge-
neous glass, the subscripts p and s identify the parallel and
perpendicular polarizations, respectively. The existing stud-
ies have shown that the reflection coefficients change abruptly
when the beam is incident near the Brewster angle and a Tay-
lor series expansion based on the angular spectrum component
could be utilized to correct the reflection coefficients.[20,43] In
particular, rp and rs can be expanded as

rp,s = rp,s

[
1− krx

k0

∂ rp,s

∂ϑi

]
, (17)
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with krx being the component of the wavevector 𝑘r in the an-
gular spectrum space. By inserting Eq. (17) into Eq. (15) and
neglecting the second order item we arrive at

[
ũH

r

ũV
r

]
=


rp

(
1− krx

k0

∂ rp

∂ϑi

)
kry
(
rp + rs

)
cotϑi

k0

−
kry
(
rp + rs

)
cotϑi

k0
rs

(
1− krx

k0

∂ rs

∂ϑi

)

[

α ũr

β ũr

]
. (18)

Before proceeding further, note that, the boundary condi-
tions krx=− kix and kry = kiy have been applied in Eqs. (15)
and (17). Further considering the relations

ki(r)x = ki(r) sinθi(r) cosϕi(r),

ki(r)y = ki(r) sinθi(r) sinϕi(r),

exp
[
ilϕi(r)

]
=
[
cosϕi(r)+ i sinϕi(r)

]l
. (19)

We can also write the reflection boundary conditions for the
Bessel beams as

θi = θr,exp(ilφi) = (−1)l exp(−ilφr) . (20)

Consequently, the angular spectrum amplitude of the
Bessel beams after applying the reflection boundary condi-
tions takes the form

ũr =
1

2πil
δ (θr−ϑ0)

k2
r sinϑ0 cosϑ0

(−1)l exp(−ilφr) . (21)

The transverse amplitude uH
r and uV

r of the reflected
Bessel beam can be calculated by substituting Eqs. (18) and
(21) into Eq. (14). First, integration along θr is performed
by recalling the properties of Dirac delta function given by
Eqs. (7) and (8). Then, integration along φr is done by utiliz-
ing the following integral formula∫ 2π

0

[
cosϕ

sinϕ

]
e−ilϕ e iρ cos(ϕ−φ)dφ

=π

[
il+1 e−i(l+1)φ Jl+1 (ρ)+ il−1 e−i(l−1)φ Jl−1 (ρ)

i · il+1 e−i(l+1)φ Jl+1 (ρ)− i · il−1 e−i(l−1)φ Jl−1 (ρ)

]
.(22)

After calculations, we obtain

uH
r = αrpI1−αrp

1
k0

∂ rp

∂ϑi
I2 +β

(
rp + rs

)
cotϑi

k0
I3, (23)

uV
r = β rsI1−β rs

1
k0

∂ rs

∂ϑi
I2−α

(
rp + rs

)
cotϑi

k0
I3, (24)

in which

I1 = Jl
(
kρrρr

)
(−1)l exp(−ilφr)exp

(
−i

k2
ρrzr

2kr

)
, (25)

I2 =

[
− l (ixr− yr)

ρ2
r

+
ikρrxr

ρr

Jl+1
(
kρrρr

)
Jl
(
kρrρr

) ] I1, (26)

I3 =

[
− l (xr + iyr)

ρ2
r

+
ikρryr

ρr

Jl+1
(
kρrρr

)
Jl
(
kρrρr

) ] I1, (27)

with kρr = kr sinϑ0, ρr =
√

x2
r + y2

r , and φr = tan−1 (yr/xr).
Once the vector potential is obtained, the electric and

magnetic field vectors of the reflected Bessel beam can be ex-
pressed in terms of 𝐴r as

𝐸r = ikrZr𝐴r + i
Zr

kr
∇(∇ ·𝐴r) , (28)

𝐻r = ∇×𝐴r, (29)

where kr and Zr are wave number and wave impedance in the
air, respectively. Then, inserting Eq. (13) to Eqs. (28) and (29),
and making paraxial approximation, we have

Er = ikrZr

[
uH

r x̂r +uV
r ŷr+

i
kr

(
∂uH

r

∂xr
+

∂uV
r

∂yr

)
ẑr

]
exp(ikrzr) ,

(30)

Hr = ikr

[
−uV

r x̂r +uH
r ŷr−

i
kr

(
∂uV

r

∂xr
− ∂uH

r

∂yr

)
ẑr

]
exp(ikrzr) ,

(31)

where ∂uH
r /∂xr, ∂uV

r /∂xr, ∂uH
r /∂yr, and ∂uV

r /∂yr are given
by

∂uH
r

∂xr
= αrp

∂ I1

∂xr
−αrp

1
k0

∂ rp

∂ϑi

∂ I2

∂xr
+β

(
rp + rs

)
cotϑi

k0

∂ I3

∂xr
, (32)

∂uH
r

∂yr
= αrp

∂ I1

∂yr
−αrp

1
k0

∂ rp

∂ϑi

∂ I2

∂yr
+β

(
rp + rs

)
cotϑi

k0

∂ I3

∂yr
, (33)

∂uV
r

∂xr
= β rs

∂ I1

∂xr
−β rs

1
k0

∂ rs

∂ϑi

∂ I2

∂xr
−α

(
rp + rs

)
cotϑi

k0

∂ I3

∂xr
, (34)

∂uV
r

∂yr
= β rs

∂ I1

∂yr
−β rs

1
k0

∂ rs

∂ϑi

∂ I2

∂yr
−α

(
rp + rs

)
cotϑi

k0

∂ I3

∂yr
, (35)

in which

∂ I1

∂xr
=

[
l (xr+iyr)

ρ2
r

−
kρrxr

ρr

Jl+1
(
kρrρr

)
Jl
(
kρrρr

) ] I1, (36)

∂ I1

∂yr
=

[
l (yr− ixr)

ρ2
r

−
kρryr

ρr

Jl+1
(
kρrρr

)
Jl
(
kρrρr

) ] I1, (37)

∂ I2

∂xr
=

[
il (l−1)(yr− ixr)

2

ρ4
r

+
ik2

ρrx
2
r

ρ2
r

+
ikρr

(
y2

r − x2
r + i2lxryr

)
ρ3

r

Jl+1(kρrρr)

Jl(kρrρr)

]
I1, (38)

∂ I2

∂yr
=

[
l (l−1)(yr− ixr)

2

ρ4
r

+
ik2

ρrxryr

ρ2
r

+
kρr
(
lx2

r − ly2
r − i2xryr

)
ρ3

r

Jl+1(kρrρr)

Jl(kρrρr)

]
I1, (39)

∂ I3

∂xr
=

[
l (l−1)(yr− ixr)

2

ρ4
r

+
ik2

ρrxryr

ρ2
r

+
kρr
(
lx2

r − ly2
r − i2xryr

)
ρ3

r

Jl+1(kρrρr)

Jl(kρrρr)

]
I1, (40)

∂ I3

∂yr
=

[
il (l−1)(xr + iyr)

2

ρ4
r

+
ik2

ρry
2
r

ρ2
r

+
ikρr

(
x2

r − y2
r − i2lxryr

)
ρ3

r

Jl+1(kρrρr)

Jl(kρrρr)

]
I1. (41)
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2.3. Description of the energy, momentum, SAM, and
OAM

Having written explicitly the analytical expressions of the
electric and magnetic fields of the reflected Bessel beams, we
now proceed to study the local energy, momentum, SAM, and
OAM of the Bessel beams during the reflection process at the
Brewster angle. Here we adopt a canonical approach pro-
posed by Bliokh et al.[38] to describe these dynamical quan-
tities. Specifically, the energy, canonical momentum, SAM,
and OAM densities of the reflected Bessel beams can be ex-
pressed as

W =
1
4

(
ε0 |𝐸r|2 +µ0 |𝐻r|2

)
, (42)

𝑃 =
1

4ω
Im [ε0𝐸

∗
r · (∇)𝐸r +µ0𝐻

∗
r · (∇)𝐻r] , (43)

𝑆 =
1

4ω
Im(ε0𝐸

∗
r ×𝐸r +µ0𝐻

∗
r ×𝐻r) , (44)

𝐿= 𝑟×𝑃 , (45)

where ω is the angular frequency, Im [·] denotes the imaginary
parts, and the superscript “*” denotes the complex conjugate.

Obviously, the momentum, SAM, and OAM densities are vec-
tors that include the x, y, and z components. Usually, we con-
sider the transverse and longitudinal components of these dy-
namical quantities separately. Here the transverse component
includes the contributions of x and y components, and the lon-
gitudinal component is the z component.

3. Numerical results and discussion

In this section, we perform some numerical simulations
to explore the local dynamical characteristics of the parax-
ial Bessel beams reflection at an interface between air and
BK7 glass with refractive index n = 1.515, which leads to a
Brewster angle θB = 56.5◦. Besides the parameters given be-
low every figure, the common parameters are chosen as: the
free space wavelength of Bessel beams λ0 = 632.8 nm, the
half-cone angle ϑ0 = 5◦, the polarization parameters (α,β ) =

(1,0), i.e., x linear polarization, the topological charge l = 2,
and the position of observed plane zr = λ0.
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Fig. 2. Intensity patterns of the electric and magnetic field components of the reflected Bessel beams with different incident angles, and their corresponding
phases are plotted in the upper right insets. Results are normalized to the corresponding maximum value of the total intensity for each illumination mode.

To start, we consider the field and phase distributions of
the reflected Bessel beams with different incident angles. By
comparing Eqs. (30) and (31), we find that Erx = ZrHry and
Ery = −ZrHrx, which indicate that Erx and Hry, as well as Ery

and Hrx exhibit similar intensity patterns with different am-
plitudes. Here we only consider the components Erx, Ery,
Erz, and Hrz. Figure 2 depicts the intensity patterns of these
filed components, with their corresponding phases shown as
insets in the top right corners. As is well known, the inten-

sity distribution of the Bessel beams exhibits circular symme-
try. For the incident Bessel beam with polarization parameters
(α,β ) = (1,0), i.e., x-linear polarization, its x component of
the electric field and the y component of the magnetic field also
possess circular symmetry. However, the intensity patterns of
the central ring of the transverse field components Erx and Hry

deviate from the circular symmetry. The distortions become
more severe with the increasing of incident angle, as illus-
trated in Figs. 2(a1)–2(a3). When the incident angle is greater
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than the Brewster angle, distortions lead to the loss of vortex
phase properties in the reflected Bessel beams. It is worthy
to note that the amplitude distributions of the transverse field
components Ery and Hrx induced by the cross-polarization dur-
ing the reflection process almost do not change with increas-
ing the incident angle, as illustrated in Figs. 2(b1)–2(b3). In
contrast, the longitudinal field components Erz and Hrz of the
reflected Bessel beam are extremely sensitive to the incident
angle, as shown in Figs. 2(c1)–2(c7) and Figs. 2(d1)–2(d7). It
can be observed that the amplitude distributions of Erz and Hrz

at Brewster angle incidence change abruptly. When the inci-
dent angle increases or decreases by the same angle relative to
Brewster angle, the intensity patterns of Erz and Hrz are simi-
lar but rotate 180 degrees, which will lead to the change of the
energy, momentum, SAM, and OAM of the reflected Bessel
beam.

Next, we examine the influence of the incidence angle
on the energy, momentum, SAM, and OAM densities of the
Bessel beams upon reflection, as illustrated in Fig. 3. As we

can see, the distribution patterns of these dynamical quantities
for the reflected Bessel beams are sensitive to the incidence an-
gle. Notably, the energy, momentum, SAM, and OAM change
abruptly when the beam is incident near the Brewster angle.
It can be seen that the distribution patterns of the energy and
momentum densities for the reflected beams are similar except
those near the Brewster angle. As the increase of the incident
angle, the patterns gradually deviate from the circular symme-
try. When the beam is incident near the Brewster angle, the cir-
cular symmetry of the patterns is seriously broken. Compared
with the energy and momentum densities, the SAM density
distribution of the reflected Bessel beam has completely lost
the circular symmetry. Notably, when the incident angle in-
creases or decreases by the same angle relative to Brewster
angle, the distribution pattern of the SAM density remains un-
changed. It also can be seen that the circular symmetry of
the OAM density distribution pattern will be distorted as the
incident angle increase. The distortions become much more
serious when the incident angle is close to the Brewster angle.
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Fig. 3. Normalized energy, momentum, SAM, and OAM density distributions of the reflected Bessel beams with different incident angles. The first line to
the last line corresponds to the energy, momentum, SAM, and OAM densities, respectively.

We now turn our attention to the local dynamical charac-

teristics of Bessel beams upon reflection at the Brewster an-

gle. Since the local energy and momentum densities of the

reflected Bessel beams show similar characteristics, here we

are only interested in the momentum, SAM, and OAM densi-

ties. Figure 4 illustrates the distributions of the transverse and

longitudinal momentum, SAM and OAM densities of the re-

flected Bessel beams with different topological charges. From

the illustrations of this figure, we observed that the momen-

tum, SAM, and OAM densities have not only transverse com-
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ponent but also longitudinal component due to the cross po-
larization effects accompanying the reflection. Further obser-
vation, we find that the change of the sign of the topological
charge (from l =−1 to l = 1, or vice versa) induces the change
of the orientation of the transverse momentum density with its
amplitude unchanging, whereas the longitudinal momentum
has no alteration. At the same time, it is clear that the change
of the sign of the topological charge has no effect on the trans-
verse SAM and OAM, but has a significant effect on the lon-
gitudinal SAM and OAM. In particular, the longitudinal OAM
density reverses from positive (l = −1) to negative (l = 1)

with changing the sign of the topological charge. It should be
noted that the reflection boundary conditions, as represented
by Eq. (20), induce the inverse of vortex phase rotation direc-
tion. It can also be seen in Fig. 4 that with the increasing of
topological charge, the distributions of the momentum, SAM,
and OAM densities gradually go away from the center. More-
over, we note that the longitudinal OAM for the case of l = 0 is
obviously different from that of l 6= 0. The above results show
that altering the sign and value of the topological charge of the
incident Bessel beam provides an effective way to regulate its
local dynamical characteristics during the reflection process.
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Fig. 4. Distributions of the transverse and longitudinal momentums, SAM, and OAM densities of the reflected Bessel beams with topological charges:
(a1)–(a6) l = −1, (b1)–(b6) l = 0, (c1)–(c6) l = 1, and (d1)–(d6) l = 2, where the white arrows show the orientations of their corresponding transverse
components. Results are normalized to the corresponding maximum value of each subgraph.

Figure 5 shows the momentum, SAM, and OAM density
distributions of reflected Bessel beams with different half-cone
angles. As stated before, we restrict ourselves to the analysis
of the reflection of the Bessel beams under paraxial approxi-
mation. Here we choose the half-cone angle as ϑ0 = 5◦, 10◦,
15◦. It can be seen from Fig. 5 that, the half-cone angle has a
significant effect on the distributions of the momentum, SAM,
and OAM densities. In particular, as the half-cone angle of
the Bessel beam increases, the momentum, SAM, and OAM
densities of the reflected beam gradually concentrate on the

central area at the same observation plane. In addition, the
larger the half-cone angle ϑ0, the larger the amplitude of these
of these dynamical quantities.

In all the numerical simulations above, the incident
Bessel beams are assumed to be linearly polarized. As well
known, the polarization state of a light beam can take differ-
ent forms such as linear, circular, radial, azimuthal, and so on.
Among which, the state of circular polarization is associated
with SAM. It raises an interesting question, that is, how the
local momentums, SAM, and OAM of the reflected beam be-
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have when the incident Bessel beam is circularly polarized.
To answer this question, we plot the distributions of the trans-
verse and longitudinal momentums, SAM, and OAM densi-
ties for the Bessel beams with left circular polarization during
the reflection process, as shown in Fig. 6. Comparing Fig. 6
with Figs. 4(d1)–4(d6), we find that the distribution patters
of the local momentum, transverse SAM, and OAM densities
change from axisymmetric structure to multi ring structure.
The longitudinal SAM distribution of the linearly polarized

Bessel beam is similar to that of the circularly polarized Bessel

beam. We also find that both the momentum and SAM den-

sities are mainly dominated by the longitudinal component of

them, whereas the OAM density is dominated by its transverse

component. This analysis suggests that changing the incident

polarization offers an alternative way to regulate the local dy-

namical characteristics of Bessel beams during the reflection

process.
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4. Conclusion

In conclusion, we have investigated analytically and nu-

merically the local dynamical characteristics of Bessel beams

reflected from an air–glass interface near the Brewster angle.

To describe such an issue exactly, a Taylor series expansion in
form of angular spectrum component was applied to correct
the reflection coefficients. The explicit analytical expressions
for the electric and magnetic field components of the reflected
Bessel beams were derived and used to calculate the energy,
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momentum, SAM, and OAM. The effects of the incidence
angle, topological charge, half-cone angle, and polarization
state of the incident beams on these dynamical quantities are
numerically simulated and discussed. The results show that
the local dynamical characteristics of the Bessel beams dur-
ing the reflection process at Brewster angle incidence change
abruptly, and can be regulated by altering the sign and value
of the topological charge, as well as the half-cone angle and
polarization state. In particular, the change of the sign of the
topological charge has a significant effect on the transverse
momentum, and the longitudinal SAM and OAM, but has no
effect on the longitudinal momentum, and the transverse SAM
and OAM. As the topological charge increases, the profiles of
these dynamical quantities gradually go away from the center.
Meanwhile, with the increasing of half-cone angle, the dis-
tribution patters of these dynamical quantities gradually con-
centrate on the central area at the observation plane. In addi-
tion, with changing the polarization state of the incident beam
from linear to circular, the corresponding momentum, trans-
verse SAM, and OAM density distributions change from ax-
isymmetric structure to multi ring structure. These findings
are valuable in understanding the behavior of optical beams
with vortex structure and diffraction-free nature during the re-
flection process, and have potential applications in the fields
of optical sensing, information processing, and new optoelec-
tronic devices design.
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