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We find by the wavelet transform that the classical plane light wave of linear polarization can be decomposed into
a series of discrete Morlet wavelets. In the theoretical frame, the energy of the classical light wave becomes discrete;
interestingly, the discretization is consistent with the energy division of P portions in Planck radiation theory, where P is
an integer. It is shown that the changeable energy of a basic plane light wave packet or wave train is Ho, = npor® (n =
1,2,3,...;k = |k|), with discrete wavelet structure parameter n, wave vector k and idler frequency @, and a constant py.
The wave-particle duality from the Mach—Zehnder interference of single photons is simulated by using random basic plane

light wave packets.
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1. Introduction

One of the apparitions in physics is the wave—particle du-
ality of particles.!'? The property of light quantum (photon)
is a typical example.!'"* Although there have been Dirac,"!
Gupta,®! and Fermi’s!”! approaches towards quantizing the ra-
diation field and various models presented for photon, 8131 it
is still a challenge to understand the property of photon thor-
oughly due to its multi-faceted and elusive nature.!'*!3] The
difficulty comes mainly from the depiction of its wave fea-
ture. Unlike an electron, whose wave state can be described
by a coordinates function (the probability amplitude of spa-
tial localization), the single photon with energy A® has no
analogous probability amplitude available!'é! despite a light
wave involving the photon. It is known that the interaction
between a light wave and a matter will result in discrete en-
ergy exchange in the basic unit of Aw. However, it is still a
question on what change will happen about the wave state of
light due to the absorption of photons. The following thought
experiment may be enlightened for giving an insight into the
property of photon(s). In the thought experiment, a coherent
plane light wave with frequency @ is incident onto an abso-
lute blackbody, and then the state change of the light wave is
monitored during the process of light absorption. The ques-
tion then arises: what happens to the plane light wave when
the photons are absorbed by the absolute blackbody? Does the
amplitude of the whole plane wave change constantly, or does
the wave disappear segment by segment? In our experiment,
a chopped beam of He—Ne laser is incident onto a photomul-
tiplier tube in a black cavity, which shows that the absorption
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of photons in the front of the light wave is impossible to af-
fect the amplitude of the succeeding part of the light wave.
This suggests that the plane light wave would disappear seg-
ment by segment during the process of light absorption. And it
also indicates that, by the time inversion, the plane light wave
could be reconstructed by the translation and superposition of
a segment by segment wave packet or wave train. This leads to
another question: what method can realize the reconstruction?
The wavelet transform!!7! should be a good candidate. In fact,
the wavelet transform has been adopted to investigate physical

[17-19

problems for many years. I And Morlet wavelet function

has been widely used owing to its advantage in simplicity and

5.1201 1t has been found that the wavelet

time-frequency analysi
is more suitable for present physics. In this paper, the wavelet
transform is used to decompose the classical linearly polarized
plane light wave into a series of discrete Morlet wavelets (or
basic wavelets). And we find that the energy of the light wave
can be related to its discrete wavelet structure and can be dis-
crete as well. Finally, the random light wave packets are used
to simulate the Mach—Zehnder interference of single photons,

showing the wave-particle duality of light.

2. Discrete wavelet structure and discrete energy
of classical plane light waves

Here, we start to investigate the discrete wavelet struc-
ture and discrete energy of classical plane light waves. We
first consider the radiation field in free space. As well known,
the classical radiation fields in free space are governed by
Maxwell’s equations. The light wave equations for the elec-
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tric field can be derived from Maxwell’s equations as follows:

1 9°E
VCZE- —--2=0 1
292 ; (1)
V-E =0, 2

where F is the electric field, and c is the speed of light in vac-
uum. By solving Eq. (1), a plane wave solution of wavelength
A and wave vector k can be found and expressed as

Ep(r,1) = qi(t) Ex(r) + qi (t) B (r), 3)

where gi(t) < e 71 Ei(r) = Eye'*™, and Ey is a con-
stant vector with two independent polarized components and
perpendicular to wave vector k due to Eq. (2); ¢; () and E; (r)
are conjugate complexes of ¢, (¢) and Ej(r), respectively. The
general radiation field can be expressed as the linear super-
position of all possible plane waves. Now we try to decom-
pose the electric field of the plane light wave into a series of
wavelets. For the sake of simplicity, we consider a linearly
polarized monochromatic plane wave propagating along the
z-direction, with a spatial function Ej(r) = Ex(z) = Expe'*?,
A =2m/k =500 nm. And the simplified Morlet wavelet func-
tion is used for the wavelet transform, which is!2!]

iKz 712/(2s)

Yk (z) = e'"Fe ) €]

where K is the central wave number of the Morlet wavelet, and
s is a parameter. For the function Ej(z) with k = K, the wavelet
transform can be expressed as!!”]

We notice that the inverse wavelet transform!'”! can be per-
formed only by translation of wavelets, i.e., with @ = 1, the
function Ej(z) can be reconstructed as

Z

Ex /w Jseibkgikb) 2 4

Ex(z) = Cy

e L[ (eb)?
= Ekoelkzc—/ Vse = db,
y J—o

(6)

where Cy, is a constant, obviously Cy = [ /s e~ (02 qp,
It means that a plane light wave can be reconstructed by a se-
ries of wavelets through translation and superposition. This
is the case of the continuous wavelet transform. However,
we are interested in the discrete case. The theory of discrete
wavelet transform is rather complicated. Here we simplify
the way according to our experience. The key is to choose
a suitable parameter s. We find that when s = (A/c1)?/2,
c1 = 0.886231921, Eq. (6) can be discretized as

n+1 —(e—rA+A/2)2

Eur
Ex(z) = %elkz lim ) e= =

n—oo
r=

(N
—n

where n is the discrete wavelet structure parameter. Equa-
tion (7) shows the discrete wavelet structure of the plane light
wave, which is the translation and superposition of infinite
wavelets. In order to see clearly the way to reconstruct the
plane light wave, we consider the cases of a finite n. Figure 1
shows the results of wavelet reconstruction, where Figs. 1(a)-
1(d) show the cases for n =0, 1, 2, and 6, respectively. The
dotted line in the figure is the waveform of the plane light

Sl zZ— 2 . . . .
Wf(a,b) = Exo oik e—ik(%) e~ ( » fs) dz wave, while the solid lines denote the reconstructed light wave
b)) = ==
va ) packets or wave trains with discrete wavelet structure. One can
B 272 . .
= Ey/ase ke s(1-0)°k /2, (5)  see that there is not a complete period for the case of n < 2.
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Fig. 1. Morlet wavelet reconstruction of the classical plane wave with Ezg = 1 V/m. The dotted line in the figure is the waveform of the

plane light wave. Solid lines are the reconstructed light wave packets or wave trains with discrete wavelet structure. (a)—(d) show the cases

forn=0, 1, 2, and 6 in Eq. (7), respectively.
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But when n = 2, there are two complete periods. When 7 in-
creases by 1, two complete periods will be added. When n =6,
there are 10 complete periods. The larger n is, the more com-
plete periods appear. When n — oo, the whole plane wave is
reconstructed finally. These results will be used below. It is
easy to check that, if # is finite in Eq. (7), by making the trans-

formation z — z — ct, then
Ewy in oo L emen—ragaso2
Ex(z—ct) = %elk(“”) Y e

r=—n

®)

is also the solution to Egs. (1) and (2), representing a plane
light wave packet or wave train with A = 27/k (the idler fre-
quency is kc = ). Figure 1 can be taken as the waveforms of
light wave packets or wave trains reconstructed by wavelets at
t=0.

By far, we have obtained the discrete wavelet structure
of plane light waves. Now we study the discrete energy
of these light waves associated with their discrete wavelet
structure.

For the plane electromagnetic waves in free space, the
energy density is €& /2 |E>+1/2uo - |B|* = &]E|?, where
E =Y, E;(r,t) denotes the total electric field of all possible
plane electromagnetic waves. According to Eq. (3), in a finite
volume 7 = L,L,L,, the total energy of the plane electromag-
netic waves is

8()/ |E|2d‘L' = £oza)k(1)k/ / dT(qulk—f—q;ETk)
ki :
X(quEw +qp Efy), €)

where wyEy; = Ei(r) (or oy E9 = Ejg). Besides, it is
known that the plane electromagnetic waves should meet the
following periodic conditions:
27 2 2
ky=—I1, ky=—m, k;=—n,
Ly L, L,

(I,n,m=0,£1,42,43,...; not all zero), (10)

where each set of (I,m,n) corresponding to a wave vector.
Then we can get the following expression:

/dT(E]k . Erk’)

Ly Ly L, : / / /
_ / : / » / dxdydzei kKt (=K )yt (k—k)d
Jo Jo Jo
x(Eo - Eiro)
= (Ewo - Eiwo)LaLyL: 8y, 6,k O » (11)

%/\Elzdf
= ZEOLxLyLzHElko”’z-F ‘ElkOL‘z]wI? lakgi +aiac], (12)
P

where |Ej)|* and |Ej|* correspond to two indepen-
dent polarized components, respectively. By considering
only one of the components and make the following trans-

formations: QO = &7|E0|*(qx + q0), Ok = qx +4; =

—iangot | Egol* (qr — q;), Eq. (12) can be expressed as

" 1. 1
& / |EPde=Y" [2Q£+ ZwEQ%] =Y H. (13)
: k k

According to the classical canonical transformation, (22!
each Hamiltonian Hj can get such a form of Hj = Qz /2 +
a),fQ,% /2 = P,@y, where P, is a constant independent of time.
For a given A, we choose L, <~ A, L, <~ A and L, =
mA,(m=1,2,3,...).
above, we have k, = k;, = 0, k; # 0, which means a plane light

According to the periodic conditions

wave is propagating along the z-direction. By using the re-
lation of L, = mA, P for this plane wave can be represented
as mP] since T = LyL,L, = m(L,LyA). Then, by dropping the
subscript of @y, the energy for the plane light wave in volume
T becomes

H; = mP,®. (14)

The result is valid for any value of m. In other words, the en-
ergy of a segment of an m-period light wave in an infinitely
long one is proportional to the number of periods. This re-
sult is consistent with the energy division of Planck radiation
theory.[?3

Next, we discuss this in more detail. As is well known, in
a cavity of volume V, the number of electromagnetic vibration
modes (oscillators) with the frequency between v and v 4- dv
is N =8nVv?/c* - dv. And in his radiation theory, Planck
supposed that the total energy belonging to these N oscillators
could be divided into P portions of € (i.e., the total energy is
Peg), where P is an integer. The energy Pe is then assigned to
N oscillators statistically and the average energy per oscillator
is

U=¢/(ef*T —1)=hv/(e"/*T —1),

where h, k, and T are the Planck constant, Boltzmann con-
stant, and absolute temperature, respectively. So it is that

3
NU — 8V _ hv

3 (eI ~dv = Phv,

i.e.,
8V v2

p= 3 ’ (ehv/KTfl) ~dv.

Also P/N = 1/(e"/*T — 1), from which we know that:
i) When v /xT > 1, P/N = e "/¥T" < 1, which means that
even if the energy is distributed evenly, each oscillator can-
not get one portion of energy hv; ii) hv/xT < 1, P/N =
kT /hv > 1, which means that each oscillator can get far
more than one of Av; and further P = 8?—3‘/ . % -dv, ie.,
P < Vv o 1/A, meaning that the number of photons in given
volume V is inverse proportional to A. This supports our above
result, where m o< 1/4 in a given volume 7 = m(L,LyA).

A similar result for the wave train described by Eq. (8)

can also be obtained by taking a segment of wave with com-
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plete periods. Referring to the above discussion on the dis-
crete wavelet structure of plane light waves, one can find that
the wave train described by Eq. (8) has m = 2(n— 1) complete
periods, and its energy is 2(n — 1)P{® in a volume 7. And for
the whole wave train in a volume 7’ with cross-section Ly X Ly
(where Ly <>~ A, L, <~ 1), the numerical results show that
it carries energy 0.59(2P,®) for n =0 or (n+0.58)2P,® for
n > 1. By denoting 2P = py, the energy in 7’ carried by the
light wave of Eq. (8) can then be expressed as

; 0.59pk(1),
(n+0.58) pr o,

(n=0),

(n=1,2,3,... < ). (13)

=
A similar discussion can be made on a general cross-section
for a plane light wave packet or wave train. With n — oo, the
result turns to that for the infinite plane wave of Eq. (7).

Let us continue our discussion on the light wave described
by Eq. (8). For a general value of n, if we regard it as a state of
an electromagnetic wave mode (degree of freedom) with idler
frequency @ = kc rather than simply take it as a wave packet
or wave train not indispensable, then E;q in Eq. (8) could not
be zero. Since it is well known that electromagnetic vibration
in free space does not depend on a medium. And the elec-
tromagnetic wave modes only depend on the electromagnetic
vibrations. If we assume that each admissive electromagnetic
wave mode is a physical existence and always nonempty, then
the electromagnetic vibration for its mode should always ex-
ist. If Exy = 0, the mode with it will disappear. Therefore,
E;o would have a minimum value of nonzero, Ejmin, Which
cannot be further divided. In other words, py in Eq. (15) has a
minimum value of nonzero, denoted by pg, being indivisible
either, which suggests that a general p; would be composed of
some py. For the case of pp = pox, Eq. (15) reads
, {0.59p0ka), (n=0), 16)

TN (1 4+0.58) por@, (n=1,2,3,... < oo).

Therefore, the plane light wave packet or wave train of Eq. (8)
with Ejgmin i8S the basic one. It can be seen that, for such kind
of basic light wave packet with n = 1, the minimum change-
able energy is nearly a portion of pg;® in an absorption pro-
cess. The remaining part of 0.59pg; @ could not be further ab-
sorbed for ensuring the existence of its electromagnetic wave
vibration mode. Therefore, for a basic plane light wave packet
or wave train described by Eq. (8), practically, its changeable
energy can only take the form of Hy, = npor@ (n=1,2,3,...).
Now there is a question: how to determine the minimum value
of por? The answer is experiment, for example, the experiment

t.13241 And the value of py is expected

of photoelectric effec
to be h/2w. One would also ask whether the wave packets of
Eq. (8) can show the wavelength A (= 27m/k;) in an experi-
ment? We will investigate this by the simulation on Mach—

Zehnder interference (MZI) of single photons. [*!

3. Simulation on Mach-Zehnder interference of
single photons

We use the interference field of random wave packets with
minimum amplitude Eygpi, to perform the simulation. The in-

terference field of each pair of wave packets can be expressed

as
. 2
E . . n+1 _ (@=jT+T1/2)
F(t,x) = =00 glor Y7 o7 22
2 “.
2
Evni oy ntl 7(r+§—jT+T/2)
+ k02m1n e](x)(lJrz) Z e 2.?/02 7(17)
j=—n

where T = A/c with A = 500 nm; x is the optical path dif-
ference between two arms of Mach—Zehnder interferometer,
ranging from —3A to 34; and n is set to 10. Two terms on
the right side of Eq. (17) represent two wave packets passing
through two arms of the interferometer, respectively, simulat-
ing single photons passing through two different arms of the
interferometer. For simplicity, we take Ejomin as two units.
And the intensity distribution of the interference after counting
the pairs of wave packets m times per round of measurement
is
m —ur 18T

Uy €
I(x) = Zl o7 . |F(1,x))dt, (18)
r=

where u,is a random number taken from the sequence [0, 1, 2,
3, 4, 5], meaning that the pairs of wave packets in each time
of count would be zero, one, or more than one; and e “ is a
weight factor, meaning that the probability for more pairs of
wave packets is less than that for fewer pairs, in each time of
count. Figure 2 shows the numerical results for m = 3,30, 300,
respectively. Figure 2(a) is the case for m = 3, where none of
the interference fringes can be observed. When m = 30, see
Fig. 2(b), the interference fringes appear but not so clear. For a
large enough number of m, for example, m = 300, the interfer-
ence fringes become very distinct, as shown in Fig. 2(c). For
comparison, a classical interference figure of MZI is presented
in Fig. 2(d), whose amplitude and period are like those in
Fig. 2(c). One can see that the space of the interference fringes
(corresponding to the optical path difference) in Fig. 2(c) is
500 nm, being the wavelength A (= 27/k; ). The result here
looks like the experiment of MZI of single photons,*! and like
that of the electron two-hole interference!*>! as well. The light
wave packets here behave like photons with wave—particle du-
ality. In the simulation, the wavelength of light can be revealed
by numerous wave packets through interference but cannot be
identified by a few wave packets, which show no wave infor-
mation about light; instead, they behave as if they are “parti-

cles” like electrons. 2%
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Fig. 2. Simulation on Mach—Zehnder interference of single photons by using the random light wave packets with discrete wavelet structure
of n = 10, where m is the number of wave packet pairs for each optical path difference x; (a) m = 3, (b) m = 30, (c) m = 300, and (d) a
classical interference figure of Mach—Zehnder interference for comparison.

4. Conclusion

By wavelet transform, a classical plane light wave of lin-

ear polarization can be viewed as a string of discrete Morlet

wavelets and is found to be with discrete energies. And the

changeable energy of basic plane light wave packet or wave

train with discrete wavelet structure is shown to be that of

Ho = npor@ (n=1,2,3,...), practically. Finally, the wave-

particle duality from the Mach—Zehnder interference of single

photons is simulated by using random basic plane light wave

packets.
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