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Within the (2 + 1)-dimensional Korteweg—de Vries equation framework, new bilinear Béicklund transformation and
Lax pair are presented based on the binary Bell polynomials and gauge transformation. By introducing an arbitrary function
¢(y), a family of deformed soliton and deformed breather solutions are presented with the improved Hirota’s bilinear
method. By choosing the appropriate parameters, their interesting dynamic behaviors are shown in three-dimensional
plots. Furthermore, novel rational solutions are generated by taking the limit of the obtained solitons. Additionally, two-
dimensional (2D) rogue waves (localized in both space and time) on the soliton plane are presented, we refer to them as
deformed 2D rogue waves. The obtained deformed 2D rogue waves can be viewed as a 2D analog of the Peregrine soliton
on soliton plane, and its evolution process is analyzed in detail. The deformed 2D rogue wave solutions are constructed
successfully, which are closely related to the arbitrary function ¢ (y). This new idea is also applicable to other nonlinear

systems.

Keywords: two-dimensional (2D) Korteweg—de Vries (KdV) equation, Bilinear method, Béacklund transfor-

mation, Lax pair, deformed 2D rogue wave
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1. Introduction

Rogue waves (RWs) in the ocean, also known as killer
waves, monster waves, freak waves, and extreme waves, are
special waves with extremely destructive, which should be re-
sponsible for some maritime disasters. The main feature of
RW is that “appear from nowhere and disappear without a
trace”.!!! Peregrine was the first one who obtained the RW
solution from one-dimensional systems,?! so such RW solu-
tion is also called “Peregrine soliton”. These RWs are local-
ized in both space and time in one-dimensional systems, 3]
and its dynamic behaviors are similar to that of lumps in high-

[10-14] RWs in high-dimensional systems

dimensional systems.
are often called line RWs, which are merely localized in
time.!>-18] The study of RW has been widely used in diverse
areas of theoretical and applied physics, including plasma
physics,[1%201 Bose-Einstein condensates,!?’-*?l atmosphere

(24-26] and superfluids.[*”!

physics, 23! optics and photonics,

Now, a fundamental problem can be asked: Is it possi-
ble that other types of RW solutions exist in nonlinear sys-
tems? Seeking new exact solutions for nonlinear systems is
an open problem and a challenging work. Furthermore, in
integrable systems, the Peregrine soliton only appears in the
But, the RWs, which are local-

ized in time and space, have never been found in the high-

one-dimensional systems.

dimensional system. Therefore, searching for the RW solution
that is local in time and space in high-dimensional systems has

DOI: 10.1088/1674-1056/abd15¢

always been an open problem. Until recently, Guo et al.*8)
obtained RW solutions, which are localized in both space and
time, from a two-dimensional nonlinear Schrodinger model by
the even-fold Darboux transformation. Now the long-standing
problem of the construction of two-dimensional (2D) rogue
wave on zero background has been addressed.?® This is a
pioneering work, which inspires us to explore the structure
of 2D RW solutions of other high-dimensional soliton equa-
tions. Additionally, the RW solutions of complex nonlinear
equations have been widely researched, but the RW solutions
of real nonlinear equations are rarely mentioned, which is an-
other motivation.

Inspired by the above considerations, in this paper, we
focus on the (2 + 1)-dimensional Korteweg—de Vries (KdV)
equation

U1+Uxxx_3(UV)x:O» Ux:Vya (1)

which was first derived by Boiti-Leon—-Manna—Pempinelli
with a weak Lax pair, (29 and can be reduced to the cele-
brated KdV equation if x = y. Equation (1) is an asymmet-
ric part of the Nizhnik—Novikov—Veselov (NNV) equation, 3!
thus equation (1) is also called ANNV equation; this equation
can also be derived by using the inner parameter-dependent

[30

symmetry constraint of the KP equation,*”! and can be con-

sidered as a model of an incompressible fluid where U and

31

V are the components of velocity.*!! Equation (1) was also

*Project supported by the National Natural Scinece Foundation of China (Grant Nos. 11671219, 11871446, 12071304, and 12071451).
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regarded as a generalization!*?! of the results of Hirota and
Satsuma!*! in the (2 + 1) dimensions.

LetU = W,, V = W,, then equation (1) reduces to the fol-
lowing single equation:

Wyt + ey — 3Weu Wy — 3W, Wy, = 0. )

Equation (2) known as BLMP equation was widely investi-
gated. The Cauchy problem, associated with initial data de-
caying sufficiently rapidly at infinity, was solved by means
of inverse scattering transformation.?”! The spectral trans-
formation, nonclassical symmetries, and Painlevé property
for Eq. (2) have been studied in Refs. [29,34,35]. And
a series of Bicklund transformations, 338! Lax pairs,BSJ
supersymmet1ric,l39J soliton-like,[*043! preather,[*+*3] and
lump-type4©8] solutions were derived.

In this paper, we are committed to exploring new
Bicklund transformations, Lax pairs, and new RW solutions
of 2D KdV equation (1) by the Hirota method. The new RW
solution is called deformed 2D RW because its formula in-
volves an arbitrary function ¢(y) which provides a deformed
background for the rogue wave. This arbitrary function ¢ (y)
comes from the crucial bilinear transformation which maps U
to a bilinear form. In Section 2, new Backlund transformations
and Lax pair are derived based on the binary Bell polynomials
and linearizing the bilinear equation. In Section 3, we obtain
the deformed kink soliton and deformed breather solutions of
the 2D KdV equation by means of the Hirota method. In Sec-
tion 4, a family of new rational solutions and deformed 2D RW
solutions of Eq. (1) are presented by introducing an arbitrary
function ¢(y). The main results of the paper are summarized
and discussed in Section 5.

2. Bilinear Backlund transformation and associ-
ated Lax pair

In this section, we mainly focus on the new Bécklund
transformation and Lax pair of 2D KdV equation (1).
Bicklund transformation and lax pair are recognized as the
main characteristics of integrability, which can be used to ob-
tain exact solutions of nonlinear systems. We first introduce
the following variables transformation:

U= —qxy, V= —qx, 3)

then 2D KdV equation (1) becomes

E(CI) =4y + Gxxxy + 3Qxx‘1xy =0, “)

two different solutions ¢ = 2InG and ¢ = 2InF of Eq. (1)
are introduced, the corresponding two-field condition is as

follows: [49-53]

E(q)—E(q)

= (5_ Q)yr + (a_ Q)xxxy + 3(‘7xx57xy - q,rxq,ry) =0. (5
We introduce two new variables

9-q _, F q+q

=1 1 _In— =179
> e T2

Based on the binary Bell polynomials, equation (5) can be

1%

—InFG. (©)

rewritten into ))-polynomials from Bell polynomial theory as
follows (see Refs. [51-53] for details):

E(q)-E(q)

= 2[Vyt + Vixxy + 3Wxxvxy + 3nyVxx]

= 2[dy(Virx + V) 4 3WayVix — 3Wivx — 3v)2cvxy]. @)
We have the following constraints:
Wiy +Vievy — Av, =0, )

where A is the constant parameter. Then, the following cou-
pled system of Y-polynomials of Eq. (1) is deduced:

yxy - lyx = 07
yxxx + yz‘ =0. (9)

According to the relationship between )-polynomials>!-33]

and bilinear operators D%

F
Yurxy, g (v=1n E’W =InFG)
= (FG)~'D}!---D'F -G, (10)

the following bilinear Bicklund transformation is derived for
the 2D KdV equation (1):

(DyDy — AD,)F -G =0,
(D}+D,)F-G=0. (11)

Then logarithmic linearization of )-polynomials under the
Hopf—Cole transformation v = In y, and Bell polynomial for-
mula

(FG)~'D}l---DU'F -G

np ny

SURD YD M) 34 § (4 LMY

rit--+n=evenr;=0 r=0i=1

Xy(nl—rl X1, (np—r7)x; (V)7 (12)
the Y-polynomials can be written as
ynlxl,‘.‘,nlxl (V) = W’ (13)

thus system (9) is then linearized into a Lax pair

Yy + Gy Y — Ay, =0,
V/xxx+3Q)axlI/x+lI/t :O, (14)

which is equivalent to the Lax pair of Eq. (1)[3¢]

Yoy — Uy —Ay, =0,

030503-2
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Ve — 3V +y; = 0. (15)

In order to get a new Bicklund transformation, we introduce
the following gauge transformation to the bilinear Béacklund
transformation (11):

F—efF, G- e'G, (16)

where & = mix +nyy + it and 1 = mpx + noy + t.  Sys-
tem (11) is transformed into

[(Ds+m1 —m2)(Dy +m — ) — A(Ds+m1 —ma)| F -G =0,
[(Dx+m1—m2)3+(Dz+ll—lz)]F'G=0, )

under the following constraints:

ml—l/HQZA,, I’ll—I’lz:)L, lz—llzls. (18)

Then, a new Bicklund transformation of Eq. (1) is derived as
follows:

(DyDy+ADy)F -G =0,
(D3 +3AD2 +3A°D,+D;)F -G = 0. (19)

Similarly, the Lax pair of system (1) is as follows:

Yxy +7ul/y +qyV¥ = 0,
Yixx + Z}LWM + 3(12 +Q)ax)llfx + 32«%0:‘/"" Y = 0, (20

or equivalently

(Li—U)y = yyy + Ay, —Uy =0,
(at+L2)lI/ = V’xxx+2)LWxx+3(;Lz_V)ll/x
—3AVy+y, =0. 1)

It is easy to check that the integrability condition [L; —U, d; +
L)y =0 is satisfied.

Additionally, another form of Béacklund transformation
and lax pair of 2D KdV equation (1) are also derived, when
taking

U:_zaxylnf(x7y7[)+¢(y)7 V:_zaxxlnf(xay7l)7 (22)

2D KdV equation (1) is then translated into the following bi-
linear form:

[D;D}’—’_D)’Dt _3¢(y)D)zc]f(xvY7t) 'f(xvyut) = Ou (23)

where ¢(y) is an arbitrary function of y, f is a real function,
and D is the Hirota’s bilinear differential operator, 541 pased
on the binary Bell polynomials,[*=!l equation (1) admits the
following Backlund transformation:

[D«Dy — ¢ ()] F -G =0,
[D}+D,+k|F-G=0. (24)

If using gauge transformation (16) to the above bilinear
Bicklund transformation (24), a new Béacklund transformation
of Eq. (1) is derived

[DyDy+A(Dx+Dy) +A* = ¢(y)| F-G =0,
[D} +3AD2 +3A’D,+ D, +k| F-G=0. (25)

Then, we derive the corresponding linear system under the
Hopf—Cole transformation (13)

Vo + A (W + )+ (A* + 40— 9(0) v =0,
Wixx + 3 Yix +3(212 +%cx)ll/x+ Y+ (31%06'*']()1[/ =0, (26)

which is equivalent to the Lax system of 2D KdV equation (1)

‘ny"'l(‘/’x""/’y)"‘(lz -U)y =0,
Vieer T34V +3(A2 = V) + 9 + (k—3AV)y = 0. (27)

3. Deformed multi-kink soliton and deformed
breather solutions of the 2D KdV equation

Based on the above new bilinear equation (23), some ex-
act solutions of 2D KdV equation (1), including deformed
multi-solitons and deformed breathers, are generated. First,
the deformed one-soliton solutions take the forms

Uy = —2dyIn(1+e™M) +o(y),
Vi) = —20uIn(1+e™), (28)

where 11 = prx+ @(y)q1y + it + 17, n) =0, and $(y) =

d®(y)/dy. Substituting Eq. (28) into Eq. (1), the following
dispersion relation of the 2D KdV equation is obtained:

pi(p1g1—3)
q1

Q) =—
The exact expressions of Uy;j and V[ are as follows:

3 2
1+ cosh (p1x+q1¢(y)+(% —P?)f) —P1q1
3 2
1+ cosh <p1x+CI1q’(Y)+(%_P?)t>
3 3
1+cosh ( prx+q1P(y) + ( Pt

)

Uy = o(y)

(29)

q1 1

As can be seen from the above expression, the extremum lines
pix+q®(y)+ (3p/q1 — p})t and velocity (3p1 —q1p7) /@1
of Uy and V) are the same, and the corresponding ampli-
tudes of Ujj and Vjjj in (x,y)-plane are ¢(y)(1 — (p191/2))
and p% /2, respectively. Thus, U, 1] is a deformed bright soliton
when ¢(¥)(2 — p1g1) > 0 and a deformed dark soliton when
¢(y)(2 — p1g1) < 0. However, V| is always a deformed dark
soliton see Fig. 1.
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20
(a) @(y) =sech(y) (b) @(y) =sech(y) (c) (y) =sin(y) (d) ®(y) =sin(y)
Fig. 1. Deformed one-soliton U[;) and V{;) of Eq. (1) in the (x,y)-plane with parameters p; = 1, g; = —4 and displayed at r = 0.
In order to obtain the deformed two-solitons of 2D KdV equation (1), we take
Up = —20yIn(1+eM 4 ™ 4 eMTHR) L ¢(y), Viyj = —20kIn(1 + e + e + eMFTHA), (30)

where 1 = pix+ @(y)q1y + Qi +n? and M2 = prx+ P(y)qay + ot + 1. Substituting Eq. (30) into Eq. (1), the following

relations are obtained:

__npa=3)  , _ Ppa-3)
N 2=

q1 q2

0Q

Further, by taking p1 =3, ¢1 =3, p=3, 2 =3, 1) = -

two-soliton solutions are as follows:

5 exp(Alg) =

(P1q2 — p2q1)* + P1p2a192(p1 — p2) (a1 — 42)
(p192 — P2q1)* + PiP2g192(p1 + p2) (91 + q2)

(€29

g = 7, the analytical expressions Up) and Vjy) of the deformed

4 5
{cosh(ZK“) — sinh(2k71) +982081< Y. [cosh(2k;;) +sinh(2K1j)]> + < Y, I,[cosh(k,) — (l)msinh(Km)}>}

J=2

m=1

)

,(32)

Up = :
1 <cosh(K11) —sinh(ki1) +991 i [cosh(k ;) + Sinh(K‘lj)])
¢(y) =)
> 5
{ [cosh(3(y)) +sinh(3(y))] ( L tmlcosh(x, —3(=1)""1 ()] = X (~1)"[sinh(K, — 3(—1)m+1cp(y))]) }
Vo = m= m= :
—1982 (1 [cosh (1) — sinh(#1)] + i [cosh(ki;) + sinh(iqj)]>
991 L
\
where Eq. (22) of the 2D KdV equation (1), in which f can be writ-
1 75 ten as follows:
K]]Z—Tx—6d7(y)—|—§t_g’ en as follows

5 69 T
Ki2 2x+3 (y)+ A t, Ki3=18t+ X

1(14=3)C—|—3(I7(y)7 K1 = K12 + K14,
K = K11 — K12, K3 = K12+ K13,

K4 = K11 — K14, K5 = K13 + K14,

I1 = 1900738, I; =—15856, I3z = —12767053,
I, = —12883, I5=15713296,
n=1112, 1 =36, vy =24775,

% =25, 7 =35676. 33)

The dynamic behaviors of the deformed two-soliton solutions
are more complex and interesting by choosing the appropri-
ate parameter @(y) see Fig. 2. Furthermore, as can be seen
in the two-dimensional plots of Fig. 2, the interaction of the
deformed two-soliton solutions is an elastic collision.
Similarly, N-soliton solutions Upy| and Vjy) are given in

(N) N
F=rfv=Y, exp(} wimAju+ Y um;), (34)
=01 j<k j=1

with

2
pi(pjqa;—3)
nj=pix+PO)gy+Qt+n), Q= _jT’
J
(Pjax — Paj)? + pipeaian(p; — pi)(qj — qx)
(Pjax — praj)* + pipcdiar(pj + pi)(a; +ar)’
(35)

exp(Ajx) =

where p;,q; are arbitrary real parameters, n;’ is a complex
constant, ¢(y) is an arbitrary function of y, and the subscript
Jj denotes an integer. For higher-order soliton solutions, more
deformed solitons will be generated from Eq. (34) with appro-
priate parameter ¢ (y), and its dynamic behavior will be more
complex, we will not discuss it here.
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716\\\ -~ /O - N
0 e 1(;\ «5

4 10 “10 10 T

(a) &(y) = sech(y) (b) ®(y) =sech(y)
AN i=o -y vV i=-6 (i):%
(1J JJ@ —2 VvV t=—4 98
) JAVN -2 VV t=—2 0’5
0 t=0 - - :
5 t=1 AN 2 Wi=o0 03
? —2 t=2 VY 08
0 t=2 M —2 t—4 V_V 98
0 e A 2L t=6 LA
~20 —10 0 10 20  —50 0 5y 0%

xT T - 0

(e) ®(y) = sech(y) (f) @(y) =sech(y)

(h) &(y) =sin(y)

Fig. 2. Deformed two-soliton solutions Upy and V[ of Eq. (1) in the (x,y)-plane displayed at 7 = 0. Panels (a)—(d) are the two-dimensional

plots of (e)—(h), respectively .

4. Deformed 2D RW of the 2D KdV equation

In order to obtain the deformed 2D RW solutions of the
2D KdV equation (1), taking
m=n =iz,  (36)

q1 = Aipi, =lapa,

in Eq. (30) and a suitable limit as p;, p» — 0, then we further
take A, = a+ bi, Ay = a— bi in Eq. (36). The solutions U
and V[ are given as follows:

ab*(a® +b*)A3, — %41432 —Ax

Ul (x,y,1) = 4° ,
(x,3,1) = ¢(y) +4b°9(y) (A2, 4 A%, T Ars)?
20,2 12\(.2 4 12\2p2 )
V[l](xvy’t) :4b2b (a _b )(a +b ) Bll_mBlz_BM},
(A2, + A2, +Ap;3)?
37)
with
3b(a* —b?) 5 s
Al] = Wt—i—abx-‘rb(a +b )@(y)7
6ab?
=b’x+ 2—|—b2t’ A13:a(a2—|—b2)2,
2,32
+b
Ay =12 + (@ + %) D(y) +3t,
Aay = 6at + (a* + b?)x,Azy = a*(a® + b*)°,
3
Blli b2x+(p(y) _bzt’
Blzz6at+(a +b%)x, Bl3za(a2+b2)3. (38)

As can be seen from the above expression, to ensure that the
above solutions Ul and V[ are smooth, parameter a > 0 must
be held.

4.1. Fundamental rational solutions

The fundamental rational solutions U' and V! of 2D
KdV equation (1) are derived if ¢(y) is a polynomial function.

Without loss of generality, take ¢ (y) = 2y. The trajectories of
Ul and v are as follows:

3(a®> —b?)
_ 2 12\, 2
I = ax+(a"+b7)y" + o t,
6a
12 :x+m1. (39)

lim vl = 0, which show that the

(x,y)—ro0

lim UMY =2y and

(x,y)—eo
background planes of U (1 and V' are 2y and 0, respectively.
Further, by taking a = 2 and b = 2, the exact expression of
fundamental rational solutions U!!) and V! can be obtained.
In order to describe the evolution process of fundamental ra-
tional solutions U!!l more clearly, we remove the background
plane 2y when plotting. As shown in Fig. 3(a), the rational
solution U1 removing the background plane 2y appears from
a constant plane when ¢ < 0. With time evolution an arc line
x = —4y? appears on the constant background around ¢ = 0
[see Fig. (a)], and finally the arc line fissions into a bright lump
and a dark lump [see Fig. 3(c)]. The trajectories of the fission
are x + 4y2 =0 and 2x+ 3¢t = 0 [see Figs. 3(d)and 3(e)].
However, the dynamic behavior of the rational solution
vl is different from that of U!!. For given ¢ (y) =
lution V! has the following nine critical points in (x, y)-plane:

2y, the so-

3at
Al:(x]ay]):<a2+b27y 0)

A3z = (x23,)23)
B (—3abtj: V3a(@+b?)3 +27b° )

b(a?+b?)
Ass = (X45,y45) = <—

6at _ 4 3t )
2r2”? " Ny )

A67.89 = (X6,7.89:67.89)
£\ = b2> (40)

< —6abt + \/3a(a? + b?)3

b(a®>+b?)
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letting
92yl
Ax,y) = R
vl g2yl /92yl 2
Hxy) = ox2 oy ( 0xdy ) @1
yields
24b*(a® 4 b*)*
A la(@®+b2)3 +9b%2)
100,21 22\7
Hey)| = 1520 +0) '
A [a(a® + b?)3 4+ 9b*?]
3b*(a® +b°)*
Alxy)| =- 2(23 )422;
Ao 4[a(a® + b?) +9b*?]

%50 Z60 —10 —20 0 20

x

H(-xay) = _2 9210(6122 jb2)7i 214
Ao [a(a? 4+ b?)3 +9b%1?]

4
A(x,y) N = %Q

1
H(x,y) Aus = %a

4

Al A67.89 - —W;

10
H(x,y) prss = %- (42)

Based on the above analysis, the evolution of rational solution
vl of 2D KdV equation (1) can be divided into the following
three stages.

(e) t=10
—20 0 20

Fig. 3. The temporal evolution of fundamental rational solution U [ removing the background plane ¢(y) of Eq. (1) in the (x,y)-plane with
parameters ¢ (y) = 2y,a = 2, and b = 2. Panels (d) and (e) are two-dimensional plots of U a,

( li)m vl = 0, which shows that ratio-
X,y —00

nal solution V! appears from a constant background. Now

(1]

the maximum value VKLIJX (x,y) and minimum value V. (x,y)
of VI are obtained at Az 3 and Aq

(i) When 1 < 0,

b*(a* +b)?
Ao  2a(a*+b?)3 + 18b42’
AP (@)
A al@®+b2)3 +9b4?

Vi () = VI (x, )

(43)

v () = VI (x,y)

Obviously, the global extreme values of rational solution vl
change with time, and

: [1] — (1]
Jim Vinax (x,y) = Tim Ve, (x,)-

(ii) When ¢ = 0, rational solution VI has three extreme
points

A](X,y) = (0’0)’ Az(x,y) = (@30>7

V/3a? 4 3ab?
A3 (xay) =\ - —b ,0).

The maximum and minimum values are as follows:

b2

=yl S
\%4 (x,y) As 2(1([,12—{-172)’

Ay

i (5,y) = VI (x, )

2
= L (44)

Vain(e) =V ==
A

From the above analysis, we can seen that its dynamic behav-
ior is similar to the RW in one-dimensional systems. The am-
plitude of the RW in one-dimensional systems is three times
that of the background plane. However, the amplitude of RW
of 2D KdV equation (1) is controlled by parameters a and b.

(iii)) When ¢ > 0, rational solution v has six extreme
points A4 s and Ag789. And it has four maximums and two
minimums

b2

s =V | =5,

267,89
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2
0 0 4b
Viin(6:3) = VU (x,y = (45)
(x,3) (x.) Aus a(a®+b?)

Obviously, the extreme values of V! at r = 0 are equal to the
extreme values at r > 0.

Through the above analysis, |V,L'§X(x, y)| < |V£i]n(x, y)| is
always satisfied, which indicates that vIis dark. When t < 0,
we know that the rational solution V!! appears from a con-

5 5
. 0 L 0 B
—0.5 —0.5
—1.00 —1.0L
5 550 20 5 550 20
y —5—40 % y —5—40 %
(a) t=—50 (b) t=—9

stant plane, and the amplitude above the background plane is
8 times of that below the background plane. v reaches the

maximum amplitude 2a(a9+ib2) at r = 0. With the time evolu-
tion, the dark lump fissions into two identical dark lumps along
the curve ax + (a* + b?)y* + 32‘122;:22)
dark lump fission into two identical lumps, its amplitude does

t. Interestingly, after the

not change, which means the energy does not change when
t > 0 [see Fig. 4].

0.5 0.5,

-
0 ‘ = 0 o
-0.5 —0.5-
—1.0L < =10 O
5 T 5 20 5 5 20
0 =20 0 =20
y —5—40 % y 540 %
(c)t=0 (d) t=12

Fig. 4. The temporal evolution of fundamental rational solution V!l of Eq. (1) in the (x,y)-plane with parameters ¢(y) =2y,a =2, and b = 2.

4.2. Fundamental deformed 2D RW solutions

The fundamental deformed 2D RW U and VI of
2D KdV equation (1) are obtained when ¢(y) = sech(y).
lim U = ¢(y), which indicated that the background plane

(X.y) o0

of deformed 2D RW U!" is ¢ (y). The trajectories of U!!) are
1 = ax+ (a* —b?*)sech(y) + 31, I, =x+2asech(y). (46)

As can be seen in Fig. 5, in order to better observe the evolu-
tion of the deformed 2D RW U [1], we remove the background
plane of U!!). Four panels describe the appearance and annihi-
lation of 2D RW in (x,y)-plane along the curve x + 2sech(y).
This is the first time to obtain such deformed 2D RW in high-
dimensional systems. The dynamic behavior of fundamental
deformed 2D RW V!l is more complicated and interesting.

—-15 —-10 =5 O 5 10
T

—-15 —-10 =5 O 5 10 15
T

Fig. 5. The temporal evolution of fundamental deformed 2D RW solution U ] removing the background plane ¢ (y) of Eq. (1) in the (x,y)-plane

with parameters @(y) = sech(y),a=1,and b =4.

Through simple calculation and analysis, the evolution of
deformed 2D RW V! can be divided into the following four
stages

(i) When ¢ <0, aline RW appears from the constant back-
ground plane, with the time evolution, the amplitude of the line
RW gradually increases.

(i1) When # = 0, the amplitude of the line ]RW reaches its
1

maximum value. The maximum amplitude V/L

mp is
1 _ /1 (1]
VAmp - VMax _VMin

b —4p? 952

a(a®+b?) - 2a(a? +b?)

 2a(a®+b?)

. (47

(i) When 0 <t < “2*3'b2 , the line RW disappears grad-
vally. Simultaneously, a Peregrine-type soliton is generated,
but the amplitude of the RW v s fixed in this process of

evolution

. 2,52 . . .
(iv) When r > 4 J3rb , two identical maximum values Vl\[/}]

ax
.. 1
and one minimum value VI\[,H]n

of the Peregrine-type soliton are
as follows:
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b*(a* +b?)?

(1]
V =
Max = 2p4 (3t — a2 — b2)2 +2a(a? 4 b2)3’

4b*(a* +b*)*

Wi - 9

b*(3t —a? — b?)? +a(a®> +b%)3"

It can be seen from the above expression that the amplitude of the Peregrine-type soliton decays rapidly in a very short time.

When 7 > #, RW v uniformly approaches a constant background see Fig. 6.

=70 SHE N
0 5B o\ 5
N = g
Y08 e Y10 70 e
(a) t=—50 (b) t=—6

= -
107 > 10
0 =5 0

N /7/// 0
Y05 Y
(e) t=2

Fig. 6. The temporal evolution of fundamental deformed 2D RW solution V!l of Eq. (1) in the (x,y)-plane with parameters ®(y) = sech(y),

a=1,and b =4.

4.3. High-order deformed 2D RW solutions
Take

N=4, qj=2Xp;, n)=in, (j=12,3,4), (49

in Eq. (34). Further taking

1
)qZ)Q*:l-l-:ﬁ, 1322;:5—4i,
P(y) = sech(y), (50)
the second-order deformed 2D RW solutions U2 =

—2In fg] +¢(y) and V2 = —21In £2 are generated, in which
f 2l can be written as

£ (x,y,1)
27
= x4 |6D(y) + =t |
10
21 189 149877
210D (y)> + =@ — 2
+[ )+ 5 () + 20" T 11se ¥
27 81
36D (y)* + 1P () + 1D
+ 36007+ 1207 + S 00)
81 4 2924139t
— ——t|x
20 11560
S 21 S 21
0 0 ~
1 O—\\ 10 \\\\ i
N5 RNt 5
~10 -5 = —10 -5 =
(a) t=-20 (b) t=—2

10
0™ Y5 oY 5
Vo5 G Vo B %
(0) t=—2 (d) t=0
—2
A= -7
= 10 >
et o
0 0
10 -5 = Vo g5
() t=7 (g) t=50
81, 81 .5 [801 _ ., 6882577,
AP o
ta0" TPV +[40 0V + 6240 |
144 1008648
By 0% g
|- e0r e
122850 1158885
40P (y)* — Iy — 51
+409(y) 259 PO +—5 (51)

As can be seen in Fig. 7, by removing the background plane
¢(y), the second-order deformed 2D RW solution U de-
scribes that four Peregrine-type solitons appear and annihilate
from the constant background plane. However, the dynamic
behaviors of the second-order RW solution V2 are similar
to that of the fundamental RW solution V!, The RW solu-
tion V12 uniformly approaches to a constant background plane
when ¢ — Feo. Two line RWs appear from the constant plane
under the time evolution, and their amplitudes increase rapidly.
Then the amplitudes of the two line RW attenuate rapidly, at
the same time, two Peregrine-type solitons are produced. Fi-
nally, these two Peregrine-type solitons disappear in a very

short time without a trace (see Fig. 8).

y -
10 - - 10 S
0™ 5 . 5
Yy - Yy TS
-10 5% = —10 5 =
(c) t=4 (d) t=20

Fig. 7. The temporal evolution of second-order deformed 2D RW solution U @ removing the background plane ¢(y) of Eq. (1) in the (x,y)-plane.
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10 10 \
0 5 20 \
Yoo—10220 o v 10720 9
(a) t=-20 (b) t=—2
- 0 \
10 \k 10 N
0 . 0 )
v _10-—20 O v _10-20 9
(d)t=4 (e) t=20

Fig. 8. The temporal evolution of second-order deformed 2D RW solution v of Eq. (1) in the (x,y)-plane.

For larger N, higher-order solutions are generated by tak-
ing the parameters

N=2n, gq;=2Ap;, nj=iz (1<j<N), (52)
in Eq. (34) and a suitable long wave limit as p; — 0, the func-
tion f defined in Eq. (34) becomes a polynomial-type func-
tion containing an arbitrary function ¢ (y). Therefore, the gen-
eral n-th rational-type functions U" = —21In foo+0(y) and
vyl = _21n frx of 2D KdV equation (1) can be derived,!>! in

which f can be written as follows:

H9k+ Zak, H 0+

k,j I#k,j
1 (N) M. N
+M'2M Z nOijOt]d Oy ?ékH 0p+---,
..... m, ey
(53)
with
AZO(y)+Ajx+3t 22 M (A + A
6, — FO0) +4 ’ aij—Lﬁzk)a (54)
Aj (A = A)
where k and j are two positive integers. We must emphasize
that A; is a complex constant and lj* = Antj =an+1ib,. When

a, > 0, the above general n-th rational-type functions U "} and
VI are smooth.

Remark 1 The above solutions U and V" are ratio-
nal solutions, if ¢(y) is a nonzero polynomial function. For
example, when ¢ (y) = 2y, the rational solution U!"! describes
the fission of n-bright lumps and n-dark lumps from the back-
ground plane 2y. The rational solution V" describes the fis-
sion of 2n-dark lumps from a constant background plane.

Remark 2 The above solutions U" and V" are de-
formed 2D RW solutions if ®(y) = sech(y). The solution U"!
describes 2n Peregrine-type solitons that appear and annihilate
from a kink-soliton plan. The solution V1" shows that n-line
RWs appear and decay rapidly from a constant background
plane, and fission into n Peregrine-type solitons, and finally
disappear in the constant background plane without a trace.

S. Summary

In this paper, new bilinear Bicklund transformation and
Lax pair of the 2D KdV equation (1) are derived, which
are different from the Bécklund transform and Lax pair in
Refs. [36,37]. Teh N-soliton solutions are presented by means
of the improved Hirota’s bilinear method. Deformed soliton
and deformed breather solutions of elastic collision are gen-
erated by selecting the appropriate free parameter ¢(y), see
Figs. 1 and 2. When @ (y) is a non-constant polynomial func-
tion, a family of new rational solutions of the 2D KdV equa-
tion are generated using the long wave limit. When ®(y) ia
a non-zero constant, the rational solutions U [ and vl re-
duce to the rational solution of 2D KdV equation in Ref. [47].
When @(y) = sech(y), the deformed 2D RW solution U de-
scribes a family of Peregrine-type solitons that appear and an-
nihilate from a kink-soliton plan. In order to better observe the
evolution of the deformed 2D RW solutions, we remove the
background plane of U when plotting, see Figs. 5 and 7. The
deformed 2D RW solution V shows that a series of line RWs
appear and decay rapidly from a constant background plane,
and fission into Peregrine-type solitons, and finally annihilate
in the constant background plane without a trace, see Figs. 6
and 8. This paper successfully constructed the deformed 2D
RW solutions, which are closely related to the introduced arbi-
trary function @(y). These novel phenomena have never been
reported before in nonlinear systems. Our presented work not
only provides a new reference method for seeking new exact
solutions of nonlinear partial differential equations, but also
may be helpful to promote a deeper understanding of nonlin-
ear phenomena.
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