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We investigate nonlocal advantage of quantum coherence (NAQC) in a correlated dephasing channel modeled by the
multimode bosonic reservoir. We obtain analytically the dephasing and memory factors of this channel for the reservoir
having a Lorentzian spectral density, and analyze how they affect the NAQC defined by the l1 norm and relative entropy.
It is shown that the memory effects of this channel on NAQC are state-dependent, and they suppress noticeably the rapid
decay of NAQC for the family of input Bell-like states with one excitation. For the given transmission time of each qubit,
we also obtain the regions of the dephasing and memory factors during which there is NAQC in the output states.
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1. Introduction

Quantum coherence is an embodiment of the superpo-
sition principle of states. It characterizes quantumness of a
state that marks the departure of quantum theory from classi-
cal physics.[1] Recent studies further reveal that quantum co-
herence underpins different forms of quantum correlations[2]

and is also responsible for the power of emerging quan-
tum communication and computation tasks.[3] Hence, it is
crucial to characterize it quantitatively. Baumgratz et al.[4]

made a first step toward this problem. They introduced
the defining conditions for a faithful coherence measure, to-
gether with two coherence measures defined by the l1 norm
and the relative entropy. Such a progress stimulates a num-
ber of subsequent studies focused on quantifying coher-
ence, such as the entanglement-based coherence measures,[5]

the robustness of coherence,[6,7] the skew information mea-
sure of coherence,[8,9] and those convex roof measures of
coherence.[10–12]

Starting from these coherence measures, the roles of co-
herent states in the quantum information processing tasks such
as quantum state merging,[13] deterministic quantum com-
putation with one qubit,[14] quantum heat engine,[15] quan-
tum metrology,[6,9,16] and several quantum algorithms,[17,18]

have been explored. Moreover, these coherence measures
can also be used to interpret the wave–particle duality[19,20]

and to detect quantum phase transitions in various spin-chain
systems.[21–25]

The above coherence measures are also useful in inter-
preting quantum correlations.[2] Besides the entanglement-
based coherence measures,[5] the progresses in this respect in-
clude the interpretations of quantum entanglement[12,26] and
various discord-like quantum correlations[26–29] by consider-
ing distribution of quantum coherence among the subsystems.
Another route for connecting quantum coherence to quantum
correlations can be achieved by considering the steered co-
herence of a state.[30–33] In particular, by virtue of the mu-
tually unbiased bases, Mondal et al.[31] introduced the non-
local advantage of quantum coherence (NAQC) for a two-
qubit state, which was subsequently generalized to the (d×d)-
dimensional states (d is a prime power),[32] and it is shown that
it characterizes a type of quantum correlation stronger than en-
tanglement. For the two-qubit states, the connection between
NAQC and Bell nonlocality was also established.[33]

Due to its practical role in quantum information pro-
cessing, it is significant to seek ways to protect the NAQC
in the noisy environments. For the case of the surround-
ing noise acting independently on each qubit of a sys-
tem, the freezing of coherence[34–37] and the decay of
coherence[38–40] have already been studied. But if the time
windows for a sequence of qubits being inside a channel
are partially overlapped, the actions of this channel may
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be correlated. In fact, for the correlated Pauli channel in-
troduced phenomenologically,[41–43] its influence on entropic
uncertainty,[44] quantum coherence,[45,46] and quantum Fisher
information[47] have been explored. In this paper, we consider
a Hamiltonian model of correlated dephasing channel.[48–50]

We will show that the memory effects arising from correlated
actions of such a Hamiltonian dephasing channel on NAQC
are state dependent, and the decay rate of NAQC for the in-
put Bell-like states with only one excitation can be suppressed
evidently.

2. Measures of the NAQC
The NAQC was introduced based on the resource theory

of quantum coherence.[2] Specifically, for a two-qubit state
ρAB shared between Alice and Bob who agree on three mu-
tually unbiased observables {σx,y,z} (σx,y,z are the Pauli op-
erators) in advance, the NAQC can be formulated in an op-
erational way.[31] First, Alice chooses randomly one of σx,y,z

(e.g., σi with i = x, y, or z) and performs the local measure-
ments Πi = {Π

±
i } with Π

±
i = (12±σi)/2 on qubit A, then she

communicates to Bob her choice σi and outcomes a ∈ {+,−},
based on which Bob first calculates the average coherence
of his conditional states with respect to the eigenbasis of σ j

( j ̸= i) as

C̄
σ j
q ({pB|Πa

i
,ρB|Πa

i
}) = ∑

a
pB|Πa

i
C

σ j
q (ρB|Πa

i
), (1)

with pB|Πa
i
= tr(Πa

i ρAB), ρB|Πa
i
= trA(Π

a
i ρAB)/pB|Πa

i
, Cℬ

q (·) is
the coherence defined in the eigenbasis of ℬ, and the sub-
script q is introduced for distinguishing different coherence
measures. Then, Bob further averages C̄

σ j
q ({pB|Πa

i
,ρB|Πa

i
})

over the two sets of the eigenbases of the remaining σ j (e.g.,
j = {y,z} for i = x, and likewise for other i), and after Al-
ice’s three measurements {Πx,y,z} with equal probability, the
steered coherence at Bob’s hand can be obtained as

Cna
q (ρAB) =

1
2 ∑

i, j,a
pB|Πa

i
C

σ j ̸=i
q (ρB|Πa

i
). (2)

By considering different coherence measures, one could
obtain different Cna

q (ρAB). In this paper, we consider two faith-
ful coherence measures introduced by Baumgratz et al.,[4] i.e.,
the l1 norm of coherence and the relative entropy of coherence
which are given, respectively, by

Cℬ
l1 (ρ) = ∑

i̸= j
|ρi j|, Cℬ

re(ρ) = S(ρdiag)−S(ρ), (3)

where ρi j = ⟨i|ρ| j⟩, with {|i⟩} being eigenvectors of the Her-
mitian operator ℬ, ρdiag is a density operator obtained by delet-
ing the off-diagonal elements of ρ , S(ρ) = − tr(ρ log2 ρ) is
the von Neumann entropy of ρ , and likewise for S(ρdiag).

Mondal et al.[31] showed that whenever Cna
q (ρAB) exceeds

a lower bound Cm
q , there is NAQC in ρAB, that is, the steered

coherence at Bob’s hand is not achievable by any single-qubit
state. For the l1 norm of NAQC, Cm

l1
=
√

6, and for the relative
entropy of NAQC, Cm

re ≃ 2.232.

3. Solution of the memory dephasing channel
We consider the case of a sequence of qubits transmitting

a dephasing channel modeled by the overall Hamiltonian

H(t) =∑
α

ωα b†
α bα − 1

2 ∑
α,n

[λ fn(t)b†
α σ

(n)
z +H.c.]

+∑
α,n

λ 2

4ωα

σ
(n)
z ,

(4)

where the first term on the right-hand side denotes the Hamil-
tonian of the bosonic reservoir, the second term characterizes
the switchable coupling of the qubits to the reservoir, and the
last term is a counter term.[51] Moreover, α labels the bosonic
field mode with frequency ωα , b†

α (bα ) is the bosonic creation
(annihilation) operator, and σ

(n)
z is the third Pauli operator for

qubit n. The function fn(t), which equals 1 (0) when qubit n is
inside (outside) the channel, is introduced for controlling the
coupling between qubit n and the channel, with the strength
being denoted by λ .

If the initial state ρS(0) of the N qubits and that of the
multimode bosonic field ρE are in a product form and ρE

is initially in the thermal equilibrium state ρE = e−βHE/Z
(HE is the first term on the right-hand side of Eq. (4), Z is
the partition function, β = 1/kBT , with kB being the Boltz-
mann constant and T the temperature), the state of the system
at time t will be given by ρSE(t) = U(t)[ρS(0)⊗ ρE ]U†(t),
with U(t) = Te−i

∫ t
0 H(t ′)dt ′ and T is the time-ordering opera-

tor. The output state of the N qubits can then be obtained by
partial trace over E as[48]

ρ
S(t) = ∑

jl
e−λ 2γ jl ρ

S
jl(0)| j⟩⟨l|, (5)

where | j⟩ = | j1, j2, . . . , jN⟩ ( jk ∈ {0,1}, k = 1,2, . . . ,N), and
likewise for |l⟩. By denoting S(ω) for the spectral density of
the multimode field, τp for the time duration of each qubit to
cross the channel, and τ the time interval between two consec-
utive actions of the channel, the decoherence rate γ jl in Eq. (5)
can be obtained as[48]

γ jl =
∫

∞

0
dωS(ω)

1− cos(ωτp)

πω2

∣∣∣∣∣ N

∑
n=1

( jn − ln)e iω(n−1)τ

∣∣∣∣∣
2

,

(6)
then it is clear to see that the diagonal elements of ρS(t) re-
main unchanged as γ j j = 0 (∀ j).

For the special case of one qubit traversing the channel,
one can obtain from Eq. (6) that γ01 = γ10 = γ0, with

γ0 =
∫

∞

0
dωS(ω)

1− cos(ωτp)

πω2 , (7)

030308-2



Chin. Phys. B Vol. 30, No. 3 (2021) 030308

while for two qubits traversing the channel subsequently, one
has γ03,30 = γ+ and γ12,21 = γ−, with

γ± = 2
∫

∞

0
dωS(ω)

1− cos(ωτp)

πω2 [1± cos(ωτ)], (8)

and the remaining γ jl with j ̸= l equal γ0. For N > 3, one can
also obtain γ jl from Eq. (6), but as we consider the NAQC of
two qubits, we do not list them here.

The decoherence rates γ0 and γ± are different for the
channels with different spectral densities. In the following,
we consider the Lorentzian spectrum

S(ω) =
2τc

1+ω2τ2
c
, (9)

for which γ0 and γ± can be derived analytically as

γ0 = τc

(
τp − τc + τc e−

τp
τc

)
,

γ+ = τc

[
3τp − τ + |τ − τp|+ τc

(
e−

τ+τp
τc + e−

|τ−τp |
τc

)
+2τc

(
e−

τp
τc − e−

τ
τc −1

)]
,

γ− = τc

[
τp + τ −|τ − τp|− τc

(
e−

τ+τp
τc + e−

|τ−τp |
τc

)
+2τc

(
e−

τp
τc + e−

τ
τc −1

)]
, (10)

with τc being the correlation time scale of the channel.
From Eqs. (7) and (8), one can note that the memory ef-

fect of the channel originates from γ± ̸= 2γ0, that is, the actions
of the channel on two consecutive qubits cannot be factorized
as those on each one. Then, it is natural to introduce the fol-
lowing factor:[49]

µ =
γ+

2γ0
−1 = 1− γ−

2γ0
, (11)

to characterize such a memory effect, where the second equal-
ity is due to γ++γ− = 4γ0, see Eqs. (7) and (8). Moreover, we
would like to remark here that the origin of this memory effect
is different from that of the non-Markovian memory effect due
to the temporal correlations in the evolution process of each
qubit. It characterizes the memory related to the history of the
multiple uses of a channel, whereas the non-Markovian mem-
ory effect characterizes the back-flow of information from the
environment to the central system.[41]

From Eqs. (10) and (11), one can see that the memory
factor µ is determined by τ/τc and τp/τc, so we display in
Fig. 1 the τ dependence of µ with different τp (in units of τc).
From this figure, one can see that for the given transition time
τp of each qubit, µ decreases with the increasing time interval
τ that separates two consecutive qubits entering the dephasing
channel. Such an observation is understandable because with
the increase of τ , the channel is reset to its initial state gradu-
ally, and in the limit of τ ≫ τp,c, one has γ± = 2γ0 and µ = 0.
Thus its actions on the two qubits are uncorrelated. In the limit

of τ,τp ≪ τc, however, one has γ+ = 4γ0 and γ− = 0, which
corresponds to µ = 1. So the consecutive actions of the chan-
nel are fully correlated. For the general case of µ ∈ (0,1), the
channel has partial memory about its actions on two consecu-
tive qubits passing through it.

0 1 2 3

τ

4 5 6 7 8
0

0.2

0.4

0.6

0.8

1.0

µ

Fig. 1. The memory factor µ of the memory dephasing channel ver-
sus τ (in units of τc), where the lines from bottom to top correspond to
τp = 0.5τc, τc, 1.5τc, and 2τc, respectively.

4. NAQC in the memory dephasing channel
Based on the above preliminaries, we explore effects of

the Hamiltonian dephasing channel on NAQC in this section.
We consider the case of two qubits being prepared initially in
one of the following Bell-like states:

|Ψ⟩= cos(θ/2)|00⟩+ e iφ sin(θ/2)|11⟩,
|Φ⟩= cos(θ/2)|01⟩+ e iφ sin(θ/2)|10⟩, (12)

where θ ∈ [0,π] and φ ∈ [0,2π]. By using Eq. (5), the corre-
sponding output state ρ+ for the initial state |Ψ⟩ and ρ− for
the initial state |Φ⟩ can be obtained as

ρ+ = cos2(θ/2)|00⟩⟨00|+ sin2(θ/2)|11⟩⟨11|

+
1
2

h+ sinθ(e−iφ |00⟩⟨11|+ e iφ |11⟩⟨00|),

ρ− = cos2(θ/2)|01⟩⟨01|+ sin2(θ/2)|10⟩⟨10|

+
1
2

h− sinθ(e−iφ |01⟩⟨10|+ e iφ |10⟩⟨01|), (13)

where the dephasing factors h± are given by

h± = e−λ 2γ± . (14)

Then by the definition of NAQC in Eq. (2), one can obtain

Cna
l1 (ρ±) = 1+h± sinθ +

√
cos2 θ +h2

± sin2
θ cos2 φ ,

Cna
re (ρ±) = 1+H2

(
cos2 θ

2

)
+H2

(
1+h± sinθ sinφ

2

)

−2H2

1+
√

cos2 θ +h2
± sin2

θ

2

 , (15)

where H2(x) = −x log2 x − (1 − x) log2(1 − x) denotes the
binary Shannon entropy function. Then one can see that
Cna

l1
(ρ±) are monotonic increasing functions of h±, irrespec-

tive of θ and φ . Moreover, one can prove that Cna
re (ρ±) are
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also monotonic increasing functions of h± (see Appendix A).
But their strengths depend strongly on θ and φ in the initial
states, and for given h±, they take their maxima for θ = π/2
and φ = {0,π}, which correspond to the maximally entangled
input states.

As for the initial state with fixed θ and φ , Cna
q (ρ±) are

monotonic increasing functions of h±, we display in Fig. 2
the τ dependence of h± with different τp. By comparing the
lines from top to bottom, one can see that they decrease with
the increase of τp, which can be understood by showing that
∂γ±/∂τp > 0. For the fixed τp, however, h+ and h− exhibit
completely different dependences on τ . While h+ increases
with the increase of τ , h− decreases with the increase of τ . By
combining this with the τ dependence of µ as was shown in
Fig. 1, one can obtain that with the increasing strength of the
memory factor µ , h+ is decreased and h− is increased. This,
together with Eq. (15), indicates that the decay rate of Cna

q (ρ+)

for the initial state |Ψ⟩ will be accelerated due to the corre-
lated actions of this channel. Therefore, in order to protect
the NAQC, one could tune the time interval τ so that there is
no superposition between the time windows for the two qubits
being inside the channel simultaneously. If the two qubits are
prepared initially in |Φ⟩, however, the decay rate of Cna

q (ρ−)

will be greatly suppressed, and for such a situation, the mem-
ory effect arising from the superposition of the time windows
for two consecutive qubits being inside the channel simultane-
ously is beneficial for postponing the rapid decay of NAQC.
This shows that the memory effects of this channel on NAQC
are state dependent. They play a positive role for certain input
states and a negative role for the other input states.

0 1 2 3 4 5 6 7 8
0.5

0.6

0.7

0.8

0.9

1.0

h
↩

0.4
0.5
0.6
0.7
0.8
0.9
1.0

(a)

(b)

h
⇁

τ

Fig. 2. The dephasing factors (a) h+ and (b) h− of the memory dephas-
ing channel versus τ (in units of λ and τc), where the solid lines from
top to bottom correspond to τp = 0.2τc, 0.4τc, 0.6τc, and 0.8τc, respec-
tively, while the horizontal dash-dotted lines at h± = 0.7247 (0.8502)
show the critical h±,cr larger than which there is l1 norm (relative en-
tropy) of NAQC in ρ±.

The different dependence of Cna
q (ρ±) on the memory fac-

tor µ could also be understood by combining Eqs. (11) and
(14), from which one can obtain

h± = e−2λ 2γ0(1±µ). (16)

Hence, h+ (h−) decreases (increases) with the increasing
memory factor µ , which further induces the decrease (in-
crease) of Cna

q (ρ+) [Cna
q (ρ−)] with an increase in µ .

Moreover, when Cna
l1
(ρ±) >

√
6 or Cna

re (ρ±) & 2.232,
there is NAQC in ρ±. By fixing θ = π/2 and φ = 0, which
corresponds to the initial Bell states, equation (15) reduces to

Cna
l1 (ρ±) = 1+2h±, Cna

re (ρ±) = 3−2H2

(
1+h±

2

)
, (17)

and an exemplified plot of Cna
l1
(ρ±) versus τ is shown in Fig. 3

(the dependence of Cna
re (ρ±) on τ is qualitatively the same).

From Eq. (17), one can see that there exist critical h±,cr smaller
than which the NAQC will vanish. When considering the l1
norm of NAQC, one has h±,cr = (

√
6−1)/2. For state ρ−, as

Cna
l1
(ρ−) decreases with the increase of both τ and τp, one can

obtain that if τp is shorter than a critical value, there is l1 norm
of NAQC in the whole region of τ (see Fig. 3). Such a critical
τp is determined by the following equation:

1+2e−2λ 2τc(tp−τc+τc e−τp/τc ) >
√

6, (18)

which corresponds to τ → ∞, and can be solved numerically
as τp . 0.6265 (in units of λ and τc). When τp & 0.6265, how-
ever, there exists a critical time interval τcr longer than which
there will be no l1 norm of NAQC in ρ−. As is shown by the
blue circles in the top panel of Fig. 4, τcr decreases monoton-
ically with the increase of τp and approaches asymptotically
to a steady value when τp → ∞. Such a steady value is about
0.6265 which can be obtained numerically by using Eqs. (10),
(14), and (17). As µ always decreases with the increase of τ

(see Fig. 1), the above observation also shows that for fixed
transition time τp of each qubit, the memory factor µ enabling
NAQC in ρ− should be stronger than a critical value, and such
a critical value increases with the increasing τp.

0 1 2 3 4 5 6 7 8
2.0

2.2

2.4

2.6

2.8

3.0

C
n
a
↼ρ
↩
↽

l 
C
n
a
↼ρ
⇁
↽

l 

1.8
2.0
2.2
2.4
2.6
2.8
3.0

τ

(a)

(b)

Fig. 3. (a) Cna
l1
(ρ+) and (b) Cna

l1
(ρ−) versus τ (in units of λ and τc)

in the memory dephasing channel, where the parameters θ = π/2 and
φ = 0. The solid lines from top to bottom correspond to τp = 0.2τc,
0.4τc, 0.6τc, and 0.8τc, respectively, while the horizontal dash-dotted
lines represent the bound Cm

l1
.

For state ρ+, as Cna
l1
(ρ+) increases with an increase in τ

(Fig. 3) and h+ = h− when τ ≫ τp,c, there is no l1 norm of
NAQC in the whole region of τ if τp & 0.6265. If τp . 0.4299,
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which is obtained by solving the equation (in units of λ and
τc)

1+2e−4λ 2τc(τp−τc+τc e−τp/τc ) >
√

6, (19)

there will be NAQC in the whole region of τ . In the region of
τp ∈ (0.4299,0.6265), there exists a critical time interval τcr

shorter than which there will be no l1 norm of NAQC in ρ+.
As is shown by the red squares in the top panel of Fig. 4, such
a τcr increases with the increase of τp, which is contrary to
that of τcr for ρ−. It indicates that for given transition time τp,
the memory factor µ enabling NAQC in ρ+ should be weaker
than a critical value.

τp

ρ⇁

ρ⇁ ρ↩

ρ↩
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3
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(b) relative entropy of NAQC

(a) l1 norm of NAQC

Fig. 4. The critical time interval τcr longer (shorter) than which there
will be no NAQC in ρ− (ρ+) versus τp (in units of λ and τc). Note
that when τp . 0.6265 (0.4318), one always has the l1 norm (relative
entropy) of NAQC in ρ−, when τp . 0.4299 (0.2991), one always has
the l1 norm (relative entropy) of NAQC in ρ+, and when τp & 0.6265
(0.4299), there will be no l1 norm (relative entropy) of NAQC in ρ+ in
the whole region of τ .

Similarly, when considering the relative entropy of
NAQC, the critical h±,cr can be obtained approximately as
0.8502, and one can see from the bottom panel of Fig. 4 that
τcr exhibits qualitatively the same τp dependence as that for
the l1 norm of NAQC. The only difference is that the corre-
sponding critical τp is shifted to the short-time region, and τcr

for Cna
re (ρ−) approaches asymptotically to the steady value of

about 0.4318 in the infinite limit of τp.
One may further explore NAQC in the correlated dephas-

ing channel defined phenomenologically,[43] for which de-
coherence of the maximally coherent input states has been
studied.[46] Similarly, for the input Bell states, one can obtain

Cna
l1 (ρ) = 3−8(1−µ)(p− p2),

Cna
re (ρ) = 3−2H2[2(1−µ)(p− p2)], (20)

where p ∈ [0,1] is a decoherence factor determined by the de-
coherence rate of this channel and the transition time of each
qubit.[43] One can see immediately that the two NAQC mea-
sures are increasing functions of the memory factor µ , that
is, the correlated actions of this channel are beneficial for en-
hancing the NAQC for all the four input Bell states. Such
a behavior is clearly different from that of the NAQC in the
Hamiltonian dephasing channel considered above.

Finally, we make a comparison of the NAQC with entan-
glement and Bell nonlocality. For the output states ρ±, one
can obtain the concurrence (a measure of entanglement)[52]

and the maximally Bell-inequality violation[53] as

C(ρ±) = h±|sinθ |, Bmax(ρ±) = 1+h2
± sin2

θ , (21)

which are independent of the phase factor φ . In particu-
lar, the two qubits are maximally entangled and Bell nonlo-
cal for θ = π/2 and h± = 1, whereas the two measures of
NAQC are given by Cna

l1
(ρ±) = 2 + |cosφ | and Cna

re (ρ±) =

2 + H2(1/2 + sinφ/2), both of which take their maxima of
3 only when φ = 0 and π . Hence, the maximally entangled
and Bell nonlocal states may not always be the maximally
NAQC states. There is even no NAQC for certain maximally
entangled two-qubit states, e.g., Cna

l1
(ρ±) >

√
6 only when

|cosφ | >
√

6− 2. This confirms a previous observation that
the NAQC captures a kind of quantum correlation which is
stronger than entanglement[31] and Bell nonlocality.[33]

5. Summary
We have investigated the two-qubit NAQC in a dephasing

channel modeled by the multimode bosonic field. We first ob-
tained analytically the dephasing and memory factors of this
channel for the bosonic field having a Lorentzian power spec-
trum, and analyzed in detail their dependence on the transmis-
sion time of each qubit, the time interval of two consecutive
qubits entering the channel, and the characteristic correlation
time of the field. Then, by considering the NAQC defined by
virtue of the l1 norm and the relative entropy, and choosing
two types of Bell-like input states, we showed explicitly that
the memory effects of this dephasing channel on NAQC are
state dependent. For certain input states, the memory effects
are beneficial for maintaining the NAQC, whereas for the other
input states, they are detrimental to the NAQC. We have also
analyzed the critical dephasing factors h± smaller than which
there will be no NAQC in the output states ρ±, as well as the
corresponding critical memory factor µ . Moreover, we have
presented an analysis of the decay behaviors of the NAQC with
that of the entanglement and Bell nonlocality for the same two
qubits, and showed that they exhibit qualitatively the same de-
pendence on the dephasing factors, but the maximally entan-
gled states may not always be the maximal NAQC states.

Appendix A: Proof of the monotonicity of the rel-
ative entropy of SQC

For Cna
re (ρ±), its first-order derivative with respect to h±

can be obtained as
∂Cna

re (ρ±)

∂h±
=

sinθ sinφ

2
log2

1−h± sinθ sinφ

1+h± sinθ sinφ

−h± sin2
θ√

α
log2

1−
√

α

1+
√

α
, (A1)
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where we have defined α = cos2 θ + h2
± sin2

θ . One can see
that ∂Cna

re (ρ±)/∂h± are independent of the sign of sinφ , so
we only need to consider the case of φ ∈ [0,π].

By using the fact that log2[(1− x)/(1+ x)] is a monoton-
ically decreasing function of x for x ∈ [0,1] and sinφ ∈ [0,1]
(note that φ ∈ [0,π]), one can obtain

sinφ

2
log2

1−h± sinθ sinφ

1+h± sinθ sinφ
> log2

1−h± sinθ

1+h± sinθ
, (A2)

and because (1/x) log2[(1−x)/(1+x)] is also a monotonically
decreasing function of x for x ∈ [0,1] and h± sinθ 6

√
α (note

that θ ∈ [0,π]), one has

1
h± sinθ

log2
1−h± sinθ

1+h± sinθ
>

1√
α

log2
1−

√
α

1+
√

α
. (A3)

Then by using the above three equations, one can show
directly that ∂Cna

re (ρ±)/∂h± > 0, thus Cna
re (ρ±) are monotonic

increasing functions of h±.
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[39] Guarnieri G, Kolář M and Filip R 2018 Phys. Rev. Lett. 121 070401
[40] Mukhopadhyay C 2018 Phys. Rev. A 98 012102
[41] Caruso F, Giovannetti V, Lupo C and Mancini S 2014 Rev. Mod. Phys.

86 1203
[42] Macchiavello C and Palma G M 2002 Phys. Rev. A 65 050301
[43] Addis C, Karpat G, Macchiavello C and Maniscalco S 2016 Phys. Rev.

A 94 032121
[44] Karpat G 2018 Can. J. Phys. 96 700
[45] Hu M L and Zhou W 2019 Laser Phys. Lett. 16 045201
[46] Hu M L and Fan H 2020 Sci. China-Phys. Mech. Astron. 63 230322
[47] Hu M L and Wang H F 2020 Ann. Phys. (Berlin) 532 1900378
[48] D’Arrigo A, Benenti G and Falci G 2007 New J. Phys. 9 310
[49] D’Arrigo A, Benenti G and Falci G 2008 Eur. Phys. J.: Spec. Top. 160

83
[50] Benenti G, D’Arrigo A and Falci G 2009 Phys. Rev. Lett. 103 020502
[51] Weiss U 1999 Quantum Dissipative Systems (Singapore: World Scien-

tific)
[52] Wootters W K 1998 Phys. Rev. Lett. 80 2245
[53] Horodecki R, Horodecki P and Horodecki M 1995 Phys. Lett. A 200

340

030308-6

https://doi.org/10.1016/j.physrep.2018.07.004
https://doi.org/10.1016/j.physrep.2018.07.004
http://dx.doi.org/10.1103/PhysRevLett.113.140401
http://dx.doi.org/10.1103/PhysRevLett.113.140401
http://dx.doi.org/10.1103/PhysRevLett.115.020403
http://dx.doi.org/10.1103/PhysRevLett.115.020403
http://dx.doi.org/10.1103/PhysRevLett.116.150502
http://dx.doi.org/10.1103/PhysRevA.93.042107
http://dx.doi.org/10.1103/PhysRevLett.113.170401
http://dx.doi.org/10.1103/PhysRevA.95.042337
http://dx.doi.org/10.1103/PhysRevA.92.022124
http://dx.doi.org/10.1103/PhysRevLett.116.120404
http://dx.doi.org/10.1088/1751-8121/aa7638
http://dx.doi.org/10.1103/PhysRevLett.116.240405
http://dx.doi.org/10.1103/PhysRevLett.116.160407
http://dx.doi.org/10.1103/PhysRevLett.116.160407
http://dx.doi.org/10.1088/1751-8121/ab6a6b
http://dx.doi.org/10.1103/PhysRevLett.119.150405
http://dx.doi.org/10.1103/PhysRevLett.119.150405
http://dx.doi.org/10.1103/PhysRevA.93.012111
http://dx.doi.org/10.1103/PhysRevA.95.032307
http://dx.doi.org/10.1103/PhysRevA.95.032307
http://dx.doi.org/10.1103/PhysRevA.92.012118
http://dx.doi.org/10.1103/PhysRevA.92.012118
http://dx.doi.org/10.1103/PhysRevLett.116.160406
http://dx.doi.org/10.1103/PhysRevLett.116.160406
http://dx.doi.org/10.1103/PhysRevA.94.022112
http://dx.doi.org/10.1103/PhysRevB.93.184428
http://dx.doi.org/10.1103/PhysRevB.90.104431
http://dx.doi.org/10.1103/PhysRevB.100.024423
http://dx.doi.org/10.1103/PhysRevA.101.032305
http://dx.doi.org/10.1103/PhysRevA.94.022329
http://dx.doi.org/10.1103/PhysRevA.92.022112
http://dx.doi.org/10.1103/PhysRevA.95.052106
http://dx.doi.org/10.1038/srep45598
http://dx.doi.org/10.1038/srep19365
http://dx.doi.org/10.1103/PhysRevA.95.010301
http://dx.doi.org/10.1103/PhysRevA.98.022312
http://dx.doi.org/10.1103/PhysRevA.98.032317
http://dx.doi.org/10.1103/PhysRevLett.114.210401
http://dx.doi.org/10.1103/PhysRevLett.114.210401
http://dx.doi.org/10.1103/PhysRevA.93.060303
http://dx.doi.org/10.1103/PhysRevA.93.060303
http://dx.doi.org/10.1103/PhysRevLett.117.160402
http://dx.doi.org/10.1103/PhysRevLett.121.073602
http://dx.doi.org/10.1103/PhysRevLett.121.073602
http://dx.doi.org/10.1038/srep29260
http://dx.doi.org/10.1103/PhysRevLett.121.070401
http://dx.doi.org/10.1103/PhysRevA.98.012102
http://dx.doi.org/10.1103/RevModPhys.86.1203
http://dx.doi.org/10.1103/RevModPhys.86.1203
http://dx.doi.org/10.1103/PhysRevA.65.050301
http://dx.doi.org/10.1103/PhysRevA.94.032121
http://dx.doi.org/10.1103/PhysRevA.94.032121
http://dx.doi.org/10.1139/cjp-2017-0683
http://dx.doi.org/10.1088/1612-202X/ab00fa
http://dx.doi.org/10.1007/s11433-019-1462-9
http://dx.doi.org/10.1002/andp.v532.1
http://dx.doi.org/10.1088/1367-2630/9/9/310
http://dx.doi.org/10.1140/epjst/e2008-00712-1
http://dx.doi.org/10.1140/epjst/e2008-00712-1
http://dx.doi.org/10.1103/PhysRevLett.103.020502
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1016/0375-9601(95)00214-N
http://dx.doi.org/10.1016/0375-9601(95)00214-N

	1. Introduction
	2. Measures of the NAQC
	3. Solution of the memory dephasing channel
	4. NAQC in the memory dephasing channel
	5. Summary
	Appendix A: Appendix section heading
	References

