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Magnetic order in two-dimensional systems was not supposed to exist at finite temperature. In recent years, the
successful preparation of two-dimensional ferromagnetic materials such as CrI3, Cr2Ge2Te6, and Fe3GeTe2 opens up a
new chapter in the remarkable field of two-dimensional materials. Here, we report on a theoretical analysis of the stability
of ferromagnetism in Fe3GeTe2. We uncover the mechanism of holding long-range magnetic order and propose a model
to estimate the Curie temperature of Fe3GeTe2. Our results reveal the essential role of magnetic anisotropy in maintaining
the magnetic order of two-dimensional systems. The theoretical method used here can be generalized to future research of
other magnetic two-dimensional systems.

Keywords: two-dimensional (2D) ferromagnetism, spin wave, magnetic anisotropy
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1. Introduction
Atomically thin two-dimensional (2D) crystals can

present exceptional electronic structures as a result of reduced
dimensionality. The success in 2D material research brings
vast opportunities to pursue emerging physical properties.
Various 2D crystals are discovered, ranging from semiconduc-
tors, highly correlated materials to superconductors. Recently,
magnetic crystals are added to the 2D material family.[1–3] In
particular, intrinsic ferromagnetism in 2D materials is a new
form of condensed matter. Unlike the ferromagnetism in con-
ventional ultrathin metals, ferromagnetic (FM) 2D materials
hold magnetic order in reduced dimensionality and may ex-
hibit new physics for spintronics.

With the rapid development, 2D materials have perme-
ated into many research areas[4–9] and also bring opportuni-
ties for finding ferromagnetism in reduced dimensionality. Al-
though the Mermin–Wagner theorem[10] asserts that 2D long-
range FM order cannot exist in isotropic magnetic systems,
a recent discovery has found 2D layered systems possessing
intrinsic magnetocrystalline anisotropy against thermal fluc-
tuations (e.g., CrI3,[11–15] Cr2Ge2Te6,[16] and CrSiTe3

[17]).
However, the Curie temperatures of CrI3, Cr2Ge2Te6, and
CrSiTe3 are only dozens of Kelvin. In recent years, Fe3GeTe2

has been found to have a Curie temperature close to room
temperature[18–25] (150–220 K depending on Fe occupancy).
By the doping of the ionic gate, the Curie temperature of
atomically thin Fe3GeTe2 is dramatically elevated to room
temperature.[18,26] The discovery of Fe3GeTe2 provides a new
chance for ultra-thin spintronics. Magnetically ordered 2D
crystals open vast possibilities for novel physical phenomena
and new device concepts.

The observation of long-range 2D magnetic order is sig-
nificant for understanding the microscopic mechanism of mag-
netic anisotropy. The breaking of spin rotational symmetry
can lead to dipolar interactions, single-ion anisotropy, and
the anisotropy of the exchange interactions. For the case
of strong single-ion anisotropy, Onsager predicted the exis-
tence of a magnetically ordered phase at finite temperature.[27]

Furthermore, strong electron interactions in 2D systems are
likely to exhibit remarkable properties.[28] For example, the
strong correlation of itinerant electrons in VS2 monolayer
makes the 3d2

z orbitals split into two bands and leads to
2D Stoner ferromagnetism.[29,30] With itinerant ferromag-
netism, Fe3GeTe2 may open up a new chance to realize room-
temperature ferromagnetism. Therefore, understanding the
physical mechanism of ferromagnetism in Fe3GeTe2 would
give rise to new 2D spintronic properties.

In this paper, a theoretical model is proposed to under-
stand the magnetic interactions in 2D Fe3GeTe2, and the den-
sity functional theory (DFT) calculations are employed to
evaluate the key parameters. We uncover the mechanism of
magnetic anisotropy in maintaining the magnetic order of 2D
systems. The model reveals a new form of long-range ferro-
magnetism and suggests a physical picture beyond the Stoner
model. The Curie temperature of Fe3GeTe2 is then predicted
by the model. Our theoretical model can also be applied to
other 2D itinerant ferromagnetism systems.

2. Theory

In traditional theory, the Mermin–Wigner theorem[10] as-
serts that gapless excitation can occur in systems with con-
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tinuous symmetry. In isotropic 2D systems, the gapless quasi-
particle spectrum leads to a divergence of thermal distribution,
which indicates the absence of magnetic order at finite temper-
ature. However, anisotropic 2D systems hold low-energy gaps
which protect the long-range magnetic order. To understand
the magnetic order in Fe3GeTe2, let us start with the spin wave
theory. The possible Heisenberg Hamiltonian in anisotropic
2D systems reads

H = −D∑
i

S2
iz−λ ∑

i j∈1stNN
SizS jz− J1 ∑

i j∈1stNN
𝑆i ·𝑆 j

−J2 ∑
i j∈2ndNN

𝑆i ·𝑆 j. (1)

Here, 𝑆i denotes the spin of the local magnetic moment i. The
single-atom anisotropy D > 0 favors an off-plane easy axis.
λ denotes the interatomic anisotropy between the first near-
est neighbors (1st NNs). J1 is the Heisenberg couplings be-
tween 1st NNs, and J2 is the Heisenberg couplings between
the second nearest neighbors (2nd NNs). To go beyond the
classical approximation, the spins in Eq. (1) are now treated
as quantum mechanical operators within the linear spin wave
approximation (SWA). According to the Holstein–Primakoff
representation,[31] the spin operators are expressed in terms of
bosonic operators

S+i =
√

2S

√
1−

b+i bi

2S
bi, (2)

S−i =
√

2Sb+i

√
1−

b+i bi

2S
, (3)

SZ
i = S−b+i bi, (4)

with bi and b+i the bosonic annihilation and creation operators
on the site. Such representation leads to a complicated non-
linear Hamiltonian. SWA consists of only the quadratic terms
in the bosonic operators b. Such approximation is valid for
low-energy excitation, i.e., small occupations of the bosonic
modes. By SWA, the Hamiltonian in Eq. (1) reads

HSWA = 2S(D+n1λ +n1J1 +n2J2)∑
i

b+i bi

−2J1S ∑
i j∈1stNN

b+i b j−2J2S ∑
i j∈2ndNN

b+i b j, (5)

where n1 and n2 are the numbers of 1st NNs and 2nd NNs, re-
spectively. The HSWA describes bosonic excitations moving in
the lattice with on-site energy ε0 = 2S(D+n1λ +n1J1 +n2J2)

and the hopping J1S and J2S. The energy bands of spin waves
can then be reproduced by Eq. (5).

At zero temperature, all the local magnetic moments are
perfectly arranged in the same direction, and the system en-
ergy ESWA = 0. Under low temperatures, the bosonic excita-
tions make the system transit to ESWA ≥ Eg. The spin wave
band gap Eg = ε0− 2n1J1S− 2n2J2S = 2S(D+ n1λ ) protects
the magnetic order escaping from thermal disturbance. We ex-

pand the lower band spectrum around the energy minima to get
ESWA ≈ Eg +ρk2. Every magnon carries one unit of magnetic
moment. In the framework of SWA, the magnetization reads

M = S− A0

(2π)2

∫
BZ

d2𝑘

eESWA/kBT −1
. (6)

In the absence of magnetic anisotropy (i.e., D = 0 and λ = 0
which leads to Eg = 0), the integral goes∫

BZ

d2𝑘

eESWA/kBT −1
≈ kBT

∫
BZ

d2𝑘

ρk2 → ∞. (7)

This divergence is consistent with the Mermin–Wagner theo-
rem, indicating that 2D ferromagnetism cannot exist without
magnetic anisotropy.

3. Model and computation
The 2D Fe3GeTe2 lattice (Fig. 1(a)) has hexagonal sym-

metry with the primitive cell belonging to the space group
P6̄m2. The Fe atoms in one primitive cell are located in two in-
equivalent Wyckoff sites. In each primitive cell, two Fe atoms
are located at the same position in the 2D plane at different
heights (atoms 1 and 2 in Fig. 1(b)). The last Fe atom (atoms 3
in Fig. 1(b)) is sandwiched between the two Te atoms. The
neighboring Fe atoms 1 and 2 constitute a magnetic group. J1

and J2 denote its Heisenberg coupling with 1st NNs and 2nd

NNs. The magnetization of Fe3GeTe2 lattice is mainly de-
cided by these groups. The magnetic moments of atom 3 are
then induced by the three adjacent groups (which is explained
in supplementary section 3). In the following text, we treat
each Fe atom group (composed of 1 and 2) as a whole mag-
netic object.

To evaluate the values of Heisenberg coupling and mag-
netic anisotropy, DFT calculations are performed with the pro-
jector augmented-wave method[32,33] and implemented in the
Vienna ab initio simulation package.[34–37] The plane-wave
basis with a kinetic energy cutoff of 400 eV is adopted. The
convergence threshold is set to 10−5 eV for the energy differ-
ence between two successive iterations. Along the direction
perpendicular to the Fe3GeTe2 plane, a vacuum layer of 12 Å
is set up. We also test a kinetic energy cutoff of 500 eV with a
vacuum layer of 16 Å, which results in a similar energy band
profile and Heisenberg couplings J1 and J2. The exchange-
correlation functional is treated within the local density ap-
proximation (LDA).[38] The correction of van der Waals inter-
actions is treated by the DFT-D3 method with Becke–Jonson
damping.[39,40] To calculate the magnetic anisotropy energy
(MAE), the spin–orbit coupling is included in the computa-
tion with a full k-point grid. The Brillouin zone of 1×1 (6×1)
supercell is sampled in 12× 12× 1 (2× 12× 1) Monkhorst–
Pack grid. The lattice structures are relaxed until all the atomic
forces are below 0.001 eV/Å. The above calculation gives a
lattice constant a0 = 3.89 Å.
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Fig. 1. Structure and magnetic coupling of Fe3GeTe2. (a) The structure of Fe3GeTe2 with the primitive cell shown by dashed lines. (b) The atomic
group composed of atoms 1 and 2, and the coupling J1 with 1st NNs and J2 with 2nd NNs. (c) 6×1 supercell and four different configurations for
the magnetization of the atomic groups. The arrows denote the directions of magnetic moments on the Fe atomic groups.

It is worth discussing the choice of DFT functional
here. To verify the reliability of LDA, we also perform
comparison calculations using the Perdew–Burke–Ernzerhof
(PBE) functional[41] and the hybrid Heyd–Scuseria–Ernzerhof
(HSE06) functional.[42,43] The LDA functional gives a mag-
netic moment m = 4.55µB per primitive cell, which is in
the range of experimental values (m = 3.60–4.89 µB).[20,21]

However, the obtained magnetic moments by the PBE (m =

6.32µB) and HSE06 (m = 7.11µB) functionals are drastically
overestimated. The band structures (supplementary Fig. S1)
show a feature of band shift in FM Fe3GeTe2 monolayer.
The PBE or HSE06 functional present a larger band shift
than LDA. The disagreement between theoretical (PBE or
HSE06) and experimental magnetic moments also appears in
the case of Fe-based superconductors.[44] This suggests that
LDA, which is used throughout this work, is suitable to de-
scribe the electronic structure of Fe3GeTe2.

Within the Heisenberg model, the interatomic couplings
are evaluated via the energy-mapping method.[45] A 6×1 su-
percell (Fig. 1(c)) is employed as a model. The configurations
α , β , γ , and δ exhibit different magnetic moments on the Fe
atomic groups. DFT calculations without SOC count the en-
ergy of Heisenberg coupling without magnetic anisotropy. Ac-
cording to the Heisenberg model, their energies read

Eβ −Eα = 16J1S2 +24J2S2, (8)

Eγ −Eα = 16J1S2 +32J2S2, (9)

Eδ −Eα = 32J1S2 +40J2S2. (10)

Based on the DFT total energies without SOC, the Heisenberg
coupling parameters J1 and J2 are obtained by the ordinary
least squares method (see supplementary section 2).

4. Results and discussion
4.1. DFT calculations

The mission of DFT calculations is to obtain the spin S
of the Fe atomic group and the parameters in Eq. (1) (D, λ , J1

and J2). LDA provides a total magnetic moment m = 4.55 µB

per primitive cell, and the magnetic moment of the Fe atomic
group is 3.58 µB. In DFT, the calculations of magnetic mo-
ments are based on atomic Wigner–Seitz radii, which are
somewhat vague. Here we take an integral on the magnetic
moment and can convince that S = 2 is the spin owing by the
Fe atomic group.

Next, D and λ can be fitted from the MAE calcula-
tion. DFT calculations reveal that 2D Fe3GeTe2 monolayer
is uniaxial with the easy axis along the z-direction perpen-
dicular to the 2D surface. Based on the hexagonal sym-
metry of Fe3GeTe2, the MAE only depends on θ , which is
the angle between lattice magnetization and the z axis.[46]

According to Eq. (1), the MAE can be written as MAE =

(D+ n1λ )S2 sin2
θ . On the other hand, the MAE of a hexag-

onal crystal can be fit into[46] MAE ≈ K sin2
θ . DFT calcu-

lation results (Fig. 3(c)) fit K = 2.46 meV/cell. So we get
D+n1λ ≈ K/S2 = 0.62 meV.

By DFT total energies of the magnetic configurations in
Fig. 1(c), Eqs. (8)–(10) provide a way to obtain J1 and J2.
With a kinetic energy cutoff of 500 eV and a vacuum layer
of 16 Å, DFT calculations obtain the energies Eβ − Eα =

37.2 meV, Eγ −Eα = 66.2 meV, and Eδ −Eα = 138.8 meV.
By the method in supplementary section 2, we finally get
J1 = 1.21 meV and J2 =−0.16 meV (Fig. 1(b)).

4.2. Magnon spectrum

The magnon spectrum can be obtained from the spin wave
Hamiltonian Eq. (5). The hexagonal Fe3GeTe2 has 1st NN and
2nd NN number n1 = 6 and n2 = 6. The Bloch Hamiltonian
for the lattice reads

ESWA(𝑘)

= ε0−2J1S ∑
j∈1stNNof i

e i𝑘·𝑅i j −2J2S ∑
j∈2ndNNof i

e i𝑘·𝑅i j

= ε0−4J1S
[

coskxa+ cos
(1

2
kx +

√
3

2
ky

)
a

+cos
(
− 1

2
kx +

√
3

2
ky

)
a
]
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−4J2S
[

cos

√
3

2
(
√

3kx + ky)a

+cos

√
3

2
(−
√

3kx + ky)a+ cos
√

3kya
]
. (11)

Here, a = 3.89 Å is the lattice constant, and the on-site energy
ε0 = 2S(D+n1λ +n1J1 +n2J2) = 55.84 meV (see Section 2)

can be evaluated from the data in Subsection 4.1. Figure 2(a)
plots ESWA(𝑘) along the high-symmetry lines of the Brillöuin
zone. For a more visual plot, please see Fig. 2(b). We can see
an energy gap Eg = 2S(D+ n1λ ) = 2.46 meV. This gap pro-
tects the magnetic order against thermal fluctuation and makes
it survive at finite temperature.
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Fig. 2. Magnon spectrum and the Curie temperature. (a) The energy spectrum of spin wave magnon. (b) Three-dimensional plot of the magnon
spectrum. (c) The magnetic moment of one primitive cell versus temperature T .

4.3. Curie temperature

We now provide a rough estimate of the Curie tempera-
ture based on nonlinear spin wave theory. We use the expres-
sions Eqs. (2) and (3) for spin operators, and expand them to
fourth order in the bosonic operators

S+i ≈
√

2S
(

1−
b+i bi

4S

)
bi, (12)

S−i ≈
√

2Sb+i

(
1−

b+i bi

4S

)
. (13)

At intermediate temperatures, there is a finite number of spin
waves that are accounted for the high-order terms in bosonic
operators when substituting the previous expansion in the spin
Hamiltonian. The spin Hamiltonian contains four field opera-
tors and therefore is not rigorously solvable. Here, the effect
of the spin wave population in the Hamiltonian is described by
the substitution

b+i bib+j b j = (〈b+i bi〉+Ci)(〈b+j b j〉+C j)

= 〈b+i bi〉b+j b j +b+i bi〈b+j b j〉−〈b+i bi〉〈b+j b j〉+CiC j

→ 〈b+i bi〉b+j b j +b+i bi〈b+j b j〉. (14)

Here Ci is the perturbation terms. The last step removes the
constant term (do not affect the physics of Hamiltonian) and
ignores the high-order perturbation. Using a mean-field ap-
proximation, we have

SZ
i SZ

j = (S−b+i bi)(S−b+j b j)

= S2−S(b+i bi +b+j b j)+b+i bib+j b j

→ −(S−〈b+b〉)(b+i bi +b+j b j). (15)

By Eqs. (12) and (13) we have

S+i S−j → 2Sbib+j

(
1− 〈b

+b〉
S

)
, (16)

S−i S+j → 2Sb+i b j

(
1− 〈b

+b〉
S

)
. (17)

The above formulas result in a substitution DS→ DM, λS→
λM, J1S→ J1M, and J2S→ J2M in the Hamiltonian HSWA.

So, the magnetization is expressed by a self-consistent equa-

tion

M(T ) = S− A0

(2π)2

∫
BZ

d2𝑘

eM(T )ESWA(𝑘)/SkBT −1
. (18)

At a given temperature T , the magnetization M(T ) can then

be derived by numerically solving this equation. This equa-

tion implies that the temperature T reduces quasiparticle en-

ergy and decreases the low-energy gap of magnon. The ef-

fect destroys the magnetic order in the system. The numeri-

cal results are shown in Fig. 2(c). M(T ) drastically decreases

with increasing temperature when T > 100 K. According to

the results, we get a Curie temperature Tc = 154 K. In a recent

experiment,[18] the magnetic hysteresis of monolayer and bi-

layer Fe3GeTe2 is detected to vanish at T = 100 K. People also

used polar refractive magnetic circular dichroism microscopy

to measure layer-dependent Tc of Fe3GeTe2 and detected a

Curie temperature of about 70 K with a size of 2 µm.[18] These

experiment results are generally consistent with our calcula-

tion.
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4.4. Stoner ferromagnetism

Fe3GeTe2 monolayer is metallic with a non-integer mag-
netic moment. This inspires us to apply the Stoner model to
understand the mechanism of yielding the magnetic order. The
DFT bands of Fe3GeTe2 monolayer (Fig. 3(a)) show a feature
of band shift. The shapes of corresponding spin-up and spin-
down bands are similar. The spin-up band has lower energy,
while the spin-down band has higher energy. From the den-
sity of states (DOS) (Fig. 3(b)), we can see that the electron
states near the Fermi level are mainly contributed by Fe 3d or-
bitals. To calculate the average band splitting ∆ near the Fermi
level, five corresponding bands (bold lines in Fig. 3(a)) are
chosen. Their average energy gap is ∆ = 1.17 eV. According
to the Stoner model,[47] we have ∆ =Um0, where m0 =m/3=
1.52 µB is the average magnetic moment per Fe atom. Then
the Hubbard U = 0.77 eV is determined. It is worth noting that
this U is the result of electron interactions within LDA, which
does not have to add it into LDA (if U is added to LDA, the
exchange-correlation is stronger and that results in a band pro-
file more close to PBE (see supplementary Fig. S1(d)) and a
larger magnetic moment m). By spin-non-polarized DFT cal-
culations, we obtain a DOS DNM(EF)= 1.76 states/eV/atom at
the Fermi level of non-magnetic (NM) Fe3GeTe2 monolayer.
Finally, the Stoner criterion, i.e., UDNM(EF) = 1.36 > 1, is
examined to establish. This criterion reveals that the ferro-
magnetism of Fe3GeTe2 monolayer is spontaneous. To further
consider the influence of magnetic anisotropy, SOC is added
to the calculation of Hubbard U . For the magnetization angle
θ = 0◦–90◦, U = 0.78–0.77 eV, which changes only by 1%.
Thus, the SOC has little effect on the electron correlation. The

magnetic anisotropy should arise from the energy difference of
the crystal field acting on the itinerant electrons with different
magnetization directions.

To understand the formation of ferromagnetism in
Fe3GeTe2, we further analyze the mechanism by the Stoner
model. When a rigid band splitting ∆ happens in NM
Fe3GeTe2 (Fig. 3(d)), the spin-up electron number n↑ is then
larger than the spin-down electron number n↓, for which their
sum n↑+ n↓ = n should be a constant and equal to the total
electron number. By the DOS of NM Fe3GeTe2, the electron
numbers per Fe atom can be counted as

n↑ =
1
2

∫ EF+
∆
2

0
DNM(E)dE, (19)

n↓ =
1
2

∫ EF− ∆
2

0
DNM(E)dE. (20)

Then we express the magnetic moment per atom as m0(∆) =

n↑− n↓, by which an inverse function ∆ = ∆(m0) can be ob-
tained numerically. On the other hand, the band splitting ∆ is
decided by the Hubbard model. On every Fe atom, the repul-
sion between spin-up and spin-down electrons in 3d orbitals
leads to an energy difference of single quasiparticle, i.e.,

ε↓(𝑘)− ε↑(𝑘) =U(n↑−n↓). (21)

Then the band splitting reads ∆ =U(n↑−n↓)=Um0. The
above two equations, ∆ = ∆(m0) and ∆ =U(n↑−n↓) =Um0,
are plotted in Fig. 3(d) with increasing m0. It can be seen
that they have a trivial intersection m0 = 0 and a non-trivial
intersection m0 = 1.9 which is close to the previous DFT cal-
culation (m0 = 1.52). The above analysis provides an under-
standing of the spontaneous magnetization in Fe3GeTe2.
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Fig. 3. (a) Spin-resolved band structure of Fe3GeTe2 monolayer without SOC. Red (blue) lines denote spin-up (spin-down) bands. (b)
DOS of Fe3GeTe2 monolayer. (c) MAE of Fe3GeTe2 monolayer. (d) Band shift and the Stone criterion.

047502-5

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd164


Chin. Phys. B Vol. 30, No. 4 (2021) 047502

5. Conclusion
In this work, we attempt to unravel the origin of 2D fer-

romagnetism in Fe3GeTe2 monolayer. By combining the the-
oretical model and DFT simulations, a physical picture is built
to describe the magnetic interactions in 2D Fe3GeTe2. DFT
calculations are employed to evaluate the Heisenberg coupling
and magnetic anisotropy. The model reveals long-range ferro-
magnetic order in 2D systems should be maintained by mag-
netic anisotropy. The predicted Curie temperature agrees with
a recent experiment. The Stoner model provides an insight
into the spontaneous magnetization in Fe3GeTe2 and results
in a prediction close to DFT calculations. Our model is suc-
cessful in understanding the magnetization mechanism in 2D
Fe3GeTe2. In future studies, the model can be extended to
other 2D systems.
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