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Entanglement swapping is a key technology for multi-hop communication based on entanglement in quantum net-
works. However, the end-to-end delay of the traditional sequential entanglement swapping (SEQES) grows rapidly with
the increase of network scale. To solve this problem, we first propose a low-delay multi-particle simultaneous entanglement
swapping (SES) scheme to establish the remote four-particle Greenberger—Horne—Zeilinger (GHZ) channel states for the
bidirectional teleportation of three-particle GHZ states, in which the intermediate nodes perform Bell state measurements,
send the measurement results and the Bell state type to the user node Bob (or Alice) through classical channel simulta-
neously. Bob (or Alice) only needs to carry out a proper unitary operation according to the information he (or she) has
received. Further, we put forward a hierarchical simultaneous entanglement swapping (HSES) scheme to reduce the clas-
sical information transmission cost, which is composed of level-1 SES and level-2 SES (schemes). The former is an inner
segment SES, and the latter is an inter segments SES. Theoretical analysis and simulation results show the HSES can obtain
the optimal performance tradeoff between end-to-end delay and classical cost.

Keywords: multi-hop quantum communication, entanglement swapping, teleportation, multi-particle

PACS: 03.67.Pp, 03.65.Yz, 03.67.Hk

1. Introduction

Quantum entanglement plays a critical role in quan-
tum computation and quantum communication, such as

1-3]

quantum teleportation,! quantum dense coding, 4!

quantum key distribution,/’! and quantum secure direct

10-12] 1 order to realize multi-user wide area

communication.
quantum communication, the construction of quantum net-
work has become the focus of attention.!!3-151 However, it
is difficult to distribute entangled particles between two re-
mote users directly in a quantum network due to the inevitable
losses on the quantum channel.

Entanglement swapping (ES) is an important method that
can establish the entanglement path between two quantum
users who do not share entanglement initially. The ES was
first presented in 1993, based on which, various multi-hop
quantum communication schemes have been proposed. Cheng
et al. devised a routing algorithm in wireless quantum net-
works by using the ES to construct the quantum bridge, and
thus realizing the quantum teleportation.'”? Zhou et al. pro-
posed a routing strategy for quantum internet, where quantum
routers perform ES to establish entanglement connection. 8]
The establishing rate of quantum path for point-by-point ES
and segmentation ES was analyzed in Ref. [19]. Yu et al. pro-

posed a two-end approximation algorithm based on ES in a

DOI: 10.1088/1674-1056/abct3d

wireless quantum network.??) The similarity among the above
schemes is that each intermediate node needs to perform ES
hop by hop. As a result, the end-to-end time delay of entan-
glement establishment grows rapidly with the increase of the
length and the hop count of a quantum path. We call this type
of ES the sequential ES (SEQES).

In order to reduce the establishment delay of entangle-
ment path in a wide area quantum network, Liu et al. pro-
posed a three-hop simultaneous ES (SES) scheme, where all
intermediate nodes simultaneously conducted Bell state mea-
surements (BSM), and sent the measurement results to the des-

(211 Wang et al. pro-

tination node through classical channel.
posed a teleportation scheme based on the SES in a multi-hop
wireless quantum network.??! The SES scheme was also ap-
plied to the bidirectional quantum teleportation, and the uni-
tary operation to reconstruct the quantum state was obtained
by solving the inverse matrix.[>}! Gao et al. proposed a multi-
hop W-state teleportation method based on multi-level binary
tree networks with selective receiving nodes, and the nodes at
all levels perform quantum measurement and result transmis-
sion simultaneously.>*! With the similar ideas, other multi-
hop quantum information transmission schemes based on the
SES were presented in Refs. [25-27].

However, in the above SES methods, each intermediate

*Project supported by the National Natural Science Foundation of China (Grant No. 61971348), the Scientific Research Program Funded by Shaanxi
Provincial Education Department, China (Grant No. 16JK1711), and the Natural Science Foundation Research Project of Shaanxi Province, China (Grant

No. 2016JQ6033).
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node should send the quantum measurement results to the des-
tination node through classical channel, which would involve
the forwarding of the classical information in each classical
intermediate node along the classical channel, resulting in a
very high classical transmission cost, so they are not suit-
able for large-scale quantum networks. On the other hand,
the existing SES schemes mainly focus on the entanglement
swapping of two-particle entangled states. As more powerful
resources, multi-particle entangled states have been used in
many novel quantum information tasks, including controlled
teleportation, [*-3% bidirectional teleportation, 3133 multi-
party quantum secret sharing,>*31 and multi-party quantum
key agreement. 373 Tt is of great value to explore how to real-
ize the multi-particle communication in a multi-hop quantum
network rapidly and efficiently.

In this paper, we first put forward an SES scheme to estab-
lish the four-particle GHZ entanglement path, which is used
to complete the multi-hop bidirectional teleportation of three-
particle GHZ states. Further, in order to reduce the classi-
cal information cost in SES scheme, we propose a hierarchi-
cal SES (HSES) scheme that is composed of level-1 SES and
level-2 SES schemes, the former implements the inner seg-
ment entanglement swapping and the latter implements the in-
ter segment entanglement swapping. Compared with the basic
SES scheme, the HSES obtains a lower classical cost, and still
shows a good time delay performance. The rest of the pa-
per is organized as follows. In Section 2, we briefly introduce
the process of bidirectional teleportation of three-particle GHZ
states. In Section 3, we describe the details of SES scheme to
establish the remote entanglement path for the bidirectional
teleportation. In Section 4, we propose the HSES scheme. In
Section 5, we analyze the performance of SES and HSES. Fi-
nally, the conclusions of our work are given in Section 6.

2. Bidirectional teleportation of three-particle
GHZ states

In this section, we briefly introduce the scheme of
the bidirectional teleportation of three-particle Greenberger—
Horne—Zeilinger (GHZ) state, and the detailed process can be
seen in Ref. [32]. It is supposed that Alice and Bob each have
a three-particle GHZ state to be teleported to each other, which
has the following form:

lv1) = (a0 [000) + oty [111))4, 4,45,
ly2) = (Bo[000) + B1|111))p, 8,85 (1

Here, the parameters o, o, Bo, Bi satisfy |ag|*+|o|* = 1
and |By|>+|B1|> = 1. To accomplish the teleportation, they
need to share an eight-particle complex GHZ state |®) as the
quantum channel in advance, which is shown in Fig. 1. Alice
holds the particles ay, ay, as, by, while Bob holds the particles

by, by, b3, as. |®) can be described as the following tensor
product of two four-particle GHZ state

1
o) = \Tz(|0000> + |1111>)a1a2a3a4
1
®ﬁ(|0000> + \1111>)b1b2b3b4. 2)
Az Ay Ay
c—C—C
b4 G b3
ay ba
as bl
as O as
-0
B, By Bj
Alice Bob

Fig. 1. Quantum state preparation for bidirectional teleportation of
three-particle GHZ states.

After the quantum states preparation, Alice and Bob carry
out the following steps to complete the bidirectional teleporta-
tion.

Step 1 They perform controlled-not (CNOT) operations
respectively on particles A and b4, B; and a4, where A; and
B are the control particles.

Step 2 They perform single-qubit |Z)-basis measure-
ments on particles b4 and a4 respectively, and perform single-
qubit |X)-basis measurements on particles A, and B; respec-
tively, then they announce the results to each other through
classical channel.

Step 3 They perform single-qubit |X)-basis measure-
ments on particles A; and B; respectively, then they announce
the measurement results thriugh classical channel.

Step 4 They perform single-qubit |X)-basis measure-
ments on particles A3 and B3 respectively, then they announce
the measurement results through classical channel.

Step 5 They perform proper three-particle unitary oper-
ations on particles aj, as, a3 and by, by, b3 according to the
measurement results in Step 2, Step 3, and Step 4, then the
bidirectional teleportation is finished.

For example, if the measurement results in Step 2, Step 3,
Step 4 are |++00) 4,5, 5,4, |T+)a,5,> [+1)a;5, then the
states of particles by, b, b3 and ay, ay, az turn into

|%>b.b2b3a1a2a3
= (a0 Bo |000000) + ot By [000111)
+ 01 o [111000) + 0t B1 [T11111))p,y53a 4303
= (a0 |000) + a1 [111))p, b,
®(Bo1000) + B1 [111)) 4 ara- 3
In this case, the three-particle unitary operations of Alice and

Bob are I, ® 14, @14, and I, @I, @ I,,. After the unitary oper-
ations, Alice reconstructs the initial state |y,) on her particles
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ay, az, and a3, and Bob reconstructs the initial state |y;) on his
particles by, by, and b3. The bidirectional quantum teleporta-
tion of three-qubit GHZ states is completed successfully. The
unitary operations can be calculated when other measurement
results are obtained.

The above scheme can be extended to realizing the bidi-
rectional teleportation of n-particle GHZ states with a 2N-
particle (N = n+ 1) complex GHZ channel state.

3. SES for multi-hop bidirectional teleportation
of three-particle GHZ states

3.1. Basic scheme of SES

In a quantum network, there is usually no direct quan-
tum channel between two remote users. In order to realize the
bidirectional teleportation in Section 2 in a multi-hop quan-
tum network, we propose an SES scheme that can establish
the remote four-particle GHZ entanglement path. At first, we

consider a scenario of three-hop SES illustrated in Fig. 2. The
complete process consists of the following steps.

Step 1 Entanglement state preparation and entanglement
distribution

Alice prepares a four-particle GHZ state |w4) =
(1/+/2)(]0000) + |1111))4,ayaza> then she holds the parti-
cles ai, a», az and distributes particle a4 to the intermedi-
ate node R;. Bob prepares a four-particle GHZ state |wg) =
(1/v/2)(|0000) + [1111)), 5,535, then he holds the particles
b1, by, b3 and distributes particle b4 to the intermediate node
R>. Node R) prepares two Bell states |gg,,) = (1/v/2)(|00) +
111))asaq and |@r,z) = (1/3/2)(|00) + |11))p,p,. then he dis-
tributes particle ag to R, and distributes particle bg to Al-
ice. Node R, prepares two Bell states |¢z,,) = (1/1/2)(]00) +
111))ayas and |@ry,) = (1/v/2)(|00) +[11))pgp,. then he dis-
tributes particle ag to Bob and distributes particle bg to node
R;.

classical bits

- - = ~
P - — -
GHZ ( N Bell 5 Bell
a; az as Qay as ag ay as
ooe o @ © @ )
BSM
O @ O @ O 0090
bs | Bell | br bs | Bell | bs bs |quz | b3 b2
Alice S~~~ "R S Bob

—~—_ —_—_——

quantum channel

————— classical channel

Fig. 2. Three-hop simultaneous entanglement swapping of GHZ channel state.

In Fig. 2, the particles a1, az, a3, as4, as, ag, a7, and ag
constitute one channel for the bidirectional teleportation, and
we call it channel A. The particles by, by, b3, ba, bs, bg, b7,
and bg constitute the other channel, and we call it channel B.
We take channel A for example. After the particles distribu-
tion, the total state of particles ay, az, as, as, as, ag, a7, and ag
is expressed as

|orA-3)
1
= ﬁ(|0000>+|1111>)alazaza4
1 1
®\ﬁ(|00> + |11>)a5a(, & \ﬁ(|00> + |11>)a7a8

1
= §(|OOOOOO> +1000011) +|111100)

1

ﬁ(|00> + |11>)a7as
+10001)
+]1111)

+ 111 100>)“1“2“3“4“5“6 ®

1

= —(|0000
(0000)
+[1110)

100)
[10)

01)
1)

ajazazdeg ajas ajazaszag agas

ajazaszag agdas ajazaszdag a4a5)

1
®\ﬁ(|00>+|11>)a7u8' (4)

Using [9*) = (1/v/2)(/00) £ [11)) and [¢) = (1/v2)(|01) £

[10)), equation (4) can be rewritten as

|60rA 3)
2[[(‘0000> + |1111> ayazazae |¢+>a4a5 |¢+>a7a3

+(10000) = [1111))ayarasas |97 gras 197 ) 0o
+(10001) + [1110))ayasasas |97 ) gyas 197 ) e
+(10001) = [1110))ayaza306 |07 ) g5 9 Vg )

Defining |@;) = (1/+/2)(]0000) + |1111)) as a standard four-

particle GHZ state, we can obtain other four-particle GHZ
states with proper unitary operations on | ):

1) = 7(|oooo>+|1111>) _ Ul o) = I@I0Io o),
) = %(|OOOO>7|1111)):U2|w1>:I®I®I®Z|a)1>,
l@3) = %(|0001)+|1110)):U3|w1>:I®I®I®X|a)1>,
1) = —(10001) ~[1110)) = Us @)
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=IQIRIRZX o). (6)

Using Eq. (6), we can rewrite Eq. (5) as

1
IwTA—3> = E(Ul |w1>a]aza3a6 ‘¢+>a4a5 ‘¢+>a7a3
+U2 |w1>a1a2a3a5 |¢_>a4a5 |¢+>a7a8
+U3 |w1>alaza3a(, ’(P+>a4115 |¢+>a7ag

FUL 01 4y r0306 |9 Vayas [0 Darag)- D

Equation (7) can be expanded into the following form:

|otA—3) = %[(|w1>a|a2a3ag Ulp‘¢+>a6a7
H102) 1030305 UT 197 ) g
+103) 0y ayanas UL 197 ) e
H104) 430505 UT 197 Daan) 197 ) s
(100 ayasa305 U3 197 g
1) 4103030 U3 197 e
+103)ayara305 US |97 ) e
+108)aar0505 U3 197 D) 1907 Dy
+(101) 1050305 U 197 e
1) 4103030 U3 197 g
H103) 4,330 U3 197 ) e
F108) gy arasas U3 19 Dagar) |97 ) g
(101 ayar0305 U4 [97) g
102y arasas Ut 197 ) gear
+103) 4, 030305 UL 197 ) e
H104) 4,330 U3 |97 Do) |97 Dyas) (®)

In Eq. (7), U? (i = 1,2,3,4) denotes a two-particle unitary
operation which can de described as U =I®1, U) =Z®1,
Uy =X®ILU) =ZX®]I.

Step 2 Bell state measurements and unitary operations

After the entanglement distribution, the intermediate
nodes R and R, perform Bell state measurements (BSMs) on
their particles a4, as and ag, a7 simultaneously, then they ob-
tain one of the four results |¢™), [¢7), |¢T) and |@~) with
equal probability. Nodes R and R, encode the four measure-
ment results into two-bit classical codes 00, 01, 10 or 11, then
they send the two-bit codes through classical channel to Bob
simultaneously. Bob carries out an appropriate unitary opera-
tion on his particle ag according to the classical codes he has
received, after which a standard four-particle GHZ state | )
can be established on particles ay, a;, az, and ag between Alice
and Bob. The unitary operations can be derived from Eq. (8),
which are shown in Table 1. With a similar process, another
standard four-particle GHZ state can be established on parti-
cles by, by, bz, and bg in channel B.

For example, when the measurement results of a4, as and
as, ay are [¢7),, ., and U} [¢T)
are 0101, so the unitary operation on ag is /-gate according to
Table 1.

aar» then the classical codes
647

Table 1. Unitary operations of Bob in three-hop SES.

Measurement results Quantum state

of ar, az, a3, ag

Bob’s operation

of a4, as, and ag, a7 on particle ag

D001y om0 1111 e
0001, 0100
1011, 1110 (1/v2)(]0000) — [1111)) Z-gate
(1)8(1)8 (1)1(1)1 (1/v2)(0001) +[1110)) X-gate
0011, 0110
1001, 1100 (1/v2)(|0001) —[1110)) 7X-gate

The scheme above can be easily extended to the case of
N-hop multi-particle entanglement swapping. In the N-hop
scenario, there are N — 1 intermediate nodes numbered as R;,
Ry, ..., Ry_1 between Alice and Bob. For the convenience of
description, the particles held by R; in channel A are denoted
as R;; and Rj; respectively, and the two-bit result code of BSM
on R;; and Rj, is referred to as MR;;MR;;, then the unitary
operations of Bob can be obtained from Table 2.

Table 2. Unitary operations of Bob in N-hop SES.

Measurement results Bob’s operation

of Ry to Ry_ on his particle
SN MRy - &Y '"MR = 1 I-gate

N MRy - O 'MRp = 1 Z-gate

SN "MRyy - &N ' MRp = 1 X-gate

SN MRy - Y "MR = 1 ZX-gate

3.2. Modified unitary operations in arbitrary Bell states

In practice, the Bell state generated by each intermediate
node is not always the state |¢ "), it may be one of the four
Bell states [¢T), [¢7), |@T), |@~). Therefore, in addition to
sending the BSM results to Bob, the intermediate node also

needs to send the type of the Bell state generated by itself. It
can be proved that the final unitary operation that Bob adopts
is related to the number of different types of Bell states gener-
ated by all intermediate nodes, while it is irrelevant to the order
of the Bell states in the multi-hop quantum path. As a result,
Bob needs to count the number of the four types of Bell states
and calculate a modified unitary operation which is shown in
Table 3.

The four-bit sequence code in Table 3 denotes the mod 2
result of the count value of the four types Bell states |¢7),
|¢~), |@™), and |@~). Bob obtains the basic unitary operation
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from Table 1 or Table 2, and obtains the modified unitary oper-
ation from Table 3, then he obtains the final unitary operation
by multiplying the two operations.

Table 3. Modified unitary operations.

Mod 2 results of four Bob’s modified operation

types of Bell states on his particle

0000 0111 1000 1111 I-gate
0011 0100 1011 1100 Z-gate
0010 0101 1010 1101 X-gate
0001 0110 1001 1110 ZX-gate

Take the three-hop SES in Fig. 2 for example. Suppose
that the Bell states generated by Ry and R are [¢), , and
|97) 4,qq- then the count value of the @) states will be two
and the count value of other Bell states is zero, thus Bob ob-
tains a mod 2 result 0000. According to Table 3, Bob obtains
the modified unitary operation /-gate. Suppose that the Bell
asag and |¢_>a7ag’ then
Bob will obtain a mod 2 result 1100, so he obtains the modi-

states generated by Ry and R; are [¢)

fied unitary operation Z-gate.

4. The hierarchical simultaneous entanglement
swapping

In the SES scheme in Section 3, each intermediate node
needs to send the BSM results and the type of the Bell state to
Bob through the classical channel, which will lead to consider-
able classical information transmission costs. In order to solve
this problem, we propose a hierarchical SES (HSES) scheme
in this section, and the basic process of it is shown in Fig. 3.

In the HSES, the intermediate nodes on the quantum path
are divided into several segments according to the scale of the
network. The end node of each segment is represented in gray
in Fig. 3. A complete HSES process includes the following
steps.

Step 1 Entanglement state preparation and entanglement
distribution

This step includes a similar process to the Step 1 of basic
SES described in Subsection 3.1, except the fact that the end

Alice g

level-1 SES

—_—

. — — —

~ Bell
(=

nodes must generate Bell state |¢ ), while other intermediate
nodes can generate arbitrary Bell states.

Step 2 Level-one simultaneous entanglement swapping

Level-one SES refers to the entanglement swapping in
each segment, and it is carried out concurrently in all seg-
ments. With a similar process to that in Subsection 3.1, each
intermediate node (except the end node) in a segment performs
the BSM on the two particles in each intermediate node’s hand,
then transmits the measurement result and the type of the Bell
state prepared in Step 1 to the end node through the classical
channel. After that, the end node calculates the unitary oper-
ation according to Tables 2 and 3, and performs the unitary
operation on the particle the end node holds. When the level-
one SES is finished, the standard four-particle GHZ state |; )
will be established between the end node and the source node
in the first segment, while the standard Bell state |¢ ) will be
established between the adjacent end nodes in the remaining
segments (e.g. the end nodes in segment i and segment i + 1),
which can be seen in Fig. 4. Then, level-two SES will be per-
formed.

Step 3 Level-two simultaneous entanglement swapping

Level-two SES refers to the entanglement swapping be-
tween segments. The end node of each segment performs the
BSM on his two particles, and sends the measurement result
to Bob concurrently. In this stage, since the end node of the
corresponding segment has adjusted the Bell state to [¢ 1), it is
not required to transmit the Bell state type information through
the classical channel. After receiving all of the measurement
results, Bob calculates the unitary operation according to Ta-
ble 2, and performs the unitary operation on the particle he
holds, so as to establish the standard four-particle GHZ state
|o) with Alice.

Due to the fact that the transmission of the BSM results
and the Bell state types is limited to a smaller scope in level-
one swapping, and the Bell state types need not to be transmit-
ted in level-two swapping, the classical information cost can
be significantly reduced by using the HSES.

quantum channel

— — — classical channel (level-1)

classical channel (level-2)

Fig. 3. Hierarchical simultaneous entanglement swapping.
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end node
of seg. i

end node
of seg. 1

g Alice

end node
of seg. k

end node
of seg. i+1
quantum channel
--------- classical channel (level-2)

Fig. 4. Level-two simultaneous entanglement swapping. Abbreviation “seg.” = segment.

5. Analysis and discussion
5.1. End-to-end time delay of entanglement swapping

Suppose that there are N hops in an entanglement swap-
ping path between Alice and Bob, which means that the total
number of the intermediate nodes is N — 1.

In the SEQES, each intermediate node needs to perform
the unitary operation, BSM, and classical information trans-
mission in sequence. The total end-to-end time delay Dgeq of
SEQES can be calculated from the following formula

N-1
Dgq =Dqg+ Y, [Hi(Dc + Lint/Rc + Dpro) + D+ D). (9)
i=1
Here, Dy is the average entanglement distribution time in one
quantum hop between two adjacent quantum nodes, D, is the
average information transmission delay in one classical hop,
H; is the number of the classical hops between the i-th in-
termediate node and the (i + 1)-th intermediate node, Ly, is
the total length of the classical packet which carries the in-
formation about the BSM result and Bell-state type, R, is the
transmission rate of classical information, Dy, is the average
processing time for a classical packet, Dy, is the average time
of a BSM, and D, is the average time of a unitary operation.

In the SES described in Section 3, after the entanglement
distribution and the BSM, each intermediate node sends the
classical information to Bob simultaneously. The delay of
classical information transmission depends on the maximum
delay from each intermediate node to Bob. Therefore, the to-
tal end-to-end time delay Dy of SES can be calculated from

Ds = Dd + (Dc +Dpr0 +Lmt/Rc)Hmax +Dm +Du7 (10)

where Hp,x represents the maximum classical hop count be-
tween each intermediate node and Bob.

In the HSES described in Section 4, after the entangle-
ment distribution, the delay of level-one SES depends on the
maximum entanglement swapping delay of all segments, and
the delay of level-two SES depends on the maximum delay
from each end node to Bob. Therefore, the total end-to-end

time delay Dys of HSES can be calculated from

Dps = Dy “V‘Hmaxfs(Dc + Dpro +Lmt/Rc)
+Hmax—en(Dc +Dpro +Lm/Rc) +2Dm +2Dy. (11)

In Eq. (11), Hpax—s represents the maximum classical hop
count between the first intermediate node and the end node
in all segments, Hmax—en represents the maximum classical
hop count between each end node and Bob, Ly, represents the
length of the classical packet which carries the BSM result.
Owing to the fact that the entanglement states between the ad-
jacent intermediate nodes have been adjusted to standard [¢ ™)
in level-one SES, it is not required to transmit Bell state type
information.

In the following simulation, it is assumed that the propa-
gation rate of photon in the air is 2.996 x 103 km, Dy, is 100 ns,
Dy is 50 ns, Dy, is 20 ns, and R, is 100 Mbit/s. The lengths
of Ly and Ly, are both taken to be 512 bits due to the fact that
the classical code of BSM result and the Bell-state type must
be carried in a standard data packet, then this packet should be
encapsulated into MAC frame, and the length of the shortest
MAC frame is 512 bits.

The end-to-end time delay of SEQES, SES, and HSES
varying with the number of the intermediate nodes are shown
in Fig. 5. Here, the length of one quantum hop is taken to be
10 km, and the number of the intermediate nodes of one seg-
ment of HSES is taken to be 4. We can see that the time delays
of the three schemes all increase with the number of the inter-
mediate nodes increasing, and the delay of SEQES is much
higher than that of SES and HSES. This is because an inter-
mediate node must perform the required processes one after
another in SEQES, yet in SES and HSES, intermediate nodes
can perform these processes simultaneously. Meanwhile, the
time delay of HSES is slightly higher than that of SES.

Suppose that the distance from Alice to Bob is given,
the end-to-end delay of SEQES, SES, and HSES are given in
Fig. 6. when the per-hop length between two adjacent inter-
mediate nodes is separately 5 km, 10 km, and 20 km. The
number of the intermediate nodes in one segment of HSES
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is taken to be 4 when the per-hop length is separately 10 km
and 20 km, and it is taken to be 8 when the per-hop length is
5 km. It can be seen that the delay of SEQES is still higher
than that of HSES, while the delay of HSES is slightly higher
than that of SES. When the per-hop length is 20 km, SEQES,
SES, and HSES all obtain the lowest time delays, and they ob-
tain the highest time delays when the per-hop length is 5 km.
Obviously, a shorter per-hop length means a larger number of
intermediate nodes when the distance from Alice to Bob is
given. In other words, it will lead the end-to-end delay to in-
crease when too many intermediate nodes are placed between
Alice and Bob. However, when the number of the interme-
diate nodes decreases, the length between adjacent nodes will
increase, which brings about the considerable decoherence and
noise in quantum channel. As a result, it is very important to
determine the per-hop length appropriately.

—o— SEQES
—— SES
HSES

Time delay (ms)
O = N Wk U N 0 ©

15 20 25 30 35 40

5 10

Number of intermediate nodes

o

Fig. 5. Time delay versus number of intermediate nodes for SEQES, SES,
and HSES.

1 T T - -
6 —— SEQES-5 km per hop
144 SES-5 km per hop
—o— HSES-5 km per hop
SEQES-10 km per hop
[ —— SES-10 km per hop
————— HSES-10 km per hop
SEQES-20 km per hop
SES-20 km per hop
| —— HSES-20 km per ho

—_
N

—_
[=]

=)

Time delay (packet)
IS o0

0 50 100 150 200 250 300 350 400
Length of multi-hop path (km)

Fig. 6. Time delay versus length of nulti-hop path for SEQES and HSES in
the case of different per-hop lengths.

5.2. Classical information cost of entanglement swapping

In the SEQES, each intermediate node needs to send the
classical information about the BSM results and the type of the
Bell state to the next intermediate node. The overall classical
information cost of SEQES is

N—-1

Cseq = Z LineH;. (12)
i=1

In the SES described in Section 3, each intermediate node
needs to send classical information to Bob, so the overall clas-
sical information cost can be calculated from

N—1
Co= Y LH}, (13)
i=1

where Hid denotes the number of the classical hops between
the i-th intermediate node and the user node Bob.

In the HSES described in Section 4, the overall classical
information cost is

N Pk_l Ns
Cos =Y, Y LuiHjj+ Y LnHf. (14)
k=1 j=1 k=1

Here, Nj is the total number of the segments, Py is the total
number of the intermediate nodes in segment k, H,§j denotes
the number of the classical hops between the j-th intermediate
node and the end node in segment £, H,‘j represents the number
of the classical hops between the end node of segment k and
Bob, and P, satisfies

Ny
Y p=N-1 (15)
k=1

In the following simulation, we use the packet as the unit
of the classical cost due to the fact that the classical informa-
tion should be carried in a data packet which is encapsulated
in Mac frame.

The classical costs of SEQES, SES, and HSES varying
with the increase of the number of intermediate nodes are
shown in Fig. 7. Here, we assume that the classical hop count
between two adjacent intermediate nodes is 1, and we take 4
intermediate nodes in one segment in HSES. It can be seen that
the classical cost of SES is the highest in the three schemes,
while the classical cost of HSES is much lower than that of
SES, and the classical cost of SEQES is the lowest.

900 —_—
8o0p o~ SESQES
700 HSES
600
500
400
300
200
100

Classical cost (packet)

.  ———AA
0 5 10 15 20 25 30 35 40
Number of intermediate nodes

Fig. 7. Classical costs versus number of intermediate nodes for SEQES,
SES, and HSES.

Suppose that the total number of the intermediate nodes
between Alice and Bob is given, figure 8 shows the classical
costs of HSES when the numbers of intermediate nodes are 1,
4, 8, and 16 in one segment. It can be seen that when there is 1
node in a segment, which is equal to the scenario of SES, the
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classical cost is the highest; and the cost is the lowest when
there are 8 nodes in a segment, while the cost in the case of 4
nodes and 16 nodes are a bit higher. Therefore, a larger node
number in a segment does not always bring lower cost because
it leads to a higher cost of level-one SES. Consequently, it is
very important to give an appropriate segmentation method,
thereby obtaining an optimal classical cost.

3500 T T T T - -
—+—1 node per segment (SES)
_ 3000} —4 nodes per segment (HSES)
k5] ——8 nodes per segment (HSES)
§ 2500} 16 nodes per segment (HSES)
8,
+ 2000p
12}
o
9]
~ 1500}
]
>
Z 1000} ]
S /
© 500} ’ ]
o -

0 10 20 30 40 50 60 70 80
Number of intermediate nodes

Fig. 8. Classical costs versus number of intermediate nodes for HSES with
different numbers of nodes in one segment.

Assume that the total number of the intermediate nodes is
given in HSES, figure 9 shows the comparison among the clas-
sical costs when the classical hop counts between two adjacent
intermediate nodes are different. The number of the intermedi-
ate nodes in one segment is taken to be 4. From Fig. 9. we can
see that the classical cost is the highest when the classical hop
count is 3, while it is the lowest when the classical hop count
is 1. Due to the fact that each classical node in one classical
hop must store and forward the classical packets, the classical
cost rises with the increase of the classical hop count.

800

——one classical hop
700 ——two classical hops
600 three classical hops

500
400
300
200

Classical cost (packet)

100

0 5 10 15 20 25 30 35 40
Number of intermediate nodes

Fig. 9. Classical costs versus number of intermediate nodes for HSES with
different classical hops between adjacent quantum intermediate nodes.

5.3. Discussion on challenge of Bell-state measurement

A significant challenge in multi-hop quantum entangle-
ment swapping is the need of performing complete BSM,
which also plays a critical role in other quantum information
tasks, such as quantum teleportation and quantum dense cod-
ing. However, traditional BSM schemes with linear optics can

only distinguish two of the four Bell states unambiguously,
thus the success probability is no more than 50%. 40—

Although the complete BSM schemes with nonlinear
optical elements have been presented, such as the cross-
Kerr nonlinearity and the quantum-dot system,*3-4 they are
still hard to put into practical application. In the past few
years, researchers have been working on achieving a complete
BSM with linear optics, and several improved schemes have
been proposed, such as the use of auxiliary particles, %471
compression operation,!*®! and ancillary degree of freedom
(DOF).[49-32] Grice proposed a complete BSM by using the
linear optical elements with the addition of ancillary entangled
photons, *®! showing that the addition of 2V — 2 ancillary pho-
tons yields a success rate of 1 —1/2". Zaidi and van Loock
presented a dual-rail unambiguous BSM scheme by using
single-mode squeezers and beam splitters with a success prob-
ability of 64.3%.1471 Kwait and Weinfurter first proposed a
scheme to perform the complete BSM with linear optics by us-
ing entanglement in polarization DOF and ancillary DOF. 48]
After that, a series of complete BSM schemes was put forward
by using the hyperentangled states, such as hyperentanglement
in polarization-momentum,*°! polarization-frequency,>°! and
polarization-time mode.'3%! In these schemes,the quantum
message is usually carried by the polarization DOF, while the
ancillary DOFs are used to expand the measurement space.

Owing to the above progresses, the practical BSM tech-
nology has been greatly developed, while how to distinguish
Bell states unambiguously and efficiently in quantum infor-
mation fields is still a very crucial research topic, and this will
also be an important aspect of our future work.

6. Conclusions

In this work, we present a multi-particle HSES scheme
for the bidirectional teleportation of three-particle GHZ states,
in which the intermediate nodes on the quantum path are
divided into several segments, and the whole entanglement
swapping includes level-one SES and level-two SES. Owing
to the fact that the classical information transmission is lim-
ited to a smaller scope in level-one SES, and only the inter-
mediate nodes need to transmit classical information to Bob
in level-two SES, the classical information cost can be sig-
nificantly reduced. Compared with the existing SEQES and
SES schemes, the HSES has the advantages to obtain the op-
timal performance tradeoff between the end-to-end delay and
the classical information cost.

The HSES scheme in this paper can be easily extended
for other quantum communication tasks. Generally, a large
scale quantum network is divided into quantum access net-
work (QAN) and quantum core network (QCN). In the QAN,
different types of entanglements can be distributed between
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the user node and the network edge node according to the re-
quirements of quantum communication tasks, such as W state,
GHZ state, cluster state, etc. In the QCN, the intermediate
nodes only need to prepare and distribute Bell states. Using
the HSES scheme, the multi-hop entanglement between re-
mote users can be established with low delay and low classical
information cost. Such a scheme is of positive value for im-
proving the quality of large scale quantum networks and pro-
moting the development of practical quantum communication,
which will have a potential application prospect in construct-
ing the future quantum land networks and quantum satellite
networks.
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