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In high intensity focused ultrasound (HIFU) treatment, it is crucial to accurately identify denatured and normal bio-
logical tissues. In this paper, a novel method based on compressed sensing (CS) and refined composite multi-scale fuzzy
entropy (RCMFE) is proposed. First, CS is used to denoise the HIFU echo signals. Then the multi-scale fuzzy entropy
(MFE) and RCMFE of the denoised HIFU echo signals are calculated. This study analyzed 90 cases of HIFU echo sig-
nals, including 45 cases in normal status and 45 cases in denatured status, and the results show that although both MFE
and RCMFE can be used to identify denatured tissues, the intra-class distance of RCMFE on each scale factor is smaller
than MFE, and the inter-class distance is larger than MFE. Compared with MFE, RCMFE can calculate the complexity
of the signal more accurately and improve the stability, compactness, and separability. When RCMFE is selected as the
characteristic parameter, the RCMFE difference between denatured and normal biological tissues is more evident than that
of MFE, which helps doctors evaluate the treatment effect more accurately. When the scale factor is selected as 16, the best
distinguishing effect can be obtained.

Keywords: compressed sensing, high intensity focused ultrasound (HIFU) echo signal, multi-scale fuzzy en-
tropy, refined composite multi-scale fuzzy entropy
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1. Introduction

High intensity focused ultrasound (HIFU) therapy is
a non-invasive tumor treatment technology in clinical
medicine.[1,2] It focused the ultrasonic energy on the irradia-
tion region, which leads to cancer cell death in the target region
without damage to the surrounding normal cell.[3,4] Therefore,
it is essential to monitor the effect of HIFU treatment to ensure
the safety and efficiency of HIFU treatment. At present, com-
puted tomography (CT), magnetic resonance imaging (MRI),
ultrasound images, and ultrasound signals are usually used for
HIFU treatment monitoring.[5–8] However, the CT is based on
x-ray technology, and the ionizing radiation of x-ray is harm-
ful to the human body. The MRI scan takes a long time and
is sensitive to the patient’s body movement, which is easy
to produce artifacts. The ultrasound images are converted
from the ultrasound signals, and part of the information will
be lost during the conversion process, resulting in an inaccu-
rate diagnosis.[9] The ultrasound signals have become the re-
search hotspot field due to their good accuracy, real-time per-
formance, low cost, and strong compatibility.[10] In this paper,
the method proposed is directly based on HIFU echo signals
and the nonlinear characteristics of HIFU echo signals.

During HIFU treatment, the HIFU echo signals are pol-

luted by noise because of the experimental environment and
operations, so the signals should be denoised before any other
processing. In recent years, many researchers have con-
ducted denoising studies on nonlinear time series. Inspired
by Donoho,[11] Chen et al.,[12] and Ramdas et al.,[13] the de-
noising method of HIFU echo signals based on compressed
sensing (CS) is proposed. CS can transform the signal from
the time domain to the sparse domain and then reconstruct the
signal, which can retain the useful information of the signal
and remove the noise.[14,15]

The HIFU echo signal is nonlinear. When biological tis-
sues are denatured, some characteristics of the HIFU echo sig-
nal change. Biological tissues exhibit different nonlinear char-
acteristics due to denaturation. In order to extract the nonlinear
characteristics of biological tissues, the researchers initially
analyzed the sample entropy (SE) but encountered difficulty,
because SE involved any two coarse-grained time series whose
similar distance exceeds a fixed value for calculation, which
may easily lead to instability of SE.[16] Other researchers pro-
posed approximate entropy (AE) for analysis. However, when
the data length of the signal is short, AE is lower than the ex-
pected value, and the correlation is poor.[17,18] In order to solve
these shortcomings, fuzzy entropy (FE) is proposed. FE intro-
duces an exponential function to determine the similarity be-
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tween two arbitrary time series. However, FE still reflects the
complexity and irregularity of the signal on a single scale, and
it is difficult to reflect all the characteristics of the signal.[19,20]

So a method called multi-scale fuzzy entropy (MFE) is pro-
posed to solve this problem.[21–23] At the same time, with the
scale factor increases, the length of the time series becomes
shorter, resulting in a sudden change of MFE. In order to al-
leviate this drawback, inspired by Fadlallah et al.,[24] Wu et
al.,[25,26] and Zheng et al.,[27] a new nonlinear analysis al-
gorithm, called refined composite multi-scale fuzzy entropy
(RCMFE), is proposed. RCMFE averages MFE to reduce the
entropy fluctuation and the generation of uncertain entropy,
thereby improving the stability and reliability of MFE.

In this paper, it is proposed to use CS and RCMFE to
identify denatured porcine tissues. Firstly, CS is used to de-
noise the HIFU echo signal. Then RCMFE is used to analyze
the denoised HIFU echo signal to obtain the nonlinear differ-
ence between normal and denatured porcine tissues, to better
monitor and evaluate HIFU treatment to ensure its safety and
effectiveness, and in the clinical direction to provide certain
help for the doctor.

2. Theory
2.1. Compressed sensing

In 2006, Donoho proposed the compressed sensing (CS)
theory, which suggested that if the signal is sparse or nearly
sparse, it can be reconstructed by sampling points much lower
than the requirements of the Nyquist sampling theorem.[11] CS
theory mainly includes the following three parts:

1) Sparse representation of signal: when a signal is not
sparse in the time domain, the one-dimensional signal XN×1

should be converted into a sparse domainΨ , which is K-sparse
in the sparse domain Ψ (K� N). The process is

f =ΨX , (1)

where f is the sparse representation of X in the sparse domain;
Ψ is the sparse domain; X is the N×1 dimensional signal.

Discrete cosine transform (DCT) and fast Fourier trans-
form (FFT) are commonly used to obtain the sparse expression
of the original signal X in the sparse domain Ψ . In this paper,
FFT is used to obtain the sparse expression f .

2) Compression observation of signal: an appropriate ob-
servation matrix Φ is selected for observation, and the obser-
vation value y = {y1,y2, . . . ,yM} is obtained. The process is

y = ΦΨX =ΘX , (2)

where Φ is the M×N dimension observation matrix; M is
the data length of the original signal after down-sampled; Θ

is the perception matrix. Both the observation matrix Φ and
the perception matrix Θ need to satisfy the restricted isometry
property (RIP).[28]

Usually, the Gaussian random observation matrix can be-
come the observation matrix Φ . However, in practical en-
gineering applications, although the Gaussian random obser-
vation matrix has good uncorrelation, its unstructured nature
causes problems that are difficult to implement and increase
the computational complexity, which slows down the recon-
struction process. Therefore, inspired by the structured prin-
ciple, a sparse cyclic structured matrix with low complex-
ity is constructed, which is easy to implement and has high
uncorrelation.[29] The construction process is as follows:

Step 1. Firstly, a 1×N dimensional zero-row vector O
is constructed, and then a diagonal matrix E of N×N dimen-
sional only containing ±1 is constructed, where N is the data
length of the original signal.

Step 2. The K positions of the zero vector O are ran-
domly selected, and 0 is changed to 1 (K < N) to obtain a 0–1
sparse vector A, and then the right cyclic displacement of A is
M bits to obtain a sparse matrix A1. Where each right cyclic
displacement is saved as a row in A1, and the final size of A1

is M×N. M is the data length of the original signal after the
down-sampled.

Step 3. The sparse matrix A1 is multiplied by the random
diagonal matrix E to obtain the observation matrix Φ .

3) Reconstruction of signal: the observation value y and
the reconstruction algorithm are used to obtain the recon-
structed signal. In this paper, the reconstruction algorithm
used regularized orthogonal matching pursuit (ROMP). Com-
pared with orthogonal matching pursuit (OMP), the advantage
of the ROMP algorithm is that K atoms can be selected in each
iteration, and the atoms selected each time can be screened
again through the regularization principle to remove atoms
with lower energy and improve accuracy.[30,31]

2.2. Multi-scale fuzzy entropy

The concept of multi-scale is introduced based on fuzzy
entropy, and it is used to describe the complexity of time series
on different time scales. The calculation method is as follows:

1) The original time series X = {x1,x2, . . . ,xb, . . . ,xN} is
subject to coarse-grained conversion on the original time se-
ries to obtain a new sequence

x(τ)a =
1
τ

aτ

∑
b=(a−1)τ+1

xb, 1 6 a 6 N/τ, (3)

where τ is the scale factor. When τ = 1, {x(τ)a } is the orig-
inal data {xb}; when τ > 1, the original data is divided into
coarse-grained sequence {x(τ)a } whose length does not exceed
N/τ .
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2) The embedding dimension m is determined, and the
sequence is spatially reconstructed

Xm
i = {x(i),x(i+1), . . . ,x(i+m−1)}−u0(i),

(i = 1, . . . ,N/τ−m+1), (4)

where u0 is defined as the mean of m consecutive samples

starting at the i-th point u0(i) =
1
m ∑

m−1
j=0 x(i+ j), and x(i+ k)

is the (i+k) term of
{

x(τ)a

}
. When m is 1, the length of the new

sequence is the same as that of the coarse-grained sequence,
and when m is 2, the length of the new sequence is N/τ − 1,
which leads to insufficient information of multi-scale entropy.
However, when m is too large, the coupling between data will
be reduced. Therefore, the embedded dimension m is usually
taken as 3, 4, 5.

3) The distance dm
i j between the vector Xi and the vector

X j is defined as the maximum difference between the corre-
sponding elements of the two vectors

dm
i j = max |x(i+ k)− x( j+ k)| . (5)

4) The similarity of two vectors Dm
i j is defined by the de-

gree of fuzzy membership function µ = (x,r),

Dm
i j = µ(dm

i j ,r) = exp

[
−
(dm

i j)
2

r

]
, (6)

where µ = (x,r) is a fuzzy membership function in exponen-
tial form, r and 2 are the width and gradient of the boundary,
respectively.

5) Am(r) is a sub-function of the fuzzy function, which is
defined as

Am(r) =
1

N−m

N−m

∑
i=1

∣∣∣∣∣ 1
N−m−1

N−m

∑
j=1, j 6=i

Di j

∣∣∣∣∣. (7)

6) Similarly, the embedding dimension of the model is
determined to be m+1, and repeat the steps 1)–step 5) to get
Am+1(r).

7) The multi-scale fuzzy entropy of the time series is de-
fined as follows:

MFE(m,τ,r,N) = FuzzyEn(m,r,x(τ)a ), (8)

where FuzzyEn(m,r,N) =−In
Am+1

Am
.

2.3. Refined composite multi-scale fuzzy entropy

As the scale factor τ increased, the length of the sequence
decreased, and multi-scale entropy calculation of the short se-
quence may cause sudden changes. Therefore, Wu et al. pro-
posed a new method called RCMSE to improve the accuracy
of MSE.[26] In this paper, we introduced the concept of refined

composite into MFE, then CMFE and RCMFE are proposed.
The CMFE value is calculated by

CMFE(m,τ,r,N) =
1
τ

τ

∑
a=1

FuzzyEn
(
m,r,x(τ)a

)
=

1
τ

τ

∑
a=1

(
− In

Am+1

Am

)
. (9)

CMFE defines the average value of the logarithm in MFE.
Compared with MFE, CMFE algorithm has higher estima-
tion accuracy. However, in the process of CMFE calculation,
the probability of generating uncertain entropy is relatively
greater. Therefore, RCMFE is proposed to solve this problem.
The algorithm is as follows:

RCMFE(m,τ,r,N) =−In
(

Am+1

Am

)

= −In


1
τ

τ

∑
a=1

Am+1

1
τ

τ

∑
a=1

Am

=−In


τ

∑
a=1

Am+1

τ

∑
a=1

Am

 . (10)

2.4. Intra-class distance and inter-class distance

Inspired by Kira and Rendell, we used intra-class dis-
tance and inter-class distance as evaluation indicators.[32] The
intra-class distance and the inter-class distance are widely
used as indicators for feature selection of image recogni-
tion, biological information recognition, and gear wear signal
recognition.[33,34] The compactness and separability of tissues
status are better when the intra-class distance is smaller, and
the inter-class distance is larger.

The calculation formulas of the intra-class distance and
the inter-class distance are as follows:[32]

Dintra =

√√√√√1
/

k
k

∑
j=1

 1
k−1

k

∑
i=1
i 6= j

n

∑
k=1

(a j
k−ai

k)
2

, (11)

Dinter =

√
n

∑
k=1

(m1k−m2k)2, (12)

where {a(i) |i = 1,2, . . .k} is the sample set for each mode in
n-dimensional space, then m1k and m2k are the k-th compo-
nents of two types of the sample sets.

3. Experimental methods and results
3.1. Experimental system

The HIFU experimental system is shown in Fig. 1. Be-
fore the experiment, the experiment environment and fresh
porcine muscle tissues should be prepared. The 95% ethanol
was mixed with povidone at a ratio of 4 : 1, then the mixture
was poured into a water tank and mixed with water at a ratio of
1 : 20 to remove oxygen, and waited an hour before the experi-
ment to stabilize the mixture. The fresh porcine muscle tissues
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were fixed on an acoustic rubber plate and immersed in the

mixture under the HIFU source (PRO2008, Shenzhen, China).

The position change of the HIFU irradiation target region can

be controlled by a 3D position system of the computer. At the

top of the HIFU transducer, a channel allowed the passage of

a hydrophone probe (FOPH2000, Leutenbach, DE). The tem-

perature of porcine tissues was measured by the thermocouple

(DT-3891G, Shenzhen, China) to estimate the degree of injury

in the HIFU treatment target region. The HIFU echo signals

were received by a hydrophone probe, and then they were am-

plified by a broadband signal amplifier and sent to a digital os-

cilloscope (MDO3032, Tektronix, USA) for observation and

preservation. In this paper, the central frequency of the HIFU

echo signal is 1.39 MHz, the second harmonic frequency is

2.78 MHz, and the number of data points is 10000. The 90

groups of HIFU echo signals are obtained from 10 groups of

fresh porcine muscle tissues, and it consists of 45 normal sta-

tus and 45 denatured status. The HIFU echo signals are pol-

luted by noise due to the influence of measuring equipment

and environmental factors, so these signals should be denoise

first.

computer

digital 

oscilloscope

ultrasound 

power system

3D position system

hydrophone probe

HIFU transducer

thermometer
porcine muscle

rubber board

water tank

Fig. 1. Experimental system.

3.2. HIFU echo signal denoising based on compressed
sensing

The sparsity of signal is one of the preconditions for using
compressed sensing. However, the actual signal is not sparse
in the time domain, so it is necessary to use Eq. (1) to convert
the non-sparsity signal into the sparse signal. Figure 2(a) is
the waveform and spectrum of HIFU echo signal in normal
status. It can be seen that the signal waveform is not sparse
and cannot be performed with compressed sensing. Therefore,
FFT is used to transform the HIFU echo signal from the time
domain to the spectrum. The central frequency and the second
harmonic can be observed clearly from the spectrum. Al-
though there are other noise frequencies, these amplitudes are
small, and the condition of approximate sparsity can be met.
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Fig. 2. The waveform and spectrum of HIFU echo signal and its denoising signal. (a) the HIFU echo signal; (b) the CS denoising; (c) the wavelet
denoising; (d) the EMD denoising.
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Therefore, the spectrum is used as the sparse domain Ψ for
compressed sensing. We take 20% of the original signal data
for reconstruction. In order to show the superiority of the CS
method, the wavelet denoising method and empirical mode de-
composition (EMD) denoising method are used for compari-
son. In the wavelet denoising method, the ’sym6’ is selected as
the wavelet basis for five-layer decomposition, and ‘rigorous
SURE’ is selected for threshold estimation.

Figures 2(c) and 2(d) show the waveform and spectrum
after wavelet denoising and EMD denoising, respectively, and
it can be seen that noises still exist in the low-frequency part of
these spectrums. Because of these low-frequency noises, their
waveforms are different from Fig. 2(b). The wavelet denois-
ing effect is depended on the wavelet basis and decomposition
layer number. There is an end-point effect in the EMD denois-
ing method, which leads to a poor denoising effect near the
center frequency and the second harmonic.

As shown in Fig. 2(b), the spectrum after CS denois-
ing only keeps the main characteristic. Therefore, MFE and
RCMFE of the HIFU echo signals after CS denoising are ex-
tracted for further research.

3.3. Simulation analysis of MFE and RCMFE

This section compares MFE with RCMFE for the white
Gaussian noise of the 10000-point data. We selected the em-
bedding dimension m = 3, 4, 5, similar tolerance r = 0.1×
standard deviation of the time series, and delay time as 1. Fig-
ure 3 shows the difference between MFE and RCMFE of the
simulated signals under various scale factors.

Figures 3(a)–3(c) are the entropy values of the sim-
ulated signals with embedding dimension m = 3,4,5.
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Fig. 3. MFE and RCMFE of white Gaussian noise under various scale
factors. (a) m = 3; (b) m = 4; (c) m = 5.

When the scale factor increases, the entropy fluctuation range
increases, and RCMFE reduces the entropy fluctuation relative
to MFE, which makes it decline steadily and improves the sta-
bility and reliability. Table 1 shows the standard deviation of
the three embedding dimensions, and it can be seen from the
table that RCMFE has a smaller standard deviation than MFE.

Table 1. Results of the standard deviation.

Entropy categories
Embedding dimension

m = 3 m = 4 m = 5

MFE 0.1805 0.1818 0.1832
RCMFE 0.1760 0.1798 0.1809

3.4. Selection of appropriate embedding dimension

To analyze the most appropriate embedding dimension
m in the denoised HIFU echo signals, we used 18 groups of
denoised HIFU signals (9 groups of denatured status and 9
groups of normal status) to compare the entropy with three
embedding dimensions. Figure 4 compares MFE and RCMFE
with three embedded dimensions under scale factor 1–20, and
the embedded dimensions of each row are the same. As shown
in Fig. 4, when the embedded dimension m increases, the en-
tropy fluctuation of MFE and RCMFE increases, but RCMFE
reduces the fluctuation of entropy, which means that the im-
provement is effective. When the embedded dimension is 3,
the entropy difference between denatured and normal tissues
is greater than that of the other two embedding dimensions,
and the variance is also smaller than the other two embedding
dimensions. Therefore, in the follow-up study, the embedding
dimension m takes 3 as the most appropriate embedding di-
mension.

3.5. MFE and RCMFE under various scale factor

In this section, MFE and RCMFE of 90 groups of de-
noised HIFU echo signals are used for comparison and analy-
sis, including 45 groups of denatured status and 45 groups of
normal status. Where the embedding dimension m= 3, similar
tolerance r = 0.1 standard deviation of the HIFU echo signal
and delay time is 1. Figure 5 is the MFE and RCMFE of nor-
mal and denatured tissues under various scale factors. It can
be seen that MFE or RCMFE parameters of normal and dena-
tured tissues are distinguishable to some extent under various
scale factors. In Fig. 5(b), there are relatively few overlap-
ping points of RCMFE for the two statuses, which proves that
RCMFE has a stronger aggregation capacity and nonlinearity
than MFE, and it is relatively compact. However, this is not
sufficient to fully determine that RCMFE is better than MFE
in distinguishing tissues status, so the intra-class distance and
the inter-class distance are introduced to demonstrate the su-
periority of RCMFE.
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Fig. 4. MFE and RCMFE with different embedding dimensions. (a) m = 3; (b) m = 4; (c) m = 5.
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Fig. 5. MFE and RCMFE of denoised HIFU echo signals from nor-
mal and denatured tissues under various scale factors. (a) MFE;
(b) RCMFE.

3.6. The intra-class distance and the inter-class distance of
MFE and RCMFE

Figures 6 and 7 show the intra-class distance and inter-
class distance of MFE and RCMFE under scale factor 1-20.
The intra-class distance and the inter-class distance can re-
flect compactness and separability. If the intra-class distance
is smaller and inter-class distance is larger, it proves that com-
pactness and separability are better. It can be seen from Fig. 6

that the intra-class distance of RCMFE is significantly smaller
than that of MFE, and the intra-class distance of RCMFE is the
smallest under a scale factor of 16. Figure 7 shows a compar-
ison of inter-class distance. It can be seen that the inter-class
distance of RCMFE is higher than that of MFE, and the value
under a scale factor of 16 is the largest. Therefore, when the
scale factor is 16, RCMFE’s intra-class distance is the small-
est, and the inter-class distance is the largest, which can dis-
tinguish the denatured tissues from normal tissues.
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Fig. 6. Intra-class distance between MFE and RCMFE under various
scale factors.
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Fig. 7. Inter-class distance between MFE and RCMFE under various
scale factors.

4. Conclusion
A novel method based on CS and RCMFE is proposed to

identify the denatured and normal porcine tissues during HIFU
treatment in this paper. CS with an improved observation ma-
trix is used to denoise the HIFU echo signal, which can obtain
a better denoising effect comparing to wavelet and EMD meth-
ods. Considering the weakness of MFE, refined composite is
introduced into MFE, and RCMFE is proposed as a character-
istic parameter. The influences of embedding dimensions and
scale factors on MFE and RCMFE are analyzed. Through the
calculation of them for the simulated signals and the denoised
HIFU echo signals, the results show that RCMFE overcomes
the disadvantage of large fluctuation, and RCMFE has smaller
intra-class distance and larger inter-class distance than MFE,
which has better compactness and separability in identifying
tissues status. In addition, when the embedding dimension is
selected as 3, and the scale factor is selected as 16, the optimal
identification effect can be obtained during HIFU treatment.
The results of this study revealed the differences in RCMFE
between normal and denatured porcine tissues during HIFU
treatment, which helps doctors to evaluate the treatment effect
more accurately.
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