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Quantum routing in a T-bulge-shaped waveguide system coupled with a driven cyclic three-level atom and a two-
level atom is investigated theoretically. By employing the discrete-coordinate scattering method, exact expressions of the
transport coefficients along three ports of the waveguide channels are derived. Our results show that bidirectional high
transfer-rate single-photon routing between two channels can be effectively implemented, with the help of the effective
potential generated by two atoms and the external driving. Moreover, multiple band zero-transmission emerges in the scat-
tering spectra, arising from the quantum interferences among photons scattered by the boundary and the bulged resonators.
The proposed system may suggest an efficient duplex router with filtering functions.
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1. Introduction
In a quantum network, photons are usually utilized as

perfect information carriers to transmit quantum information
over long distances,[1] and thus, it is of great importance to
tailor and enhance the light–matter interactions to route ef-
ficiently these photons in different quantum channels. In
the past decades, the strong field–matter interactions have
be achieved by waveguide quantum electrodynamics (QED)
systems,[2–7] and many interesting transport properties such
as optical nonreciprocity and directional light amplification
have still been exploited experimentally.[8–12] With the ideal
platform, quantum routing of single photons is also investi-
gated, where waveguide is utilized as the quantum channel,
and the photon signal transport is controlled effectively via
the strong light–matter interactions. Accordingly, numerous
theoretical[13–26] and experimental[27–30] investigations on the
quantum routing of single photons have been demonstrated in
many waveguide-QED systems. For example, Zhou et al. ex-
amined the single-photon quantum routing properties in an X-
shaped coupled-resonator waveguide (CRW), and showed that
efficient routing can be implemented between two quantum
channels with the help of a classical field.[13,14] By using the
interferences of photons with the phase differences, a router
with multi-output ports has also been investigated by Yan et
al.[15]

However, in a multichannel quantum network, there ex-

ists a confine of low routing rate (no excess of 0.5) of single
photons transmitted between different channels in many pro-
posed routers, owing to extended assignments for the increas-
ing ports. This could limit their potential applications, since
the desired high routing capability of redirecting the incident
photons into another channel is very essential for the efficient
distributions of transmission signals. To enhance the inter-
channel transfer rate of routed photons, a T-shaped or an ex-
tended T-bulge-shaped waveguide[16,17] is proposed to achieve
it via the radiation field modification from the boundary effect
of the semi-infinite CRW, and an unidirectional high probabil-
ity transfer only from the semi-infinite channel to the infinite
one is realized. Thus, it is of considerable interest to design
a high-efficiency router with bidirectional high transfer-rate
routing.

Motivated by these considerations, we extend the previ-
ous single-atom coupled scheme and propose a two-atom cou-
pled one to effectively perform bidirectional high-efficiency
quantum routing of single photons in a T-bulge-shaped waveg-
uide system, in which a three-level atom and an additional
two-level atom are coupled. By applying the discrete-
coordinate scattering approach, the single-photon scattering
amplitudes into three ports of the waveguide network are ob-
tained analytically. Then, we examine how to efficiently con-
trol the quantum routing of the single photons by tuning the
atom-resonator coupling strengths and the driving field. In
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contrast to the previous schemes[11,12] with a unidirectional
high transfer-rate routing from the semi-infinite channel to the
infinite channel, bidirectional highly-efficient routing between
two channels can be achieved via the effective potential from
the additional atom. In addition, compared to the T-shaped
waveguide system with the bare boundary, multiple band zero-
transmission with filtering function is exhibited in the scatter-
ing spectra, due to the multiple quantum interferences of these
photons located in the boundary and the bulged resonators in
the T-bulge-shaped waveguide system. Therefore, the pro-
posed system can be utilized as a multi-function router.

2. Theoretical method

The schematic diagram of a coupled T-bulge-shaped
waveguide is shown in Fig. 1. Two cross optical channels are
constructed by one infinite CRW-a and another semi-infinite
CRW-b with N − 1 bulged resonators below the cross res-

onator. These resonator modes of two CRWs are described
by the creation operators a†

ja and b†
jb

, respectively, with the
subscripts ja = −∞, . . . ,+∞, and jb = 1, . . . ,+∞. A ∆ -type
three-level atom, placed at the crosspoint ( ja = 0, jb = N) of
two CRWs, is characterized by a ground state |g〉 and two ex-
cited states |e〉 and | f 〉. The cavity modes bN and a0 in the
cross resonator couple the transitions |g〉 ↔ | f 〉 and |g〉 ↔ |e〉
with the coupling strengths gb and ga, respectively. The transi-
tion |e〉↔ | f 〉 is resonantly driven by a classical field with fre-
quency ν and Rabi frequency Ω . Here, the transition between
the ground state and the intermediate state is unforbidden for
these cyclic structures, which can exist in artificial symmetry-
broken systems.[31,32] Another two-level atom characterized
by ground states |g2〉 and excited states |e2〉 can be located
at two possible locations such as the right of CRW-a or the
above of CRW-b. We first investigate the case that the two-
level atom is placed at ja = p of the CRW-a, and also coupled
to the CRW-a with the coupling constant gp.

a
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Fig. 1. Schematic view of routing single photons in two channels formed by one infinite CRW and another semi-infinite CRW with N−1 bulged
resonators below the cross resonator. A three-level system, located at the crosspoint ( ja = 0, jb = N), is resonantly driven by a classical field Ω .
Another two-level atom is located at ja = p. A single photon incoming from the left side of CRW-a is reflected, transmitted, or transferred to
CRW-b.

When a photon is incident from one cavity of the CRW-
a, it propagates with the transmission probability Ta or is re-
flected by the atoms along the channel-a with the reflection
probability Ra, and it is also routed into CRW-b with the trans-
fer rate Tb, with the help of a driving. The total Hamiltonian
of the composite system consists of three parts

H = Hw +Ha +Hint, (1)

where Hw describes the photon propagation in the waveguide,
Ha denotes the Hamiltonian of the three-level and two-level
atoms, and Hint describes the interactions among the resonator
modes, the classical driving and two atoms. The three terms

can be expressed as (h̄ = 1 throughout)

Hw = ∑
ja

[ωaa†
jaa ja −ξa(a

†
ja a ja+1 +a†

ja+1a ja)]

+ ∑
jb

[ωbb†
jb

b jb −ξb(b
†
jb

b jb+1 +b†
jb+1b jb)],

Ha = ωe1 |e〉〈e|+ω f | f 〉〈 f |+ωe2 |e2〉〈e2|,
Hint = ga|e〉〈g|a0 +gb| f 〉〈g|bN +gp|e2〉〈g2|ap

+Ω e−iνt | f 〉〈e|+H.c., (2)

where we have set the energy levels of the atomic ground
states as the energy references. For simplicity, we have sup-
posed that all resonators in the CRW-a (b) have the same
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frequency ωa (ωb) and the hopping coefficient ξa (ξb) be-
tween any two nearest-neighbor resonators in the CRW-a (b)
is equal. ωe1( f ,e2) represents the frequency of atomic state
|e( f ,e2)〉. a†

ja (b†
jb

) is the creation operator of photon at site
ja( jb) of the CRW-a (b). The Hamiltonian of the coupled-
resonator waveguide in Eq. (2) describes a typical tight-
binding boson model,[13,14] which presents the dispersion re-
lations E [a]

k = ωa−2ξa cos(kaς) and E [b]
k = ωb−2ξb cos(kbς),

with wavenumbers ka and kb. Here, the lattice constant ς is
assumed to be unity.

By performing a time-dependent unitary transformation
Heff = U†HU − iU†∂U/∂ t with the operator U = e−iνt|e〉〈e|,

one gets the effective Hamiltonian under the rotating frame-
work

Ha = ωe|e〉〈e|+ω f | f 〉〈 f |+ωe2 |e2〉〈e2|,
Hint = ga|e〉〈g|a0 +gb| f 〉〈g|bN +gp|e2〉〈g2|ap

+Ω | f 〉〈e|+H.c., (3)

where ωe =ωe1−ν is the detuning of the atomic state |e〉 from
the driving. The Hamiltonian of the waveguide part remains
the same.

Since the total number of excitations is conserved in this
hybrid system, the eigenstate of Hamiltonian (1) is given by

|ψ〉= ∑
ja

α( ja)a
†
ja | /0a, /0b,g,g2〉+∑

jb

β ( jb)b
†
jb
| /0a, /0b,g,g2〉+ ce| /0a, /0b,e,g2〉+ c f | /0a, /0b, f ,g2〉+ c2| /0a, /0b,g,e2〉, (4)

where | /0a, /0b〉 describes the waveguide vacuum state. α( ja) and β ( jb) denote the probability amplitudes of photons in the ja-th
cavity of CRW-a and jb-th cavity of CRW-b, respectively. ce (c f , c2) is the excitation amplitude of the atomic state |e〉 (| f 〉, |e2〉).

From the eigen-equation H|ψ〉= Ek|ψ〉, we get

(Ek−ωe2)c2 = gpα(p), (Ek−ωe)ce = Ωc f +gaα(0), (Ek−ω f )c f = Ω
∗ce +gbβ (N),

(Ek−ωa)α( ja) =−ξa[α( ja−1)+α( ja +1)]+ δ ja0gace +δ ja pgpc2,

(Ek−ωb)β ( jb) =−ξb[β ( jb−1)+β ( jb +1)]+ δ jbNgbc f , (5)

where the dispersion relation Ek = E [a]
k = E [b]

k is satisfied. Removing these atomic amplitudes ce and c f , we obtain the scattering
equation

(Ek−ωa)α( ja) =−ξa[α( ja−1)+α( ja +1)]+ δ ja0[Vaα(0)+Gβ (N)]+δ ja pVpα(p),

(Ek−ωb)β ( jb) =−ξb[β ( jb−1)+β ( jb +1)]+δ jbN [Vbβ (N)+G∗α(0)].
(6)

The coupling between the three-level atom and CRWs yields
the energy-dependent effective potentials with strengths

Va(Ek) =
g2

a∆ f

∆e∆ f −|Ω |2
,

Vb(Ek) =
g2

b∆e

∆e∆ f −|Ω |2
,

Vp =
g2

p

∆e2

, (7)

and the dispersive coupling strength between two CRWs

G(Ek) =
Ωgagb

∆e∆ f −|Ω |2
. (8)

Here, ∆e = Ek−ωe, ∆ f = Ek−ω f , ∆e2 = Ek−ωe2 . The ef-
fective potentials and the dispersive coupling strength G play
important roles for the routing properties of single photons.

3. Quantum routing properties of single photons
Considering the coupled T-bulge-shaped waveguide sys-

tem as a two-channel quantum router, we thus focus on rout-
ing rate of single photons from one CRW to the other. As the
structural symmetry is break by the boundary of the CRW-b,

we examine two cases of incident waves incoming from both
CRWs, respectively.

3.1. Single photons incident from the left side of CRW-a

We consider the first case of a single photon incoming
from the left of CRW-a. There are two possible locations for
the two-level atom, e.g., in the right of CRW-a or in the above
of CRW-b. We first discuss the former, as shown in Fig. 1. The
corresponding wave functions have the solutions

α( ja) =


e i jaka + ra e−i jaka , ja < 0,
t1 e i jaka + r1 e−i jaka , 0 < ja < p,
ta e i jaka , ja > p,

(9)

β ( jb) =

{
Asin(Nkb), jb = 1,2, . . . ,N,

tb e i jbkb , jb > N,
(10)

where r1 and t1 represent reflection and transmission ampli-
tudes between the 0-th and p-th resonators in CRW-a, respec-
tively. ra, ta, and tb are reflection, transmission in CRW-a, and
transfer in CRW-b, respectively. A is an amplitude constant at
the boundary cavity jb ≤ N.

Substituting Eqs. (9) and (10) into Eq. (6), after some al-
gebra, we obtain the scattering amplitudes
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ra =
2iξa sinka(ξbF−ξb e−ikb −Vb)

Cp(ξbF−ξb e−ikb −Vb)−|G|2
−1, ta =

−4ξ 2
a sin2 ka(ξbF−ξb e−ikb −Vb)e−2i pka

[(2iξa sinka−Vp)e−2i pka +Vp][Cp(ξbF−ξb e−ikb −Vb)−|G|2]
,

tb =
2iξa sinkaGe−iNkb

Cp(ξbF−ξb e−ikb −Vb)−|G|2
, Cp =

2iξa sinka(2iξa sinka−Vp)e−2i pka

(2iξa sinka−Vp)e−2i pka +Vp
−Va, F =

sin[(N−1)kb]

sin(Nkb)
. (11)
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Fig. 2. (a) Transmission Ta (cyan solid line) and reflection Ra (pink dashed line) as a function of the momentum k for Ω = 0 and gn = 0. (b)
Transmission Ta (cyan solid line), reflection Ra (pink dashed line), transfer Tb (black dash dotted line) for Ω = 1 and gn = 0. Transfer Tb for
different gp: black dash dotted line for gp = 0, red solid line for gp = 0.4, and blue dashed line for gp = 0.8, in (c) Ω = 1.0, and (d) Ω = 2.0,
respectively. (e) Maximum transfer T max

b as a function of gp ( red dashed line for Ω = 1 and blue solid line for Ω = 2). (f) Maximum transfer
T max

b as a function of Ω (red dashed line for gp = 0.4, and blue solid line for gp = 0.8). The other parameters are taken as ga = gb = 1.0,
ω0−ωe = 2, ω0−ω f = 1.6, ω0−ωe2 = 2, ξa = ξb = ξ0 = 1, p = 4, and N = 4, respectively.

In the system with three ports, scattering properties are
engineered by the transmission Ta = |ta|2, reflection Ra = |ra|2,
and transfer Tb = |tb|2. For simplicity, we assume ωa = ωb =

ω0, ωe = ωe2, ξa = ξb = ξ0, and ka = kb = k in our discus-
sion. In our numerical calculations, these parameters are taken
as ω0−ω f = 1.6, ω0−ωe = 2, ω0−ωe2 = 2, ga = gb = 1,
and ξ0 = 1, and all the parameters are in units of the hopping
coefficient ξ0. It is a reasonable selection, since the adopted
parameters are close to the same order of magnitude in a cir-
cuit QED experimental system,[33,34] and the waveguide can
be constructed by the superconducting transmission-line res-
onators.

As a contrast, we first research the single-atom case with
gp = 0, in which the scattering coefficients in Eq. (11) are re-
duced to the forms in Ref. [17], where only a driven three-
level atom is used to scatter the single photon. If the classical
drive is turned off, it is easy to see from Eq. (11) that CRW-b
is not coupled to CRW-a, and the incoming photon cannot be
routed into another channel completely. In this case, the cyclic
three-level atom degenerate to a two-level atom with a single
excitation path, and serves as a perfect mirror to completely
reflect the input photon at the resonance point, as shown in
Fig. 2(a). When the classical field is open, another output
channel (CRW-b) is connected, and the conservation relation
of the photon flow becomes |ta|2 + |ra|2 + |tb|2 = 1. With the

help of the classical drive, the single photons are redirected
from CRW-a into CRW-b, and the transfer Tb of no more than
0.5 is presented in Fig. 2(b).

When another atom is utilized to be located in the p-th
resonator of the CRW-a, there are some different features to
be presented. When gp = 0, Tb with no more than 0.5 (black
dash dotted curves) is presented in Figs. 2(b)–2(d), even for
the strong driving. Whereas increasing gp, high transfer rate
Tb > 0.5 occurs, and a transfer Tb ≈ 1 (blue dashed curves)
emerges for gp = 0.8 and Ω = 1.0, as shown in Fig. 2(d). Fur-
ther, figures 2(e) and 2(f) shows the effects of the coupling
strength and driving on the maximum transfer rate T max

b in
the scattering spectra. As seen, the maximum transfer rates
also increase with the increasing coupling strength and driv-
ing. This scenario may result from the effect of a quantum
supercavity[7] generated by two atoms located in 0-th and p-th
cavities in CRW-a, where the effective potentials related to the
couplings are formed. When the incident photon collides with
a repulsive potential, the transmission is blocked, which has
been demonstrated by Zhou.[7] Thus, when a single photon
comes into the supercavity, it can go through it, or is localized
in the area due to the reflection from the effective potential Vp.
The localized photon can also be routed into CRW-b with the
assistance of the drive, and thus the transfer rate into channel-
b is enhanced. Therefore, increasing the coupling gp and the
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drive will give rise to a higher transfer rate into CRW-b, due to
their joint effects.

What is more interesting, we find that there exists 2N
zero-value transmission in the scattering spectra for the N
bulged resonators, except the point of k = 0 (υg = 2ξa sink =

0) for no incident wave, which may result from the multiple
quantum interferences among the standing waves scattered by
the boundary and the bulged resonators. This may provide a
potential application as a multi-wavelength filter. With such a

device, the desired wavelengths in the output port are selected
to drop, which can be used in designing multi-wavelength se-
lectors, multiplexers, and other optical devices.

As a contrast, we also examine another case in which
the two-level atom is placed at jb = m of the CRW-b. In the
case, the atom interacts with m-th cavity mode in CRW-b, with
the interaction Hamiltonian Hint = ga|e〉〈g|a0 + gb| f 〉〈g|bN +

gm|e2〉〈g2|bm +Ω |e〉〈 f |+H.c. Similar to the above process,
after some algebra, we get the scattering amplitudes

ra =
2iξa sinkaCm

(2iξa sinka−Va)Cm−|G|2
−1, ta =

2iξa sinkaCm

(2iξa sinka−Va)Cm−|G|2
,

tb =
−4ξaξb sinka sinkbG∗ e−i(2m−N)kb

[(2iξb sinkb−Vm)e−i(2m−N)kb +Vm e−iNkb ][(2iξa sinka−Va)Cm−|G|2]
,

Cm =
sin[(N−1)kb]

sin(Nkb)
ξb−

ξb(2iξb sinkb−Vm)e−i(2m−N+1)kb +ξbVm e−i(N−1)kb

(2iξb sinkb−Vm)e−i(2m−N)kb +Vm e−iNkb
−Vb, (12)

where Vm = g2
m/∆e2 .

T
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Fig. 3. (a) Transmission Ta (cyan solid line), reflection Ra (pink dashed
line), and transfer Tb (black dash dotted line) as a function of the momen-
tum k. (b) Transfer Tb for different gm: blue dashed line for gm = 0, red solid
line for gm = 0.4, and cyan dotted line for gm = 0.8, with (b) Ω = 1, and (c)
Ω = 2, respectively. (d) Maximum transfer T max

b as a function of gm (red
dashed line for Ω = 1 and blue solid line for Ω = 2). Here m = 4, and the
other parameters are the same as those in Fig. 2.

Similarly, owing to the locality of the quantum supercav-
ity formed in channel-b, the photons transmitted into the su-
percavity are trapped and reflowed under the effects of the
effective potentials, and returned to channel-a for the strong
reflection. Since the two ongoing paths along the right side
of channel-a and channel-b are reciprocal, the transport prob-
abilities in two paths cannot exceed 0.5, as demonstrated in
Refs. [16,17]. Moreover, some photons may be redirected into
channel-a, and thus, the transfer rate Tb is less than 0.5, as
shown in Figs. 3(a)–3(c). The maximum transfer rate T max

b
with no excess of 0.5 is also exhibited in Fig. 3(d) for the dif-
ferent coupling gm.

3.2. Single photons incident from the upward side of the
CRW-b

We then discuss the case of a single photon incoming
from the CRW-b, in which the two-level atom is located in
ja = n of the CRW-a.

Using the similar process of the calculation in case 1, we
get the scattering amplitudes

t l
a =

2iG∗ξb sinkb e−iNkb

Cn(ξbF−ξb e−ikb −Ṽb)−|G|2
, tr

a =
−4G∗ξaξb sinka sinkb e−2inka e−iNkb

[(2iξa sinka−Vn)e−2inka +Vn][Cn(ξbF−ξb e−ikb −Ṽb)−|G|2]
,

rb =
2iCnξb sinkb e−2iNkb

Cn(ξbF−ξb e−ikb −Ṽb)−|G|2
− e−2iNkb , Cn =

2iξa sinka(2iξa sinka−Vn)e−2inka

(2iξa sinka−Vn)e−2inka +Vn
−Ṽa. (13)

Here, rb, t l
a, and tr

a are the reflection amplitude in CRW-b, left
and right transmission amplitudes in CRW-a, respectively. No-
tice that the coupling channels for ga and gb are exchanged to
retain energy transition with the help of the driving, thus the ef-
fective potentials and the dispersive coupling strength between

two CRWs are given respectively as

Ṽa =
g2

a∆e

∆e∆ f −|Ω |2
, Ṽb =

g2
b∆ f

∆e∆ f −|Ω |2
,

Vn =
g2

n

∆e2

, G =
Ωgagb

∆e∆ f −|Ω |2
. (14)
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In this three-port system, scattering properties are gov-
erned by the reflection Rb = |rb|2, and transfers T l

a = |t l
a|2 and

T r
a = |tr

a|2. For the single-atom case (gn = 0), the classical field
drives single photons from CRW-b into CRW-a, and the equal
transfers T l

a = T r
a overlap each other, due to the symmetrical

transmission in both sides of channel-a. While for gn 6= 0, the
transfers T l

a and T r
a in CRW-a separate by the scattering of the

additional two-level atom, as shown in Fig. 4(a) with gn = 0.8.
P

am
a
x

(a) (b)

P
a

P
a

(c) (d)

T
a
↪ 
T

a
↪ 
R

b

0

0.5

1.0

0

0.5

1.0

k↼π↽
-1 0 1

k↼π↽
-1 0 1

k↼π↽
-1 0 1

gn

0 0.5 1.0
0

0.5

1.0

0

0.5

1.0

Fig. 4. (a) Reflection Rb (black dash dotted line), transfers T r
a (cyan solid

line) and T l
a (pink dashed line) as a function of the momentum k for Ω = 1

and gn = 0.8. Transfer rate Pa for different gn: blue dashed line for gn = 0,
red solid line for gn = 0.4, and cyan dotted line for gn = 0.8, with (b) Ω = 0.5,
and (c) Ω = 1, respectively. (d) Maximum transfer Pmax

a as a function of gn
(red dashed line for Ω = 0.5 and blue solid line for Ω = 1). Here n = 3, and
the other parameters are the same as those in Fig. 2.

To examine the dependence of the transfer rate from
channel-b to channel-a on the coupling gn, figures 4(b)–4(c)
display the transfer Pa against the coupling for two drives
Ω = 0.4,0.8, respectively. Here, Pa = Ta+Ra is used to denote
the total probability of the incident single photons appearing in
CRW-a. When gn = 0 and a modern driving Ω = 0.5, Pa < 0.5
(blue solid curves) is presented in Fig. 4(b), whereas Pa > 0.5
is shown for a large driving Ω = 1 in Fig. 4(c). Moreover, it
can be found in Figs. 4(b)–4(c) that a transfer rate approaching
unity also emerges when increasing of the coupling strength
gn, and figure 4(d) further indicates the high transfer rate of
the maximum Pmax

a in the scattering spectra can be controlled
under the joint effects of the coupling strength and the driv-
ing. This reveals that a bidirectional highly-efficient quantum
routing can be implemented in the waveguide system with an
additional atom.

In addition, 2N zero-value asymmetrical transmission for
T l

a and T r
a in two ports of channel-a is also exhibited, as shown

in Fig. 4(a), which means that the proposed device is a multi-
function router with the multi-band filtering.

4. Discussion and conclusion
Notice that the dissipations are not taken into account in

the above discussions. In a real experiment, the composite

system inevitably suffers dissipations like the atomic excited-
state relaxation and cavity field leakage during propagation.
As an example, the exact forms of the scattering amplitudes
with dissipations in Case 1 are given in Appendix A, and it
is easy to check that the mathematic forms can be reduced to
these results in Eq. (11) by assuming zero dissipations.

T
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a
x

k↼π↽

gp

0 1/2 1

(a)

0 0.2 0.4 0.6 0.8 1.0 1.2
0

0.5

1.0
(b)

T
a
↪ 
R

a
↪ 
T

b
↪ 
L

0

0.5

1.0

Fig. 5. (a) Transmission Ta (cyan solid line), reflection Ra (pink dashed
line), transfer Tb ( black dash dotted line), and loss L (green dash line be-
low 0.5) at Ω = 2 and gp = 0.8 for zero dissipations (thick curves) and
γa = γb = 0.02 (thin curves). (b) Maximum transfer rate Pmax

b for differ-
ent coupling gp at Ω = 2 (black solid line for zero dissipations, red dashed
line for γa = γb = 0.005, and blue dash dotted line for γa = γb = 0.02).
γe= γ f = γe2= 0.001. The other parameters are the same as those in Fig. 2.

For the forward photon with a group velocity υg =

2ξ sink, figure 5 shows the influences of the cavity decays
and atomic relaxations on the routing properties. In the cal-
culation, the choices of the dissipative parameters are based
on the experimental results in Refs. [34,35]. The ratio of res-
onator decay γa(b) to its coupling strength ga(b) is adopted to
be around 0.005 for the general superconducting coplanar res-
onator, or more small for a high-Q cavity. Comparing the
spectral probabilities of the reflection Ra, transmission Ta, and
transfer Tb, we can find that all of these scattering probabilities
are reduced (see Fig. 5(a)) owing to the outside leakage. The
loss (L = 1−Ra− Ta− Tb, green dash curve) is also plotted
to exhibit the evident effect for cavity decays γa = γb = 0.025.
The maximum transfer rate Pmax

b also decreases with the in-
crease of the dissipations, as shown in Fig. 5(b), while high
transfer rate Pmax

b > 0.9 is also available for the low dissipa-
tions γa = γb = 0.005 in the common resonator, with Ω = 2
and gp = 0.8. Thus, it is possible to obtain high transfer rate
by increasing the coupling strength and the driving to rival the
dissipations.

In practice, the waveguide channel length is finite in real
experiments. Figure 6 displays the influences of the waveg-
uide length nς for the maximum transfer rate Pmax

b , where n
is the resonator number, and the lattice constant ς is assumed
to be unity. Shown in the figure, Pmax

b oscillates remarkably
for the front few resonators and smooth gradually with the in-
creasing resonators in the long waveguide channel. The os-
cillations may arise from the multiple interference of photons
located in the supercavity formed by these two atoms.[7] At
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Ω = 2 and gp = 1.0, an almost perfect transfer (oscillation
peak) without dissipation is achieved for at least four cavities
in the right of CRW-a for a bulged waveguide with N = 4,
while at least six cavities is required to hold a oscillation peak
for a bulged waveguide with N = 6. Pmax

b also reduces slowly
for the increase of different dissipations γa = γb = 0.005 and
0.02. However, for low dissipations γa = γb = 0.005, high
transfer rate Pmax

b = 0.96 is also obtainable at the 6th cavity
in CRW-a for Ω = 2 and gp = 1.0.
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Fig. 6. Maximum transfer rate Pmax
b for different resonator number n. (a)

Zero dissipation, Ω = 2, N = 4, and different coupling gp: black square
curve for gp = 1.0, pink lower triangular curve gp = 0.7, and cyan upper
triangular curve for gp = 0.35. (b) Similar to panel (a) except N = 6. (c)
Ω = 2, gp = 1.0, N = 6, and different dissipations: black square curve for
zero dissipation, blue diamond curve for γa = γb = 0.005, and red circle
curve for γa = γb = 0.02. γe= γ f = γe2= 0.001. The other parameters are the
same as those in Fig. 2.

In summary, we investigated the single-photon routing
in a T-bulge-shaped waveguide, where a driven ∆ -type three-
level atom and a two-level atom are embedded in the waveg-
uide resonators. With such an integrated setup, routing prop-
erties are discussed in detail for two different photon incident
paths. Our results show that bidirectional high transfer-rate
quantum routing between different channels can be efficiently
performed by adjusting the the resonator-atom coupling and
the classical driving, and an additional filtering function gen-
erated by the wave interference in the bulged resonators is pre-
sented in the scattering spectra. Therefore, this proposed sys-
tem may be utilized as a highly effective and multi-function
quantum router to implement duplex routing.

Appendix A: Scattering amplitudes in the dissi-
pative case

In the appendix, the scattering amplitudes with dissipa-
tions in case 1 are calculated, following the similar calcula-
tion process in the text. When the dissipations are consid-
ered, the corresponding frequencies ωa, ωb, ωe, ω f , and ωe2

are replaced by ω ′a, ω ′b, ω ′e, ω ′f , and ω ′e2
, respectively. Here

ω ′a(b,e, f ,e2)
= ωa(b,e, f ,e2)− iγa(b,e, f ,e2), and γa(b,e, f ,e2) is the de-

cay rate of waviguide-a (b, excited state |e〉, | f 〉 for the three-
level atom, and excited state |e2〉 for the two-level atom), re-
spectively. The corresponding effective potentials and the dis-

persive coupling strength are given by

V ′a(Ek) =
g2

a∆ ′f
∆ ′e∆ ′f −|Ω |2

,

V ′b(Ek) =
g2

b∆ ′e
∆ ′e∆ ′f −|Ω |2

,

V ′p(Ek) =
g2

p

∆ ′e2

,

G′(Ek) =
Ωgagb

∆ ′e∆ ′f −|Ω |2
, (A1)

with ∆ ′e = Ek−ω ′e, ∆ ′f = Ek−ω ′f , and ∆ ′e2
= Ek−ω ′e2

.
After some algebra, the revised forms of the scattering

amplitudes are expressed as

ra =
ξaα(0)−ξa + iγa e−ika

ξa− iγa e ika
,

ta =
ξa[(ξa− iγa e−ika)X +(ξa− iγa e ika)e−2i pka ]α(0)
[(ξa− iγa e ika)X +ξa− iγa e−ika ](ξa− iγa e ika)

,

tb =
ξbβ (N)

(ξb− iγb e ikb)e iNkb
, (A2)

with

α(0) =
Qbξa(e ika ξa−iγa e− ika

ξa−iγa e ika − e−ika)

QaQb−|G′|2
,

β (N) =
G′∗ξa(e ika ξa−iγa e− ika

ξa−iγa e ika − e−ika)

QaQb−|G′|2
,

Qb = iγb−2ξb coskb +ξb
sin[(N−1)kb]

sin(Nkb)

+
ξ 2

b e ikb

ξb− iγb e ikb
−V ′b,

Qa = iγa−2ξa coska +
ξ 2

a e ika

ξa− iγa e ika

+
ξ 2

a e ikaX +ξ 2
a e−ika

(ξa− iγa e ika)X +ξa− iγa e−ika
−V ′a,

X =− [ξa e ika +(ξa− iγa e ika)Y ]e−2i pka

ξa e−ika +(ξa− iγa e−ika)Y
,

Y =
ξa e ika

ξa− iγa e ika
+

iγa−2ξa coska

ξa
−

V ′p
ξa

. (A3)

When the dissipations are not included, the scattering
coefficients in Eq. (A2) can be returned to these results in
Eq. (11) in the text. While the dissipations are considered,
the conservation relation of the photon flow becomes |ta|2 +
|ra|2 + |tb|2 < 1 due to the leakage.
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