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We study the abruptly autofocusing and autodefocusing properties of the circular Airy Gaussian vortex (CAiGV)
beams in strongly nonlocal nonlinear medium for the first time through numerical simulations. The magnitude of topo-
logical charges and the position of the vortex could change not only the light spot pattern but also the intensity contrast.
Meanwhile, we can change the position of the autofocusing and autodefocusing planes by changing the parameter of the
incident beam. Furthermore, we can control the peak intensity contrast through choosing properly the truncation factor. As
for the radiation force, we study the gradient and the scattering forces of CAiGV beams on Rayleigh dielectric sphere. Our
analyses demonstrate that the radiation force can be enhanced by choosing proper parameters of CAiGV beams.

Keywords: optical vortices, abruptly autofocusing, radiation force, strongly nonlocal nonlinear
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1. Introduction
Abruptly autofocusing (AAF) beams have been stud-

ied both theoretically[1] and experimentally.[2,3] The focusing
mechanism of AAF beams is entirely different from that of
Gaussian beams. In the case of Gaussian beams, the wave’s
constituent rays form a sharpened pencil which converge at the
focus point and as the beam’s cross-sectional area gradually
decreases, the maximum intensity over the transverse plane
increases in a Lorentzian fashion, centered at the focus.[4] But
in the case of AAF beams, the rays responsible for focus-
ing are emitted from the exterior of a dark disk on the input
plane and stay tangent to a convex caustic surface of revolu-
tion that contracts toward the beam axis.[1] The AAF beams
maximum intensity remains almost constant during propaga-
tion, while close to a particular focal point, they suddenly aut-
ofocus, as a result, their peak intensity can increase by or-
ders of magnitude.[1] This AAF property of the AAF beams
is quite useful, which can be used to trapping or guiding
microparticles[3,5] and generation of light bullet.[6]

In 1989, Coullet found the vortex solutions of the
Maxwell–Bloch equations and created the concept of op-
tical vortices (OVs), inspired by hydrodynamic vortices.[7]

Abruptly autofocusing vortex beams were investigated by Jef-
frey A. Davis, who gave explicit equations for the phase-
only Fourier masks that generate these beams including ex-
planations for controlling the focal distance and numerical
aperture.[8] In recent years, OVs have potential application
in the fields of optical communications,[9] high resolution
imaging,[10] and optical tweezers.[11,12]

What is more, the propagating properties of all kinds of

beams and light bullets in strongly nonlocal nonlinear medium
(SNNM) have been exploited, such as Laguerre–Gaussian
beams,[13] Airy beam,[14] airy light bullets,[15] and Airy–
Laguerre–Gaussian light bullets.[16] In addition to this, a lot
of researchers have studied the evolution characteristics of the
beams in different categories of potentials, including quadratic
nonlinear medium,[17] linear index potentials,[18] parabolic
potential,[19] highly nonlocal medium,[20] and higher-order
power-law potentials.[21] Nevertheless, as far as we know, the
AAF properties and the radiation force of the circular Airy
Gaussian vortex (CAiGV) beams in SNNM have not been re-
searched. In this paper, the propagating properties and radi-
ation force of the CAiGV beams are researched through nu-
merical simulations. The magnitude of the topological charges
and the position of the vortex can change the light spot pattern
and the peak intensity contrast. The positions of the autofo-
cusing and autodefocusing planes, the peak intensity contrast,
and the radiation force can be tuned by altering the parameter
of the incident beam.

The rest of this article is structured as follows. First and
foremost in Section 2, we introduce a kind of theoretical model
for the CAiGV beams in SNNM. After that in Section 3, the
propagation properties of the beams are discussed. Then in
Section 4, the radiation force of the beams is studied. Finally
in Section 5, the important conclusions are summarized.

2. The theoretical model

The dynamics of the spatial beams propagating along the
z-axis in SNNM can be governed by the (2+1) dimensional
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nonlocal nonlinear Schrödinger equation (NNLSE)[22–25]

2ik
∂E
∂ z

+∇
2
⊥E +2k2 ∆n

n0
E = 0, (1)

with the 2D nonlinear perturbation of the refractive index ∆n
being given by

∆n = n2

∫
∞

−∞

∫
∞

−∞

R∗(r− r′) | E(r′,z) |2 dx′dy′, (2)

where ∇2
⊥ = ∂ 2/∂x2 + ∂ 2/∂y2, E is the beam envelope, n2

is the nonlinear index coefficient, R∗(r) corresponds to the
normalized symmetrical real spatial response function of the
nonlocal medium. Here, k = 2πn0/λ is the wavenumber, λ

is the wavelength in the free space, and n0 denotes the am-
bient index of refraction (n0 = 1). For the strongly nonlocal
medium, the characteristic width of the response function is
much larger than that of the optical beam.[26] In this case, the
response function R∗(r) can be expanded in Taylor’s series.
If the response function is expanded to the second order, the
(2+1)D NNLSE can be deduced to the Snyder–Mitchell linear
model[22]

2ik
∂E
∂ z

+∇
2
⊥E− k2

γ
2P0(x2 + y2)E = 0, (3)

where γ is a material constant associated with the response
function, and P0 =

∫∫
|E|2 dxdy is the input power of the beam.

In the following numerical example, the relevant parameters
of strong nonlocality are considered as γ = 0.4 and P0 = 1 for
convenience without special statement. In the paraxial approx-
imation and in the SNNM, equation (3) can be transformed
into the dimensionless Snyder–Mitchell model

2i
∂E
∂Z

+∇
2
⊥E− k2

ρ
4
0 γ

2P0(X2 +Y 2)E = 0, (4)

where X and Y represent the normalized transverse coordi-
nates. According to the radially symmetrical CAiGV beams
solution, we can describe it in polar coordinates, equation (4)
can be rewritten as

2i
∂E
∂Z

+
∂ 2E
∂R2 +R−1 ∂E

∂R
+R−2 ∂ 2E

∂φ 2 − k2
ρ

4
0 γ

2P0R2E = 0, (5)

where φ = arctan(Y/X) represents the azimuthal angle, the
radial coordinate R is normalized, scaled by an arbitrary trans-
verse width ρ0, and Z is the normalized propagation distance
with the corresponding Rayleigh range Zr = kρ2

0 .
The electric fields of the initial CAiGV beams can be ex-

pressed as

E(R,φ ,0) = A0Ai
(

R0−R
bs

)
exp
(

a
R0−R

bs

)
× exp

[
−(R0−R)2]

×(Re iφ +Rk e iφk)m(Re iφ −Rk e iφk)l , (6)

where A0 is the constant amplitude of the electric field; Ai(·)
denotes the Airy function; a (0 < a < 1) is the truncation fac-
tor of the Airy function; R0 represents the radius of the first
ring of the CAiGV beams; bs (0 < bs < 1) is the spatial distri-
bution factor that makes the CAiGV beams tend to the CAiV
beams when the spatial distribution factor is small or the Gaus-
sian vortex (GV) beams when the spatial distribution factor is
large; (Rk,φk) represents the position of the OVs; (m, l) is the
topological charges of the OVs. We cannot obtain the ana-
lytical solution for Eq. (5). Fortunately, we can obtain nu-
merical simulations through using the fast Fourier transform
method.[27,28] In the following simulation, the related param-
eters are chosen as A0 = 1, a = 0.1, bs = 0.1, m = 0, l = 0,
R0 = 1, ρ0 = 100 µm, λ = 533 nm.

3. Propagation properties of circular Airy Gaus-
sian vortex beams

The side-view intensity profiles of the CAiGV beams are
illustrated in Fig. 1(a). It is clear that it represents a kind of
periodic abruptly autofocusing and autodefocusing evolution
behavior. From Figs. 1(b1)–1(b5), the transverse intensity pro-
files are displayed at the planes marked by the dashed lines in
Fig. 1(a). It can be seen from Fig. 1(b1) that the intensity of
the annular plate decreases gradually from the inside out and
the width of the annular plate also decreases gradually. As
the propagation distance increases, almost all the energy fo-
cuses on a very small circular light spot region at the autofo-
cusing plane in Fig. 1(b2). Comparing Figs. 1(b2) and 1(b4),
the transverse intensity distribution is the same in the auto-
focusing plane and the autodefocusing plane. A cylindrical
pattern of the light spots is formed between the autofocusing
position and the autodefocusing position, and the intensity de-
creases first and then increases with the increase of the propa-
gation distance, which is due to some interference rings being
formed in Fig. 1(b3). The transverse intensity distribution in
Fig. 1(b5) is the same as that in Fig. 1(b1), one cycle evolution
ending and a new one beginning.

In Fig. 2, we analyze the evolution characteristics of the
CAiGV beams, one can see clearly a hollow channel, it is be-
cause the on-axis vortex (the vortex core of an OV can exist on
the propagation axis of the beam, that is to say, Rk = 0,φk = 0)
exists along the propagation. For studying the evolution be-
havior of the CAiGV beams, we demonstrate the intensity pat-
tern of the CAiGV beams in Fig. 2(c). In Fig. 2(c), we find that
the CAiGV beams can sharply concentrate nearly all energy at
the autofocusing plane in SNNM. In Fig. 2(d), we describe the
phase distribution of the CAiGV beams when the beams exist
the on-axis vortex.
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Fig. 1. The intensity profiles of CAiGV beams at different propagation distances. (a) The numerically simulated side-view propagation of the
CAiGV beams, (b1)–(b5) snapshots of the transverse intensity patterns are taken at the planes marked by the dashed lines in (a).
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Fig. 2. The intensity profiles of CAiGV beams at different propagation distances. (a) The numerically simulated side-view propagation of the CAiGV
beams, (b1)–(b3) snapshots of the transverse intensity patterns are taken at the planes marked by the dashed lines in (a), (c) the detailed intensity
distribution of the propagation dynamics, (d) the phase pattern at the initial plane. Other parameters are the same as those in Fig. 1, except m = 1.

In order to study the effect of the spatial distribution fac-
tor bs better, we plot the transverse intensity profiles and the
corresponding cross lines of the CAiGV beams in Fig. 3. We
can see from Figs. 3(a1)–3(d1) that the CAiGV beams tend

to circular Airy vortex (CAiV) beams when bs = 0.1, while
the CAiGV beams tend to the GV beams when bs = 0.5. In
Figs. 3(a2)–3(d2), the distance between the autofocusing posi-
tion and the autodefocusing position decreases gradually with
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the increase of bs, meanwhile, the intensity of the autodefo-
cusing plane increases significantly, as shown in Figs. 3(a3)–
3(d3).

The off-axis vortices (the vortex core of an OV can not
exist on the propagation axis of the beam, that is to say,
Rk 6= 0,φk 6= 0) are imposed in Fig. 4(c). In Fig. 4(b1), we
can witness a hollow region in which the light intensity is zero
on the left of the light spot due to the off-axis vortex, almost all
the energy concentrates on the right side of the main ring at the
initial plane. As the propagation distance increases, the vortex
moves to the center in Fig. 4(b2) and all the energy is focused
on the center. The intensity profiles rotate 90◦ counterclock-
wise and we can see many interference rings in Fig. 4(b3).
Compared with the initial plane, the intensity profiles rotate
180◦ counterclockwise, as is depicted in Fig. 4(b5).

The propagation properties of the CAiGV beams can be
noticeably influenced due to the difference of the magnitude

of topological charges and the position of the vortex. When
we impose two off-axis vortices at the different positions in
Figs. 5(a4)–5(b4), the intensity profile of the light spot is
the same, but the light spot location is different at the same
position. In Figs. 5(a1)–5(b1), the intensity pattern of the
CAiGV beam is the shape of a meniscus light spot, and the
intensity pattern is a pea-shaped light spot at the autofocusing
plane in Figs. 5(a2)–5(b2) and at the autodefocusing plane in
Figs. 5(a3)–5(b3). When the number of topological charges
increases, the light intensity increases, compared to that in
Figs. 4(b2)–4(b4). We can find that the intensity contrast in-
creases with the increase of m when we impose on-axis vor-
tices in Fig. 5(c), while the intensity contrast decreases first
and then increases when we impose the off-axis vortices in
Fig. 5(d), but the positions of the self-focusing plane and the
self-defocusing plane can not change.
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(b3) at the autodefocusing plane, (a4)–(b4) the phase pattern at the initial plane. Comparison of (I/I0)max of the CAiGV beams with different m
as a function of Z for (c) on-axis vortices and (d) off-axis vortices. Other parameters are the same as those in Fig. 4, except m = 2 in (a1)–(a4),
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Finally, for understanding the effect of the parameter R0

and the parameter a better, we depict the peak intensity con-
trast of the CAiGV beams. One can easily see that the intensity
contrast is about the same, but the positions of the autofocus-

ing and autodefocusing in Fig. 6(a) can be changed sightly by
adjusting the parameter R0, and the distance between autofo-
cusing and autodefocusing decreases with R0 increasing. As
a increases, the peak intensity contrast of the CAiGV beams
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decreases in Fig. 6(b).
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Fig. 6. The peak intensity contrast of the CAiGV beams versus the
propagation distance for (a) different R0, (b) different a. Other parame-
ters are the same as those in Fig. 2.

4. The radiation forces of circular Airy Gaus-
sian vortex beams on a Rayleigh dielectric
sphere
Here, we investigate the radiation forces of CAiGV

beams on a Rayleigh dielectric sphere in SNNM, which are
associated with momentum changes of the electromagnetic
wave, and the radius of the Rayleigh dielectric sphere is much
smaller than the wavelength of the CAiGV beams (i.e., r0 �
λ ). When r0� λ , the Rayleigh dielectric particle can be con-
sidered as a point dipole, and the Rayleigh scattering model
is used to calculate the radiation forces on the particle.[7] We
assume that a micro particle with refractive index np is struck
by the CAiGV beams. When the particle experiences a steady
state, the gradient force and the scattering force can be calcu-
lated by[20]

𝐹grad(x,y,z) =
2πnmr3

0
c

(
m2−1
m2 +2

)
∇I(x,y,z), (7)

𝐹scat(x,y,z) =
8πnmk4r6

0
3c

(
m2−1
m2 +2

)2

I(x,y,z)𝑒z, (8)

I(x,y,z) = cnmε0
|E(x,y,z)|2

2
, (9)

where m = np/nm is the relative refractive index of the parti-
cle, nm is the refractive index of an ambient medium, r0 is the
radius of the micro particle, c is the light velocity, and ε0 is the
permittivity of vacuum.[30]

In the following text, we choose np = 1.592, r0 = 50 nm.
The gradient force and the scattering force are deemed to be
two kinds of main radiation forces.[30] From Eq. (7), one can
see that the gradient force is proportional to the intensity gradi-
ent. From Eq. (8), one can find that the scattering force along
the propagation direction is proportional to the intensity.[30]

The trapping force can be defined as the sum of the gradient
force and the scattering force. There are several necessary con-
ditions for stably trapping in optical traps by CAiGV beams.
First, the backward longitudinal gradient force must be large
enough to overcome the forward scattering force. Second, the
longitudinal gradient force must be large enough to overcome
the influences of the buoyancy and the gravity. The third con-
dition is that the potential well of the gradient force must be
larger than the kinetic energy of the Brownian particle.[31] It is
judged by the Boltzmann factor as follows:[29,32]

exp(−U/kBT )� 1, (10)

where

U =
2πnmr3

0
c

(
m2−1
m2 +2

)
∆I(x,y,z) (11)

is the potential energy of the gradient force at the trap posi-
tion, kB is the Boltzmann constant, and T is the temperature of
the medium, ∆I(x,y,z) denotes the intensity difference related
with the potential well of the gradient force.[31]
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Fig. 7. (a) The longitudinal radiation force F on a Rayleith particle with
radius of 40 nm versus z; (b1)–(c1) the transverse gradient force pattern
(background) and the transverse gradient force flows (red arrows) of the
CAiGV beams in the trapping plane; (b2)–(c2) the transverse gradient
force in the trapping plane.
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Fig. 9. The distribution of the radiation force on the Rayleigh particle: (a) the sum of the gradient force and the scattering force; (b)–(c) the
transverse gradient force in the trapping plane.

In order to further investigate the trapping progress, we
plot the longitudinal radiation force and the pattern of the
transverse gradient force and the transverse gradient force in
the trapping plane, as elucidated in Fig. 7. In Fig. 7(a), one
can see clearly that there are two stable equilibrium points in
the distribution of the longitudinal trapping force where the
Rayleith particle can be trapped. In Figs. 7(b1) and 7(c1), one
can find that the gradient force vectors in the X-axis is mostly
distributed to the left and right, and that in the Y -axis is mostly
distributed in the unwards or downwards. From the overall
point of view, the gradient force probably presents a circular
distribution. Figures 7(b2) and 7(c2) show that the particle can
be transversely trapped at b and c.

The distributions of the transverse and longitudinal radi-
ation forces of the CAiGV beams on a Rayleigh particle are
elucidated in Fig. 8. The scattering force and longitudinal gra-
dient force increase as r0 increases and the effective longitu-
dinal trapping force of the CAiGV beams becomes larger. We
can also see that the trapping position is slightly shifted for-
ward due to the influence of the scattering force. With the
increase of r0, the transverse gradient force also increases in
the trapping plane.

Finally, we analysis the distributions of the longitudinal
and transverse radiation forces of the CAiGV beams in Fig. 9.
One can see that the radiation force can be modulated by con-
trolling the parameter a. The longitudinal radiation force and
transverse gradient force increase as a decreases, and the trap-
ping position is not changed.

5. Conclusion

We have studied the evolution behavior of the abruptly
autofocusing and autodefocusing CAiGV beams in SNNM
through numerical calculations. We can see a kind of peri-
odic abruptly autofocusing and autodefocusing evolution be-
havior, and almost all energy focuses on a very small circu-
lar light spot area at the autofocusing plane. The intensity
profiles could have a hollow channel when the on-axis vor-
tices are imposed. Furthermore, the CAiGV beams tend to the
CAiV beams when bs = 0.1 and tend to the GV beams when
bs = 0.5. Meanwhile, we can change the light spot pattern and
the intensity contrast by adjusting the magnitude of the topo-
logical charges and the position of the vortex. The intensity
contrast increases with the increase of m when the CAiGV
beams have on-axis vortices, the intensity contrast decreases
first and then increases when the CAiGV beams have off-axis
vortices. The intensity pattern of the beams rotates with the
increase of the propagation distance, and we can control the
position of the autofocusing and autodefocusing planes by ad-
justing the parameters bs and R0, and we can also change the
peak intensity contrast through choosing appropriate a. Fi-
nally, we have theoretically investigated the radiation force of
the CAiGV beams. One can find that there are two stable equi-
librium points in the distribution of the longitudinal trapping
force, and we can enhance the radiation force through adjust-
ing parameters of r0 and a.
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