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SPECIAL TOPIC — Phononics and phonon engineering
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Counter-rotating-wave terms (CRWTs) are traditionally viewed to be crucial in open small quantum systems with
strong system-bath dissipation. Here by exemplifying in a nonequilibrium qubit—phonon hybrid model, we show that
CRWTs can play the significant role in quantum heat transfer even with weak system—bath dissipation. By using extended
coherent phonon states, we obtain the quantum master equation with heat exchange rates contributed by rotating-wave-
terms (RWTs) and CRWTs, respectively. We find that including only RWTs, the steady state heat current and current
fluctuations will be significantly suppressed at large temperature bias, whereas they are strongly enhanced by considering
CRWTs in addition. Furthermore, for the phonon statistics, the average phonon number and two-phonon correlation are
nearly insensitive to strong qubit—phonon hybridization with only RWTs, whereas they will be dramatically cooled down
via the cooperative transitions based on CRWTs in addition. Therefore, CRWTs in quantum heat transfer system should be

treated carefully.

Keywords: quantum transport, open systems, nonequilibrium and irreversible thermodynamics, phonons or
vibrational states in low-dimensional structures and nanoscale materials
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1. Introduction

Understanding and managing nonequilibrium energy
transfer at nanoscale is a long-standing problem, which has
attracted great attention with scientific interest and practi-
cal importance.!' =3 Theoretically, the microscopic description
of the system—bath coupling in open small quantum systems
is crucial to model the quantum heat flow, as the system-—
bath coupling describes the dissipation of the small quan-
tum system to the external environment.*>! In particular, the
strong couplings between the small quantum system and sur-
rounding baths significantly contribute to the transient and
steady state heat transport properties, including energy ex-
change dynamics, !l quantum thermodynamics and thermal

s,[12718] and quantum heat transfer.!1%-7]

machine
One of the most representative paradigms of the system—
bath dissipation is the spin—boson (qubit-bath) coupling*®!
Vsg = 6 Y (skb) + 8ibr) = Vrwr + Verwr,
k

where

Vewr = Y (gkbl6- +gibi61),

%
Verwr = Y (kb6 +gibi6-),
%

DOI: 10.1088/1674-1056/abcfa8

with 6, the Pauli operator of the central qubit, or say, a two-
level system, g; the qubit-bath coupling strength, IQZ (Ek)
the bosonic creator (annihilator) in the thermal bath. This
system-bath dissipation form has been widely used for the
heat transport in quantum phononics. The rotating-wave-terms
(RWTs) Vrwr describe energy conserved processes that can
occur sequentially in an incoherent picture, while the counter-
rotating-wave-terms (CRWTs) VerwT depict two energy non-
conserved processes that can only occur coherently. [>’]

It is well believed that in the weak qubit-bath dissipa-
tion limit, Verwr is negligible and VewT dominates the dissi-
pation process. Only when the dissipation strength increases,
Verwr is necessarily included to properly characterize the
heat exchange.!>7] In quantum dissipative dynamics, Verwr is

30-331 quan-

37-39] at

found to significantly enhance anti-Zeno signal,|
tum correlation,?*% and spontaneous emission!
strong system—bath coupling. At steady state, CRWTs result
in the non-canonical thermal equilibrium distribution 2?4021
and optimal enhancement of the heat current.[!®?323] Re-
cently, due to the fast development of circuit-QED with high
quality microwave resonators, the spin—boson coupling is re-
duced to the qubit—photon hybridization Vs = 6, (gh’ + g*b)
with a single mode of bosons (photons).*3#] The importance
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of CRWTs Verwr = (¢b76, + g*b6_) in photonic hybrid
quantum systems on energy level structure has been experi-
mental demonstrated.[*#%] The investigation of steady state
coherence and heat transport has been conducted in the QED
based hybrid quantum systems.*’**1 Moreover, from the as-
pect of photon statistics, the qubit—photon interaction (Vsg)
will affect the two-photon correlation function in dressed pic-
ture at equilibrium, which exhibits novel features. 20!

For steady state heat transfer with two baths at nonequi-
librium setup, the nonequilibrium spin—boson (qubit—bath)
dissipation Vnsp = 6y Y—r.r(8krby , + g5,bxv) is consid-
ered generic to establish the thermddynarrﬁc bias between
phononic baths L and R.1>3% Specifically, in the weak qubit—
bath interaction limit, the heat flow shows a sequential pro-
cess, which is dominated by RWTs. In sharp contrast, the heat
current and fluctuation exhibit cooperative energy exchange
processes between two phononic baths at strong qubit—bath
coupling,'921-23] where CRWTs play the leading role. While
under the adiabatic modulation of two bath temperatures, the
finite heat pump based on the Redfield approximation is ex-
hibited with weak qubit-bath dissipation,>>! which is irrele-
vant with the dissipation strength. However, in strong dissi-
pation limit, the heat pump can be observed only for the bi-
ased qubit.?*>%1 Moreover, the exploration of such distinction
originating from RWTs and CRWTs has been extended to the
quantum thermal transistor from weak to strong spin—-boson
couplings.>7-641

Here, we propose that at strong qubit—phonon hybridiza-
tion inside the central system, CRWTs of the (even weak)
qubit-bath dissipation may novelly contribute to the transport
behaviors of hybrid quantum systems. The main points of this
work have three manifolds: (i) Based on the quantum master
equation encoded with extended coherent phonon states, we
obtain microscopic pictures of heat exchange processes, which
are separately contributed by RWTs and CRWTs. (ii) By in-
cluding full counting statistics (FCS) with weak system—bath
interactions, the heat current and fluctuations are strongly sup-
pressed at large temperature bias with the qubit—bath dissipa-
tion considering only RWTs, whereas the heat current fluctua-
tions are greatly enhanced by considering CRWTs in addition.
This clearly demonstrates the novel role of CRWTs on steady
state heat transfer. (iii) The steady state phonon number and
two-phonon correlation function with RWTs are nearly insen-
sitive to the strong qubit—phonon hybridization, whereas they
are optimally cooled down via the cooperative transition path
contributed by both RWTs and CRWTs.

This paper is organized as follows. We describe the
nonequilibrium qubit—phonon hybrid model in Subsection 2.1,
derive the quantum master equation in Subsection 2.2, and ob-
tain the expression of heat current fluctuations by including
full counting statistics in Subsection 2.3. In Section 3, we

investigate the steady state heat transfer, which is character-
ized by heat current, noise power, and skewness. In Section 4,
we analyze the steady state phonon number and two-phonon
correlation function of phonon statistics. Finally, we give a
conclusion in Section 5.

2. Model and method
2.1. Qubit—phonon hybrid system

The nonequilibrium qubit—phonon hybrid system, which
is composed by two-level qubits interacting with a single vi-
brational mode, each individually coupled to a bosonic thermal
bath, is described as (. = 1)

AH=H,+ Y (H,+V,). (D
u=qu,ph

Specifically, the hybrid system is expressed as
Hy=¢ef, + wpa’a+A(a" +a)/f., )

where the collective qubit operators are Jo, = % N, 6L (a=
x,¥,z) with N the qubit number and 6, is the Pauli operator
of the i-th qubit, € is the energy splitting of the qubits, @' (a)
creates (annihilates) one phonon with frequency @y, and A is
the hybridization strength between the qubits and the phononic
field. The u-th thermal bath is described as H,, = Y wkéiﬁk,u,
where El_u (ZAJ;W) creates (annihilates) one boson in the u-th
thermal bath with the momentum k and frequency @y ,. The
interaction between the phononic mode and the ph-th bath is
given by

A

Vph = Z(gk,phl;]zc + glt,;;h&c,c) (&T + d)v (3)
k

with gy ,, the coupling strength. While for the interaction be-
tween the qubits and the gu-th thermal bath, the interaction
can be generally expressed as

un = Z(gk,qu];zm,g+glt,ql;k,q§T)7 (4)
k

with gi ., the coupling strength between the qubits and the
qu-th thermal bath. For the qubit operator S, if we analyze
un within the rotating wave approximation (RWA), it is spec-
ifiedas S=J_. Hence, under the influence of rotating-wave
terms (RWTs) [i.e., V;},WT = Z,k(gkwl;;quf, —|—g,ﬁ,qi)k’q,4f+)],
the particle number of the whole system is conserved as the ex-
change processes occur between the qubits and the gu-th bath.
However, when we consider the full interaction between the
qubits and the gu-th bath VJE“, the operator becomes $ = 2.,
which includes both the RWTs and the counter-rotating-wave
terms (CRWTS) [i.e., VSR = Yy (gkqubf oo/ + 85 yPrgul )1
Under the effect of CRWTs, both the system and correspond-
ing thermal bath will be excited (annihilated) simultaneously,
which apparently breaks the particle number (energy) conser-
vation. In the single qubit limit, i.e., N = 1, the model of the

qubit—phonon hybrid system in Eq. (1) is identical with the
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counterpart in Ref. [49], where we investigated the steady state
heat current in a nonequilibrium qubit—phonon hybrid model
at weak qubit—phonon hybridization regime. We would like to
point out that although the angular momentum conservation is
not explicitly considered at present, it is implicitly contained
in the spin—boson dissipation, where the raising and lowering
of spin angular momentum are compensated by the coupled
bosons due to their intrinsic spin.[65’66] Moreover, it needs to
stress that the spin—boson and qubit—bath dissipations (cou-
plings) denote the spin coupled to the bosonic thermal bath,
which is composed by continuous boson modes, whereas the
qubit—phonon hybridization describes the spin interacting with
the single mode phononic resonator.

In this work, we mainly analyze the novel role of CRWTs
on the steady state behaviors of the hybrid quantum system in
Eq. (1). For the the qubit—phonon hybrid system H in Eq. (2),
the eigensolution can be exactly solved as H|¢pX) = EX|¢k).
The eigenvalue is

E,]fl :£m+(ook—12m2/w0, 5)

and the extended coherent phonon state is!®7-6%1

4T k
kv 1 (@ +gm)
where the phonon excitation number is k =0,1,2,..., the an-
gular momentum state is J;|j,m) = m|j,m) (m = —j,—j+

1,...,Jj) with j = N/2, the displacement coefficient is g,, =

0),, = e —8md' —gn/ 2|0),,, and the bare vacuum state is
al0), =

It should be noted that though the nonequilibrium qubit—
phonon hybrid system is theoretically investigated in the
present paper, it has experimental correspondences. Specifi-
cally, the hybrid quantum system can be specified by the sys-
tem composed by the nanomechanical resonator and single

¢ 701

quantum dot,'’” where the resonator and quantum dot inter-

act with the bosonic thermal and magnon reservoir,!’-7?! re-
spectively. The CRWTs in Eq. (4) can be realized by the inter-
facial interaction with non-spin-conservation.!’>! Moreover, it

48] where one

could also be realized by the circuit-QED setup,
josephson junction could be longitudinally coupled to a LC
resonator.74771 While for the spin—boson model, under the
reaction coordinate mapping approach, it can be mapped to an-
other type of qubit—phonon hybrid model.[%1%78-82] From the
aspect of inverse design, the analysis of quantum heat transfer
in nonequilibrium qubit—phonon hybrid systems could fertilize
theoretical interact and practical application of the spin—boson

model.

2.2. Quantum master equation

Considering weak system—bath interactions, we sepa-
rately perturb Vph and un to obtain the quantum master equa-
tion. Under the Born—-Markov approximation, the total den-
sity operator is decomposed as Prot(t)=P5 (1) @Pp, Where Py(t)

is the reduced density operator of the qubit—phonon hybrid
system, and pp = [Tl ph gu exp(—ﬁ,’j /ksT,)]/ Z is the equi-
librium density operator of thermal baths, with kg the Boltz-
mann constant, 7;, the temperature of the u-th thermal bath,
and Z = Tr{TL,— s guexp(—H} /kgT,)} the partition function.
In this paper, we set kg = 1 for convenience. Then, by tracing
over the degrees of freedom of thermal baths, the generalized
master equation is obtained at Eq. (A1) in Appendix A.

From the generalized quantum master equation, it is
known that for transient dynamics the populations are gen-
erally coupled to the off-diagonal terms.®3] However, after
long time evolution, it is numerically checked in a wide pa-
rameter regime that the off-diagonal terms become negligible.
Hence, the generalized quantum master equation is reduced to
the dressed master equation as

dp, A Fo
)~ opy(0) + LA (B ) £4105) (0550
+ I (B0 Lo (195 (08])ps(0)}, @)
where the dissipators are given by
[:Oﬁ‘v(t) = *'[ﬁvvpv( )]
— ,Zﬁ (Em) (108 (0155 + Psl 0k) (05 ])
——Zr (Emt ) (105 (0155 + Bsl65) (0K]), (8)
L (105005 1)Bs = |08) (0K 155(1) |95 (9] ©)
L_(|05) (05 1)ps = |05 ) (05155 ()05 ) (95 . (10)

The nonzero rates assisted by the ph-th bath are
k— k k k
1—;7:}5(¢m l|¢m) = :thph(E:Z’kfl)”ph(iEnr:,kq)v (11)
with the energy gap E::l’;:fl = Eux — Epg-1.

L3 (6 ' 10m) [ (6 10m)] describes the phonon excita-
tion (relaxation) process from the extended coherent phonon

state [95,) (|6)) to @) (195"

one boson with the energy E,r,"’km,k —

)) by absorbing (releasing)
1 from (into) the ph-th
thermal bath, with the qubits state unchanged. For the qubit—
bath interaction under rotating-wave approximation, the rates
assisted by the gu-th bath are given by

A

k .

I (01 10%) = £0(E™, )(ji ,?D2, (wo)
mk

k
XYqu( m— 11)nqu(:|:E,,n;'_1,1)a (12)

I and
the angular momentum factor is jf =

where the Heaviside step function is 6(w>0) =
0(w<0) = 0,

ViGi+1)

overlap coefficient is®7-68]

m(m=£1), the extended coherent phonon state

22 mink,/] ( ) k' K+ =2n

D =e " 13
ki(x) =e Z )il (13)
and the energy gap is EZ: L= = Eux — En_1;. The rate

1'(‘” rwr (9L 1105 [T . rwr(0L_1105)] characterizes the mi-
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croscopic transfer process from the extended coherent phonon
state 9,_,) (10£)) to [94) (I6},_,)) by exchange |/ — ]
phonon number and the energy E, k” involved with the
qu-th thermal bath in Fig. 1(a) [Fig. 1(b)], which is si-
multaneously bounded by the unidirectional transition of
the qubits state from |j,m —1) (|j,m)) to |j,m) (|j,m—
1)). While for the full qubit-bath interaction including both
RWTs and CRWTs, the transition rate assisted by the gu-th

bath is expressed as qu((i),l|¢m)— unWT( LK) St +

F;_CRWT( ! 110%)8umr1, where the rates contributed by

CRWTs are given by

_ A
Lo crwr(Ons110m) = ie(Emll D U1 DR <w0)

m.k m.k
X You(Epy 1, 1)”qu(:FE;Z+1 1) (14)

wrth the positive energy gap Em ‘11 = Emk — Emy1y. For
(¢n|¢m) 19 —(@L|9k)], it is found that besides the transfer
‘¢m) [ unWT( |¢m)]

the rate also describes the another distinct transition

from state |9}, (19%) to |9f) (19}.,)) in Fig. 1(c)
[Fig. 1(d)], which is characterized by the rate component

quCRWT( i1 10m) (Lo crwr (@1 10)]- Tt is noted that this
process is accompanied by the angular momentum transition
from |j,m+1) (|j,m)) to |j,m) (|j,m+ 1)). This additional
transfer process contributed by CRWTs will significantly af-
fect the steady state features of the hybrid quantum system,

processes mastered by I’ a, RWT(

e.g., nonequilibrium heat transfer and phonon statistics, even
with weak qubit-bath dissipation.

(@) RWT (b) RWT
S b 1ok
e 3 .
° “ ° [ |
Ve lo l
| *| b 1) * |Pr—1)
(c) CRWT (d CRWT
Sl * |
T F
° Y, o
Y ) ) ,’%

Fig. 1. Microscopic heat transfer processes assisted by the qu-th thermal
bath. Under the effect of RWTs: (a) the excitation process from the extended
coherent phonon state |¢! ]> to |¢X) by absorbing one boson from the qu-

th bath with the energy E

(b) the relaxation process from the extended coherent phonon state |¢,’§l> to

1 ; characterized by the rate I:;RWT( oL 1ok);

|¢,ln7]> by releasing one boson into the gu-th bath with the energy EZ—kl |
characterized by the rate I7, rwr(®h_119%). Under the effect of CRWTs:
(c) the excitation process from the extended coherent phonon state \(p’ + 0
to |¢m> by absorbing one boson from the gu-th bath with the energy Em Y
characterized by the rate I;ﬁ CRWT( S |6X); (d) the relaxation process from
|¢m> to |9}, +1) by releasing one boson into the gu-th bath with the energy

m,k - l k
E,’,, characterized by the rate I' | cpwr (8,1 9n)-

2.3. Quantum master equation combined with FCS

We apply the quantum master equation combined
with full counting statistics (FCS) to study the steady
state heat transfer. FCS!®# is considered as a power-
ful approach to measure the energy current and the cur-
rent fluctuations, [*-19-2233-85861 \which was initially proposed
by L. Levitov et al. to investigate the electron current
fluctuations.®”#8] It is based on the two-time measurement
protocol. Here, we add the counting parameter to count the
energy flow into the ph-th thermal bath based on the dressed
master equation in Eq. (7), where the off-diagonal elements
become negligible. Specifically, we first introduce the gen-
eralized density operator p(z,Q,), where Q; is the transferred
energy into the ph-th bath during the time interval ¢. Accord-

ingly, the master equation can be described as

dps(t, Q) /dt
= Lopy(t,00)+ Y AL (Eph) L1 (190) (98B (2,01
+1—I:t ( ’k’) *(|¢m’><¢m|)ﬁ;(t7Qt)}7 (15)

with p5°(t,0r) = ps(t, QFEpS,)-
ing the energy O, after the time ¢ is given by P(z,Q,) =

The probability of count-

Tr{ps(¢t,0;)}. Then, we apply a Fourier transformation in
the energy space by including the counting parameter ) via
Ps(t,x) = Lo, Ps(t,0r)e¥% . This leads to the modified
dressed master equation

dps(t, x)/ dt

= Lops(t,x +z{r+ (E2E ) LX (198) (05 ) ps (1. 2)

L (EMNLE (105 (0K Dps(1,2) ) (16)
where f:%<|¢m><¢k’|> — BN L (16k) (0K,
LE (195 (0k]) = e FEwidumm) £ (19K (), Supn = 1 for

u = ph, and 8, ,; = 0 for u = qu. Then, the generating func-
tion is obtained as G(¢,x) = Tr{ps(t,x)}. After long time
evolution, the steady state cumulant generating function is
given by Z(x) = lim;_,e % n[G(x,t)].[8*86] Consequently, the
n-th cumulant of steady state heat flow is given by

V=0"2(0)/06x)"| . (17

In particular, the first cumulant is the heat current J =
dZ(x)/d(ix)|y=0, the second cumulant is the noise power
J@ = 822( )/9(ix)*|y=0, and the third cumulant is the
=093Z(x)/d(ix)*|;=0. which are the represen-
tative quantities to characterize the steady state heat transfer.

skewness J

We plot the heat current at resonance in Fig. 2(a) as one
typical instance to analyze the effect of the finite qubit num-
ber N on steady state behaviors. It is found that in the small
qubit number limit (e.g., N = 1,2) the heat current with the full
interaction between the qubits and the qu-th bath is dramat-
ically enhanced over a wide qubit—phonon coupling regime,

compared to the counterpart affected by only RWTs. This
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demonstrates the nontrivial contribution from CRWTs. How-
ever, as the qubit number becomes large (e.g., N = 8), the cur-
rents from two different types of qubit-bath interactions (i.e.,
RWTs and full interaction) become nearly identical, which im-
plies that RWTs dominate the behavior of the heat current.
Moreover, it needs to note that we set the truncation number
of phonons N, to 30, which is sufficient to make the steady
state quantities converge based on numerical calculations, e.g.,
the heat current with full qubit-bath interaction in Fig. 2(b).
Therefore, we select N = 1 in the following to manifest the
novel role of CRWTs.

25 1.5

@ ®) -
A Ny, =15
20f RWT  full v Ny =20
o Nel —No1 o — Npi =25
- AN=2 —_-N= &
‘21.5 g N=4 N =4 full
Z v N=8 --N=38 NLS
? : =

Fig. 2. Steady state heat current out of the ph-th thermal bath as a function of
the qubit—phonon hybridization strength (a) under the effects of only RWTs
and full qubit-bath interaction(including both RWTs and CRWTs) with var-
ious qubit numbers, and (b) by tuning the truncation number of phonons

Ny, with full qubit-bath interaction and N = 8. The other system parame-

ters are given by € = 1, @y = 1, @y, = &g, = 0.005, T, = 1.5, Ty, = 0.5,
and w. = 10.

3. Quantum heat transfer

In this section, we investigate heat current, noise power,
and skewness at steady state, which are the representative
characteristics of quantum heat transfer. In one previous work,
we mainly investigated the steady state heat current and the
effect of negative differential thermal conductance (NDTC)
with weak qubit—phonon hybridization,*”) where the role of
CRWTs was not explicitly explored. Here, we focus on the
comparison of heat current fluctuations owning RWTs to the
counterpart with full qubit-bath interaction, i.e., including
both RWTs and CRWTs, at strong qubit—phonon hybridiza-
tion.

We first study the steady state heat current out of the ph-
th thermal bath (—J) in Fig. 3. Under the influence of RWTs,
figure 3(a) exhibits a globally optimal peak at finite temper-
ature bias (AT~0.5) and strong qubit—phonon hybridization
strength (A=2). This clearly demonstrates that the effect of
NDTC can also be observed with strong qubit—phonon hy-
bridization with only RWTs. In sharp contrast, by including
both RWTs and CRWTs we find that the heat current shows
monontonic enhancement by increasing the temperature bias
in the strong hybridization regime, as shown in Fig. 3(b).
Moreover, we unravel such distinction from the aspect of heat

current fluctuations. Specifically, for the noise power and

skewness with only RWTs in Figs. 3(c) and 3(e), they are sig-
nificantly suppressed at large temperature bias (e.g., T,,~2
and 7,,~0), Whereas the counterparts show dramatic en-
hancement by including CRWTs in Figs. 3(d) and 3(f). Hence,
we conclude that CRWTs nontrivially enhance the steady state
heat transfer with strong qubit—phonon hybridization, particu-
larly in large temperature bias regime.

@ _®
© 0 4
2 \
2 1 =2
~ 0 . ~ 0
4 !
N 05 ‘;\2 05 |
001 0 AT 001 O AT
—© —~ @
T2 |
g ER
=

_ (
T 6
34
& o — 2
L P 2 0
~ >~
4 1
A : 2 0.5
001 0 “Ar 20010 Ap

Fig. 3. (a) and (b) Steady state heat current (—J), (c) and (d) noise power
[7®)], (e) and (f) skewness [J)] by modulating both the temperature bias
AT and qubit—phonon hybridization strength A under the effects of RWTs
and CRWTs, with T, = To + AT, Ty = To — AT, and Ty = 1. The other
system parameters are given by € =1, wp =1, N = 1, o, = ¢t = 0.005,
and @, = 10.

Next, we try to explore the underlying mechanism for the
distinction of heat current fluctuations with two different types
of qubit-bath dissipations. Under the effect of only RWTs at
large temperature bias limit, the excitation transition quanti-
fied by the rate I;;RWT((j)l_ ! |¢]%‘) naturally vanishes, due to

1
1
ngu(E ! L
the extended coherent phonon state with higher angular mo-

mentum state (|%7 %)) to the extended coherent phonon state

) = 0. Consequently, the relaxation transition from

with lower counterpart (| %, —%)) dominates the heat exchange
processes between the dressed qubit and the gu-th bath, which
is characterized by Q;,RWT(‘PZ, ! |¢’%“) This leads to the popu-
lation depletion of the extended coherent phonon states asso-
ciated with P% & And the nonzero steady state population be-
comes P_| | = e ko/(keTpn) [1 — e~/ (k8Tpn)] | which is fully
thermalized by the ph-th bath. Finally, such depletion of spin-
up branch population prevents the hybrid system from estab-
lishing the thermodynamic bias to drive steady state heat cur-
rent and fluctuations, resulting in the persistent suppression of
the current fluctuations.

While for steady state heat transfer including both RWTs
and CRWTs at large temperature bias, though the spin flip-up
transition accompanied by the energy excitation in Fig. 1(a)
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driven by the RWTs is suppressed, such spin-flip transition can
be alternatively realized by releasing one boson into the gu-th
bath under the effect of CRWTs in Fig. 1(d). Hence, under
the cooperative contributions of the gu-th bath assisted trans-
fer processes in Figs. 1(b) and 1(d) and the processes accompa-
nied by the ph-th bath characterized by the rates I;jh: (pk=119k)
in Eq. (11), the steady state populations P% & can be dramat-
ically excited by increasing the temperature 7,,. Simulta-
neously, a completely thermodynamic cycle can be restored.
This could explain the enhancement of the heat current in
Fig. 3(b) and current fluctuations in Figs. 3(d) and 3(f).

4. Two-phonon statistics

In the quantum theory of optical coherence, the zero-time
delay two-photon correlation function was initially defined by
R. J. Glauber as®

@), (a'a’aa)

8a (@—W, (18)

where @' (@) creates (annihilates) one photon in the cavity, and
(A) denotes the expectation value of the operator A. gc(,z) (0) is
traditionally applied to study the statistical features of photons.
Specifically, the super-Poisson distribution of photon—photon
correlation is characterized as gg,z) (0) > 1, which implies the
bunching effect. While g,(lz) (0) < 1 as the two-photon statistics
becomes sub-Poisson distribution, implying the antibunching
effect. Moreover, the correlation function ggz) (0) =2 for the
thermal state.[*"]

However, it was later proposed that such definition of

g,(12>(0) may only be properly adopted to study the photon

statistics with weak light-matter hybridization. [305291-941 Ag
the light-matter interaction becomes strong, the two-photon
correlation function should be modified in the dressed picture

of the hybrid quantum system "

X2x2
g2(0) = <+7>2 (19)
(X X0)
where the transition projector is X_ = —i Yy~ ; A X 9;) (9|,

X, = (X_)7, the energy gap is Ay; = Ei — Ej, the transition
coefficient is Xjx = (¢,](a" +a)|¢x), and |@y) the eigenstate of
the hybrid system. Physically, X_ (X ) describes the relaxing
(exciting) transfer process from the eigenstate |@) (|¢;)) to the
eigenstate |¢) (|¢x)), which is bounded by Ag; > 0. For the
qubit—phonon hybrid system, the transition projector under the
extended coherent phonon state basis is generally expressed as

X =—ion Y VKN (0nl, (20)

m,k

and the definitions of gl(zz)(O) and g(?(0) are different. How-
ever, in the weak qubit—phonon hybridization limit (i.e.,
A /@y=0), the transition operator is simplified to X = —ia,
and the one- and two-phonon correlation terms are specified

as
(R X)) = npn(wn), (R2R%) =200, (@), (1)

which leads to the zero-time delay two-phonon correlation
function obtained as g(®(0) = 2.

Here, we adopt the definition of the correlation function
in Eq. (19) to investigate the two-phonon statistics at steady
state in Fig. 4. We first study the phonon statistics at thermal
equilibrium (i.e., Ty, = Ty, = Tp). The populations are given
by Pux = e(*Em,k/kBTo)/[Zm,k e(*Em.k/kBTo)] (m==+1/2;k =
0,1,2,...), which is valid both with and without CRWTs.
Then, the average phonon number is (X4 X_) = w3n,n(ay),
the two-phonon correlation term is (X2X?) = Zanf)h(a)o),
and the two-phonon correlation function is g(®(0) = 2. It
should be noted that this result is analytically obtained for ar-
bitrary qubit—phonon hybridization strength, which is distinct
from the counterpart in Eq. (21) at weak qubit—phonon hy-
bridization limit. Hence, the CRWTs show negligible contri-
bution to the phonon statistics at thermal equilibrium.

(a) (b)
~ 2 RwT 7,2
< 15 <>< 15
=~ :

0.5

~

4 0.5
A201 0 AT

Fig. 4. Representative quantities of phonon statistics at steady state by tun-
ing both the qubit-phonon hybridization strength A and temperature bias
AT, which include only RWTs and full interaction, respectively. (a) and (b)
The expectation values of the phonon number ()ﬁ)@); (c) and (d) the two-
phonon correlation terms (X’%f(ﬁ), (e) and (f) zero-time delay two-phonon
correlation functions g(z)(O). The other system parameters are the same as
those in Fig. 3.

Next, we investigate the phonon statistics at the finite
thermodynamic bias. For the average phonon number with
RWTs in Fig. 4(a), it is generally insensitive to the qubit—
phonon hybridization strength. It shows linear increase by in-
creasing AT, and becomes most significant in the bias limit
T,p~2 and T,,~0. The reason is that in the low temper-

ature regime of Tj,, the qu-th bath mainly assists the uni-
11
202
ent phonon states to the |%, —%) branch of extended coher-

directional transition from |5,5) branch of extended coher-

ent phonon states. The mechanism is quite similar for the
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two-phonon correlation term OA(JQFXE}, which is exhibited in
Fig. 4(c). On the contrary, for (X,X ) with full qubit—
bath interaction, it is interesting to find that by increasing
the qubit—phonon hybridization strength to strong coupling
(e.g., A = 2), the average phonon number is dramatically
suppressed, as shown in Fig. 4(b). Compared to the transi-
tions only with RWTs, the full qubit-bath interaction includes
additional transition channels to significantly cool down the
phonon field, i.e., |¢£1/2>_>‘¢’1k/2>_>|¢£/1/2> with the energy
restriction E! 12> E{‘ 1> El_, 12 and phonon excitation num-
ber bias (I —I')>1. Moreover, the existence of such collective
transition paths also greatly decreases the magnitude of the
two-phonon term (X2X2). This results in ¢ (0) apparently
lower than 2. Therefore, we conclude that CRWTs generate
additional novel transfer paths to suppress both the average
phonon number and two-phonon correlation function.

5. Conclusion

To summarize, we have studied steady state statistics of
the nonequilibrium qubit—phonon hybrid system by applying
quantum master equation under the extended coherent phonon
states, where the phonon-bath and qubit-bath dissipations
are weak. At steady state, the natural disappearance of oft-
diagonal terms of the reduced hybrid system density matrix
simplifies the generalized master equation to the dressed mater
equation. For steady state heat transfer, we have adopted the
full counting statistics to compare the heat current and current
fluctuations under the effects of only RWTs and full qubit—
bath interaction including both RWTs and CRWTs.

We first investigated the heat current at strong qubit—
phonon hybridization. It has been found that the current al-
ways shows the behavior of NDTC under the effect of RWTs.
In particular at the large temperature bias limit, the unidirec-
tional transition from the extended coherent phonon states in
spin-up branch to the counterparts in spin-down branch pre-
vents the hybrid system from establishing a thermodynamic
cycle, as shown in Fig. 1(b). Such suppression mechanism per-
sists also for current fluctuations, e.g., noise power and skew-
ness. On the contrary, the heat current and current fluctuations
contributed by both RWTs and CRWTs exhibit monotonic in-
crease by increasing the temperature bias. The novel transition
controlled by CRWTs in Fig. 1(d) restores the thermodynamic
cycle.

Moreover, we have analyzed the average phonon number
and two-phonon correlation function at strong qubit—phonon
hybridization and finite temperature bias. It has been shown
that under the effect of RWTs the phonon is mainly thermally
distributed in the extended coherent phonon states with spin-
down branch. The average phonon number is approximately
given by (X, X_) = @w3n,;(ay), and the two-phonon corre-
lation function is g(2>z2, which are both nearly insensitive

to the qubit—phonon hybridization strength. While including
CRWTs, we have discovered that the average phonon num-
ber and the two-phonon correlation function are significantly
cooled down in the optimally strong hybridization regime, due
to the collective energy down transition controlled by the pro-
cesses in Figs. 1(b) and 1(d).

Appendix A: Generalized quantum master equa-
tion

By individually perturbing the phonon—bath and qubit—
bath interactions in Egs. (3) and (4), we obtain the generalized
master equation under the Born—-Markov approximation as

dps(1)
dr

= _i[[:]ﬁﬁs(t)]

1 .
+5 Y (KH@[SA0)Su< (-0 +He]
u=ph,qu;®’' >0
+i, (0) [Sups(1)S] < (@) +H.c]
— 1 (@) [SuS] - (—@')ps(r) + H.e.]
¥, () [${8<(~0)py(r) +He] |,

where the operators are §,,h = a, S‘qu = S, the com-
ponents are obtained as S,(—7) = Yeuol[Sus(@)e 97 +
Su<(—®)el®"] + Y_0S.0, and the transition rates be-
tween two extended coherent phonon states are K (®) =
Yu(@0)n, (), x, (0) = %(w)[1 + ny(w)], with the Bose—
Einstein distribution function n,(®) = 1/[exp(®/ksT,) — 1].

/
/

(AD)

References

[1] Chen G 2005 Nanoscale Energy Transport and Conversion: A Paral-
lel Treatment of Electrons, Molecules, Phonons, and Photons (Oxford
University Press).

[2] Dubi Y and Ventra M D 2011 Rev. Mod. Phys. 83 131

[3] LiNB,RenJ, Wang L, Zhang G, Hénggi P and Li B W 2012 Rev. Mod.
Phys. 84 1045

[4] Breuer H P and Petruccione F 2007 The theory of open quantum sys-
tems (London: Oxford University Press)

[51 Weiss U 2008 Quantum dissipative systems (Singapore: World Scien-
tific)

[6] Lles-Smith J, Dijkstra A G, Lambert N and Nazir A 2016 J. Chem.
Phys. 144 044110

[7] Carrega M, Solinas P, Sassetti M and Weiss U 2016 Phys. Rev. Lett.
116 240403

[8] Kato A and Tanimura Y 2016 J. Chem. Phys. 145 224105

[9] Cerrillo J, Buser M and Brandes T 2016 Phys. Rev. B 94 214308

[10] Maguire H, Lles-Smith J and Nazir A 2019 Phys. Rev. Lett. 123 093601

[11] Dou W J, Biitge J, Levy M and Thoss M 2020 Phys. Rev. B 101 184304

[12] Esposito M, Ochoa M A and Galperin M 2015 Phys. Rev. X 114 080602

[13] Katz G and Kosloff R 2016 Entropy 18 186

[14] Dou W J, Ochoa M A, Nitzan A and Subotnik J E 2018 Phys. Rev. B
98 134306

[15] Llobet M P, Wilming H, Riera A, Gallego R and Eisert J 2018 Phys.
Rev. Lett. 120 120602

[16] Goyal K and Kawai R 2019 Phys. Rev. Research 1 033018

[17] Strasberg P 2019 Phys. Rev. Lett. 123 180604

[18] Rivas A 2020 Phys. Rev. Lett. 124 160601

[19] Segal D 2006 Phys. Rev. B 73 205415

[20] Nicolin L and Segal D 2011 Phys. Rev. B 84 161414

[21] Nicolin L and Segal D 2011 J. Chem. Phys. 135 164106

030506-7


http://dx.doi.org/10.1103/RevModPhys.83.131
http://dx.doi.org/10.1103/RevModPhys.84.1045
http://dx.doi.org/10.1103/RevModPhys.84.1045
http://dx.doi.org/10.1063/1.4940218
http://dx.doi.org/10.1063/1.4940218
http://dx.doi.org/10.1103/PhysRevLett.116.240403
http://dx.doi.org/10.1103/PhysRevLett.116.240403
http://dx.doi.org/10.1063/1.4971370
http://dx.doi.org/10.1103/PhysRevB.94.214308
http://dx.doi.org/10.1103/PhysRevLett.123.093601
http://dx.doi.org/10.1103/PhysRevB.101.184304
http://dx.doi.org/10.3390/e18050186
http://dx.doi.org/10.1103/PhysRevB.98.134306
http://dx.doi.org/10.1103/PhysRevB.98.134306
http://dx.doi.org/10.1103/PhysRevLett.120.120602
http://dx.doi.org/10.1103/PhysRevLett.120.120602
http://dx.doi.org/10.1103/PhysRevResearch.1.033018
http://dx.doi.org/10.1103/PhysRevLett.123.180604
http://dx.doi.org/10.1103/PhysRevLett.124.160601
http://dx.doi.org/10.1103/PhysRevB.73.205415
http://dx.doi.org/10.1103/PhysRevB.84.161414
http://dx.doi.org/10.1063/1.3655674

Chin. Phys. B  Vol. 30, No. 3 (2021) 030506

[22]
[23]
[24]
[25]
[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]

[45]

[46]
[47]
[48]

[49]
[50]

[51]
[52]
[53]
[54]

[55]
[56]

Kato A and Tanimura Y 2015 J. Chem. Phys. 143 064107

Wang C, Ren J and Cao J S 2015 Sci. Rep. 5 11787

Wang C, Ren J and Cao J S 2017 Phys. Rev. A 95 023610

LiuJJ, Xu H, Li B and Wu C Q 2017 Phys. Rev. E 96 012135

Mu A Q, Agarwalla B K, Schaller G and Segal D 2017 New J. Phys. 19
123034

Brenes M, Mendoza-Arenas J J, Purkayastha A, Mitchison M T, Clark
S R and Goold J 2020 Phys. Rev. X 10 031040

Leggett A J, Chakravarty S, Dorsey A T, Fisher M P A, Garg A and
Zwerger W 1987 Rev. Mod. Phys. 59 1

Xu D Z and Cao J S 2016 Front. Phys. 11 110308

Zheng H, Zhu S Y and Zubairy M S 2008 Phys. Rev. Lett. 101 200404
Li Z H, Wang D W, Zheng H, Zhu S Y and Zubairy M Z 2009 Phys.
Rev. A 80 023801

Cao X F, You J Q, Zheng H, Kofman A G and Nori F 2010 Phys. Rev.
A 82022119

Ai Q, LiY, Zheng H and Sun C P 2010 Phys. Rev. A 81 042116
Dijkstra A G and Tanimura Y 2010 Phys. Rev. Lett. 104 250401

J. Ma, Z. Sun, Wang X G and Nori F 2012 Phys. Rev. A 85 062323
Wang C and Chen Q H 2013 New J. Phys. 15 103020

Li Y, Evers J, Zheng H and Zhu S 'Y 2012 Phys. Rev. A 85 053830
LiY, Evers J, Feng W and Zhu S 'Y 2013 Phys. Rev. A 87 053837
Yang S, Al-Amri M, Zhu S Y and Zubairy M S 2013 Phys. Rev. A 87
033818

Lee CK, CaoJ S and Gong J B 2012 Phys. Rev. E 86 021109
XuDZ,Li S W, Liu X F and Sun C P 2014 Phys. Rev. E 90 062125
Lles-Smith J, Lambert N and Nazir A 2014 Phys. Rev. A 90 032114
Forn-Diaz P, Lamata L, Rico E, Kono J and Solano E 2019 Rev. Mod.
Phys. 91 025005

Kockum A F, Miranowicz A, Liberato S De, Savasta S and Nori F 2019
Nat. Rev. Phys. 119

Niemczyk T, Deppe F, Huebl H, Menzel E P, Hocke F, Schwarz M J,
Garcia-Ripoll J J, Zueco D, Hiimmer T, Solano E, Marx A and Gross
R 2010 Nat. Phys. 6 772

Yoshihara F, Fuse T, Ashhab S, Kakuyanagi K, Saito S and Semba K
2017 Nat. Phys. 13 44

Fan L B, Zhou Y H, Zou F, Guo H, Huang J F and Liao J Q 2020
Annalen der Physik 532 2000134

Majland M, Christensen K S and Zinner N T 2020 Phys. Rev. B 101
184510

Wang C, Wang L Q and Ren J 2021 Chin. Phys. Lett. 38 010501
Ridolfo A, Lieb M, Savasta S and Hartmann M J 2012 Phys. Rev. Lett.
109 193602

Ridolfo A, Savasta S and Hartmann M J 2013 Phys. Rev. Lett. 110
163601

Stassi R, Ridolfo A, Stefano O Di, Hartmann M J and Savasta S 2013
Phys. Rev. Lett. 110 243601

Segal D and Nitzan A 2005 Phys. Rev. Lett. 94 034301

Segal D 2008 Phys. Rev. Lett. 101 260601

Ren J, Hinggi P and Li B 2010 Phys. Rev. Lett. 104 170601

Chen T, Ren J and Wang X B 2012 Phys. Rev. B 87 144303

(571

[58]
[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]

[68]

[69]
[70]
[71]
[72]
[73]

[74]

[75]
[76]

(771

[78]
(791
[80]
[81]
[82]

[83]

[84]
[85]
[86]

(871
[88]
[89]
[90]

[91]
[92]

[93]
[94]

030506-8

Joulain K, Drevillon K, Ezzahri Y and Ordonez-Miranda J 2016 Phys.
Rev. Lett. 116 200601

Guo B Q, Liu T and Yu C S 2018 Phys. Rev. E 98 022118

Guo B Q, Liu T and Yu C S 2019 Phys. Rev. E 99 032112

DuJ Y, Sheng W, Su S H and Chen J C 2019 Phys. Rev. E 99 062123
Wang C, Chen X M, Sun K W and Ren J 2018 Phys. Rev. A 97 052112
Liu H, Wang C, Wang L Q and Ren J 2019 Phys. Rev. E 99 032114
Yang HF and Tan Y G 2020 J. Phys. B 53 205504

Wang C and Xu D Z 2020 Chin. Phys. B 29 080504

Long Y, Ren J and Chen H 2018 Proc. Natl. Acad. Sci. USA 115 9951
Shi C Z, Zhao R K, Long Y, et al. 2019 Natl. Sci. Rev. 6 707

Chen Q H, Zhang Y Y, Liu T and Wang K L 2008 Phys. Rev. A 78
051801

Ren J, Zhu J X, Gubernatis J E, Wang C and Li B 2012 Phys. Rev. B 85
155443

Wang C, Ren J, Li B and Chen Q H 2012 Eur. Phys. J. B85 110
Stadler P, Belzig W and Rastelli G 2014 Phys. Rev. Lett. 113 047201
Ren J 2013 Phys. Rev. B 88 220406

Ren J and Zhu J X 2013 Phys. Rev. B 88 094427

Matsuo M, Ohnuma Y, Kato T and Maekawa S 2018 Phys. Rev. Lett.
120 037201

Billangeon P -M, Tsai J S and Nakamura Y 2015 Phys. Rev. B 91
094517

Richer S and Vincenzo D Di 2016 Phys. Rev. B 93 134501

Wang X, Miranowicz A, Li H R and Nori F 2016 Phys. Rev. A 94
053858

Wang X, Miranowicz A, Li H R and Nori F 2017 Phys. Rev. A 96
063820

Garg A, Onuchic J N and Ambegaokar V 1985 J. Chem. Phys. 83 4491
Thoss M, Wang H and Miller W H 2001 J. Chem. Phys. 115 2991
lles-Smith J, Lambert N and Nazir A 2014 Phys. Rev. A 90 032114
Schaller G, Giusteri G G and Celardo G L 2016 Phys. Rev. E 94 032135
Strasberg P, Schaller G, Schmidt T L and Esposito M 2018 Phys. Rev.
B 97 205405

Settineri A, Macri V, Ridolfo A, Stefano O Di, Kockum A F, Nori F
and Savasta S 2018 Phys. Rev. A 98 053834

Esposito M, Harbola U and Mukamel S 2009 Rev. Mod. Phys. 81 1665
Song L Z and Shi Q 2017 Phys. Rev. B 95 064308

Friedman H M, Agarwalla B K and Segal D 2018 New J. Phys. 20
083026

Levitov L and Lesovik G 1992 JETP Lett. 55 555

Levitov L, Lee H and Lesovik G 1996 J. Math. Phys. 37 4845

Glauber R J 1963 Phys. Rev. 130 2529

Carmichael H J 2008 Statistical Methods in Quantum Optics 2 (Berlin:
Springer)

Garziano L, Ridolfo A, Stassi R, Stefano O Di and Savasta S 2013
Phys. Rev. A 88 063829

Pagel D, Alvermann A and Fehske H 2015 Phys. Rev. A 91 043814
BinQ,Li XY, YinTS,LiY and Wu'Y 2019 Phys. Rev. A 99 033809
Xu H G, Wang C and Gao X L 2020 J. Phys. B 53 155406


http://dx.doi.org/10.1063/1.4928192
http://dx.doi.org/10.1038/srep11787
http://dx.doi.org/10.1103/PhysRevA.95.023610
http://dx.doi.org/10.1103/PhysRevE.96.012135
http://dx.doi.org/10.1088/1367-2630/aa9b75
http://dx.doi.org/10.1088/1367-2630/aa9b75
http://dx.doi.org/10.1103/RevModPhys.59.1
http://dx.doi.org/10.1007/s11467-016-0540-2
http://dx.doi.org/10.1103/PhysRevLett.101.200404
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.82.022119
http://dx.doi.org/10.1103/PhysRevA.82.022119
http://dx.doi.org/10.1103/PhysRevA.81.042116
http://dx.doi.org/10.1103/PhysRevLett.104.250401
http://dx.doi.org/10.1103/PhysRevA.85.062323
http://dx.doi.org/10.1088/1367-2630/15/10/103020
http://dx.doi.org/10.1103/PhysRevA.85.053830
http://dx.doi.org/10.1103/PhysRevA.87.053837
http://dx.doi.org/10.1103/PhysRevA.87.033818
http://dx.doi.org/10.1103/PhysRevA.87.033818
http://dx.doi.org/10.1103/PhysRevE.86.021109
http://dx.doi.org/10.1103/PhysRevE.90.062125
http://dx.doi.org/10.1103/PhysRevA.90.032114
http://dx.doi.org/10.1103/RevModPhys.91.025005
http://dx.doi.org/10.1103/RevModPhys.91.025005
http://dx.doi.org/10.1038/s42254-018-0006-2
http://dx.doi.org/10.1038/s42254-018-0006-2
http://dx.doi.org/10.1038/nphys1730
http://dx.doi.org/10.1038/nphys3906
http://dx.doi.org/10.1002/andp.202000134
http://dx.doi.org/10.1002/andp.202000134
http://dx.doi.org/10.1103/PhysRevB.101.184510
http://dx.doi.org/10.1103/PhysRevB.101.184510
http://dx.doi.org/10.1088/0256-307X/38/1/010501
http://dx.doi.org/10.1103/PhysRevLett.109.193602
http://dx.doi.org/10.1103/PhysRevLett.109.193602
http://dx.doi.org/10.1103/PhysRevLett.110.163601
http://dx.doi.org/10.1103/PhysRevLett.110.163601
http://dx.doi.org/10.1103/PhysRevLett.110.243601
http://dx.doi.org/10.1103/PhysRevLett.110.243601
http://dx.doi.org/10.1103/PhysRevLett.94.034301
http://dx.doi.org/10.1103/PhysRevLett.101.260601
http://dx.doi.org/10.1103/PhysRevLett.104.170601
http://dx.doi.org/10.1103/PhysRevB.87.144303
http://dx.doi.org/10.1103/PhysRevLett.116.200601
http://dx.doi.org/10.1103/PhysRevLett.116.200601
http://dx.doi.org/10.1103/PhysRevE.98.022118
http://dx.doi.org/10.1103/PhysRevE.99.032112
http://dx.doi.org/10.1103/PhysRevE.99.062123
http://dx.doi.org/10.1103/PhysRevA.97.052112
http://dx.doi.org/10.1103/PhysRevE.99.032114
http://dx.doi.org/10.1088/1361-6455/abade1
http://dx.doi.org/10.1088/1674-1056/ab973b
http://dx.doi.org/10.1073/pnas.1808534115
http://dx.doi.org/10.1093/nsr/nwz059
http://dx.doi.org/10.1103/PhysRevA.78.051801
http://dx.doi.org/10.1103/PhysRevA.78.051801
http://dx.doi.org/10.1103/PhysRevB.85.155443
http://dx.doi.org/10.1103/PhysRevB.85.155443
http://dx.doi.org/10.1140/epjb/e2012-30027-1
http://dx.doi.org/10.1103/PhysRevLett.113.047201
http://dx.doi.org/10.1103/PhysRevB.88.220406
http://dx.doi.org/10.1103/PhysRevB.88.094427
http://dx.doi.org/10.1103/PhysRevLett.120.037201
http://dx.doi.org/10.1103/PhysRevLett.120.037201
http://dx.doi.org/10.1103/PhysRevB.91.094517
http://dx.doi.org/10.1103/PhysRevB.91.094517
http://dx.doi.org/10.1103/PhysRevB.93.134501
http://dx.doi.org/10.1103/PhysRevA.94.053858
http://dx.doi.org/10.1103/PhysRevA.94.053858
http://dx.doi.org/10.1103/PhysRevA.96.063820
http://dx.doi.org/10.1103/PhysRevA.96.063820
http://dx.doi.org/10.1063/1.449017
http://dx.doi.org/10.1063/1.1385562
http://dx.doi.org/10.1103/PhysRevA.90.032114
http://dx.doi.org/10.1103/PhysRevE.94.032135
http://dx.doi.org/10.1103/PhysRevB.97.205405
http://dx.doi.org/10.1103/PhysRevB.97.205405
http://dx.doi.org/10.1103/PhysRevA.98.053834
http://dx.doi.org/10.1103/PhysRevB.95.064308
http://dx.doi.org/10.1088/1367-2630/aad5fc
http://dx.doi.org/10.1088/1367-2630/aad5fc
http://dx.doi.org/10.1063/1.531672
http://dx.doi.org/10.1103/PhysRev.130.2529
http://dx.doi.org/10.1103/PhysRevA.88.063829
http://dx.doi.org/10.1103/PhysRevA.88.063829
http://dx.doi.org/10.1103/PhysRevA.91.043814
http://dx.doi.org/10.1103/PhysRevA.99.033809
http://dx.doi.org/10.1088/1361-6455/ab9273

	1. Introduction
	2. Model and method
	2.1. Qubit–phonon hybrid system
	2.2. Quantum master equation
	2.3. Quantum master equation combined with FCS

	3. Quantum heat transfer
	4. Two-phonon statistics
	5. Conclusion
	Appendix A: Appendix section heading
	References

