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We study the exact solution of the Gaudin model with Dzyaloshinsky—Moriya and Kaplan—Shekhtman—Entin—
Wohlman—Aharony interactions. The energy and Bethe ansatz equations of the Gaudin model can be obtained via the
oft-diagonal Bethe ansatz method. Based on the off-diagonal Bethe ansatz solutions, we construct the Bethe states of the
inhomogeneous XXX Heisenberg spin chain with the generic open boundaries. By taking a quasi-classical limit, we give
explicit closed-form expression of the Bethe states of the Gaudin model. From the numerical simulations for the small-size
system, it is shown that some Bethe roots go to infinity when the Gaudin model recovers the U (1) symmetry. Furthermore,
it is found that the contribution of those Bethe roots to the Bethe states is a nonzero constant. This fact enables us to recover
the Bethe states of the Gaudin model with the U(1) symmetry. These results provide a basis for the further study of the
thermodynamic limit, correlation functions, and quantum dynamics of the Gaudin model.
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1. Introduction

The Gaudin model is an important integrable system
with long-range interaction.!! It is closely related to the cen-
tral spin model>3! and BCS model,**1 which has been
widely used in the study of metallic nanoparticles,'°! quan-
tum dots,!'!! noisy spins,!'?! Rydberg atoms,!"3! and so on.
Based on the exact solutions of the Gaudin model, its correla-
tion functions,!'* quantum dynamics!">~'®! and coherence!'”!
have always been the focus of research.

The Gaudin Hamiltonian can be constructed by taking
the quasi-classical expansion of the transfer matrix of the spin

n.[29-241 For the periodic case, the corresponding Gaudin

chai
Hamiltonian includes the external field on the central spin
(B) and Heisenberg exchange interaction (Ay). For the open
case, the corresponding Gaudin Hamiltonian also includes the
Dzyaloshinsky—Moriya (DM) interaction (Dy)!>>?% and the
Kaplan—Shekhtman—Entin—Wohlman—Aharony (KSEA) inter-

action (My),[27?8 ie.,

N
Hi=B-oj+ Y ( ic}‘c,f+AiG;G,f+A26jG,f)
k=1 k]
+Dk-(0'jXO'k)+Uj'Mk-Uk, (D)

The constants B, Ay,
Dy, and My, are defined below and their values rely on the

where N is the number of spins.

boundary parameters and a set of inhomogeneous parameters
{61,...,0y}. For the generic open cases, the corresponding
Gaudin Hamiltonian has no obvious reference state due to the

DOI: 10.1088/1674-1056/abcf43

U (1) symmetry breaking (i.e., the total spin along z-direction
is not conserved). This leads to employing the conventional
Bethe ansatz methods to approach the eigenvalues and Bethe
states of the model very involved. With the help of the off-
diagonal Bethe ansatz (ODBA) method, *°% the eigenvalues
of the XXX model with generic open boundaries were given
in Ref. [31]. Recently, the Gaudin model has been revisited
many times. 334 However, the Bethe states of the Gaudin
Hamiltonian (1) are still absent.

In this paper, one of our aims is to construct the Bethe
states of the Gaudin model (1). By employing some gauge
transformations, we obtain the operators and reference state
for constructing the Bethe states, respectively. Taking the
quasi-classical expansion of the Bethe states of the spin chain,
we obtain the Bethe states of the Gaudin model (1). We also
study the degeneration of the Bethe states when the model re-
covers the U(1) symmetry.

The rest of this paper is organized as follows. In Sec-
tion 2, we present the ODBA solutions of the Gaudin model.
In Section 3, with the help of the ODBA solutions, we con-
struct the Bethe states of the Gaudin model. The Bethe states,
eigenvalues and Bethe ansatz equations recovering that of the
Gaudin model with the U (1) symmetry are given in Section 4.
We summarize our results and give some discussions in Sec-

tion 5. Some technical proofs are given in Appendix A.
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2. ODBA solutions

The integrability of the Gaudin model is associated with
the R-matrix

R(u) = “ 1 : @)
u+mn

where u is the spectral parameter and 1] is the crossing parame-
ter. The R-matrix satisfies the quantum Yang—Baxter equation

Ri2(u—v)R13(u)Ra3(v) = Ros(V)Ri3(u)Rp2(u—v).  (3)

Here Ry (u)
tation operator. In what follows, we adopt the standard nota-

= Pi2R12(u) Py with Py, being the usual permu-

tions: for any matrix O € End(V'), Oy is an embedding oper-
ator in the tensor space V® V & ---, which acts as O on the
k-th space and as identity on the other factor spaces; Ry, (u) is
an embedding operator of R-matrix in the tensor space, which
acts as an identity on the factor spaces except for the k-th and

I-th ones.[?]

The general reflection matrices are given by!3!]

K (u)=

which satisfy the reflection equation (RE)

E+uhi-o, hi=1, 4)

Ri2(u—v)K| (u)Rot (u+v)K, (v)

= K; (v)Ri2(u+v)K; (u)Ry1 (u—v). ©)

The dual K-matrix K™ (u) is
K" (u)=&+u+n)hy-o, h3=1, (6)

which satisfies the dual RE

Rio(v—u)K;F (u)Ro1 (—u—v—21)K (v)
= K (v)Ria(—u—v—20)K; (u)Ra1 (v —u). 7
The parameters & and h, depend on the crossing parameter 1).

Expansion of & and h, with respect to 1 is as follows:

)

ha(m) = i+ hn + 2o o),

Em)=-&+&n+om?). (8)
Using the normalization (6), we have

hi-hy) =0, hy B = —hY" By )

From the above relations, we have lim;_,o{ K™ (1)K~ (u)} =
(u* — £?) x id. This identity is essential for the Gaudin model.
Let us introduce the one-row monodromy matrices

To(u) = RON(M—QN)R()N_l(M—61\/_1)--~R01(u—91), (10)

fo(u) = Rm(u+ 91)R20(u+ 92)”~RN()(M—|—9N), (11D

and the double-row monodromy matrix

U) = T(u)K () () = (C(u) zb;(u)>' (12)
Then the transfer matrix is given by
1(u) = tro(Ky (u)Uo(u)). (13)

With the same procedure introduced in Ref. [36], one can ob-
tain the commutativity of the transfer matrix [¢(u),7(v)] = 0,
which ensures the integrability of the model. Expanding the
transfer matrix #(u) at the point u = 6; around n = 0,536 we

obtain
uo 1 2(:(8;)/m)
T T4 (6i— O (6;+6) 9 =0
(1) 2 N g2_ g2
R =t )
J 07 =17z 05 O

where the constants in the Hamiltonian (1) are expressed in
terms of the boundary parameters in the corresponding K-
matrices given in Eqgs. (4) and (6) as follows:

—i0;(h1 x hY)) + (EDhy +ERY)),
0,6, —¢?

0; j
Ag + J (ha)z DY — i& he

6?—67  6;+6 TR
ap _ 9 B
M; _0j+6kh?hl(1—6aﬁ). (15)

It should be remarked that the U(1) symmetry of the Gaudin
model (1) is broken for h ;é 0.

With the help of the ODBA method, the eigenvalues A (u)
of the transfer matrix #(u) can be given by an inhomogeneous
T—-Q relation!!

Alu) = a(u)Q(QM (;)”) +d(u)Q(Q”(:)”)
-t—chu(u—i-n)ggz;, (16)

where the function Q(u) is parameterized by N parameters

{Ajlj=1,...,N}
N

O(u) =[Juw—2)(w+24+n)=0(-u—n), (17)
=1

and the functions a(u), d(u), F(u) and the constant ¢; are

given by
aw) = S )+ )
Xfll(u+91+n)(u—91+n), (18)
dw) = 52 (=& 4 )t —E)

2u+n
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N
Hu—|—91 (u—6), (19)

N

F(u) = [J(u+61)(u—6,)(u+6+n)(u—6+n), (20)
=1

cp = 2(hi-hy—1). 1)

By using the relation (14), the energy E; of the Gaudin Hamil-
tonian H; can be obtained,

N
1
EJ = ‘5(”""(9]‘2_&2) Z 92_ 92
k=1k#j ~j k
2 2 i 2
(67 —&7) ) (22)
’ 50—

and the N Bethe roots {4k =1,...
Bethe ansatz equations (BAEs),

1-e0 1) XN 1 1
/'kag + lkJré _Z <A’k+6m+lk9m)

m=1

N 2 2
> (/lk—lm+lk+lm>

m=1,m#k
B T (a6 (A — 6)

( = &%) Tt ke Mt = Aom) (A + Aan)
k=1,...,N. (23)

,N'} should satisfy a set of

3. Bethe states of the Gaudin model

The boundary matrices K~ (u) and K (u) satisfy
[K™(u),K"(v)] # 0 due to the parameter hgl) # 0. This fact
gives rise to that they cannot be diagonalized simultaneously,
and that there is no obvious reference state on which the con-
ventional Bethe ansatz can be performed. For the Gaudin
model (1), we generalize the method in Refs. [37,38] to con-
struct its Bethe states.

We first introduce the following gauge matrix:

1 Y
5 (hy — i)
G= 2/ 2 ) . (24)
( 3(h5+1)
With the gauge matrix G, we can diagonalize the K*-matrix

& _ NG = E—&-u—i—n_ 0
K (u) = GK™(u)G ( 0 é—u—n>

(Km0
= < “0 o ), (25)

Ky (u)

and the gauge transformed K~ -matrix is

R (u)=GK~ (u)G ' = <21§Z§ ii%) 26)

The elements of the gauged K~ (1) matrix are as follows:

(h5+1)
(B3 +ih3)

N\'—‘N\'—

K () =&+hi-hu, Ky(u)=&—hi hu, (27)

(W5 —ihmy)(hy - ha+h5)

K (u) = (h{ —ik))u— u, (28)

12 ( 1) 1+hé

L . W +ik)(hy - hy + I

Ky (u) = (h’l‘Jrlh{)u—( = 21)(+hz Uy, (29)
2

Accordingly, the double-row monodromy matrix can be
expressed as

U(u) = GUu)G™' = (?((Z)) g((zg ) . (30)

With the above relations, the transfer matrix ¢ (u) can be rewrit-
ten as

t(u) = tro { Ky (u)Uo(u JA(u) + K5 (u)D(u). (31)

Using the gauge transformation matrix G, we obtain the oper-
ator B(u) (or C(u)) for constructing the Bethe states.
We introduce other two gauge transformation matrices

G M1 k=i
K =ik K41 )
A K+1  —(h+ihy)
G= ((h); +ik) : (32)

h+1
Then, the boundary K~ () matrix can be transformed into a

)} =K (u

lower triangular matrix

o =1 (E+u O
K (u) = GK (u)G 1_(2:4117 éu)
_ (Kqw 0 ) 33
= (K200 kot ) Gy
and an upper triangular matrix
frw=ox o = (5521 e

Here we use the following notations for the gauge transformed
matrices: O = GOG™!, 0 = GOG~! and 0 = GOG™!
O is an arbitrary matrix in the auxiliary space. With the gauge

, Where

transformation matrices G and G, we introduce the following
new reference states:

N —_
|¢l> :®Gr71| ¢>n
n=1

N
192) =G, [ 1) (
n=1

Using a similar method in Ref. [37], we construct the left and

Gns - (39)

(36)

N

= @116
]; A
(116

right Bethe states of the inhomogeneous XXX Heisenberg spin
chain with the generic open boundaries

N
M, | = <¢31|H€(7Lz>, (37)

N
o} H ()] 92)- (38)

The proofs are given in Appendix A.
With the relation (14), the Bethe state of the inhomoge-
neous XXX Heisenberg spin chain can be expanded as!?!]

A, A =V w) +0(mV . (39)
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Table 1. Solutions of BAEs (23) for the case of N =3, j =1, {6} =
{1.19,2.20,3.58}, € = 0.8i, £V = 1.2, it = 0.3, & = 0.5, W' = 0.2i,
hgl)y =0.7i. The symbol n indicates the number of the eigenvalues, AI'-’ =
Hjly) — E}|y), and E7 is the corresponding energy. The energy E7 calcu-
lated from Eq. (22) is the same as that from the exact diagonalization of the
Gaudin Hamiltonian (1).

A A2 A3 E;’ Aj'«L n
0.4038  1.7040+1.4436i 1.7040—1.44361 —3.0624 1071 1
4.6639 0.4788+1.0420i 0.4788 —1.0420i —2.4126 10715 2
0.5266  2.5061+0.4493i 2.5061 —0.4493i —1.7616 10~'4 3
0.4888i 4.0676+0.9174i 4.0676—0.9174i —1.6133 1074 4
5.1762  3.9424+2.6895i 3.9424—-2.6895i 0.6952 1074 5
3.0069 2.8496-+1.4388i 2.8496—1.4388i 1.3880 10713 6
4.1829 2.1283+0.2312i 2.1283—0.2312i 3.1108 10713 7
1.7049  2.0069+1.1388i 2.0069—1.1388i 3.6559 1074 8

Here |y) is the Bethe state of the Gaudin model (1)
N
lw) =T 1Bc()]92), (40)
=1

(e s
] u—06; u+6
(i} —ihy)?

2
X {(h’f —il)of+ T

G,j(1+hzl)01:] .
(41)

Considering the normalization (4) and relations (9), the
Gaudin model has six free boundary parameters. We choose
{&,EM), ik ,hgl)x,hél)y } as the boundary free parameters.
The numerical solutions of BAEs (23) and the corresponding
energies (22) and Bethe states (40) of the Gaudin Hamiltonian

(1) for N = 3 are given in Table 1. Those numerical simula-
tions show that the BAEs (23) indeed gives the complete spec-
trum and eigenstates of the Gaudin model.

4. Degeneration of the Bethe states

For the model with U(1) symmetry,[?!! the Bethe states
cannot be obtained by the present method, because the eigen-
states of the operators C(u) and B(u) cannot form a SoV
basis.[?% However, the Bethe states (40) should reduce to the
form in Ref. [21] when the parameter hél)
solutions for small h(zl x hgl)y and hgl)z are listed in Table 2.

Comparing Table 2 with Table 1, we find that each
set of the Bethe roots {A,...,Ay} split into two sets when
hgl) — 0: small Bethe roots {A;,...,Ay} and large Bethe
roots {Apri1,..., Ay} with M € {0,1,...,N}.% In the U(1)-
symmetric case, the whole Hilbert space can be decomposed
into N + 1 subspaces, i.e., H; = @%:OHEM).
In order to study the

values of the
il Ly Wx . (Ly —u +
<Ir]2+1 (B —ih))— (hy " —ihy ™) Ju and Ifﬁék ere“k for

— 0. The numerical

terms

large Bethe roots, without loss of generality, we set hg)y =

hgl)z = 0. The values of hgl)le versus hgl)x are shown in Ta-
bles 3 and 4. To show the variation tendency, we plot the real
and imaginary parts of hgl 7. versus ‘log 10 (hgl)x) ’ in Figs. 1
and 2.

Numerical simulations indicate that the values of hgl)xi;
£0 to a nonzero constant as hél)x — 0. Considering the form
of the BAEs (23), we have

1
1)x 1 1 ’
max {8, [0, 57}

Ay o< (42)

Table 2. Solutions of BAEs (23) for the case of N =3, j = 1, {6} = {1.19,2.20,3.58}, & =0.81, E1) = 1.2, 1Y = 0.3, & = 0.5, h{"* = 0.0021,

hgl )y

= 0.007i. The symbol n indicates the number of the eigenvalues, A;-‘ =Hj|ly)—E ;’ |y), and E ]" is the corresponding energy. The energy

E}? calculated from Eq. (22) is the same as that from the exact diagonalization of the Gaudin Hamiltonian (1).

M A A Ey Al n
0.6702i 2.9192i 201.9838i —2.1993 1013 1
7.9077 4.10511 0.64651 —1.9808 101 2
0.6290i 150.8937 4+ 112.0518i 150.8937 — 112.0518i —1.8505 10-1 3
0.5616i 2.8851 201.9208i —1.3606 10-1 4
414.2882 319.1713 4-309.7090i 319.1713 — 309.7090i 0.4192 1014 5
3.1386 150.8727 4+ 112.0845i 150.8727 — 112.0845i 0.9067 10714 6
1.7485 150.8866 + 112.0628i 150.8866 — 112.0628i 2.9248 10714 7
1.49454-0.41441 1.4945 — 0.4144i 201.9353i 3.1405 1014 8
Table 3. Values of {2 in solutions of BAEs (23) for the case of N =2, j = 1, {6;} = {1.19,2.20}, & = 0.8i, ) = 1.2, ¥ =0, K = 0.7,

h;l ¥ — 0. The symbol n indicates the number of the eigenvalues.

D 0.1i 0.01i 0.001i 0.0001i
n=2 1.0602i 0.8967i 0.8945i 0.8944i
s —1.4794 426527 —1.4817 4 2.6450i —1.4818 +2.6449i —1.4818 +2.6449i
14794 +2.6527i 14817 +2.6450i 1.4818 +2.6449i 1.4818 +2.6449i
n=4 0.9070i 0.8946i 0.8944i 0.8944i
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1 —1.475
en=2 < n=3
oy on=4 curve fit
lq’<
= Of » . . . . . . —1.480} q = (0.237, —4.597, —1.4818)
T
~
—1 - —1.485 :
e m=2 ¢« n=3
q = (8.927,-3.981,0.8944) curve fit curve fit
— on=4
? 1.00 —curve fit
g 2.650 q = (0.778, —4.603, 2.6449)
‘E/ q = (1.20, —4.562, 0.8944)
085 1 2 3 4 2640 1 2 3 4
|logio(h3'*)| |logio(3')|

)x

L % . 3 (1
Fig. 1. The real and imaginary parts of hg)x?L versus |10g10(h§1)x)\. The data can be fitted as Re(hgl)xl) = gre®logly )l 4 45 and
~ (1)x
Im(h" ) = g e 020t ) 4 g3 with g = (g1,q2,q3). Here N =2, j =1, {6} = {1.19,2.20}, & = 0.8i, E) = 1.2, ¥ = 0.3, & = 0.5,

h;l)x =0.2i, h;l)y = 0.7i. The symbol n indicates the number of the eigenvalues. For the n = 3 case, the two sets of data have the same
tendency ¢>. Without loss of generality, we choose the first set of data to show the variation tendency.

—1.73 —0.950 1 —2.735
» n=1 *+ n=3 sn=2>5 * n=>5
curve fit curve fit curve fit
o n=4 o n=6
—_ —— curve fit ——curve fit
'Y > n=2_8 > n=17
Sg —1.78 —— curve fit —0.985 —curve fit Ob* * +« « » » =1 —2740 ¢ = (0.516, —4.602, —2.7435)
T
~ = (2.340, ~4.631, —1.7889) 4= (1672, 4310, ~0.9928)
g = (1054, ~4.953, —1.7889) 4= (1356, 4,601, ~0.9028)
4= (~2:293,-4.107, ~1.7889) q = (—1.008, —4.560, —0.9928)
—1.83 —1.02 —1 —2.745
s« =1 « n=3 *» n=>5 « n=25
on=4 curve fit curve fit curve fit
>n=2~8 o n==6
= ——curve fit
A 1.37 > n="7 3.678 5 833
g O » » » » » » ——curve fit ’
= = (1.246, -4.603, 3.6698)
g 4= (6.054, ~4.743,1.3363) g = (0.948, —4.602, 2.8272)
— 555,1.3363)
= (2.410,—4.573,1.3363)
-1 1.33 3.668 2.825
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
[logio(hy'")| log10(h5")] log1o(AS )| llog1o(hS)]|

~ ~ () 5
Fig. 2. The real and imaginary parts of hgl)xl versus |]0g10(h;l)x)|. The data can be fitted as Re(hél)xl) = gy ezl )l 4 4o and Im(hgl)xk) =

)x , . c s
4 gs. Here N =3, j =1, {6} = {1.19,2.20,3.58}, £ = 0.8i, &) = 1.2, &f = 0.3, & = 0.5, i{"* = 0.2i, i = 0.7i. Similar to the
case of N =2, we choose the first set of data for n = 3,6, 7, respectively. For n = 5, we choose the first and second sets of data.

1
a@ eq2~|10g10(h§

Table 4. Values of h(zl)xi in solutions of BAEs (23) for the case of N =3, j =1, {6} = {1.19,2.20,3.58}, & = 0.81, é(” =12,k =0,

n=0.7, h(z1 ' 0. The symbol n indicates the number of the eigenvalues.

A 0.1i 0.01i 0.0011 0.0001i
n=1 —1.8265 —1.7893 —1.7889 —1.7889
s ~0.9704 +1.3890i ~0.9925 + 1.3368i ~0.9928 4 1.3363i ~0.9928 + 1.3363i
0.9704+1.3890i 0.9925+1.3368i 0.9928 +1.3363i 0.9928 +1.3363i
n=4 ~1.7661 ~1.7886 —1.7889 ~1.7889
3.6823i 3.6699i 3.6698i 3.6698i
n=>5 ~2.7384 4 2.8368i —2.7435 +2.8273i ~2.7435 +2.8272i —2.7435 +2.8272i
2.7384+2.8368i 2.7435+2.8273i 2.7435+2.8272i 2.7435+2.8272i
e ~1.0033 +1.3612i ~0.9929 + 1.3365i ~0.9928 4 1.3363i ~0.9928 + 1.3363i
1.0033 + 1.3612i 0.9929 4 1.3365i 0.9928 4 1.3363i 0.9928 +1.3363i
g ~0.9792 4 1.3762i ~0.9927 4 1.3367i ~0.9928 + 1.3363i ~0.9928 4 1.3363i
0.9792 4 1.3762i 0.9927 4 1.3367i 0.9928 + 1.3363i 0.9928 +1.3363i
n=28 —1.7814 —1.7888 —1.7889 —1.7889
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This fact gives rise to

h(l)z
hz+1(hx—1h)) (h() —1h< "y | A; — const

and é )L’ + fi’g — 0 for h( ) — 0. One can obtain that the
1

contr1but1on of the large Bethe roots to the Bethe states is a

(1)

nonzero constant when h;’ = 0. This fact enables us to write

the Bethe states under the degeneration condition as

V) = ﬁBG(MH‘Pz)a 3)
where
Bg(u) = ;é (;t_gk - ,fjei)
< [or- e+ g 1y
(44)

Since the large Bethe roots {Apy.1,...,Ay} grow as
1/ max{|hgl)x\7|h£1)y|,|h(21>z\}, the contribution of the large

Bethe roots to the eigenvalues is zero when hgl) = 0. Then
the eigenvalue E; reads

N
1
Ej = g(l)+(92_€2) Z 62—92_(6]2_é2)
=tk 75— Y
M
; o7 12’ (45)
and the M Bethe roots {A|k = 1,...,M} should satisfy a set
of BAEs
1-E0 - N 1 1
L ( n )
)vk_é )~k+§ m=1 )~k+6m Afk_em
2
+ =0, k=1,2,....M. (46
’Ek< 2fm Afk"")vm) ( )

The numerical solutions of BAEs (46) and the corresponding
eigenvalues (45) and Bethe states (43) of the Gaudin Hamilto-
nian (1) for N = 3 are listed in Table 5.

Equations (45) and (46) indicate that the parameter h
does not contribute to the energy. Because the boundary ma-
trices K~ (u) and K™ (u) can be diagonalized simultaneously
by the gauge transformation G for hé” = 0. We can set
hi = h) = 0, and the Bethe states (43) can be written as

e (St =8N
|w>_[11[l;1 (lﬁ—@k 7L[—9k>6k

1=

0). (47

The Bethe states (47), eigenvalues (45) and BAEs (46) coin-
cide with the results obtained by the algebraic Bethe ansatz
method.?!' This indicates that the Bethe states of the model

with U(1) symmetry (47) can be obtained by taking the limit
hgl) — 0. Up to now, we construct the Bethe states of the
Gaudin model with or without U(1) symmetry based on the
off-diagonal Bethe ansatz method solutions.

Table 5. Solutions of BAEs (46) for the case of N =3, j =1, {6} =
{1.19,2.20,3.58}, & = 0.8i, &) = 1.2, hf = 0.4, &} = 0.7. The symbol
n indicates the number of the eigenvalues, A" =H; W/) E7|y), and EY is
the corresponding energy. The energy E;’ calculated from Eq (45) is the
same as that from the exact diagonalization of the Gaudin Hamiltonian (1).

M A A3 EY Al n
2.9201i 0.6702i - —2.1990 107 1
7.9106 4.10441 0.64651 —1.9809 10715 2
0.6290i - - —1.8506 10715 3
0.5616i 2.8851 - —1.3605 1072 4

- - - 04191 1075 5
3.1386 - - 0.9067 1074 6
1.7485 - - 29248 1075 7

1.494740.4145i  1.4947 —0.4145i - 3.1404 1074 8

5. Conclusion

In summary, we have obtained the explicit closed-form
expression of the Bethe states of the Gaudin model with DM
and KSEA interactions. Taking the Gaudin model as a con-
crete example, we have studied the degeneration of the Bethe
states (40). This method provide some insights into the degen-
eration of the Bethe states for other integral models without
U(1) symmetry. In the near future, we will study the correla-
tion functions and quantum dynamics of the Gaudin model (1)
based on the results in this paper.

Appendix A: Proof of Eqgs. (37) and (38)

In this appendix, we will construct the left Bethe state
(37) and right Bethe state (38) of the inhomogeneous XXX
Heisenberg spin chain.

A.1. Separation-of-variables (SoV) basis

With the help of the gauge transformation G, we intro-
duce two local states of site n

|1>n:G;1|T>n7 |2>n:G;1|\l/>n7

n<1| = n<T |Gn7 n<2| = n<\L |Gn

It is easy to check that these states satisfy the orthogonal rela-

tions j(a|b)x = 8,0k, where a,b = 1,2 and j,k=1,...,N.
Using the above local states, we define

(AD)

Q) =@,[1);, (Q=a;(] (A2)
The SoV states can be constructed as[?”]
|9P1?' : > = "Z(( ) A(Gpn)|'Q>’ (A3)
(Byy:---,04,| = (R|D(—6,)---D(—6,,). (A4
It is easy to derive
C()|6py,---,0p,) = c(1,{6p,,---,0p,})|6p,,-,6p,), (AS)
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(Bgy,- -+ 04, C(u) = &(u,{0g,,...,04,})(0gy, ..., 0], (A6)
where
c(u, {6y, 6p,}) = ()N Ky, (w)d(w)d(—u—1n)
" (“+9p J(u—6,,+n)
U=e, wre,wn A7
(s {py - Oy }) = (—1) ¥Ry ()alu)a(—u—1)
(= 6p;)(u+6p,+1n)
Uro, u—g,rm Y

Here d(u) = a(u—1n) = Hlj\':l(u — 0;). These results show
that the right SoV states and left SoV states are the eigen-

’ Gpn >}
6,,/}) form a right (or left) basis of Hilbert

states of the operator C(u). The right states {|),,...
(or {(6g,---,
space. 30!

The left SoV states and right SoV states satisfy the or-
thogonal relation

(B4, 001, 6,,)
:fn(epla'"79Pn)6m+n,N5{q}7{p}7 (A9)
where pj,g; € {1,....N}, pr < p2 < ...pn, 1 <q2 < .. qn

and 5{!1}7{17} is defined as

6 _ 1 if{qla"'7qn‘t7p1a"'7pn}:{la"'aN}7
{ah{p} 0 otherwise,
(A10)
and f,(6,,,...,06,,) is defined by
Fa(Oprsee18p) = (Bpoirs s Op|Bpyse s 0p),  (ALD)

with the convention p,, 1 < --- < py.1")

A.2. Eigenstates of the inhomogeneous XXX Heisenberg
spin chain

In Ref. [37], the key to construct the eigenstates (|
of the transfer matrix #(u) is to calculate the scalar prod-
uct (¥[6p,,...,6,,) with the SoV basis and the inhomo-
geneous T—Q relation (A16).
(P16,,,...,

For convenience, we denote
6p, ) as

Fu(Byy,...,6,) = (¥]6,,,...,6,,). (A12)

Obviously, Fy = (¥|Q).
Refs. [30,37], we have

Following the method used in

Fi(6p,,...,6p,)
n

=T1(6p; +&)(-1)"d(-6 n)d(epj)w

= Fo.
j=1 bi Q(GP/)

(A13)

The eigenstates (¥| can be decomposed as a unique linear
combination of the basis

N Fi(6p,,...,6,,)

w=3 ¥ L OO

(A14)
n=0{p;} Jn(6py - -

where p; < -+ < pyand pp11 < -+ < pn.

Based on the SoV basis and the inhomogeneous 7-Q
relation (A16), we construct the eigenstates of the transfer
matrix #(u) (or the Hamiltonian Hxxy = dlInt(u)/du|,—o).
The benefit of this approach is that an reference states is not
needed. Next, we construct the Bethe states of the inhomoge-
neous XXX Heisenberg spin chain using the SoV basis and the

scalar product in Eq. (A13).

A.3. Inner product (¢,|6,,,...,6,)

With the help of the gauge transformation matrix G, we

introduce
T(u)=GT(u)G ' = <CEZ§ g%) , (A15)
Uw) =GUw)G ' = (C((Z)) g((bbg) (A16)

The reference states in Eq. (35) have the following properties:

()|g1) = d(w)|¢1), D(u)gr) = a(u)|¢r)
C(”)M’l) 7é 07 B Lt>|¢1> = O’ (A17)
(011A(w) = (d1]a(u), (G1]D(u) = (¢1]d(u),
(11C(u) #0, (¢1]B(u) =0 (A18)

With the above properties, we obtain
(611B(u) =0, (A19)
(1] Aw) = (=1)VK; (wa(w)d(—u—n) (B, (A20)
VN (2u+m)Ky(u) —nKyy () -
(@20 = (- { ST R )
ULTIO I .
T Ad(= —n)}<¢1- (A21)
Now we calculate the scaler product (¢1]6,,,...,6,,),

which is very important to construct the Bethe states. From
the definition of the gauge transformed matrices, we find

Uu) =GUw)G = GG Uu)GG™. (A22)
For convenience, we define
GGl — Yy (A23)
Y21 y22
Then, we obtain the following relations
~ 1 _ _
Al) = ——— A(u) + B(u
(u) Vi1Y22 — Y1aya1 {1122 A(u) + y21y22B(u)
—y1yC(u) = yi2ya1D(u)}, (A24)
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~ 1 _ _
Clu)=——{— A(u) —y3,B
(u) yuyzz—yuyzl{ yuy21Au) — yz B(u)
+11Cu) +ynyaD(u)}, (A25)
Alu) = =226 (u) + 2LC(u) + D(u). (A26)
Y21 Y21

Using the identity C(6,,)|0p,,--.,6,, ,) = 0 and Egs. (A19),
(A20), (A26), one can prove

<¢; | P1o I’n>

= (1] A( pn)lema 0p, 1)

H Op; +6)a(6y,)d(—6,;, —1)(¢1|2).  (A27)

A.4. Bethe states of the inhomogeneous XXX Heisenberg
spin chain

We introduce the left Bethe state

My an| = (0 TTC (). (A)

-

Using the SoV basis and the relations (AS5) and (A27), we ob-
tain

<7L1,... lepl’ % Pn>
YRy, ) d )2y — 1)
= [T @0+ E)at0,,)d(-0, H)WWQ%
. (A29)

Comparing Eq. (A29) with Eq. (A13), we find that the left
Bethe state (4,,...
neous XXX Heisenberg spin chain when {4k =1,...,N}
satisfy the BAEs (A23).37] With the same procedure, the right
Bethe state can be constructed as

,An| is the eigenstates of the inhomoge-

N
Atyees H (A1)$2)- (A30)
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