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A special transformation is introduced and thereby leads to the N-soliton solution of the (2+1)-dimensional gener-
alized Konopelchenko—Dubrovsky—Kaup—Kupershmidt (KDKK) equation. Then, by employing the long wave limit and
imposing complex conjugate constraints to the related solitons, various localized interaction solutions are constructed,
including the general M-lumps, T-breathers, and hybrid wave solutions. Dynamical behaviors of these solutions are in-
vestigated analytically and graphically. The solutions obtained are very helpful in studying the interaction phenomena
of nonlinear localized waves. Therefore, we hope these results can provide some theoretical guidance to the experts in

oceanography, atmospheric science, and weather forecasting.
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1. Introduction

Exact solutions of nonlinear equations are very impor-
tant. Not only because exact solutions can help us to obtain
some useful physical information hidden in the model, but
also because they can work as benchmarks to test and im-
prove numerical algorithms, which may lead to some deeper
applications.[! Therefore, many experts have devoted them-
selves to constructing exact solutions of nonlinear equations
and lots of effective methods have been proposed, including
the inverse scattering theory, Bicklund transformation, Dar-
boux transformation, Wronskian and Casoratian techniques,
variable separation approach, Hirota bilinear method, and so
on.[2-17]

Among the above methods, the Hirota bilinear method is
more popularly used to construct N-soliton solutions, breather
and lump solutions of nonlinear equations due to its direct-
ness and simplicity. Solitons are stable waves. Breathers are
partially localized on a background and periodic in a certain
direction. While, lumps are localized in all directions in the
space. Such lump solutions have been considered as perfect
prototypes for explaining rogue wave dynamics in financial
crisis, nonlinear optics, plasmas, oceanography, and Bose—
Einstein condensates.!'32!1 In recent years, the researches
on the breather and lump solutions as well as their interac-
tions have been a hot topic in physical areas and many re-
sults have been achieved. For example, Yue et al. derived N
solitons, breather, and lump solutions of the nonlinear evolu-
tion equation.!*?! Wang et al. obtained breather solutions of

DOI: 10.1088/1674-1056/abcfof

the Ito equation and analyzed their dynamics.!?*! Liu er al.
derived the breathers, lumps, and interaction solutions of the
KP equation.**! Zhang and Ma presented a class of lump so-
lution of the (2+1)-dimensional SK equation via the gener-
alized bilinear forms.!*! Zhang er al. gave the breather and
lump solutions for the nonlocal KP equation,?®! and Yong et
al., based on symbolic computation, derived the lump solu-
tions for the KPI equation.!””) Huang et al. investigated in-
teraction solutions between kink soliton solutions and lumps
of the generalized KP equation.[?8! Wang and Zhang obtained
some lump solutions for a reduced Hirota equation.”’! Ma
and his coworkers computed lumps solutions for two com-

3031 and nonlinear dis-

bined fourth-order soliton equation
persive waves with higher-order dispersion relations.*?! And
they showed that such lumps solutions had rich dynamical be-
haviors. Meanwhile, there is also some work on breather and

[33-38] However,

lump solutions of other nonlinear equations.
we find that most work mentioned above only focuses on the
low-order lump and breather solution. For the high-order solu-
tions of breathers, lumps and their interactions, little work has
been done due to the difficulty in selecting suitable parameters
involved in N-solitons. However, such high-order breathers,
Iumps as well as the interaction solutions, compared with the
corresponding 1-lump and 1-breather, have more importance
and wide applications in real world. Therefore, it is worthy of
studying the high-order breather, lump solutions, and interac-
tions of nonlinear equations.

As analyzed above, in the present work we shall investi-
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gate higher-order breathers, lumps, and their interactions for
the (2+1)-dimensional generalized KDKK equation, which
takes a form of

Up + i + hotttty + A3t + hy / Uyy dx+hs Uxxy
+he(uy / uydx + uity) + by (it + Uity ) + hgu*u, =0, (1)

where u = u(x,y,t) and h; (i =1,2,...,8) are real constants.
This equation has been widely used in ocean dynamics, fluid
mechanics, and plasma physics.[**#!1 It is noted that under
some special cases, the equation (1) corresponds to different
physical models. For example, when hy = hy =0, h3 = 1,
hy = hs = =5, hg = —15, hy; = 15, and hg = 45, the equa-
tion turns to the (2+1)-dimensional B-type KP equation for
the shallow water wave in fluids or electrostatic wave poten-
tial in plasmas.!*>*] While when h; = 6h,, hg = 4hs, and
hs = hy = h7 = hg = 0, the equation becomes to the (2+1)-
dimensional breaking soliton equation for the interactions be-
tween a long wave propagating along the x axis and a Rie-
mann wave along the y axis. 40471 Therefore, it would be of
great interest to study the general (2+1)-dimensional KDKK
equation (1).

To conclude, motivated by the significance of the (2+1)-
dimensional KDKK equation and wide applications of the
lump and breather solutions, here we would like to investigate
the general high-order lumps, breathers as well as their inter-
actions. We hope that the results obtained can help experts to
understand and study the propagations of nonlinear localized
waves as well as other physical phenomena related. The out-
line of the paper is arranged as follows. In Section 2, by intro-
ducing a special transformation and coefficient constraint, the
N-soliton solutions of the (2+1)-dimensional KDKK equation
(1) are constructed. In Section 3, by using a long wave limit
to the 2M-solitons, the general M-lump solutions are derived
and their dynamical behaviors are analyzed. In Section 4, by
restricting the conjugate conditions to the parameters, the T-
breather solutions are constructed. Numerical simulations are

efii —

3hy (ki —kj)* + 5ha (ki — kj)* (kf — kik; +k3) + hs (ki — k;) (kipj — kjpi + 2kipi — 2kjp ;) — ha(pi — p;)?

implemented, which show that the types of breathers and their
propagation properties are determined by the parameters se-
lected. In Section 5, some interaction solutions are given. Fi-
nally, a short conclusion is attached in the last section.

2. N-soliton solutions to the KDKK equation

In this section, our concern is with the construction of
N-soliton solutions to the (2+1)-dimensional KDKK equa-
tion (1). For this purpose, a special transformation is intro-
duced via

u=12h1hy " (In f) . 2)
It is seen that under the coefficient constraints
2hihy ' = Shahy ! = hshg' = hyhg ! (3)

Equation (1) can be readily written into the Hirota bilinear
form

(DxDy + 11D} + h3DS + haD} + hsDIDy ) f - f =0, (4)

where Dy, Dy, and D; are the bilinear derivative operators de-
fined by
DngDty(f'g) = (&x - ax’)a(ay - ay’)ﬁ
X (8t - at’)yf(xa%t)g(xlvylvtl) ‘x’:x,y’:y,t’:lv
with a, 3, and y being nonnegative integers.
According to the Hirota bilinear direct method,*! the

N-soliton solutions to the (2+1)-dimensional KDKK equa-
tion (1) are derived

N N
f=fn="Y exp (Zﬂmi+ZI~liﬂinj), @)
1=0,1 i=1 i<j

where

ni = ki(x+ piy + ayt) +n?,
o; = —h3k! — (h1 + hspi)ki — hapy,

3h (k[+kj)2+5h3(ki+kj)2(ki2+kikj +k?) +hs(ki+k;)(kipj+kjpi+2kipi +2kjp;) — ha(pi —pj)z’

where k;, p;, @;, and 77,-0 are constants related to the amplitude

and phase of the i-th soliton. While ). means a summation

u=0,1
over all possible combinations of y;, u; =0, 1.

3. M-lump solutions to the KDKK equation

This section is focused on constructing the general M-

lump solutions to the KDKK equation. In order to get the

(1<i,j<N),(6)

M-lump solutions, we set every TL-O =1imin Eq. (5). So that fy
can be rewritten into the following form:
N N

f=mw="Y JI(=D"exp (&) Jexp (tirjAij), (7

u=0,1i=1 i<j

with

& = kilx+ piy — (I k? + h3k? + hap? + hskZpi)t]. — (8)
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On taking a limit when k; — 0, we get

N
f=mw=Y [T=DH(1+pke)
1=0,1i=1
N
X H(I‘F.Lhujkiijij) +0(kN+1). )

i<j
It can be easily seen that fy has a symmetric feature on k;,

N
which renders it to have a factor of [] &;. For simplicity, we
i=1

N
omit the factor ] &; in f and still use fy to record it. So the

=
simplified fy takes the following form:

N lN N
f=f=T10+51 B, ] 0+
i=1

i I
N m N
1 —_—
+ o Y BijBu--Bwm ] 6
i mn pisjokl....mn
+oeey (10)

where

6; = x+ piy — hapit,

B“:6(h5pi—|-h5pj—|—2h1) (1
Y ha(pi—pj)?*

It is pointed out that the relation of Eq. (10) usually leads
to a singular solution. However, if we require pyy; = pj
(i=1,2,...,M) with N = 2M and B;; > 0, we shall obtain
a class of general M-lump solutions of the KDKK equation,
which were claimed by Satsuma and Ablowitz in Ref. [48].

In the sequel, we shall apply the above procedure to con-
struct the 1-lump solution of the KDKK equation (1). There-
fore, we take N =2, M = 1, and n? = ng =im. From Eq. (7),

we have
H=1-— ebl _ e + e€1+§2+A‘2, (12)
where

&=k [x+ piy — (hlk,'z “l‘l’l3k;1 + h4pi2 +h5ki2pi)t]a
i=1,2. (13)

When we apply the long wave limit of k; — 0 to f, and omit
the constant factor k1 k,, we can get

f2 =016+ By, (14)
where 61, 6>, and B;; are defined by

ei:x+piy_h4pi2ta (12172)7

6(hsp1 +hsp>+2hy)
By = , 15
2 (o —p)? (1

with p; being complex constants. In order to obtain the lump
solution, we set p» = pj = a—ib in Eq. (15), so the expression
of f> is reducible to

= 6,6f +B»

3(ahs+hy)
_ /N2 2.2
= (' +ay) 4+ b7y — hy (16)
where
X =x+ha(a> +b*)t,y =y —2ahyt. (17)
When requiring the relation
3(ahs +hy) /b*hs < 0O
and substituting Eq. (16) into the following expression:
u=12m1hy " (Inf) o,
we obtain the 1-lump solution
3(ahs+h
24h1h51 b2y/27(xl+ayl)27 (Cl 5+ 1)
b%hy
‘e 3(ahs +hi) ]2 (18
ans +n
[(x' Fay) bR === e }
The lump solution keeps moving along the line
2ax
R (19)

When a # 0, the trajectory along the path [x(¢),y(¢)] is
defined by

x+ay+ At = ++/Asz,
y 1 (20)
by+ Axt =0,
with
Ay = (* —a*)hy, Ay = —2abhy,
3(ahs+hy)
Ay=-—"22 21
3 bhs 2D

It can be checked that the solution (18) is a constant and
keeps moving in a permanent lump status at the velocity of
vy = —hy(a*+b?) and vy = 2ahy. The 1-lump solution reaches

its maximum
8b%hahy

(ah5 +hy )hz
However, when (x,y) — o, the solution decays. Here we take

Umax =

the parameters @ = b = 1 to exhibit the dynamical behaviors
the 1-lump solution may posses. It can be seen from Fig. 1
that the 1-lump solution shows bright and dark solitons’ be-
haviors. Moreover, such a solution keeps its velocity, shape,
and amplitude unchanged during propagations.

When we take N =4, M =2 and 0 =i (i =1,2,3,4).
According to Eq. (10), the expression of fy is

fa = 6016,0304+ B 120304+ B136,04 4 B146,65
+B230104 + B246103 + B346010, + B12B34
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+Bi3B24 + B14Ba3, (22)
where
6; = x+ piy — hapit,
6(hsp;+hsp;j+2hy) o
Bii = 1<i<j<4). (23)
Y ha(pi—pj)? ( )
When taking

pjr2=pj=aj—ibj, Bjj>0, (j=12) (24)

and inserting Eq. (22) into u = 12h1h5 ' (In f)x, we obtain the
2-lump solutions and their dynamical behaviors as shown in

Fig. 2.
Analogously, if taking N = 6, M =3, and 0 = in
(i=1,...,6), one can write down the expression of fg from

Eq. (10). When requiring p;43 = p; (i = 1,2,3) and substi-
tuting them into fg, we can obtain the 3-lump solution. Since

—40

-20 0 20 40
T

—20

the expression of the 3-lump solution is too lengthy, we just
omit the details and only give the numerical simulations in
Fig. 3. By comparing Fig. 3 with Fig. 2, we can find that both
the 2- and 3-lumps will dramatically change their shapes and
amplitudes in propagations and at a certain time there occur
nonelastic collisions. Hence, it is believed that when these
lump waves appear, some catastrophic weather or huge waves
can happen in real world.

In the above discussion, we have shown that when N =
2M and taking the long wave limit to the 2M-solitons, the gen-
eral M-lump solutions will be generated. Such lump solutions
are nonsingular and rationally localized. In the following, we
shall demonstrate that when only adopting certain conjugation

constrains to the parameters involved in 27 -solitons, the gen-

eral T-breather solutions will be constructed.

0 20 40 —20 0
T T

20 40

Fig. 2. Time evolutions of the 2-lump solution on xoy plane. The time is chosen as = 2i — 4 for (a;) and (b;).
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121 (as)
81
4
0 ]
—4W0
Yy 40 T
40
(bs)
20
> 0
—20
—40 —40 -
—-20 0 20 40 —20 0 20 40 —20 0 20 40
T T T
Fig. 3. Time evolutions of the 3-lump solution on xoy plane. The time is chosen as t = i — 2 for (a;) and (b;).

4. T-breather solutions to the KDKK equation

In this section, we plan to construct high-order breather
solutions to the KDKK equation. Hence, we introduce the
conjugate constraints:

N:2T7 kiJrl:k;K, PiHZP?,

0 0t .
W =0, Ny =1, (=13,5,..),

to the parameters involved in the 27 -soliton solutions (5) and
(6). For example, when N = 2, one can take the complex con-

&1 =rx+ (b1 +7B1)y+ (o1 +np1)t,

A — (50 vths — 15Y hs + a1 81 1ihs + 31 Yrhs — 8Fha + 37 )

jugate conditions as

ky =ki = oy —in, p2=pi=p1—id1,

0 = o =p;—ioy, N9 =n=mno. (26)

On inserting the above relation into Eq. (5), we can obtain the
first-order breather solution, which is expressed by

(1506;‘}13 — 50612’}/12/’13 + Safﬁth — a8, Y1hs + 30612/’11 + 612/’14) '

Interestingly, we find that the first-order breather solution
u given by Eq. (27) has three different types of dynamical
behaviors according to the values of the parameters {k;,p;}
(i = 1,2) selected. For simplicity, we take 70 = 0 and the
three types of structures are described as follows.

(i) When Re(k;) = oy # 0 and ;) — 71 8; =0, the first-
order breather is shown to be periodic along the y axis, see
Figs. 4(a;) and 4(by).

(ii) When Re (k1) = a; =0 and ;81 — 7181 # 0, the first-
order breather is shown to be periodic along the x axis, see
Figs. 4(ay) and 4(b,).

(iii) When Re(kl) = 0 75 0 and 061131 — }/151 75 0, the
first-order breather is shown to be periodic along the line
oqx+ (0 B1 —11681)y =0, see Figs. 4(az) and 4(b3).

Similarly, when N = 4 and the parameters are chosen as

ky=ki =0y —iyn, p2=p)=Ppi—idi,
@ =of =pi—io;, 03 =nf,

ky=k3 =0 —iy, ps=p3=Pr—id,,

(25)
f=14+e"2exp(28)) +2exp (&) cos(&y), 27
with
|
& = arx+ (a1 fir —néd)y+ (aipr — o)t +no,
(28)
‘ ok o 0_ .0*
Wy = W3 =P —102, My =13, 29

we can obtain the second-order breather solutions. The prop-
agations features and dynamical behaviors of these 2-breather
solutions are detected in Fig. 5. It can be seen from these
figures that the 2-breather solutions consist of two first-order
breathers. Like the 1-breather solution, they also exhibit
three types of dynamical behaviors due to the parameters
{ki,pi} (i=1,2,3,4) selected. For example, when k; are all
pure imaginary numbers and p; are complex numbers, the 2-
breather solutions are shown to be periodic along the x axis,
see Figs. 5(a;) and 5(b;). When k; are complex numbers and
pi are pure imaginary numbers, the 2-breather solutions turn
to be periodic along the directions which are perpendicular to
each other, see Figs. 5(ay) and 5(by). While when k; is real
number, p; is pure imaginary number and k3, p3 are com-
plex numbers, the 2-breathers are shown be periodic along
the directions intersecting each other at a certain angle, see
Figs. 5(a3) and (b3).
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—20
—40

—100 —40

0004000

20

—20{®

0 40

—20 0 20
T T

Fig. 4. Three types of behaviors of the first-order breather solution in xoy plane. The parameters are chosen as follows. In panels (a;) and (b;):
ki =1/5, p1 = (2/3)i; in panels (ay) and (b): k; = (1/2)i, p1 = (1/3)i; in panels (a3) and (b3): ky =1/2+1,p; =1/2+1.

(a2)

0 40 —60 —20

x

20 60
T

0
T

Fig. 5. Three types of behaviors of the 2-breather solution in xoy plane. The parameters are chosen as follows. In panels (a;) and (b;): k; =1,
(1

k3 = (1/2)i, py = 141, p3 = —1+(1/2)i; in panels (a2) and (by): k; = (1/3) +1, k3 = =1+ (1/2)i, p1 = (2/3)i, p3 = —

and (bs): ky = 1/4, ks = (1/2) +i, p1 = (2/3)i, p3 = (1/2) +i.

5. Hybrid wave solutions of the KDKK equation
5.1. Two kinds of hybrid solutions for N = 3

When N = 3, from Eq. (5), one can easily write down the
expression of f3, which is

f3=1 4eMpem e _|_em+172+A12
+en2+n3+A23 _|_em+n3+A13

4 +M+n3+A1+A13+A23 , (30)

where 1;, Ajj (i,j = 1,2,3) are described in Eq. (6). In this
subsection, two different techniques are applied to Eq. (30)
and thereby two kinds of hybrid solutions are constructed. One
is a kind of solution mixed by one lump and a stripe soliton via
the long wave limit method established in Case 1. The other is
a kind of solution combined by one breather and a strip soliton
via the conjugate constraint method established in Case 2.

/2)i; in panels (az)

Case 1 An interaction solution between one lump and a
stripe soliton

To construct a hybrid solution of one lump and a strip soli-
ton, we set n° =iz (i = 1,2) and taking the limit as k;,k, — 0.
Then the expression f3 in Eq. (30) is reducible to

f = 616:+Bis+ (Bi2+ B3B3+ Bi1362

+B236; + 61 6,) exp(n3), 3D
where
0y =x+p1y—hapit, 62 =x+ poy—hspit,
N3 = k3 (x+ pay + wst),
@3 = —h3k3 — (hy + hsp3)k3 — hap3,
2
By = Slhspi +hsp2 +2 hl), Biz=Bxp=1.(32)
ha(p1 —p2)
When setting p, = p; = a — bi and requiring

(ahs +2hy)/hsb* < 0, the expression u given via Eq. (31)

040503-6
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denotes a hybrid solution between one lump and a stripe soli-
ton. Here we take po = pj =1—1i, p3=—1.1,and k3 =1.2
and dynamical behaviors of the solution given by Eq. (31)
are simulated in Fig. 6. The time interval for the figures are
3 seconds. From the figures, we can see that: with the time
evolution, the lump moves towards to the stripe soliton and
then collides with the stripe solion at t = 0. After that, they

—20 0 —20
T

keep moving forwards with their directions unchanged. How-
ever, their distances become farther and farther. What needs
to point out is that no changes have happened to the velocity,
energy and propagation directions during the collision. That’s

to say, the interactions between the lump and stripe soliton are

elastic.

0 20 —20 0 20 40

T x

Fig. 6. Interaction behaviors of the hybrid solution given in Eq. (31). The time is chosen as t = 3i — 6 in panels (a;) and (b;).

20 40

—40 —20 0 20 40

x

0
—40 —-20

40

80

Fig. 7. Interaction behaviors of the hybrid solution given in Eq. (34). The parameters are chosen as p; = (5/4)i, k; = 1/4, k3 =2, and p3 = 2.

The time is chosen as t = 3i — 6 for the figure (a;) and (b;).

Case 2 An interaction solution between one breather and
a stripe soliton

To derive the hybrid solution of one breather and a stripe
soliton, we set n° = 1o (i = 1,2,3) and introduce the follow-
ing conjugate parameters:

ky=ki=a1—in, k3=,

pr=pi=Ppi—1i6i, p3=P;,
|

W = of =p; —ic], @3 =p3. (33)
Substituting them into f3 in Eq. (30), then we obtain

f=142e%cos(&))+e® +Ape
+2e5 72 acos(&)) — bsin(&))] + A3 e281 782 (34)

where

. —(50612')/12}13 — 15’)/11h3 —+ o 31'J/1h5 + 3ﬁ1712h5 — 512h4 + 3')/12h1)

A

- (15aths — Sa?yihs + 30 Bihs — ou 8 yihs + 30t hy + 62hs)’
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Si=nx+mpBi+ad)y+(npi+oaion)t,

&1 = aix+ (a1 i — 7 61)y + (a1p1 — v161)t + Mo,

& =[x+ Bay+pst]+1m0, A1z =A%, Az =AnA3A3, a=Re(A13), b=Im(A3). (35)

The solution given via Eq. (34) represents a kind of hybrid so-
lution between one breather and a stripe soliton. When we set
the parameters as p; = p5 = (5/4)i, ki =k = 1/4, p3 =2,
and k3 = 2, the dynamical behaviors of this hybrid solution
are shown in Fig. 7. It can be seen from the figures that the
breather in the hybrid solution is periodic along the direction
that is perpendicular to the x axis on xoy plane. Also, one can

find that the breather moves towards to the soliton and then
collides with the soliton. After the collision, they keep moving
with their directions and velocities unchanged. While, when
we choose the parameters as p; = 1/2+2i, k; = (1/2) +1,
p3 = 1.5 and k3 = 1.2, we find the breather in the hybrid solu-
tion is intersected to the stripe soliton at a certain angle, seen

in Fig. 8.

30 30
] (b1) (bs)

20 20

10 10 10

> 0 > 0 > 0
—10 —10 —10
—20 —20 —20
—-30 —-30 —30

—20 0 20 —20 0 20 —20 0 20
T x T

Fig. 8. Interaction behaviors of the hybrid solution given in Eq. (34). The parameters are chosen as p; = 1/2+2i, k; = 1/2+1, p3 = 1.5, and

k3 = 1.2. The time is chosen as t = 3i — 6 for the figure (a;) and (b;).

5.2. Three kinds of hybrid solutions for N = 4

When N = 4, from Eq. (5), one can get the expression of f;. By taking long wave limit and restricting the conjugate

conditions to fi, three kinds of hybrid wave solutions can be obtained. Details are as follows.

Case 1 Two hybrid solutions between one lump and one breather or two bell-shaped solitons
Here, we take n? = ng* =imand xg) = xff = 0. By taking the limit as k1, k> — 0, we obtain

f = 616+ B2+ (0162 + B36) + B1362 + Bi2 + Bi3B23)e™ + (616, + B24 0 + B146> + Bio + B1aBos) e
+ B34[01 62 + (B23 + B24) 01 + (B13 + B14) 62 + Bio + (B13 + B1a) (B3 + Bag) BT, (36)

where

6 = x+piy—hap?t, (i=1,2),

Ny =kj(x+pjy+ o), ©;=—hsk}—(hi+5hsp;)k; —hsps, (j=3,4),

6(hsp1 +hsp> +2hy)
ha(p1 — p2)?

By =

~ 3hi(ks —ka)® + Shs (ks —ka)* (k3 — kska + k) + hs (k3 — ka) (k3 pa — kap3 +2k3p3 — 2kapa) — ha(p3 — pa)*

, Biz=Bia=By=Bu=1,

3= :
3hi (k3 +ka)? + 5h3 (ks + ks )2 (k3 + ksks +k3) + hs (ks + ks ) (ks pa + kap3 + 2k3 p3 + 2kapa) — ha(p3 — pa)?

(37

On inserting Eq. (36) into u = 12h1h; ! (Inf)xy, two different kinds of interaction solutions can be obtained according to the

values of the parameters k3, k4 and p; (i = 1,2,3,4) selected.

(i) When p> = p}, p4 = p3, and k4 = k3, the solution u given by Eq. (36) is a kind of hybrid solution combined by one lump
and one breather. The dynamical behaviors are shown in Figs. 9 and 10. We can see from the figures that the breather is periodic

along the x axis in Fig. 9 and it turns to be periodic along the y axis in Fig. 10.
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0 —20 0
T T T

Fig. 9. Interactions of the hybrid solution between one lump and one breather. The parameters are chosen as p; = p5 = 1 +i,k3 = kj = (7/10)i, and
p3 = pj = 2i. The time is chosen as t = 3i — 6 for (a;) and (b;).

(a1)

O N B O

—20

&
-
0
x

Fig. 10. Interactions of the hybrid solution between one lump and one breather. The parameters are chosen as p; = p5 = 1+ (3/2)i,k3 =k} = 1/3, and
p3 = p4 = (11/10)i. The time is chosen as r = 3i — 6 for (a;) and (b;).

1.59 (as)
1.0
0.5

0
—40

—20

—40 _4o A
—20

—40
0 20 40 —20 0 20 40

—20 0 20 40
T T T

Fig. 11. Interactions of the hybrid solution between one lump and two bell-shaped solitons. The parameters are chosen as p; = p5 = 1 +1i,
k3 =12, p3 =—1.1,ks = 0.8, ps = —0.9. The time is chosen as t = 5 — 10 for (a;) and (b;).
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(b3) -

10

—10

—20 0 20 —20
T

R

—30
0 20 —20 0

x x

0

Fig. 12. Interaction behaviors between the breather and two bell-shaped solitons. The parameters are chosen by p; = p = (13/12)i, k| =k} =
2/5, p3 =—0.5, ps = —2/3, ks = 1, and k4 = 1.8. The time is chosen as r = 3i — 6 for (a;) and (b;).

(az) (a3)

2 2
0 0
0 0
y 20 20 y 20 20
30 30
(b1) (bs)
10 ane S 10
e Ll
> ll".."‘ > an!
xeatt®
—101 —10] e G
pal™
~30 —30
—20 0 20 —20 0 20
X X xr

Fig. 13. Interaction behaviors between the breather and two bell-shaped solitons. The parameters are chosen by p; = p5 = (1/2)+1, k| =k =
(1/2)+1, p3 = —0.5, ps = —2/3, k3 = 1, and k4 = 1.8. The time is chosen as t = 3i — 6 for (a;) and (b;).

(ii) When py = pj and p3, ps, k3, and k4 are real num-
bers, the solution u given by Eq. (36) denotes a kind of hybrid
solution consisting of one lump and two bell-shaped solitons,
whose dynamical behaviors are simulated in Fig. 11. Compar-
ing with Fig. 6, one can see that, like the interactions between
one lump and a bell-shaped soliton, the lump moves towards
to the two bell-shaped solitons and then they collide with each
other at r = 0. After that, they keep moving forwards with-
out changing their directions but the distances between them
become farther and farther.

Case 2 A hybrid solution between one breather and two
bell-shaped solitons

Now, we set n? =1y (i = 1,2,3) and introduce the fol-
lowing complex parameters

ky =ki = a1 —in, k3=o03, ki=ay,
p2=pi =P —i81, p3=PBs, pa=Pu,
=] =p;—ic|, w3 =p3, 0s=p;.  (38)

Substituting them into the expression of f; given by Eq. (5),
we obtain an interaction solution between one breather and
two bell-shaped solitons. When we take the parameters as
pr=ps = (13/12)i, ki = ks =2/5, ps = —0.5, ps = ~2/3,
k3 = 1, and k4 = 1.8, and the breather in the hybrid solu-
tion is shown to be periodic along the y axis, seen in Fig. 12.
While when we take p1 = p5 =1/2+1i, ki = k5 = (1/2) +1i,
p3 =—0.5, ps=—2/3, k3 = 1, and k4 = 1.8, the breather in
the hybrid solution is shown to be periodic along the directions

intersecting to xoy plane, seen in Fig. 13.

6. Conclusion

The investigation on exact solutions of the nonlinear
equations is important and necessary because such solutions
can better help us to understand the physical phenomena de-
scribed by the model and lead to further applications. In this

paper, we use the special transformation (2) to construct N-
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soliton solutions of the (2+1)-dimensional generalized KDKK
equation. By taking the long wave limit and the complex con-
jugation conditions to the N-solitons, we obtain the general M-
lumps, T-breathers, and localized interaction solutions. Nu-
merical simulations show that for the M-lumps, they usually
collide with each other at certain time and their interactions
are nonelastic (see Figs. 2 and 3). For the T-breathers and
hybrid solutions, they have much richer dynamical behaviors
than lumps, (see Figs. 4-13). Such behaviors are affected by
the parameters selected. However, for the more complicated
interaction solutions, due to the complexity in selecting the
parameters, it is rather difficult to study their interactions, but
they are worthy of deep investigation. In addition, how to use
the solutions obtained to explain some physical phenomena,
for example catastrophic weather and huge waves, is deserved
our considerations. Meanwhile, whether the KDKK equation
admits the multiple wave solutions is also an interesting ques-
tions deserved investigation. Based on the significance of the
localized wave solutions and wide application of the KDKK
equation, all these questions mentioned above will be further
studied in the near future.
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