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We report instability of the single-walled carbon nanotubes (SWCNT) filled with non-Newtonian Jeffrey fluid. Our
objective is to get the influences of relaxation time and retardation time of the Jeffrey fluid on the vibration frequency
and the decaying rate of the amplitude of carbon nanotubes. An elastic Euler–Bernoulli beam model is used to describe
vibrations and structural instability of the carbon nanotubes. A new vibration equation of an SWCNT conveying Jeffrey
fluid is first derived by employing Euler–Bernoulli beam equation and Cauchy momentum equation taking constitutive
relation of Jeffrey fluid into account. The complex vibrating frequencies of the SWCNT are computed by solving a cubic
eigenvalue problem based upon differential quadrature method (DQM). It is interesting to find from computational results
that retardation time has significant influences on the vibration frequency and the decaying rate of the amplitude. Especially,
the vibration frequency decreases and critical velocity increases with the retardation time. That is to say, longer retardation
time makes the SWCNT more stable.

Keywords: single-walled carbon nanotubes, Jeffrey fluid, relaxation time, retardation time
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1. Introduction
Since the carbon nanotubes were discovered by Japanese

researcher in 1991 years,[1] research on the microstructure of
carbon nanotubes has become very challenging and poten-
tial topic in various science fields such as materials science,
nanoscience and nanotechnology.[2–4] Carbon nanotubes have
excellent electronic, mechanical, thermal, fluid transport, and
gas storage properties.[5,6] Therefore, it is widely used in var-
ious fields, such as nano-mechanical systems, nano-biological
devices, electrochemical devices, and fluid transmission.[7–12]

In addition, the research on the carbon nanotubes filled with
fluid is also becoming active. The key issue of exploring the
carbon nanotubes conveying fluid is to obtain wall vibration
property induced by flowing, which can promote structural in-
stability. It has been known that the vibrating frequency of the
single-walled carbon nanotubes (SWCNT) depends on the ve-
locity of fluid. Yoon et al.[13,14] studied the effects of fluid ve-
locity on free vibration and structural instability of SWCNT,
and pointed out that internal moving could significantly af-
fect the vibration frequency, especially for longer cantilevered
carbon nanometers. Gogotsi et al.[15] analyzed multi-walled
carbon nanotubes filled with fluid and studied the interaction
between fluids and carbon walls. Euler–Bernoulli beam bend-
ing theory has been widely used to study the mechanical and
structural properties of nanotubes. Lee and Chang[16] inves-
tigated the free lateral vibration of pipes as SWCNT filled
with fluid. The effects of flowing velocity on the vibration
frequency and mode shape of the SWCNT are analyzed us-
ing nonlocal elastic theory. Wang et al.[17] investigated the

free vibration of embedded single-walled carbon nanotubes in
multi-physics field. Ghavanloo et al.[18] analyzed the problem
of the carbon nanotubes conveying fluid and resting on a linear
viscoelastic Winkler foundation. Hosseini et al.[19] analyzed
the vibration and stability of SWCNT conveying nanoflow
embedded in biological soft tissues using modified nonlocal
beam model. Moreover, many literatures concerning the natu-
ral frequency and damping frequency of CNTs conveying flu-
ids were investigated.[20–22]

It should be noted that the fluids mentioned above are all
non-viscous fluids. Khosravian and Rafii–Tabar[23] first inves-
tigated the instability of SWCNT filled with viscous fluid, and
they observed that the viscosity of the fluid played an impor-
tant role on instability of the SWCNT. Soltani et al.[24] stud-
ied the effects of fluid viscosity and the nonlocal parameter on
the frequency of SWCNT based on nonlocal Euler–Bernoulli
beam theory. In these papers, no works paid attention to the
viscoelastic fluids. However, most of the fluids used in in-
dustry and biomedical treatment are viscoelastic fluids. In
nanofluidic devices, Bandopadhyay and Chakraborty[25] and
Jian et al.[26] studied streaming potential and electrokinetic en-
ergy conversion efficiency of viscoelastic fluids both in rigid
nanochannel and in soft nanochannel (a rigid nanochannel
whose surface is covered by charged polyelectrolyte layer).
Recently, Hao and Jian[27] studied the effect of internally mov-
ing Maxwell fluid on instability of SWCNT. A new motion
equation of a SWCNT conveying Maxwell fluid was derived,
and the complex vibration frequencies of the SWCNT were
obtained by DQM. They found viscoelastic parameter of fluid
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has important influence on the instability of the SWCNT.
Maxwell constitution equation is most simple description

of viscoelastic fluids. In fact, apart from the relaxation time,
retardation time of viscoelastic fluid may have crucial influ-
ence on instability of SWCNT. This article will extend non-
Newtonian Maxwell fluid in Ref. [27] to Jeffrey fluid, and in-
vestigate the instability of the SWCNT filled with Jeffrey fluid.
The effects of relaxation time and retardation time on the vi-
bration frequency are discussed. It is expected to provide some
theoretical basis in the research direction of SWCNT convey-
ing fluid.

2. Formulation
As shown in Fig. 1, we consider a laminar, incompress-

ible and Jeffrey fluid flowing through an SWCNT with two
ends being fixed. The length of the SWCNT is L. A cylin-
drical coordinate system (r, θ , z) is established in the radial,
circumferential and axial directions. For an SWCNT, its radial
vibration equation is governed by the Euler–Bernoulli beam
model[23]

EI
∂ 4w
∂ z4 +mc

∂ 2w
∂ t2 = Fext, (1)

where w(z, t) and mc are the transverse displacement and the
mass density of the beam per unit axial length of the SWCNT
respectively, E and I are named as the Young’s modulus and
the moment of inertia, Fext means external force acting in the
transverse direction on the beam.

Jefferey fluid in Jefferey fluid out

r

z

L

Fig. 1. A schematic diagram of SWCNT conveying Jeffrey fluid with two
fixed ends.

For fluid motion, the constitutive equation of Jeffrey fluid
is written as (

1+λ1
∂

∂ t

)
τ = µ

(
1+λ2

∂

∂ t

)
γ, (2)

γ = ∇𝑢+(∇𝑢)T, (3)

where 𝜏 is the shear stress tensor, µ is the viscosity, 𝑢 is the
fluid velocity and its three velocity components are (vr, vθ ,
vz), λ 1 and λ 2 are relaxation and retardation times, 𝛾 is the
rate of strain tensor, ∇ is the gradient operator and the super-
script T denotes the transpose. It is assumed that the problem
is axial symmetrical, the radical velocity vr is independent of
coordinate r due to the nanoscale in r direction and vz is only
the function of r, so we have vθ = 0, ∂/∂θ = 0, ∂vr/∂ r = 0,

and ∂vz/∂ z = 0. Therefore, the Nervier–Stokes equation in
radical direction can be simplified as

ρ
dvr

dt
=−∂ p

∂ r
+

τrr

r
+

∂τrr

∂ r
+

∂τzr

∂ z
− τθθ

r
, (4)

where p is pressure and ρ is the fluid density. Combining
Eqs. (2) and (4) and eliminating shear stress yields the fol-
lowing Cauchy momentum equation of the Jeffrey fluid in the
radial direction(

1+λ1
∂

∂ t

)
ρ

dvr

dt

= −
(

1+λ1
∂

∂ t

)
∂ p
∂ r

+µ

(
1+λ2

∂

∂ t

)
∂ 2vr

∂ z2 . (5)

Taking the place of the external force Fext using Af∂ p/∂ r,
which represents the radical component of the pressure from
the Jeffrey fluid, where Af is cross-sectional area per unit
length of the fluid, using operator (1+λ1∂/∂ t) to act Eq. (1),
then substituting it into Eq. (5), we have(

1+λ1
∂

∂ t

)(
EI

∂ 4w
∂ z4 +mc

∂ 2w
∂ t2

)
= −

(
1+λ1

∂

∂ t

)
ρAf

dvr

dt
+µAf

(
1+λ2

∂

∂ t

)
∂ 2vr

∂ z2 . (6)

At the contact point between the fluid and the nanotube, their
respective velocities and accelerations in the radical direction
should be equal,[23] which gives

vr =
dw
dt

,
dvr

dt
=

d2w
dt2 , (7)

d
dt

=
∂

∂ t
+ vz(r)

∂

∂ z
,

d2

dt2 =
∂ 2

∂ t2 +2vz(r)
∂ 2

∂ z∂ t
+ v2

z (r)
∂ 2

∂ z2 . (8)

In order to circumvent non-slip condition (vz(r) = 0) applies
on the walls of the nanotube as a result of the viscoelasity of
the fluid, a slip condition should be allowed at the moving wall
and an averaged velocity is defined as follows:

v =
∫ R0

0

2rvz(r)
R2

0
dr, (9)

where R0 is radius of the SWCNT. Leting mf = ρAf, substitut-
ing expression (8) into Eq. (6), we obtain(

1+λ1
∂

∂ t

)[
EI

∂ 4w
∂ z4 +(mc +mf)

∂ 2w
∂ t2

+2vmf
∂ 2w
∂ z∂ t

+ v2mf
∂ 2w
∂ z2

]
= µAf

(
1+λ2

∂

∂ t

)(
∂ 3w

∂ t∂ z2 + v
∂ 3w
∂ z3

)
. (10)

It is interesting to point out that if the retardation time effect
is ignored, i.e., λ2 = 0, equation (10) reduces to equation (5)
obtained by Hao and Jian.[27] Furthermore, if the relaxation
time effect is neglected, i.e., λ1 = 0, equation (10) reduces
to Eq. (11) in Ref. [23] when another part of external force
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and elastic medium effects are not considered. In addition, the
clamped-clamped boundary conditions can be written as

w(0, t) = w(L, t) =
∂w(0, t)

∂ z
=

∂w(L, t)
∂ z

= 0. (11)

For more generality, introducing the following dimensionless
quantities:

z̄ =
z
L
, w̄ =

w
L
, m =

mf

mc +mf
,

t̄ =
t

L2

√
EI

mc +mf
, v̄ = vL

√
mf +mc

EI
, (12)

after dropping superscript of the horizontal line for conve-
nience, equation (10) can be written as the following dimen-
sionless form:

∂ 4w
∂ z4 +

∂ 2w
∂ t2 +2vm

∂ 2w
∂ z∂ t

+ v2 ∂ 2w
∂ z2 +S

∂ 5w
∂ z4∂ t

+S
∂ 3w
∂ t3 +2mvS

∂ 3w
∂ z∂ t2 + v2S

∂ 3w
∂ z2∂ t

= N
∂ 3w

∂ t∂ z2 +Nv
∂ 3w
∂ z3 +NB

∂ 4w
∂ z2∂ t2 +NBv

∂ 4w
∂ z3∂ t

, (13)

where the non-dimensional parameters in Eq. (13) are defined
as

S =
λ1

L2

√
EI

mc +mf
, B =

λ2

L2

√
EI

mc +mf
,

N =
µAf√

EI(mf +mc)
. (14)

The physical meanings of S, B, and N are non-dimensional
relaxation time, retardation time, and viscosity parameter,
respectively. Accordingly, dimensionless boundary condi-
tions (11) are

w(0, t) = w(1, t) =
∂w(0, t)

∂ z
=

∂w(1, t)
∂ z

= 0. (15)

Letting w(z, t) = w(z)e iαt , where α is a complex vibration
frequency, equation (13) becomes

d4w
dz4 −α

2w+2iαvm
dw
dz

+ v2 d2w
dz2 + iαS

d4w
dz4

− iα3Sw+2α
2mvS

dw
dz

+ iαv2S
d2w
dz2

= iαN
d2w
z2 +Nv

d3w
dz3 −NBα

2 d2w
dz2 + iNBα

d3w
dz3 . (16)

In the followings, the DQM is utilized to solve the fre-
quency α . All spatial derivatives of ∂ iw/∂ zi (i = 1, 2, 3, 4)
in Eq. (16) are able to be replaced by ∑A(i)

jk Wk, where A(i)
jk and

Wk are weighting coefficient and function value in sampling
points, and the discretized form of Eq. (16) for 20 sampling
points can be expressed as

20

∑
k=1

[(1+ iαS)A(4)
jk − (NvWk + iNBα)A(3)

jk

+(v2 − iαN + iαSv2 +NBα
2)A(2)

jk

+(2iαvm+2α
2vSm)A(1)

jk −α
2 − iα3S]Wk = 0, (17)

where k means the number of sampling points, j ( j =

3,4, . . . ,18) denotes the sampling points except for boundary
points, and sampling points and A(i)

jk can be obtained from
Ref. [28]. Similarly, boundary conditions (15) can be trans-
formed into the following form:

W1 =W20 = 0, (18)
20

∑
k=1

A(1)
2k Wk =

20

∑
k=1

A(1)
19kWk = 0. (19)

Then, putting the boundary conditions to first four rows. Thus,
the final discrete form of Eq. (17) becomes[29,30][

Aaa
1 Aab

1

Aba
1 Abb

1

](
0

wb

)
+α

[
0 0

Aba
2 Abb

2

](
0

wb

)

+ α
2

[
0 0

Aba
3 Abb

3

](
0

wb

)
+α

3

[
0 0

Aba
4 Abb

4

](
0

wb

)
= 0, (20)

where the superscript a denotes elements associated with the
boundary points while bmeans elements of internal points.
Also, the column vector (0, wb)

T is generated by placing the
boundary values to the first four lines. By using Eq. (20), we
find

(A1 +A2α +A3α
2 +A4α

3)wb = 0. (21)

Based on Eq. (21), the generalized eigenvalue problem can be
reformulated as

𝐴𝜓 = α𝐶𝜓, (22)

where 𝛼 and 𝜓 are eigenvalue and eigenvector of the alge-
braic system, 𝐴 and 𝐶 are 3×3 block matrices, 𝜓 is a block
column vector and they have the forms

𝐴=

−A1 −A2 0
0 A3 0
0 0 A4

 ,

C =

 0 A3 A4
A3 0 0
0 A4 0

 , 𝜓 =

 wb
αwb
α2wb

 . (23)

3. Results and discussion
The instability of SWCNT mainly depends on the real

and imaginary parts of the complex eigenvalue α , which rep-
resent the natural frequency and the decaying rate of the ampli-
tude, respectively. In practical engineering problems, typical
parameters for SWCNT and fluids are as follows:[27] the mass
density ρ of Jeffrey fluid is 1000 kg/m3, the inner diameter R0,
thickness h, and bending stiffness EI of SWCNT are 1.12 nm,
0.34 nm, and 1.1122×10−25 N·m2, respectively, so the fluid
mass mf = ρAf = ρπR2

0 per unit length in SWCNT is evaluated
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as 2.45×10−16 kg/m; the mass density ρc of carbon nanotubes
is 2300 kg/m3, the mass density mc = πρc[(R0 +d)2 −R2

0] of
the beam per unit axial length of the SWCNT is evaluated as
2.75×10−15 kg/m; the length L of SWCNT, the relaxation time
λ 1, the retardation time λ 2, and the viscosity µ of the Jeffery
fluid are assumed to be the order of 104 nm–105 nm, 10−6 s–
10−4 s, 10−7 s–10−5 s, and 10−3 kg/(ms), respectively; we
have utilized the assumption that the relaxation time λ 1 is not
shorter than the retardation time λ 2.[31,32] Thus the ranges of
the dimensionless parameters N, m, S, and B are 10−2–10−1,
10−2–10−1, 10−3–10−2, and 10−4–10−3, respectively.
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Fig. 2. Variations of (a) real component and (b) imaginary component of
the first three modes of dimensionless frequency with dimensionless flow
velocity v for different retardation time parameters S (B = 0, N = 0.01).

In order to test the validity of our numerical method,
figure 2 shows the natural frequency and decaying rate of
the SWCNT for different dimensionless relaxation time S (0,
0.0012, 0.00015, and 0.002) when dimensionless retardation
time B = 0 and dimensionless parameters N = 0.01. When the
dimensionless retardation time B = 0, the model becomes the
Maxwell fluid. Besides, when the dimensionless retardation
time B = 0 and relaxation time S = 0, the model reduces to the

Newtonian fluid. We observe that the result is the same as that
obtained by Hao and Jian.[27]
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Fig. 3. Variations of (a) real component and (b) imaginary component of
the first three modes of dimensionless frequency with dimensionless flow
velocity v for different retardation time parameters B (S = 0.008, N = 0.2).

Figure 3 illustrates the variations of the first three modes
(the maximum absolute value of complex frequency α cor-
responds to mode 3) of natural frequency and decaying rate
of the SWCNT with the dimensionless flow velocity v of
Jeffrey fluid for different dimensionless retardation time B
(0.001, 0.005, and 0.008) when dimensionless relaxation time
S = 0.008. It is obvious from Fig. 3(a) that the vibration fre-
quency decreases and critical flow velocity increases as retar-
dation time increases. That is to say, longer retardation time
makes the SWCNT more stable. Moreover, when flow ve-
locity v is greater than 8.68, mode 1 and mode 2 begin to
combine, and the SWCNT undergoes a coupled mode flutter,
which reflects the instability of SWCNT. When the flow ve-
locity v is greater than 16.87, three modes are coupled, which
shows the microtremor instability of SWCNT. It can be seen
from Fig. 3(b) that at the critical flow velocity value of 7.54,
the appearance of conjugate complex numbers results in a non-
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zero decaying rate corresponding to combined unstable mode
of mode 1 and mode 2. At this stage, the frequency of mode
3 is still stable. When the flow velocity is higher than 16.19,
mode 3 also begins to become unstable.

4. Conclusion
We reported on the instability of an SWCNT conveying

non-Newtonian Jeffrey fluid. It is an extension of the insta-
bility of an SWCNT conveying Maxwell fluid investigated in
our previous study. Compared with Newtonian and Maxwell
fluids, the constitutive relation of Jeffrey fluid is more com-
plicated and the retardation time cannot be ignored. Based
upon Euler–Bernoulli beam equation and Cauchy momentum
equation, we first derived a new and more general vibration
equation of an SWCNT conveying Jeffrey fluid. This equation
can reduce to the results of Maxwell fluid[27] and Newtonian
fluid.[23] In order to analyze the instability of an SWCNT con-
veying Jeffrey fluid, the DQM was utilized to yield the vari-
ations of the complex frequency with the flow velocity. We
found interestingly that the vibration frequency decreases and
the critical flow velocity increases with the retardation time.
That is to say, longer retardation time makes the SWCNT more
stable.
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