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On the basis of the general potential vorticity theorem (GPV), a new wave-activity relation is derived in an
ageostrophic and nonhydrostatic dynamic framework. When the Reynolds average is taken, the wave—activity relation
shares an exchange term with the equation of the basic-state GPV. Thus, the two equations are capable of presenting the
dynamic process of the wave—basic flow interaction. Unlike the E-P flux theory which can only be used in large-scale
atmosphere, the corresponding derivation provides a useful tool to analyze the feedback of waves to basic states and the
forcing of basic states to waves simultaneously, and it can be used in mesoscale systems, such as heavy rainfall processes.
The theory was initially applied to the landfalling Typhoon Mujigae (2015) by assigning the scalar ¢ to the generalized
potential temperature (GPT). The results showed that the newly-derived wave—activity density is able to describe the wave
activities associated with strong precipitation in Typhoon Mujigae (2015), including the eyewall and spiral rainbands. How-
ever, the interaction between the basic-state vortex and mesoscale waves denoted by the exchange term between basic-state
GPV and wave—activity density mainly occurs in the eyewall in Typhoon Mujigae (2015). A comparison of the exchange
term with other forcing terms in the newly-derived wave—activity relation indicates that the basic state—wave interaction
plays a significant role in enhancing wave activities in the high-precipitation eyewall. By a magnitude analysis of the inter-
action term, it is found that the strong interaction between basic-state vortex and mesoscale waves is mainly attributed to
two factors: the vertical vorticity intensity of the basic-state vortex and the averaged perturbation advection of perturbation

GPT which is an exchange between the basic-state GPT and perturbation GPT.

Keywords: wave—activity density, basic state—wave interaction, wave—activity relation

PACS: 92.60.—e, 92.40.Ea, 92.60.Wc, 92.70.Cp

1. Introduction

The wave—activity relation is a useful tool for illustrating
disturbance developments and evaluating the interaction be-
tween waves and basic flow.[1:2] Generally, the relation takes
the following flux form:

0A
5 TV F=5 (1)

where A and F' are the wave—activity density and the wave—
activity flux, respectively, and S is the source or sink of the
wave—activity density. The wave—activity density and wave—
activity flux are quadratic or higher-order in the disturbance
amplitude. In recent decades, many types of wave—activity re-
lations have been constructed for various purposes.*~21 How-
ever, most of these wave—activity relations were based on a
quasi-geostrophic approximation or built by using entropy co-
ordinates, which are not suitable to mesoscale motions.

Ran and Gao!'3! derived a three-dimensional (3D) wave—
activity relation for the pseudomomentum in Cartesian co-
ordinates by the momentum—Casimir method. Because the
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relation was constructed in an ageostrophic and nonhydro-
static dynamic framework, it is applicable to mesoscale phe-
nomena. Nevertheless, the wave—activity relation constructed
by the Casimir method requires the basic-state velocity and
basic-state Casimir function to satisfy a restriction relation,
which greatly limits its applications. Realizing this, Gao and
Ran!'¥! constructed the general wave—activity relations associ-
ated with vertical velocity perturbation on the basis of poten-
tial vorticity (PV) theorem.!!>] These wave—activity relations
are easy to calculate and flexible to use. An application of
them to a heavy-rainfall event demonstrated that the general
wave—activity densities were consistent with the rain rate sim-
ulated by numerical models.

However, the wave-basic flow interaction essentially con-
tains two dynamic processes: the forcing of the basic states to
waves and the feedback of waves to basic states. The former
is represented by the “wave—activity (conservation) relation”,
while the latter is generally described by the “Eliassen—Palm
(E-P) flux theory”. A common problem in the previous inves-
tigations of wave—activity relations (also seen in Eq. (1)) is that
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the two processes were separated. When the wave—activity re-
lation was mainly considered, the feedback of waves to basic
states was not taken into account.

In this paper, we derive a new wave—activity relation, in
which the wave—activity density is the general PV (GPV) per-
turbation quadratic in disturbance amplitude. The GPV per-
turbation is defined as the scalar product of the curl of the
horizontal velocity perturbation and the spatial gradient of an
arbitrary scalar perturbation based on the work of Haynes and

(151 and Gao and Ran.['>] An important feature of this

Mclntyre
new wave—activity relation that differs from previous wave—
activity relation is that it shares an exchange term with the
basic-state GPV equation. Thus, the two equations connect the
two processes in the wave-basic flow interaction. The theory
is initially applied to a landfalling typhoon. The characteris-
tics of the interaction between the wave—activity density and
basic-state GPV during the event and their relations to heavy
rainfall in the typhoon are examined.

The rest of this paper is arranged as follows. The the-
ory is detailed in Section 2. The application of the newly-
derived wave—activity relation to a landfall-typhoon heavy-
rainfall event is discussed and analyzed in Section 3. Con-
cluding remarks are presented in Section 4.

2. Formulae

The general form of potential vorticity (GPV)!!>! is de-
fined as

q= (vah)'V(Pv 2

where v, = (u, v, 0) is the horizontal velocity vector, and
© = ¢ (x,y,7,t) is an arbitrary scalar function and satisfies the
tendency equation,

¢

ST Ve =5, 3)

Note that ¢ can be any scalar, e.g., potential temperature,
moist potential temperature or even potential vorticity, as long
as it satisfies Eq. (3). Sy is the source or sink of ¢.

All the wvariables in
atmosphere[16] and Eq. (3), e.g., u, v, ¢, are assumed to be

the primitive equations of

able to be decomposed into a basic state and a perturbation,
F=F+F. 4)

Here, F represents the variables, the superscript “— denotes

(1744

the basic state, and the superscript refers to the perturba-
tion from the corresponding basic state.
Substituting decompositions of the variables (such as

Eq. (4)) into Eq. (2), GPV can be decomposed into,

q=q+4q +A, )

where
G=(Vxtp)-Vo, (6)
d = (Vxv)-Vo+(Vxwn)- Ve, €
A= (Vxuv)) Ve (8)

are respectively the basic-state, first-order, and quadratic-order
GPVs, o, = (@, v, 0) is the basic-state horizontal velocity vec-
tor, v, = (i, V', 0) is the horizontal velocity vector perturba-
tion, @ and @’ are respectively the basic state and perturbations
of the scalar ¢.

In Eq. (5), g is decomposed into three portions and these
three portions have different physical meanings. ¢ is the basic-
state GPV which is composed of basic-state variables describ-
ing large-scale motions. It represents the projection of the
basic-state vorticity onto the gradient of the basic-state scalar
0, and ¢’ is the first-order GPV, which contains the first-order
disturbance. It denotes the sum of the projection of the per-
turbation vorticity onto the gradient of the basic-state scalar ¢
and the projection of the basic-state vorticity onto the gradi-
ent of the scalar perturbation. A is the second-order GPV and
represents the projection of the perturbation vorticity onto the
gradient of the scalar perturbation.

Since A is quadratic in perturbation fields, it is in essence
a type of wave energy and is capable of representing mesoscale
perturbation imposed on a basic flow. Therefore, A is the so-
called wave—activity density in this paper. What kind of phys-
ical information is contained in the wave—activity density A is
determined by the decomposition of the basic state and the per-
turbation. Here, the Reynolds average is used to yield the basic
state and to derive the wave—activity relation for A. It will be
found that through the Reynolds average, the basic state—wave
interaction is contained in the wave—activity relation.

Substituting the decompositions like Eq. (4) into the
primitive equations''®! and Eq. (3) and applying the Reynolds
average, one can obtain the basic-state tendency equations as

follows:
dit o . ——a—
E:—U-Vu—&—fva—'u’-Vu’, 9
av ——
— =—0-Vi— fi,—v'-VV, 1
= ©-Vi— fii,—v'-Vy (10
%—‘f:—ﬁ.w—vhwur&p, (11)

where © = (i1, v, w) is the three-dimensional basic-state ve-
locity vector, v’ = («/, v/, w') is the three-dimensional per-
turbation velocity vector, if, and v, are respectively basic-state
zonal and meridional ageostrophic velocities, S, is the basic-
state Sy, meaning that the source or sink of ¢ is also decom-
posed into a basic state and a perturbation. The Reynolds con-

ditions which are used in the above equations can be found

in the paper by Liu and Liu.!'®! The terms (v Vi/, v/ -VV/,

and v’ - V¢') that are quadratic in disturbance amplitude re-
sulting from the Reynolds average are kept on the right-hand
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sides of the above basic-state equations. From Egs. (9)-(11) it
is found that those terms serve as the stress forces to dissipate
the basic-state fields.

Subtracting Eqgs. (9)—(11) from the primitive equations!%!
and Eq. (3) respectively yields the perturbation equations as

follows:
ou

o
v

ot
¢’
ot

where 1, and v/, are respectively perturbation zonal and merid-

=0 Vi—o-Vi'+ fv, —v" - Vi' +0 -V, (12)

=0 Vo—5-Vv' — fu, —v -V +v'-VV, (13)

=0 Vp—5-Vo' —v Vo' +v Vo' +5,, (14)

ional ageostrophic velicities, and S;o is the perturbation of the
source or sink of ¢ which is retained in Eq. (14).

Comparing Egs. (12)—-(14) with Egs. (9)—(11) respec-
v VY,
v'-V¢@') in the basic-state equations are also involved in the

tively, the averaged quadratic terms (v’-Vu/, and
above perturbation equations, but with opposite signs. They
thus represent the transformation between the basic state and
perturbation. These terms can partially describe the interaction
between the wave and basic flow. However, the dynamic and
thermodynamic interactions are separated in Eqgs. (9)- (14)

0V 0V dp  db (p
FA“"K o )az‘az( )
,0V V' 9P au
*’““ ox Vay)a *( £ ay>a

for the reason that it is related to the interactions between the
basic state and wave.

As in the above equations, the term V - Frey in Eq. (15) is
also involved in Eq. (17) when the Reynolds average is taken
into consideration in Egs. (15)—(17), but its sign is opposite
(note that when the Reynolds average is taken into account in
Eq. (16), the terms on its both sides become zero). This means
that the term V - F¢y is an exchange term between the aver-
aged wave—activity diversity and the basic-state GPV, denoting
the transformation of the momentum and heat between waves
and basic states..

In the case of the Reynolds average, when V - Fiex >0,
the transfer of the basic-state GPV to the wave—activity den-
sity is prone to reducing g (namely, dg/dt < 0) and increasing
A (namely, dA/dt > 0). The convergence of Faex (namely,
V. Fpex < 0), representing the transfer of wave—activity den-
sity to basic-state GPV, is prone to promoting § (namely,
2G/dt > 0) and suppressing A (namely, dA/dt < 0).

In the classical theory of interaction between the wave

and basic flow, the wave—activity density and wave—activity

29,

thus unable to describe the wave—flow interaction comprehen-
sively. To exactly describe the interaction, an alternative set of
basic-state and perturbation equations that share the same term
and synthetically describe the dynamic and thermodynamical
characteristics of the atmosphere is needed.

By applying d /9t to Egs. (6)—(8) separately and using the
basic state and perturbation equations given above, the ten-
dency equations of the three GPV components A, g, and, g
can be obtained as follows:

%‘ =V-Fy1+V -Fpp+V-F3+V-Fju+ V- Fex
+V - (v}, X VS,) (15)
aa—qtl =V-F; +V -Fy+V-Fy3+V-Fy +V-Fys
—V - Fpex + V- (v, x VSp + o, x V'), (16)
% =V -Fj+V - Fp+V-Fy;3—V Facx
+V - (T x VS,). (17)

Specific forms of the forcing terms on the right-hand side of
Egs. (15)—(17) are given in Appendix A. Here, we only see the
term

{ ( e %Z) %(5 g:( 83(2 w aaq;”
(3290 (w2 22| s
|
flux divergence satisfy an important dynamic relation:
poit =V, B p =V, B — f%f, (19)

where Fg_p is the E-P flux. It is noted that “_” denotes a zonal
average here. The E-P flux and wave—activity density satisfy
a group velocity relation, namely,

F =c,A, (20)
where ¢, is the group velocity. Equation (20) is a con-
cise statement of the wave-mean flow interaction. Never-
theless, the relation holds only in some special cases such
as quasi-geostrophic Rossby waves and two-dimensional or
three-dimensional pure gravity waves (excluding the effects of
the Earth rotation). It is not applicable for all types of wave—
activity relations and cannot be extended to general circum-
stances. In contrast, the wave—activity relation (Eq. (15)) de-
rived in this paper is not limited to a specific type of wave.
Any perturbation which may be composed of various-scale
waves can be described by Eq. (15). Moreover, when the term

V- Facx in Eq. (15) is eliminated by the same term in Eq. (17)
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with the Reynolds average, one obtains

2§ _ A

2 __V.F = 21

ot Aex T ot + ’ ( )
which states the interaction between the wave—activity density
and basic-state GPV, and thus may be used to study the wave—

mean flow interaction in mesoscale process.

3. Application

As a first application, the above newly-derived wave—
activity density and wave—activity relation are calculated and
analyzed in a landfalling typhoon in China—Mujigae (2015).
The purpose is to preliminarily see the characteristics of the
interactions between waves and basic states diagnosed from
Eq. (23), and also the relation of the interaction to strong pre-
cipitation.

3.1. Determination of ¢

Before application, an important task is to determine the
arbitrary scalar ¢. Here, considering the characteristics of
the rainfall atmosphere, a moist potential temperature called
generalized potential temperature (6*, GPT) is used, namely,
@ = 6*. The GPT proposed by Gao et al.!'”l is used to de-
scribe a non-uniformly saturated characteristic of the precipi-
tation atmosphere. It is defined as

. [quvs (qv )k]
0" =0exp | —— | — , 22)
cplec \ qvs

where L, is he latent heat, g, is the specific humidity, g, is
the saturated specific humidity, 7. is the temperature at the
condensation lift level, and k is a constant, 8* decreases to 0
for dry air, and is equal to the equivalent potential temperature
05 = O exp(L,qys/cpTe) for a saturated moist atmosphere. The
GPT may describe the thermodynamical situation of a moist
atmosphere more realistically than 6 and 6.

3.2. Data

The data for the analysis come from a high-resolution
simulation of Mujigae with the weather research and forecast-
ing model (WRF)!3! performed by Jiao et al.l'*?% The sim-
ulation began at 1200 UTC 3 October 2015 and ran for 30 h
with a horizontal grid spacing of 2 km. Specific configurations
of the experiment and also verifications of the simulation can
be found in Jiao et al."%! Therefore, here we directly use the
model output to perform the analyses. The data, which have
1-h time interval, are interpolated into a local z coordinate for
calculation in this paper. In the vertical includes 40 layers with
a fixed vertical grid spacing of 500 m.

As indicated above, the whole theory described in Sec-
tion 2 needs the data to be decomposed into basic-state fields
and perturbations (or waves) deviated from the basic states

through the Reynolds average, to keep the interactive term.
However, Reynolds average conditions are difficult to satisfy
only if the zonal average is used. In that case, meso- or
smaller-scale process that are related to heavy precipitation in
typhoon will not be separated from the basic states. There-
fore, in this paper, we use the Barnes filter technique to replace
the zonal average, which is seen to approximately satisfy the
Reynolds average conditions here. The Barnes filter technique
is conducted with a horizontal scan radius of approximated
20 km. The response function larger than 0.8 corresponds to
the theoretical wave length approximately larger than 250 km,
which referred to as the basic state. The fields deviated from
the basic state are explained as the perturbation field with most
of wave lengths being less than 250 km.

3.3. Results
3.3.1. Wave activities and precipitation in typhoon

Typhoon Mujigae, which was the 22nd typhoon in 2015,
formed in the Luzon Island of Philippine on 1 October 2015
and underwent landfall at Zhanjiang in Guangdong Province
at approximately 0600 UTC on 4 October 2015. Figure 1
presents an overview of distributions of the wave—activity den-
sity (|A|) and precipitation in Mujigae at 0300 UTC and 0600
UTC on 4 October 2015. Here, the operator {| |) denotes
the average of absolute values of A over 0.5 km-5 km levels,
which may more thoroughly reflect the characteristics of the
perturbation in the troposphere than a single level. As shown,
a main feature of Figs. 1(a)-1(b) is that the wave activities
(shaded areas) is mostly collocated to the strong precipitation
(contours) in Typhoon Mujigae. The simulated Mujigae’s pre-
cipitation is characterized by evident asymmetric distribution.
The eye (approximately at 21° N, 111.2° E) is surrounded by
high-precipitation eyewall, with precipitation centered on the
northwest part of the eyewall. Out of the eyewall, three arc-
shaped spiral rainbands (denoted as “Band 17, “Band 2”, and
“Band 3” in the figures) were located on the northeast and east
part of the typhoon, which produced the heavy precipitation
in Guangdong Province. These simulated 1-h precipitation re-
gions are covered by the anomalous-value regions of (JA[), in-
cluding the eyewall and three spiral rainbands. The collocation
between (|]A|) and precipitation suggests that there are evident
wave activities over the precipitation region of Typhoon Muji-
gae. This is consistent with the results by Jiao ez al.!?"! that the
vortex Rossby waves (wavenumbers 1 and 2) are associated
with the high reflectivities (indicating strong precipitation) in
Mujigae. However, it is noted that A does not just refer to the
activity of vortex Rossby waves although they are always the
most dominant in typhoon. Instead, it denotes a mixed per-
turbation of physical variables (vorticity and GPT) caused by
the activities of multi-scale waves (the wave length less than
250 km according to the Barnes filter). Figures 1(a) and 1(b)
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indicate that these multi-scale waves are closely related to the
high precipitation in typhoon.

24° N
21° N
18° N r .
108° E 111° E 114° E
6 10 14 18 22
(b) AT
24° N A \ ‘ &
Eyewail %
o e
e ) nd 3”'"
21° N ‘
T %
Band 1
18° N . :
108° E 111° E 114° E
6 10 14 18 22

Fig. 1. Horizontal distributions of {JA|) (average of absolute values of A
over 0.5 km—5 km levels, color shaded, unit: 107¢ K-s~! -m’z) superposed
by 1-h simulated precipitation (10, 30, 50, 70, 100, 150 black contours, unit:
mm) at (a) 0300 UTC and (b) 0600 UTC on 4 October 2015.

3.3.2. Interaction between wave—activity density and
basic-state GPV

As indicated in Section 2, a main feature of the newly-
derived wave—activity density A is that its average A shares an
exchange term (V- F’Aex) with the basic-state GPV g. Here,
with the exchange term V - Faex, characteristics of the inter-
action between waves and basic states are analyzed in Ty-
phoon Mujigae. Figure 2 presents vertical distributions of A
and g along 21° N (approximately though the eye) at 0300
UTC on 4 Oct 2015. Note that A is obtained by applying the
Barnces filter to A, which thus denotes an averaged wave ac-
tivity over a limited area (approximately 40-km wide). From
Fig. 2(a) it follows that vertical distribution of A is similar to A
by corresponding to the high-precipitation areas—eyewall and
spiral rainbands in Mujigae. Both the intensity and vertical
extent of A within the eyewall is larger than those in the spiral
rainbands, indicating stronger wave activities in the eyewall
than in the spiral rainbands. In addition, after being averaged,
A also presents strong anomalies in the eye region (approxi-
mately 111.2° N) in the boundary and lower troposphere be-
low 3-km height, and strong negative values of A are super-
posed by strong positive values there. In Fig. 2(b), basic-state
GPV g presents strong negative- and positive-value column in

the eye and eyewall region. The negative areas extend from the
surface to approximately 3-km height while the positive areas
extend from 3-km to 10-km height in the mid troposphere and
extends from 15 km to 18 km height in the upper troposphere.
In contrast, no evident g is found in the spiral rainbands com-
pared with the eye and eyewall region. This actually implies
that the interaction between averaged wave—activity densities
and basic-state GPV (V- F¢x) is the most evident in the eye
and eyewall region, which can be seen in Fig. 3.

] 120
18
(a)
15 A Eyewall 100
12 80
9] 60
6 Band 1 Band 3 40
3 o 20
N0]
108° E 111° E 114° E 117 E 120° E
—5 -2 —-0.3 0.3 2 5
181 J 120
(b) v
151 Eyewall F100
121 l 80
91 160
Band 1
61 Band 3 r40
N Band 2 l/ L920
I o
108° E 111° E 114° E 117 E 120° E

o o s

-18 10 —2 6 14

Fig. 2. Vertical distributions of (a) A ( color shaded, unit: 10~ K-s~!-m~1)
and (b) g (color shaded, unit: 107 K-s~!-m~!) along 21° N at 0300 UTC
on 4 October 2015, with black line being 1-h simulation precipitation, left
y axis being height (unit: km) and the right y axis being 1-h precipitation
(unit: mm).

To evaluate the significance of V - Facx compared with
other forcing terms relating to the change of A (averaged
Eq. (15)), figure 3 compares the magnitudes of these forc-
ing terms in the vertical. These terms have been weighted by
A/|A| to exclude the influence of the sign of A. For example,
a positive value of the forcing V - F' may increase the wave
activities denoted by positive A, but reduce the wave activities
denoted by negative A, which makes the discussion on the role
of V- F' very complicated. After being weighted by A/|A|, the
positive value of (A/|A|)V - F will increase the intensity of

wave activities while negative values will reduce them. After
being weighted, the forcing term is noted by [V . F‘] .

In Fig. 3(a), similar to A, anomalies of [V - F] in the eye-
wall regions are evidently larger than the spiral rainbands re-
gions. Thus, we focus on the analysis in the eyewall where
As in
Fig. 3(a), positive and negative values of [V . F‘] are alterna-

wave activities and their forcing are both strong.

tively distributed in the vertical in the eyewall. An important
fact is that the boundary layers of the eyewall have the most
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significant positive [V - F'], indicating that the eyewall bound-
ary layer is a main region to produce wave activities associated
with the precipitation in the eyewall (Fig. 1). The importance
of the interactions between A and § for this process can be
seen by comparing Fig. 3(f) and Figs. 3(a)-3(e). In Fig. 3(f),
in the layers below 3-km height, [V - Fjcx| possesses evident
positive values in the eyewall, exhibiting a major contribution
to the strong boundary-layer positive [V . F] in Fig. 3(a) com-
pared with the other two contributors [V - Fy] in Fig. 3(b) and
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[V Fy] in Fig. 3(e). According to the physical meaning of
V - Faex which denotes the transformation between basic-state
GPV and wave-activity density, the distribution of [V - Faex] in
Fig. 3(e) indicates that the transformation between basic-state
GPV and wave-activity density is a major process to increase
the precipitation-related wave activities in the eyewall (Fig. 1).
However, it is noted that the transformation direction needs to

be ascertained with the aid of the signs of both § and A.
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Fig. 3. Vertical distributions of (a) [V-F] (unit: 107° K-s=2m™1), (b) [V- F}] (unit: 10~° K-s72m™ 1), (¢) [V F3] (unit: 107° K-s~2m™1), (d)
[V B3] (unit: 1079 K:s=2m~"), (e) [V-Fy] (unit: 107 K-s—2m~ "), and (f) [V- Fx] (unit: 107 K-s=2-m~") along 21° N at 0300 UTC on 4
October 2015, with | ] denoting variable weighted by A/|A|, black line being 1-h simulation precipitation, left y axis being height (unit: km) and right

y axis being 1-h precipitation (unit: mm).

Further, to reveal the main process in V - Fex to con-
tribute to the transformation of § and A and thus the strong
wave—activity densities in the eyewall, V - Focx is decomposed
into 14 components by applying %z + a%j + a%k to Eq. (18).
Finally, it is found that the vertical gradient of the coupling of
basic-state vertical vorticity to averaged perturbation advec-
tion of perturbation GPT, that is,

9 [(av o\ 6" 36°
oz [\ax oy ) \"ox "V 9y
_ a 7 ool *!

= a?(CZ” Vo)

V. FAex

Q

(23)

plays a major part in V - F' 5, which can be seen in Figs. 4(a)

and 4(b). Basic-state vertical vorticity reflects the intensity of

the basic vortex of Typhoon Mujigae as shown in Fig. 4(c).
The strong vertical gradients of the basic-state vertical vor-
ticity in the eyewall, especially the western part of the eye-
wall, are one factor that is favorable for large V - F' sy in the
boundary-layer eyewall. The v -V6* is an exchange term
between the basic-state GPT and perturbation GPT accord-
ing to Egs. (11) and (14). It mainly possesses large values in
large-precipitation areas in typhoon, including the eyewall and
spiral rainbands, with the negative values superposing on the
positive values (Fig. 4(d)). In the eyewall, positive v’ -VO*
which denotes a transformation of the basic-state GPT to per-
turbation GPT is confined below 3-km height while nega-

tive v’ - VO* that represents the transformation of perturbation
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GPT to basic-state GPT is in the 3 km—13 km height. This
is consistent with the characteristic of the precipitating atmo-
sphere that in the lower atmosphere a large amount of mois-
ture is transported into the inner region of typhoon to produce
a high v’ - V@* area, driving the basic-state GPT to transform
into GPT perturbations. In the mid- to high-troposphere, a
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large amount of latent heat is released due to the condensation
of moisture which could warm the basic vortex, inducing the
transformation of perturbation GPT into basic-state GPT. The
difference of v’ - VO*' in the vertical in the eyewall is the other
factor that is favorable for large V- F s¢x in the boundary-layer

eyewall.
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Fig. 4. Vertical distributions of (a) V- Fex (in units: 10~ K-s~2-m~1), (b) (9/dz) (Ezv’ -VO* ) (in units: 107° K-s72.m™1), (¢) & (in unit: 1073 s1),
and (d) v’ - VO* (in units: 1073 K-s~!) along 21° N at 0300 UTC on 4 October 2015, with black line being 1-h simulation precipitation, left y axis being

height (in unit: km), and right y axis being 1-h precipitation (in unit: mm).

4. Conclusions

In this study, a new wave—activity relation is derived in
an ageostrophic and nonhydrostatic dynamic framework. The
perturbation portion of the general potential vorticity (GPV),
defined by the horizontal velocity vector perturbation and ar-
bitrary scalar perturbation, is referred to as the wave—activity
density, which is quadratic in the disturbance amplitude. A
basic-state GPV equation and its corresponding wave—activity
relation are derived. When the Reynolds average is deter-
mined, the wave—activity relation shares an exchange term
with the equation of the basic-state GPV. Thus, the two equa-
tions are capable of describing the two dynamic processes
of interaction between waves and the basic flow, namely, the
feedback of waves to basic states and the forcing of basic states
to waves.

With the landfalling Typhoon Mujigae (2015), the above
theory is used to analyze the relation between the newly-
derived wave—activity density and high precipitation, the char-
acteristics of the interaction between the basic-state vortex and
mesoscale waves, and also the significance of the interaction
for the wave activities in typhoon. To make the derived wave—
activity relation conform to the characteristics of the precipita-
tion atmosphere, the scalar ¢ is assigned to the generalized po-
tential temperature, which is capable of describing the nonuni-

form saturation of the atmosphere.

The results indicate that the wave—activity density is
consistent with the precipitation region in both the eyewall
and spiral rainbands, indicating its ability to describe the
mesoscale wave activities associated with precipitation in ty-
phoon. The calculation of the interaction term V - F., be-
tween basic-state GPV and wave-activity density shows that
the V- Fy, performs large values in the eyewall, indicating that
the interaction between basic-state vortex and mesoscale wave
mainly occurs in the eyewall region. Moreover, a comparison
of V- Fy with other forcing terms in the newly-derived wave—
activity relation shows that the interaction between basic-state
vortex and mesoscale waves exhibits a major contribution to
the increase of the precipitation-related wave activities in the
eyewall. Further, a magnitude analysis of the interaction term
V - F, reveals that the main process in V - Fy, is responsible
for the transformation between § and A and thus the strong
wave—activity density in the eyewall is the vertical gradient of
the coupling of basic-state vertical vorticity to averaged per-
turbation advection of perturbation GPT

As a theoretical study, this paper provides a very pre-
liminary application and analysis of the newly-derived wave—
activity relation and the interaction between the wave and ba-
sic state. In the future, more detailed studies will be done, such
as how the basic state interacts with wave (by analyzing their
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interaction term), to what extent the strongest interaction can
reach, and what effect this interaction has on the development
of precipitating system.

Appendix A: Derivations of equations of A, ¢/,
and ¢

The equations of A, ¢', and g are derived in detail in this
section. Taking the partial derivatives of Egs. (6)—(8) with re-

_ (91/{] ,  dty
— (V(pxat>—<V(p X&t)}’ (A2)
(967 _ _ (9([) _ 81‘;h

The term on the right-hand side of Eq. (A1) can be expressed
by using Egs. (12)—(14):

a9’ ov]
spective to time respectively, the following equations are ob- v |:(va1/1) 9t / ath]
tained: " o Ny =V (Tyl+Ty2)+V-Fy3+V-Fuy
/ (p ! v
v [ S v T V- (o X VS,), (A9
aq ¢ N
a[:V[(VXU{I)at—"_(VXUh)gt ‘ Where
ila(200 VO (e avag (9 ae a0y
TAlz{“(az ox  ox 3z>+u<8z ox oxaz ) W\ 9z 9 9z oz
o 2000 o0\ L ( awde ondg\ [ g dude
—H{v(_ dz dy = dy 3Z)+V <_ dz dy ' dy dz. w CJz dz | 9z Oz
/ / / / / !/ -~ / = / / / 7
Lpl g9V 00 _dudet (v Ju'\ o'l |, [0v0¢" 0dude’ (dv du'\ I
dz dx dz dy dx dy /) 0z dz dx dz dy dx dy /) dz
20pdu’  dade 20V Jv g’
/ i A rz T v
V(Qy dy Jdy 8y> u(@x ox dx odx (A5)
o (a9 00N (3 a7\ i@ 2000 (200 29
TAz“{az <"’ay”ay> (”ay ay) 8z}+3{ 72 <”ax o) T\ T ok
v  ,av\ ¢’ ,0u  _du'\ d ¢’ ,00\ v , 00 a(p v
*"’[( £ ay) ox ( ax ”a) <”a T )y T \Uay TPy ) ax (46)
FA3:(fv£><k)><Vgo, (A7)
v’ o 7 a9 B v . ' v 10’/ e ~
F,M—'l[az (v Vo' — -V(p)—a—z<v~Vv —'U-V’U) +3 —a—z(v Vo' —v -V(p)—i—a—z(v -Vu —v -Vu)

(Y N v o) 2 (o e ) P (v o
+k[ (ax ay>(” Vo' — v V<p)+8x (v Vo'~ V'U) 5 (v Vil — v Vu) . (A8)
In addition,
V.- Ty2=V-T,3, (A9)
where
A_f oude’ Ju g’ ,( diade diude JuIp Ju IP v d¢p’ IV IP
TW3=tlo| ———+——=— |+t | "=+ == _— =
dz dy dy 9z dz dy dy dz 0z dy  dy dz dz dy dy 9z
L (WO g\ (avag avag  avop avae\ . (dudg w9
T\ 9z 9x ~ 9x oz 9z ox ox 9z | dzox oxdz) "\dz ax  ox oz
2¢' v IV 9P o' dp J¢ dii
/ R !/ -z _Zr Z"
—|—k:[v (8y dx dy 8x>+u (ax dy dxady)| (A10)
Thus, one has
VA(Tal+Tx2) =V-(Ty1+Ty3) =V -Fp1 +V-Fp2 + V- Fae, (A11)
where
Fy = A, (A12)

049201-8



Chin. Phys. B Vol. 30, No. 4 (2021) 049201
] Vo alop o dadg (96 Ja) dg
1%““P&w+&@‘@&+&@+ax@;&’
| 9V99 0w I VI 9vI¢" (05 i) I9'],
Y179z 9x oz oy o az Jz 9x \9x ay) oz

(s e,
(i) () o) (D)
AR e G D]
After substituting Eq. (A11) into Eq. (A4), one has
((997? =V -Fy1+V-Fx+V-F3+V-Fpy+ V- Faex + V- (v, X VS,,) . (A15)

The substitution of Eqgs. (9)—(14) into the term on the right-hand side of Eq. (A2) yields

dvy, D
V. [(quh) ‘?;‘: (V(f)x ;;h>+(vah)aa(’;—(Wp’xa;;h”:V-(T’1+T’2)+V-Fql3+v-Fq,4+V-Fq,5

—V-Faex + V- (v X V8) + V- (0h x VS,,) , (A16)

dJdz dx dx 0z dJdz dx Jx 0z dz dx Jdx 0z

+j[_<_c9u'8(f) ' 99 i dg’ 8u8(p>+v,(_8128¢ aw(p”

929y "9y oz 9z ay 9y oz 929y ay oz

/ = ! — 1 _ ’ _ , _ _ ,
Jrk{w[avaq)a”aq)(&v 8u>8q) avde’  Jdiudg (3'0 814) (9(p]

= / ~ / ey Iy _ o - R
Tq:i[ﬁ(fhaq’_&’&Py?va‘l’_f?va‘l’)ﬂf(%a‘%’_%@ﬂ

dz dx dz dy \odx dy) dz dzdx dzdy \dx dy) oz
dvdp Jidd dv  di\ JP
W {(%ax_azay_ (ax (9y> az} }7 (A

dz dy dy 9z + dz dy dy 9dz

(3000 awdp audy dudw\ . ,( 9109 0idg
dz dx Jx dz dz dx OIx Oz "

= / = ! / / A - — _ —
T,2:z[_(8v8(p dvde’ N aIp Iv 8(p> V,<ava<p 8v8(p>}

dz dx *ox 9z
P Y /I = 9= B
{17[ 06 0¢"  JdvdQ IV Ip Iv 8(,0] Ly (81} Jd¢p IJv 8(,0)

+
S.
e
<

dx dy  dy dx  dy dx dx dy
_ ’ — /A = 3% 700
u[ dide  didg I dp du aﬂ u,<au dp _di 8@)} (A18)

dy dx dx dy

“oxdy "9y ox " ay ax  ox dy

99'9v V' I\, (09 0n 0w o). [ d¢'(dv oJa) oV Ju' P

Fpy=u (5‘x dz Jx 8z> * ( EN 8z+ dy 9z Itw dz \ dx Jdy dz dx dz dy k. (AL9)

Fyy= (foaxk)x V' + (fvy x k) x V@, (A20)
(% 0N (90 00\ ] [ (00N (90 99\

Fqls_l|:_<az_az)v V(P+(az_az U'VV +J aiz—aiz UV(P TZ_TZ Vl/t

Jdv  di I N\ 5= ap J¢’ ——7 ¢ J¢’ — 7
It can be proved that
V.- T'2=V.T'3, (A22)

where

o _ | WP dide’ Jdude’  Ju'Ip ,( 2iadp Jidd
T3_z{u< Jz 8y+8y dz 9z 8y+8y dz ! 8zay+8y8z
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il

After rearrangement, one has

V- (T'1+T'2) =V (T'1+T'3)

(2008 2090 200 _o00e'), (3808 2090))

(A23)

The substitution of Eq. (A24) into Eq. (A16) yields

aq
—V.Fy +V-Fy, (a2 gy VT TV Epp tV-Eys t V- Fya V- Fys
where V- Faex + V- (v}, x V84 + o, x V') . (A27)
Fy=—9q, (A25)  Eliminating the local-change terms on the right-hand side of
Fy, = —v'g. (A26)‘ Eq. (A3) by using Egs. (9)—(11) yields
_ (9([7 _ 81‘;h _ _ _ ~ _
Vo [(Vxo) 52— Ve x St =V (T1+T2) + V- Fp— Face+ V- (1 x V5,) (A28)
where
_ . (08dp 000 00 d¢ IV IP _(Jiadp QJidp o' dp didg
Tl =2|i| —— — —— +I/l/ - = — = || T2\ == — 5= + N — = — — —
dz dx dx dz dz dx Jdx Jz dy dz  dz dy dy dz  dz dy

_[0vdp Qi dP di 9v\ dP [0V 09 du' dp 0v  dii\ d¢’
+’“{W[azax‘azay+<ay‘w)az} Yoz ax azay \ox ay) oz ) (A29)
a5 (9097 9000\, (9008 0ndp\ . [ (9001 0ndp\ (9996 3709
T2= <8y dz dy az)z (&x dz Jx dz Al dx dy Jdx dy Y dy dx dy dx k. (A30)
Fp = (f5, % k) x V. (A31)

It is clear that

V.- T2=V.-T3, (A32)
where
_ diidp Jiadd) .
T3=i| ———+——
3 M( dz 8y+8y 82)2
dvdp JvIP) .
0| ————+—=———17. A
—|—v< ox 8z+8z ax)J (433)
Thus, after the substitution of Eq. (A32), one has
V- (T1+T2)=V-(T1+T3)
=V-F;+V-Fy3, (A34)
where
Fy = —v3. (A35)

Substituting Eq. (A34) into Eq. (A28) and then substituting the
result into Eq. (A3), we have
aq _ _
e =V.Fy +V-qu+V-Fq/3 — V- Faex

+V- (th x V8,) . (A36)
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