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We introduce a new integral scheme namely improved Kudryashov method for solving any nonlinear fractional differ-
ential model. Specifically, we apply the approach to the nonlinear space–time fractional model leading the wave to spread
in electrical transmission lines (s-tfETL), the time fractional complex Schrödinger (tfcS), and the space–time M-fractional
Schrödinger–Hirota (s-tM-fSH) models to verify the effectiveness of the proposed approach. The implementing of the
introduced new technique based on the models provides us with periodic envelope, exponentially changeable soliton enve-
lope, rational rogue wave, periodic rogue wave, combo periodic-soliton, and combo rational-soliton solutions, which are
much interesting phenomena in nonlinear sciences. Thus the results disclose that the proposed technique is very effective
and straight-forward, and such solutions of the models are much more fruitful than those from the generalized Kudryashov
and the modified Kudryashov methods.

Keywords: improved Kudryashov method, fractional electrical transmission line equation, fractional nonlin-
ear complex Schrödinger equation, M-fractional Schrödinger–Hirota (s-tM-fSH)
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1. Introduction

The accurate modeling of nonlinear phenomena related
to natural happening is really impossible without fractional
derivatives. Nowadays, the fractional calculus has been
frequently used to model the nonlinear systems in various
fields such as neuron networks,[1] dust acoustic and dense
electron–positron–ion wave,[2] plasma physics,[3] quantum
mechanics,[4] nonlinear optical fiber communication,[5] su-
perconductivity and Bose–Einstein condensates,[6] electrics
signal processing,[7] biological dynamics,[8] water wave
dynamics,[9] electro–magnetic waves,[10] nonlinear electric-
transmission line,[11] and many other areas. Various types of
exact solutions including periodic wave and solitons are es-
sential to realize intrinsic dynamical structure of such mod-
els even universe. Up to now, huge improvements have been
achieved in the development of techniques to evaluate such
exact solutions of the nonlinear models. Several powerful
methods are as follows. The exp(−Φ(η))-expansion,[12] Hi-
rota bilinear,[13] Bäklund transformations,[14] modified simple
equation,[15] tanh method,[16] tan(Θ/2)-expansion,[17] soli-
ton ansatz,[18,19] auxiliary equation,[20] sine-cosine,[21] ho-
mogeneous balance,[22] Jacobi elliptic function expansion,[23]

(G′/G)-expansion,[23,24] modified double sub-equation,[25]

exp-function,[26] generalized Kudryashov[26] methods, and
many others. It should be pointed out that all the mentioned
approaches have some advantages and also a few disadvan-

tages to integrate complex nonlinear systems. As is well
known, no approach is suitable for all equations. Thus, we
are willing to propose a new and active approach namely im-
proved Kudryashov method (IKM) on the basis of the gener-
alized Kudryashov method[26] by changing its auxiliary equa-
tions.

Now, we come to shed light on the nonlinear space–time
fractional electrical transmission lines (s-tfETL),[11,27] the
time fractional complex Schrödinger (tcFSE),[28] and space–
time M-fractional Schrödinger–Hirota (s-tM-fSH)[29] mod-
els via the proposed IKM. These models have been widely
studied in many aspects for the non-fractional differential
case. Abdou and Soliman[11] only solved the fractional
transmission line equation thru the generalized exp(−ϕ(ξ ))-
expansion and generalized Kudryashov methods. But non-
fractional transmission line equation has been studied by Za-
yed and Alurrfi[30] thru using new Jacobi function expansion
method, by Kumar et al.[31] thru using three schemes as modi-
fied Kudryashaov, Sine–Gordon-, and extended Sinh–Gordon-
expansion methods, and by Shahoot et al.[32] thru using the
(G′/G)-expansion scheme. Besides, the time fractional com-
plex Schrödinger equation (FSE) is a vital nonlinear model in
solitonic field. The model describes the collision of the adja-
cent particles of identical mass on a lattice structure through
a crystal and demonstrate the fundamental properties of string
dynamics with fixed curvature space.[13] This model was first
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developed by Laskin[33] which occurs in many important areas
as water wave, fluid dynamics, bio-chemistry, optical pulses
propagation into nonlinear fiber, and plasma physics. Few
researchers made much more effort to investigate the com-
plex fractional Schrödinger model: Khater[34] studied it by
a supplementary equation as well as (G′/G)-schemes, Alam
and Li[28] presented wave solutions through modified (G′/G)-
expansion technique. In recent years, Sousa and Oliveira
invented an M-fractional order derivative.[35] So, we also
considered another model namely the space–time truncated
M-fractional Schrödinger–Hirota model[29] which frequently
arises in quantum Hall effect, optical fibers, heat pulses in
solids, and more areas. Sulaiman et al.[29] investigated the M-
fractional SH model to present optical soliton solutions with
the help of a sinh-Gordon technique. But non-fractional SHE
is investigated.[36,37]

This research is intended to execute the improved
Kudryashov technique to determine abundant exact solitonic
solutions as periodic envelope, exponentially changeable soli-
ton envelope, rational, combo periodic-soliton, and combo
rational-solitonic solutions of the s-tfETL,[11,27] the tfcSE,[28]

and the s-tM-fSH[29] models, which take an essential part in
nonlinear complex phenomena of physical sciences.

2. Conformable M-fractional and fractional
derivatives with properties

The new M-fractional derivatives are given below.[35]

Let ℘ : [0,∞)→ ℜ, then M-fractional derivative ℘ with
order α can be written as follows:

iD
α,β
M {(℘)(t)}= lim

ε→0

℘
(
tiEβ (εt1−γ)

)
−℘(t)

ε
,

∀t > 0, 0 < α < 1, β > 0,

where Eβ is a truncated Mittag–Leffler function.[35]

2.1. Properties of new M-fractional derivatives

When t > 0, 0 < α < 1, β > 0, m,n ∈ℜ, Ψ and Ω are
α-differentiable, then

(i) iD
α,β
M {(mΨ +nΩ)(t)} = miD

α,β
M Ψ(t)+ niD

α,β
M Ω(t),

∀m,n ∈ℜ.

(ii) iD
α,β
M (Ψ ·Ω)(t) =Ψ(t)iD

α,β
M Ω(t)+Ω(t)iD

α,β
M Ψ(t),

∀β ∈ℜ,

(iii) iD
α,β
M (Ψ/Ω)(t)=

{
Ω(t)iD

α,β
M Ψ(t)−Ψ(t)iD

α,β
M Ω(t)

}
/{Ω(t)}2.

(iv) iD
α,β
M (c) = 0, where Ψ(t) = c is a constant.

(v) (Chain rule) If is differentiable, then iD
α,β
M Ψ(t) =

t1−α

Γ(1+β )

dΨ(t)
dt

.

If a function defined by ϕ : (0,∞)→ℜ, the conformable
fractional derivative with order υ is defined[38] as

∂ υ ϕ

∂ tυ
= lim

ε→0+

ϕ(t + εt1−υ)−ϕ(t)
ε

, t > 0, 0 < υ ≤ 1.

2.2. Properties of conformable fractional derivative

(I)
∂ υ

∂ tυ
(mΨ +nΩ) = m

∂ υ

∂ tυ
(Ψ)+n

∂ υ

∂ tυ
(Ω), ∀m,n ∈ℜ.

(II)
∂ υ

∂ tυ
(tτ) = τtτ−υ , ∀β ∈ ℜ and

∂ υ

∂ tυ
(ν) = 0, ν =

const.

(III)
∂ υ

∂ tυ
(Ψ ◦Ω)(t) = t1−υΨ ′(Ω(t))Ω ′(t).

3. Algorithm of proposed method

The fundamental phases of the technique are as follows.

Step 1 At first, let the subsequent fractional equation with
the variables x and t be

N
(

ϒ ,Dη

t ϒ ,Dα
x ϒ ,D2η

t ϒ ,D2α
x ϒ , . . .

)
= 0, (1)

where the function ϒ = ϒ (x, t) is an unknown wave surface,
and N is a function of ϒ (x, t) and its highest order fractional
derivatives.

Step 2 For complex nonlinear model, take the transfor-
mation ϒ (x, t) =ϒ (ζ )exp(iτ) with travelling wave variables
for space–time fractional model

ζ = ik
(

xα

Γ(1+α)
+

gtη

Γ(1+η)

)
,

τ =

(
gxα

Γ(1+α)
+

htη

Γ(1+η)

)
, (2)

and for no complex model, adopt the transformation ϒ (x, t) =
ϒ (ζ ) and travelling wave variable for space–time fractional
model

ζ =
k1

Γ(1+η)
tη +

k2

Γ(1+α)
xα . (3)

Substituting the above Eq. (2) or Eq. (3) into Eq. (1), the re-
sulting equation is reduced to an ordinary differential equation
(ODE) with the help of fractional complex transformation pro-
ducing

∂ η

∂ tη
=−σ

∂

∂ζ
,

∂

∂x
=

∂

∂ζ
,

∂ 2η

∂ t2η
= σ

2 ∂ 2η

∂ζ 2η
, . . . , (4)

then equation (1) turned into the following form,

χ(ϒ ,ϒ ′,ϒ ′′, . . .) = 0. (5)

The prime of ϒ indicates the usual meaning of derivative.

Step 3 Picking a trial solution for Eq. (5), that is,

ϒ (ζ ) =

n
∑

i=0
ℓiϕ

i(ζ )

m
∑
j=0

℘jϕ j(ζ )
, (6)

050202-2



Chin. Phys. B Vol. 30, No. 5 (2021) 050202

where ℓi and ℘j are the real fixed values, and n > 0 and m > 0
are integers with the restraint ℓn,℘m 6= 0.

Here, we just need to take a different auxiliary equation
which is satisfied by ϕ(ζ ) and expressed as

ϕ
′(ζ ) = k−ϕ

2(ζ ), (7)

where k is an arbitrary constant. Some special solutions of the
Riccati equation, i.e., Eq. (7), are given by

ϕ(ζ ) =



√
k tanh(

√
kζ ), k > 0;√

k coth(
√

kζ ), k > 0;
1/ζ , k = 0;

−
√
−k tan(

√
−kζ ), k < 0;√

−k cot(
√
−kζ ), k < 0.

(8)

Step 4 Combining Eqs. (5), (6), and (7) through compu-
tational software, we can get polynomial in ϕ(ζ ). Taking each
of coefficients of ϕκ(ζ )(κ = 0,1,2,3 . . .) to be zero and thus
some equations are formed in-terms of unknown constants ℓκ

and ℘κ . Solving these unknown constants then putting them
into a trial solution together with the solutions Eq. (8), the ex-
act solution of Eq. (1) is obtained.

Remark 1 It is noted that the auxiliary equation in the
generalized Kudryashov[11,26] and the modified Kudryashov
schemes[31] each are capable to provide only one solution in
terms of exponential function. Consequently, the auxiliary
Eq. (7) in the proposed IK scheme degenerates five differ-
ent solutions involving hyperbolic, rational, and trigonomet-
ric functions. In the concluding remark, we can say that the
introduced scheme will be more useful than the other exiting
schemes for different types of solutions.[26,31]

Remark 2 The proposed technique is easier as it
takes less calculations than the modified (G′/G)-expansion
technique.[28] It is noticed that the modified (G′/G)-expansion
method takes double auxiliary equations while we consider
only Riccati equation as an auxiliary equation.

4. Applications
4.1. Spatiotemporal fractional electrical transmission line

equation (s-tfETLE)

General form of s-tfETLE can be written as follows:[11]

∂ 2β ϕ

∂ t2 −v
∂ 2β

∂ t2 (ϕ)2+B
∂ 2β

∂ t2 (ϕ)3−A2 ∂ 2β ϕ

∂x2 −
A4

12
∂ 4β ϕ

∂x4 =0,

0 < β < 1. (9)

The s-tfETL equation (9) is one of the important equations in
fractional electrical physics. The equation describes data com-
munication and is modified in a telecommunication system.

Considering ϕ(x, t) = φ(ζ ) and

ζ =
k1

Γ(1+β )
tβ +

k2

Γ(1+β )
xβ ,

this nonlinear s-tfETL partial evolution model can be con-

verted into a nonlinear integer order ordinary differential ETL

as follows:

(k2
1−A2k2

2)φ(ζ )− k2
1vφ

2(ζ )+Bk2
1φ

3(ζ )

− A4k4
2β 2

12{Γ(1+β )}2 φ
′′(ζ ) = 0. (10)

As is well known, the delicate balance between the height

derivative and height nonlinear terms gives n = m+ 1. Con-

sider a trial solution Eq. (6) in the following form (m = 1,⇒
n = 2):

φ(ζ ) =
ℓ0 + ℓ1φ(ζ )+ ℓ2φ 2(ζ )

℘0 +℘1φ(ζ )
, (11)

where the auxiliary equation is used

φ
′(ζ ) = k−φ

2(ζ ).

Inserting Eq. (11) with Eq. (7) into the reduced nonlinear ordi-

nary differential Eq. (10), we have a polynomial of φ i,(i =

0,1,2, . . .). All the adjacent terms of φ i are equal to zero,

and form some equations in terms of unknown constants

ℓ0, ℓ1, ℓ2,℘0,℘1,k1, and k2. Solving the equations via Maple

software, we obtain the five sets of solutions for L = Γ(1+β ).

Set 1 ℓ0 =
v℘1
√
−k

3
√

2B
, ℓ1 =

v℘1

3B
, ℓ2 =

v℘1

3B
√
−2k

, ℘0 = 0,

k1 =
3vL
√
−3B

(9B−2v2)β
√

k
, k2 =

√
3vL

βA
√

2kv2−9Bk
and ℘1 is const.

Set 2 ℓ0 =
v℘1
√

k
6B

, ℓ1 =
v℘1

3B
, ℓ2 =

v℘1

6B
√

k
, ℘0 = 0,

k1 =
3vL
√

3B
(9B−2v2)β

√
2k

, k2 =

√
3vL

βA
√

18Bk−4kv2
and ℘1 is

const.

Set 3 ℓ0 =
v℘0

3B
, ℓ1 =

(3Bkℓ2 + v℘0)

3B
√

k
, ℘1 =

3Bℓ2
√

k
v

,

k1 =
3vL
√

6B
(9B−2v2)β

√
k

, k2 =

√
6vL

βA
√

9Bk−2kv2
, ℓ2 and ℘0 are

const.

Set 4 ℓ0 = −kℓ2, ℓ1 = 0, ℘0 = −
2ℓ2v(A2β 2k2

2k+3L2)

3β 2A2k2
2

,

℘1 =
ℓ2

√
2A2Bβ 2k2

2k+6BL2

βAk2
, k1 =

k2A
√

A2β 2k2
2k+3L2

√
3L

and ℓ2, ℘2 are const.

The general solutions of s-tfETL equations for solution

Set 1 are

ϕ11 =
−v+ v

√
−2tanh(

√
kζ )+ v tanh2(

√
kζ )

3B
√
−2tanh(

√
kζ )

, k > 0; (12)

ϕ12 =
−v+ v

√
−2coth(

√
kζ )+ vcoth2(

√
kζ )

3B
√
−2coth(

√
kζ )

, k > 0; (13)

ϕ13 =
−vkζ 2 + v

√
−2kζ + v

3B
√
−2kζ

, k = 0; (14)
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ϕ14 =
v− v
√

2tan(
√
−kζ )+ v tan2(

√
−kζ )

−3B
√

2tan(
√
−kζ )

, k < 0; (15)

ϕ15 =
v+ v
√

2cot(
√
−kζ )+ vcot2(

√
−kζ )

3B
√

2cot(
√
−kζ )

, k < 0; (16)

where

ζ=
3vL
√
−3B

(9B−2v2)β
√

kΓ(1+β )
tβ+

vL
√

3√
(2kv2−9Bk)βAΓ(1+β )

xβ .

The general solutions of s-tfETL equations for solution

Set 2 are

ϕ21 =
v+2v tanh(

√
kζ )+ v tanh2(

√
kζ )

6B tanh(
√

kζ )
, k > 0; (17)

ϕ22 =
v+2vcoth(

√
kζ )+ vcoth2(

√
kζ )

6Bcoth(
√

kζ )
, k > 0; (18)

ϕ23 =
vdζ 2 +2v

√
kζ + v

6B
√

kζ
, k = 0; (19)

ϕ24 =
v−2v

√
−1tan(

√
−kζ )− v tan2(

√
−kζ )

6B
√
−1tan(

√
−kζ )

, k < 0; (20)

ϕ25 =
v−2vcot(

√
−kζ )

√
−1− vcot2(

√
−kζ )

6Bcot(
√
−kζ )

√
−1

, k < 0; (21)

where

ζ=
3vL
√

3B
(9B−2v2)β

√
2kΓ(1+β )

tβ+
vL
√

3√
(18Bk−2kv2)βAΓ(1+β )

xβ.

The general solutions of s-tfETL equations for solution
Set 3 are

ϕ31 =
v2℘0 +(3Bvkℓ2 + v℘0)v tanh(

√
kζ )+3Bℓ2vk tanh2(

√
kζ )

3Bv℘0 +9B2ℓ2k tanh(
√

kζ )
, k > 0; (22)

ϕ32 =
v2℘0 +(3Bvkℓ2 + v℘0)vcoth(

√
kζ )+3Bℓ2vk coth2(

√
kζ )

3Bv℘0 +9B2ℓ2k coth(
√

kζ )
, k > 0; (23)

ϕ33 =
v2℘0

√
kζ 2 +(3Bkℓ2 + v℘0)vζ +3Bv

√
kℓ2

3B
√

kζ (v℘0ζ +3Bℓ2
√

k)
, k = 0; (24)

ϕ34 =
v2℘0− (3Bvkℓ2 + v℘0)v

√
−1tan(

√
−kζ )−3Bℓ2vk tan2(

√
−kζ )

3Bv℘0−9B2ℓ2k
√
−1tan(

√
−kζ )

, k < 0; (25)

ϕ35 =
v2℘0 +(3Bvkℓ2 + v℘0)v

√
−1cot(

√
−kζ )−3Bℓ2vk cot2(

√
−kζ )

3Bv℘0 +9B2ℓ2k
√
−1cot(

√
−kζ )

, k < 0; (26)

where

ζ =
3vL
√

6B
(9B−2v2)β

√
kΓ(1+β )

tβ +
vL
√

6
βA
√

9Bk−2kv2Γ(1+β )
xβ .

The general solutions of s-tfETL equations for solution Set 4 are

ϕ41 =
3β 2A2k2

2(−kℓ2 + ℓ2k tanh2(
√

kζ ))

−2ℓ2v(A2β 2kk2
2 +3L2)+3BAℓ2

√
2A2Bβ 2kk2

2 +6BL2k2
√

k tanh(
√

kζ )
, k > 0; (27)

ϕ42 =
3β 2A2k2

2(−kℓ2 + ℓ2k coth2(
√

kζ ))

−2ℓ2v(A2β 2kk2
2 +3L2)+3BAℓ2

√
2A2Bβ 2kk2

2 +6BL2k2
√

k coth(
√

kζ )
, k > 0; (28)

ϕ43 =
3β 2A2k2

2(−kℓ2ζ 2 + ℓ2)

−2ℓ2v(A2β 2kk2
2 +3L2)ζ 2 +3BAℓ2

√
2A2Bβ 2kk2

2 +6BL2ζ )
, k = 0; (29)

ϕ44 =
3β 2A2k2

2(−kℓ2− ℓ2k tan2(
√
−kζ ))

−2ℓ2v(A2β 2kk2
2 +3L2)−3BAℓ2

√
2A2Bβ 2kk2

2 +6BL2k2
√
−k tan(

√
−kζ )

, k < 0; (30)

ϕ45 =
3β 2A2k2

2(−kℓ2− ℓ2k cot2(
√
−kζ ))

−2ℓ2v(A2β 2kk2
2 +3L2)+3BAℓ2

√
2A2Bβ 2kk2

2 +6BL2k2
√
−k cot(

√
−kζ )

, k < 0; (31)

where

ζ =
k2A
√

A2β 2kk2
2 +3L2

√
3LΓ(1+β )

tβ +
k2

Γ(1+β )
xβ .
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4.2. Time fractional complex Schrödinger equation
(tfcSE)

The section starts with the tfcSE in the form[31,32]

∂ γ φ

∂ tγ
+ i

∂ 2φ

∂x2 +
∂

∂x
(|φ |2 φ) = 0, 0 < γ < 1. (32)

For the purpose of mathematical conversion, bring the trans-
formations:

φ(x, t) = ϕ(ξ )exp(iτ),

ξ = ik
(

x+
2g
γ

tγ

)
,

τ =

(
gx+

h
γ

tγ

)
,

and it converts this tfcSE to the one without fractional-order
nonlinear SE:

∂ γ φ

∂ tγ
= i(hϕ +2gkϕ

′)exp(iτ),

∂ 2φ

∂x2 = −(g2
ϕ +2gkϕ

′+ k2
ϕ
′′)exp(iτ),

∂

∂x
(|φ |2 φ) = i(gϕ

3 +3kϕ
2
ϕ
′′)exp(iτ).

We obtain the nonlinear complex PSE by using the above ex-
pression,

(h−g2)ϕ− k2
ϕ
′′+gϕ

3 +3kϕ
2
ϕ
′ = 0. (33)

Using the rule of homogenous balance of Eq. (33) (ϕ ′′ and
ϕ2ϕ ′′)⇒ n = m+ 1/2 and applying another transformation
ϕ(ξ ) = u1/2(ξ ) in Eq. (33), we obtain the ODEs:

4gu3 +4(h−g2)u2 +6ku2u′+ k2u′2−2k2uu′′ = 0. (34)

Again using the rule of homogenous balance on Eq. (34) (uu′′

and u2u), we have n = m + 1. Therefore, the new form
of Eq. (6) is given below by using the auxiliary equation
u′(ζ ) = d−u2(ζ ):

u(ξ ) =
ℓ0 + ℓ1u+ ℓ2u2

℘0 +℘1u
. (35)

Inserting Eqs. (40) and (7) into the reduced nonlinear ordi-
nary differential Eq. (39), we have a polynomial of ui, (i =
0,1,2, . . .). All the adjacent terms of ui are equal to zero, and
form some equations in terms of unknown constants g,h, ℓ0, ℓ1,
and ℘1 and its solutions are as follows:

Set 1 h = 2dk2, g = ∓k
√

d, ℓ0 = ± 1
2℘0k

√
d,

ℓ1 =
1
2 k(±℘1

√
d−℘0), ℓ2 =− k℘1

2 .

Set 2 h = 8dk2, g = ∓2k
√

d, ℓ0 = − 1
2 d℘1k,

ℓ1 =±k℘1
√

d, ℓ2 =− k℘1
2 , ℘0 = 0.

For Set 1, the solution sets of the considered equation
hold: for d > 0, we have

φ1 =

[
±℘0k

√
d + k(±℘1

√
d−℘0)(

√
d tanh(

√
dξ ))− k℘1d(tanh(

√
dξ ))2

2{℘0 +℘1
√

d tanh(
√

dξ )}

]1/2

exp(iτ), (36)

φ2 =

[
±℘0k

√
d + k(∓℘1

√
d−℘0)(

√
d coth(

√
dξ ))− k℘1d(coth(

√
dξ ))2

2{℘0 +℘1
√

d coth(
√

dξ )}

]1/2

exp(iτ), (37)

φ3 =

[
−k℘0ξ − k℘1

2{℘0ξ 2 +℘1ξ}

]1/2

exp(iτ), d = 0; (38)

for d < 0, we have

φ4 =
[±℘0k

√
d− k(±℘1

√
d−℘0)(

√
−d tan(

√
−dξ ))+ k℘1d(tan(

√
−dξ ))2

2{℘0−℘1
√
−d tan(

√
−dξ )}

]1/2
exp(iτ), (39)

φ5 =
[±℘0k

√
d + k(±℘1

√
d−℘0)(

√
−d cot(

√
−dξ ))+ k℘1d

(
cot(
√
−dξ )

)2

2
{
℘0 +℘1

√
−d cot(

√
−dξ )

} ]1/2
exp(iτ), (40)

where

ξ = ik

(
x∓ 2k

√
d

γ
tγ

)
, τ =

(
∓k
√

dx+
2dk2

γ
tγ

)
;

for Set 2, the solutions of tfcSE hold as follows:

φ6 =

[
dk℘1±2kd℘1 tanh(

√
dξ )− kd℘1(tanh(

√
dξ ))2

2℘1
√

d tanh(
√

dξ )

]1/2

exp(iτ), d > 0; (41)

φ7 =

[
dk℘1±2kd℘1 coth(

√
dξ )− kd℘1(coth(

√
dξ ))2

2℘1
√

d coth(
√

dξ )

]1/2

exp(iτ), d > 0; (42)

φ8 =

[
−k℘1

2℘1ξ

]1/2

exp(iτ), d = 0; (43)
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φ9 =

[
dk℘1∓2kd℘1

√
−d tan(

√
−dξ )+ kd℘1(tan(

√
−dξ ))2

−2℘1
√
−d tan(

√
−dξ )

]1/2

exp(iτ), d < 0; (44)

φ10 =

[
dk℘1±2kd℘1

√
−d cot(

√
−dξ )+ kd℘1(cot(

√
−dξ ))2

2℘1
√
−d cot(

√
−dξ )

]1/2

exp(iτ), d < 0; (45)

where

ξ = ik

(
x∓ 4k

√
d

γ
tγ

)
, τ =

(
∓2k
√

dx+
8dk2

γ
tγ

)
.

4.3. M-fractional Schrödinger–Hirota equation (s-tM-
fSH)

This subsection starts with the Schrödinger–Hirota

equation[35] with the form

iDα,β
M,t ψ +λD2α,β

M,x ψ +ΞDα,β
M,t Dα,β

M,xψ

+ρ|ψ|2ψ + i(AD3α,β
M,x ψ +B|ψ|2Dα,β

M,xψ)

= iCDα,β
M,xψ + iΘDα,β

M,x(|ψ|
2
ψ)+ iΩDα,β

M,x(|ψ|
2)ψ,

0 < α < 1, β > 0, i =
√
−1, (46)

where ψ(x, t) is a complex function, coefficients Θ , λ , Ξ , A,

and C are the self-steepening, group velocity, spatiotemporal,

3rd dispersion, and inter-modal dispersion terms respectively.

Parameters B and Ω are nonlinear dispersions.
Substituting the complex wave transformation

ψ(x, t) = X(ς)exp(iτ),

ς =
Γ(1+β )

α
n(xα − vtα),

τ =
Γ(1+β )

α
(−Kxα +wtα +E)

into Eq. (46), we attain to the ODE with two conditions:

n2(λ −Ξv+3AK)X ′′− (w+λK2−ΞKw+AK3 +CK)X

+(ρ +KB−KΘ)X3 = 0, (47)

with

Ω =
(B−3Θ)(λ − vΞ)−3A(2KΘ +ρ)

2(3AK +λ −Ξv)
,

C =
A(w+K(−8Kλ + v(−3+6KΞ)+2Ξw))−8A2K3− (λ − vΞ)(v+2Kλ − vKλ −Ξw)

2AK +λ −Ξv
.

The homogenous balance provides n = m+1. For m = 1,

we have n = 2. So equation (6) reduces to the following equa-

tion by using X
′
(ζ ) = d−X2(ζ ),

Ψ(ξ ) =
ℓ0 + ℓ1X + ℓ2X2

℘0 +℘1X
. (48)

Inserting Eq. (48) and Eq. (7) into the reduced nonlinear or-

dinary differential equation (47), we have a polynomial of

Xk,(k = 0,1,2, . . .). All the adjacent terms of Xk are equal to

zero, and form some equations with unknown constants ℓ0, ℓ1,

ℓ2, ℘0, ℘1, and n. Solving the equations with Maple software,

we get three sets of solutions:

Set 1

ℓ1 = ℘0

√
wKΞ −AK3−K2λ −CK−w)

d(ΘK−BK−ρ)
,

ℓ2 = ℘1

√
wKΞ −AK3−K2λ −CK−w)

d(ΘK−BK−ρ)
,

ℓ0 = 0,

n =

√
wKΞ −AK3−K2λ −CK−w

2d(3AK− vΞ +λ )
.

Set 2

ℓ0 = −℘1

2

√
d(wKΞ −K2λ −CK−w−AK3)

ΘK−BK−ρ
,

ℓ2 =

√
wKΞ −K2λ −CK−w−AK3

4d(ΘK−BK−ρ)
,

ℓ1 = 0,

℘0 = 0,

n =

√
wKΞ −K2λ −CK−w−AK3

8d(3AK− vΞ +λ )
.

Set 3

ℓ0 = −℘1

2

√
2d(AK3−wKΞ +K2λ +CK +w)

ΘK−BK−ρ
,

ℓ2 =

√
AK3−wKΞ +K2λ +CK +w

2d(ΘK−BK−ρ)
,

ℓ1 = 0,

℘0 = 0,

n =

√
AK3−wKΞ +K2λ +CK +w

4d(3AK− vΞ +λ )
.

For Set 1, the solutions of spatiotemporal M-fractional SH
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equation hold:

ψ(x, t) =

√
wKΞ −AK3−K2λ −CK−w

d(ΘK−BK−ρ)

×
√

d tanh(
√

dς)eiτ , d > 0; (49)

ψ(x, t) =

√
wKΞ −AK3−K2λ −CK−w

d(ΘK−BK−ρ)

×
√

d coth(
√

dς)eiτ , d > 0; (50)

ψ(x, t) =

√
wKΞ −AK3−K2λ −CK−w

d(ΘK−BK−ρ)

×eiτ

ς
, d = 0; (51)

ψ(x, t) = −

√
wKΞ −AK3−K2λ −CK−w

d(ΘK−BK−ρ)

×
√
−d tan(

√
−dς)eiτ , d < 0; (52)

ψ(x, t) =

√
wKΞ −AK3−K2λ −CK−w

d(ΘK−BK−ρ)

×
√
−d cot(

√
−dς)eiτ , d < 0; (53)

where

ς =
Γ(1+β )

α

√
wKΞ −AK3−K2λ −CK−w

2d(3AK− vΞ +λ )
(xα − vtα),

τ =
Γ(1+β )

α
(−Kxα +wtα +E).

For Set 2, the solutions of spatiotemporal M-fractional SH
model hold:

ψ(x, t) =

√
wKΞ −K2λ −CK−w−AK3

4d(ΘK−BK−ρ)

×

[
−℘1d +d tanh2(

√
dς)

℘1
√

d tanh(
√

dζ )

]
eiτ , d > 0; (54)

ψ(x, t) =

√
wKΞ −K2λ −CK−w−AK3

4d(ΘK−BK−ρ)

×

[
−℘1d +d coth2(

√
dς)

℘1
√

d coth(
√

dς)

]
eiτ , d > 0; (55)

ψ(x, t) =

√
wKΞ −K2λ −CK−w−AK3

4d(ΘK−BK−ρ)

×
[

℘1d +d tan2(
√
−dς)

℘1
√
−d tan(

√
−dζ )

]
eiτ , d < 0; (56)

ψ(x, t) =

√
wKΞ −K2λ −CK−w−AK3

4d(ΘK−BK−ρ)

×
[
−℘1d−d cot2(

√
−dς)

℘1
√
−d cot(

√
−dς)

]
eiτ , d < 0; (57)

where

ς =
Γ(1+β )

α

√
wKΞ −K2λ −CK−w−AK3

8d(3AK− vΞ +λ )
(xα − vtα),

τ =
Γ(1+β )

α
(−Kxα +wtα +E).

For Set 3, the solutions of spatiotemporal M-fractional SH
equation hold:

ψ(ξ ) =

√
AK3−wKΞ +K2λ +CK +w

2d(ΘK−BK−ρ)

×

[
−℘1d +d tanh2(

√
dς)

℘1
√

d tanh(
√

dς)

]
eiτ , d > 0; (58)

ψ(ξ ) =

√
AK3−wKΞ +K2λ +CK +w

2d(ΘK−BK−ρ)

×

[
−℘1d +d coth2(

√
dς)

℘1
√

d coth(
√

dς)

]
eiτ , d > 0; (59)

ψ(ξ ) =

√
AK3−wKΞ +K2λ +CK +w

2d(ΘK−BK−ρ)

×
[

℘1d +d tan2(
√
−dς)

℘1
√
−d tan(

√
−dς)

]
eiτ , d < 0; (60)

ψ(ξ ) =

√
AK3−wKΞ +K2λ +CK +w

2d(ΘK−BK−ρ)

×
[
−℘1d−d cot2(

√
−dς)

℘1
√
−d cot(

√
−dς)

]
eiτ , d < 0; (61)

where

ς =
Γ(1+β )

α

√
AK3−wKΞ +K2λ +CK +w

4d(3AK− vΞ +λ )
(xα − vtα),

τ =
Γ(1+β )

α
(−Kxα +wtα +E).

5. Graphical representations
5.1. Graphical representation of solutions for stFETL

model

The research findings are in the types of hyperbolic, ratio-
nal, and trigonometric functions. All the results are analyzed
and some of them have shown graphically in Figs. 1–3.

5.2. Graphical representations of solutions for tfcSE

Two sets of results are found in the study of the tfcSE. We
analyze all results. Five results are graphically shown Figs. 4–
7. The three-dimensional (3D) contour, and two-dimensional
(2D) plots show the changes of amplitudes, directions, shapes
of wave as well as the nature of the solitary waves of gained
solutions in space x with time t below.

5.3. Graphical representations of solutions for s-tM-fSH

The derived results are in a variety of hyperbolic, rational,
and trigonometric functions. All of the results are analyzed
and some of them are shown graphically in Figs. 8–13, where
the patterns and natures of the wave surfaces are shown clearly
with 3D, 2D, and contour plots.
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(a1) real 3D view

(a2) complex 3D view

(c1) real 2D view

(c2) complex 2D view

(b1) real contour plot

(b2) complex contour plot

Fig. 1. (a), (b) Real and complex three-dimensional (3D) surface and contour plot of solution ϕ(x, t) of Eq. (12) for k = 2, β = 0.1, v = 0.5, A = 1, and
B =−1, and (c) two-dimensional (2D) plot for t = 0.5,1 and 1.5 with parametric values above.
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t/. t/. t/.

(a1) real 3D view

(a2) complex 3D view

(c1) real 2D view

(c2) complex 2D view

(b1) real contour plot

(b2) complex contour plot
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Fig. 2. (a), (b) Periodic rogue waves from real and complex 3D surface and contour plot of solution ϕ(x, t) of Eq. (15) for k = −2, β = 1, v = 0.5,
A = 1, and B =−1, and (c) 2D plot for t = 0.5, 1.25, and 2.25 with parametric values above.
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Fig. 3. (a), (b) Real and complex 3D surface and contour plot of solution ϕ(x, t) of Eq. (30) for k = −2, β = 0.1, ℓ2 = 1, v = 3, A = 2, B = −1, and
k2 = 2, and (c) 2D plot for t = 0.5, 0.75, and 2.5 with parametric values above.
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Fig. 4. Solitonic solution φ(x, t) of Eq. (36) for d = 2, ℘1 = 0.5, ℘0 = 1, γ = 0.5, and k = 0.8 and t = 0.5, 1, and 1.5 for 2D graph.
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Fig. 5. Plot of solitonic solution φ(x, t) of Eq. (38) for d = 0,℘1 = 2,℘0 = 1,γ = 2/3, and k = 0.8 and t = 1 for 2D graph.
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Fig. 6. Solitonic solution φ(x, t) of Eq. (39) for d =−2,℘1 = 2,℘0 = 1,γ = 4/5, and k = 1 and t = 0.1,0.8, and 1.5 for 2D graph.
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Fig. 7. Solitonic solution φ(x, t) of Eq. (42) for d = 2,℘1 = 0.5,℘0 = 1,γ = 0.5, and k = 0.8 and t = 0.1,1, and 2 for 2D graph.
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Fig. 8. Solitary wave solution ψ(x, t) of Eq. (49) for d = 2, α = β = 0.25, A = K = λ =Θ = σ = 1, w =−1, ρ = 2, Ξ = 2, ν = 3, E = 6, and t = 0.5,
1, and 1.5 for 2D graph.
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Fig. 9. Solitonic solution ψ(x, t) of Eq. (52) for d =−2, α = 0.5, β = B = 0.75, A = 2, K = 5, w =−1, Θ = 3, ρ = 1, Ξ = 4, ν = 1, λ = 1, E = 6, and
σ = 3 and t = 1, 1.5, and 2 for 2D graphs.
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Fig. 10. Solitonic solution ψ(x, t) of Eq. (54) for α = 0/3, β = B = 0.5, A = 1, K = 1, w =−1, Θ = 1, ρ = 2, Ξ = 2, ν = 0, λ = 1, and E = 6 and for
2D graph t = 0.5, 1, and 1.5.
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Fig. 11. Wave solution ψ(x, t) of Eq. (56) for α = β = B = 0.5, A = 1, K = 1, w = −1, Θ = 1, ρ = 1, Ξ = 2, ν = 1, λ = 1, and E = 6, and for 2D
graph t = 0.5, 1, and 10.5.
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Fig. 12. Wave solution ψ(x, t) of Eq. (59) for α = β = B = 0.25, A = 1, K = 1, w = −1, Θ = 1, ρ = Ξ = 2, ν = 0.5, λ = 1, and E = 6, and for 2D
graph t = 0.5, 1, 1.5.
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Fig. 13. Solution ψ(x, t) of Eq. (61) for d = 2, α = β = B = 0.25, A = K = 1, w =−1, Θ = 1, ρ = Ξ = 2, ν = 12, λ = 1, and E = 6, and for 2D graph,
t = 0.5, 1, and 1.5.

6. Conclusions
In this work, we present an integral technique to solve

fractional nonlinear differential models. To test the validity of
the procedure, we solve three nonlinear fractional models: the
s-tFETL (Figs. 1–3), the tfcSE (Figs. 4–7), and the s-tM-fSH
(Figs. 8–13) models. The periodic envelope, exponentially
changeable soliton envelope, rational rogue waves, periodic
rogue waves, combo periodic-soliton, and combo rational-
soliton solutions are formally derived from the models. The
achieved results show that the proposed technique is a very
effective, concise, and robust mathematical tool in compari-
son with the generalized Kudryashov method and the modi-
fied Kudryashov method of solving other fractional nonlinear
models.
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