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We theoretically introduce the statistical uncertainty of photon number and phase error to discuss the precision of
parameters to be measured based on weak measurements. When the photon counting scheme is used, we discuss the
relative accuracy of the system in the presence of phase error by using the orthogonal and nonorthogonal pre- and post-
selected states, respectively. When using the measurement scheme of pointer shift, we discuss the measurement accuracy in
the presence of phase error, pointer resolution, and statistical uncertainty. These results give a guide way to get the smallest
relative precision and deepen our understanding about weak measurement.
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1. introduction

The concept of weak measurement was introduced by
Aharonov, Albert, and Vaidman in 1988.!1 Through about
30 years of development, there are many worthy investiga-
tions both in fundamental and application. On one side, weak
measurement and weak value are interesting phenomenons as
they assist us in understanding many counterintuitive quan-
tum results. On the other side, strange characteristics that
weak values can even exceed the eigenvalue range of a typ-
ical strong or projective measurement and are usually com-
plex, have allowed a wide range of applications in classical
and quantum contexts. Especially, a new parameter estimation
method based on weak measurement process, called weak-
value amplification technique, is rapidly growing, which has
shown significantly advantages for precision metrology. The
essence of weak-value amplification technique, when the pre-
and post-selected states are almost orthogonal, can result in
large weak values that can be used to sensitively determine
unknown parameters affecting the state evolution, where the
parameters are extracted from the coupling pointer shift.

The weak-value amplification technique has been uti-
lized in many scenarios for ultra small physical quan-

tity estimations, such as tiny lateral displacement,?!

DOI: 10.1088/1674-1056/abcfa0

(341 angular rotations,! longi-

[7-9]

light angular deflections,
tudinal phase shift,[®) asymmetric spectral response,
polarization-dependent loss,!9! velocity measurement,!'!]

12131 yltra-small

high-precision temperature measurement,
angular velocitiy, 4] and so on. Furthermore, there are a series
of analyses about its advantageous performance for measure-
ment precision in certain kinds of experimental imperfections,
such as detector saturation, !> temporally correlated noise, %!
decoherence,!'”! and more reported in Refs. [18,19].

To completely discuss the technical advantage of the
weak-value amplification technique, it is necessary to make
clear the effect of noise. In fact, previous research shows
that it amplifies the signal while keeping the technical
noises caused by the experimental imperfections, e.g., devices
resolution,>?%! unchanged resulting in the improvement of
signal to noise ratio (SNR). However, in the ideal case, the
statistical noise or called shot noise, cannot be suppressed via
the amplification of the signal and is counterbalanced by the
small rate of post-selection.[21’23] More than that, the weak-
value amplification technique is also deemed suboptimal, 4]
even fails to suppress technical noise. >

Despite all of these, there are a variety of theoreti-

26,27]

call and experimental efforts to optimize the weak-

value amplification technique, such as using technical
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noise,[?8! entanglement,?°-?1 squeezed state,**! recycled
photons,343%1 and beyond the weak-value amplification, e.g.

[37-391 projective photon-counting

joint weak measurements,
measurements.*?] Most of the work mainly concentrate on
the average displacement of the pointer to measure tiny phys-
ical quantity, meanwhile it is of efficiency to use the post-
selected photon number**3! to realize the measurement of
tiny physical quantities/**%! and the estimation of quantum
states. 474

In fact, on the one hand, we should explore the fundamen-
tal significance of the weak-value amplification technique, on
the other hand, it is also important to investigate and analyze
the optimization of the existing protocol of the weak-value am-
plification technology. Especially in many specific protocols,
the main noise source is relatively clear. This allows us to
analyze the noise more pertinently and choose better suppres-
sion methods. In this paper, we analyze the precision by using
pointer shift and photon number counting in the presence of
phase errors and pointer resolution. When the photon count-
ing scheme is used, we discuss the relative accuracy of the sys-
tem in the presence of phase error by using the orthogonal and
nonorthogonal pre- and post-selected states, respectively. For
the pointer shift measurement scheme, we discuss the mea-
surement accuracy in the presence of phase error, pointer res-
olution, and statistical uncertainty. These results give a guide
way to get the smallest relative precision and deepen our un-
derstanding about weak measurement.

2. The framework for pps measurement

We consider the weak measurement process, which can
be described as follows. Firstly, the system and meter are ini-
tially prepared in p = |w)(y/| and p,,, = | W) (W | respectively.
Then the system and the meter, in the time interval (f;, ), un-
dergoes the weak interaction, which is given by the Hamilto-
nian

HA=7AxF, )
where y = ftff g(r)dr is the interaction constant, g(¢) is the in-
stantaneous coupling rate, and A is the observable of system
and F is meter’s input variable. The joint initial state p ® p,,,
for the unitary transformation U = exp(—iyA ® F'), becomes
pr = |we)(w| = Up @ p,,U7. Through this interaction proce-
dure, the meter and the system are entangled and it becomes
possible to extract the information about the interaction 7y or
the system from the meter. If the interaction constant y is
large, this will be corresponding to the standard Von-Neumann
measurement scheme, in which the pointer eigenstate of ob-
servable A can be exactly distinguished. Here we consider the
interaction constant 7y is weak.

The last step is post-selection. In this process, we have
two different treatments for measurement results. One is, we

are only concerned about the probability of finding the system
in the post-selected state. When post-selecting ITy = |¢) (9|
on the system, we obtain the detected probability of the sys-
tem state |¢)

P ="Tr[(ITy @1,)py]. @
The normalized state in meter space is given by
|#) = (9l exp(~ivA® F)|w) | ym)/VP. 3)

The above two equations show that after post-selection a sin-
gle particle to be selected with probability P in Eq. (2) has
the probability distribution |¥,(F)|>. When the above process
repeats N times, the detecting process can be regarded as a
number of N-independent events g, which has the probability
P to be one otherwise to be zero, and the detected number 7 is
the binomial distribution n ~ B(N, P). The detected number is
n=Y¥ | g, of which the detected number concentrates on

n=n=+An, “4)

where 7 = NP is the expectation value and An =
V/N+/P(1 — P) is its fluctuation.

The other is selected by the detector of the meter, of
which the records are actually the probability distribution
|%,(R)|*, where R is the measurement operator of the pointer.
The signal is the average shift defined as r =Y} | r;/n. Asn
increases, the value of r will concentrate on

r=R,£AR/\/n, (5)

where R, = (¥,|R|%¥,) is the expectation value and AR is the
standard deviation of the state |¥,(R)|?. With the linear valid-
ity condition®! y|A,,|(AF + |F|) < 1, equation (3) is derived
as |'%%,) ~ (@|y) (1 —iyA,F)|y,), where A,, is the weak value
defined as (¢|A|y)/(¢|w) and F = (y,,|F|y,,) is the average
value of the coupling variable. The expectation is obtained as
R, ~R+7yImA,({R,F} —2RF)+yReA, Im [R,F], where
the (¥,|O|¥,,) is denoted as O for short and {R, F'} = RF + FR
is anticommutator. As ' = R, we obtain

F =2yImA, (AF)?, (6)

where F = F, — F is the pointer shift as signal.

3. Photon number counting

In this section, we analyze such the measured parameter
accuracy, where the parameter is extracted from the probabil-
ity of finding the system in the post-selected state which is
realized by measuring the post-selected photon number. We
systematically analyze the precision with the orthogonal and
nonorthogonal pre- and post-selected states in the presence of
phase error. In realistic experiments, the systematic phase er-
rors due to device imperfections cannot be avoided. For sim-
plicity, we summarize all these in a phase error €. When we
use photon counting method, the pixel or digitization noise
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of the meter is ignored. In the following sections, we sup-
pose that A = [0)(0] — [1)(1], [y) = (|0) +[1))/v2, and |¢) =
(exp~i910) —expi®[1)) /v/2, 50 Agy = cos @, (§]y) = ising,

weak value A,, = —i cot @. For the operator A% = I, the uni-

[(9|w) P[1 +sin(2y F) Im A, +sin® (Y F) (JA,|* = 1)],

|A¢l,,|2sin2(}/1f7ﬂ)7

where Agy = (¢|A|y). From Eq. (8), there are two ways to
extract the information 7.

First, we consider the pre- and post-selection is orthogo-
nal, which has been used already in the measurement of the
spin Hall effect of light, [45] and discussed in Refs. [52,53].
Here the weak approximation ¥(F +AF) < 1 is supposed, the
probability is

P =7 (F?+AF?), (9ly) =0, 9)

where F is the expected value of the variable F and AF is
the standard deviation of the meter’s initial distribution. From
this formula, it shows an ability to extract information about y
through the photon number counting method. If we consider
a phase error &, the value of Ay becomes cos(¢ + €). Taking
it into Eq. (8), expanding it and neglecting the higher order
terms, we obtain the probability with phase error

Pe ~ (1 — %)y (F% + AF?). (10)

Taking Eq. (10) into Eq. (4), the detected photon number is
expressed as

ne = ng &= Ang, 1)

where 77z = NP, is the expectation with pase error and Ang ~

V/NP; =~ /NP under the condition that P, is extremely low.
Without considering the phase error and statistical uncer-

tainty, an ideal value 7y can be obtained from Egs. (5) and (9),

y=/7/[(F? 4 AF?)N]. (12)

When the phase error and statistical uncertainty are taken into
account, 7 in Eq. (12) is replaced with ne and the measured
parameter Y, with errors is given by

Yo = \/ne/[(F? + AF2)N). (13)

Under one-order approximation, taking Eq. (11) into Eq. (13)
becomes

’YE_,Y 2 \/ﬁ 9

tary operator exp(—iy A ® F) can be described as
U = cos(yF) — iAsin(yF). (7

Then taking Eq. (7) into Eq. (2), without approximations, the
post-selected probability is obtained as

(oly) #0,
(oly) =0.

®

where the last two terms give the absolute precision

2
577877’(82+\/]lv—P>- ()

In order to reflect the precision of the measurement more ac-
curately, we introduce the relative precision, which is given
by

Oy By 1

v e /2+ NP (16)
From Eq. (16), we can see that the relative precision is de-
pendent on two factors. One is the phase error, which can be
reduced by optimizing the experimental system. The other is
the input photon numbers that we can increase to improve the
relative precision.

Moreover there is also an interesting result. When the
pre- and post-selected states are orthogonal corresponding to
@ = 0, the probability P = y*>(F? + AF?). Under the condition
P < 1, the standard deviation /NP(1 — P) approximates to
An = /NyVE2 4+ AF2. This shows that the statistical uncer-
tainty also includes the information of the parameter y. The
parameter Y can be extracted from An.

Secondly, we consider the case that pre- and post-selected
states are nonorthogonal. Under the condition that y|A,,|(AF +
|F|) < 1 (the second-order term in ¥ has been neglected), the
post-selected probability in Eq. (8) can be rewritten as

Py~ |(9|y)[*(1+2yF ImA,), (17)
Py~ |(9|y)*(1 —2yF ImA,,), (18)

where we take two measurements to get two opposite weak
values &|Im A,,|. Through the difference between P; and P,
the parameter 7y can be calculated by

P —P 1
=_—2 - (19)
P +P,2FImA,
Equation (19) can be rewritten as
n—ny 1
o ni ny (20)

r= Al +7 2F ImA,,’

where n; = NF; (i = 1,2) are the expectation of detected pho-
ton numbers corresponding to the two different measurements.
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Replacing ¢ with ¢ +¢€ in Eq. (17) and ignoring the second or-
der term in €, we obtain

Py ~@> —2yF @ + 20k, 1)
Pey =@ +2YF @ +20¢. (22)

Considering the statistical uncertainty, the realistic detected
numbers are given by

ney ~ N@> —N2yF o +N2pe + VN, (23)
ney =~ N@* + N2yF ¢ + N2ge £V No, (24)

where ng; = NPg; (i = 1,2). Replacing ny and n, in Eq. (20)
with ng; and g in Egs. (23) and (24), the parameter including
the error ¥ is obtained with

£ 1
Ye =YL <F+2F_\/N>’ (25)

and the absolute accuracy is given by

5, = ; + ﬁ (26)
which shows that in addition to reducing € and increasing N,
we can also increase the expectation value F to improve the
absolute accuracy for the measurement of 7.

By comparing Egs. (15) and (26), we can get their ab-
solute precision under specific experimental conditions. Ac-
cording to this absolute accuracy, we can choose a suitable
measurement scheme in the situation that the pre- and post-
selections are orthogonal or not.

Now we have studied about the way by using photon
number counting to realize the ultra-small parameter measure-
ment and obtained its precision under the statistical uncer-
tainty and phase error. Next, we study the accuracy of the

parameter to be measured using the pointer shift.

4. Pointer shift

Supposed that the initial state of the pointer is |y,,) =
J¥,(F)dF|F). According to Eq. (6) the parameter y to be
measured can be obtained with

y=—Ftan@/(2AF?). 27)

Next, we will discuss the accuracy for the measurement of pa-
rameter Y in two cases. One is in the existence of phase error
and pointer resolution, the other is in the existence of statistical
uncertainty.

First, considering the influence of phase error &€ and
pointer resolution df on the parameter ¥, equation (27) can
be rewritten as

Ye = —(F £ 8p)tan(@ £ £) /(2AF?). (28)

Expanding it and neglecting the second-order term, we obtain
% ~ —(Ftan @ + 8y tan @ + Fe) /(2AF?). (29)
The absolute accuracy is obtained with
8y =7Ye—y=—(Ortan@ + Fe)/(2AF?). (30)
The relative precision is given by

y = F TEcote 3D

Putting Eq. (6) into Eq. (31), we can rewritten the formula with
the weak value

The first item shows that under certain resolution increasing
weak value can decrease relative precision. However the sec-
ond item shows that under certain phase error decreasing the
weak value can decrease relative precision. The smallest rela-
tive precision condition is given by

5}7 6F
o elAu] = A = o
A ARz~ Al = A =5 e G

Combining Eqgs. (32) and (33), we obtain the smallest relative

1) 20r€
%:,/}/A;T (34)

Under the condition that 6, €, and ¥ are determined, we can

precision

improve the relative precision by increasing the statistical un-
certainty AF.

In Ref. [21], by replacing Of and & with F and ]
respectively, the authors have given the absolute accuracy
£38r /(2AF?). But in some practical situations, the relative ac-
curacy is also an important criterion.

Second, we consider the influence of the statistical uncer-
tainty AF /y/n on the measurement of y. Equation (27) can be
rewritten as

~ AF
Y = — (Fj:\/ﬁ) tan @ /(2AF?). (35)

The absolute accuracy is

tan
Oy=%—7=- \/,»;p

/(2AF), (36)

and the relative precision is
Y nF

In the usual way, we do not consider the influence of

37

the statistical uncertainty of the output number on the pointer
shift. Then n = 7 ~ N'sin® ¢ ~ N/|A,,|> and the pointer shift
F =2AF%ImA,,. We can see that n and F are simultaneously
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influenced by the weak value. Putting them into Eq. (36), it
can be rewritten as

Q = 1 . (38)

Y  2v/NAF
We find that the relative precision is only related to the ini-
tial state of the system and meter, that is, the total number of
photons and the uncertainty of the pointer. And it is irrelevant
to pre- and post-selected states of the system, i.e., the weak
value. Therefore, it is not possible to improve the relative pre-
cision by adjusting the weak value under the condition of only
considering the statistical uncertainty of the pointer shift.

However, if we consider the statistical uncertainty of the

output number 7, the realistic detected number is Nsin> ¢ +
V/Nsin@. So the statistical uncertainty of the pointer shift in
Eq. (35) has a fluctuation

AF AF
Vi \/Nsinz(p:tx/lvsin(p
= i : (39)
VN/AR = VR 1A,

In this part, we consider the use of the pointer shift to
measure parameters. When the phase error and pointer reso-
lution are taken into account, the minimum relative accuracy
is given. In the existence of the statistical uncertainty, we give
the relative precision, which is only relevant to the input total
number and the standard deviation of the pointer.

5. Conclusion

In this paper, the statistical uncertainty of photon number
and phase error have been introduced theoretically, and the pa-
rameter measurement accuracy based on weak measurement
has been discussed. When using the photon counting scheme,
we have investigated the relative accuracy of the system in the
case of phase error by using orthogonal and non-orthogonal
pre-selected states and post-selected states respectively. The
measurement accuracy with phase error, pointer resolution,
and statistical certainty have also been investigated. These re-
sults provide a guidance for obtaining minimum relative accu-
racy and deepening understanding of the weak measurement.
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