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High pressure investigations of matter involve the study of strong shock wave dynamics within the materials which
gives rise to many thermal effects leading to dissociation of molecules, ionization of atoms, and radiation emission, etc.
The response of materials experiencing a strong shock can be determined by its shock Hugoniot calculations which are
frequently applied in numerical and experimental studies in inertial confinement fusion, laboratory astrophysical plasma,
etc. These studies involve high energy density plasmas in which the radiation plays an important role in determining
the energy deposition and maximum compressibility achieved by the shock within material. In this study, we present an
investigation for the effect of radiation pressure on the maximum compressibility of the material using shock Hugoniot
calculations. In shock Hugoniot calculations, an equation of state (EOS) is developed in which electronic contributions for
EOS calculations are taken from an improved screened hydrogenic model with−l splitting (I-SHML) [High Energy Density
Physics (2018) 26 48] under local thermodynamic equilibrium (LTE) conditions. The thermal ionic part calculations are
adopted from the state of the art Cowan model while the cold ionic contributions are adopted from the scaled binding
energy model. The Shock Hugoniot calculations are carried out for sodium and iron plasmas and our calculated results
show excellent agreement with published results obtained by using either sophisticated self-consistent models or the first
principle study.

Keywords: self-consistent-field methods, thermodynamics of plasmas, average atom model, shock Hugoniot
calculation
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1. Introduction
Studies of high pressure phenomena have shown tremen-

dous advancement in recent decades by achieving dynamic
high pressure up to 1 TPa (∼ 10 Mbar, 1 bar = 105 Pa)
and corresponding compressions in materials up to ten times
initial liquid density and temperatures up to several thou-
sand Kelvins. These extreme conditions are achieved by
means of single-shock, multiple-shocks,[1–3] and isentropic
compressions.[4–6] These shock waves are the subject of vast
interest in flyer plate experiments, exploding of wires and foils
by exposure of high currents, high-power x rays produced by
Z-pinch plasmas, the high power laser ablation experiments,
and laser–matter interaction in inertial fusion experiments, etc.
These high pressure studies have proven that during compres-
sion, the electric and magnetic properties of material change
dramatically in addition to phase transitions of materials. The
emergent phenomena and technologies of high pressure stud-
ies are very vast and have opened new horizons to discover
and study materials under extreme conditions of pressure and
temperature that are typically found in planets and stellar inte-
rior. In context of dense plasma systems, these high pressure
studies have given birth to a new research area called high en-

ergy density systems (HEDS) and the corresponding branch of
physics that explores HEDS is named as high energy density
physics (HEDP). HEDS are the systems having energy den-
sity ≥ 1012 erg/cm3 (1 erg = 10−7 J) which corresponds to a
pressure of 106 bar (1 Mbar), typically found in the cores of gi-
ant planets, in inertial confinement fusion (ICF) experiments,
and in intense ion-beam, electron-beam or high power laser–
matter interactions experiments.[7,8] This wide occurrence of
HEDS covers more than, the so-called dense plasma regime in
density–temperature phase space. This is due to the fact that
a low density (less than solid density) and high temperature
plasma can have a pressure equal or greater than 1 Mbar.[9–11]

The high pressure dynamic phenomena generally encoun-
tered in HEDS are regarded as hydrodynamic phenomenon
and simulated by hydrodynamic equations. Hydrodynamic
simulations are used in modeling, analyses, and diagnostics of
experiments in HEDS regime, particularly to predict the space-
and time-dependent density–temperature profiles. To close the
set of hydrodynamic equations (i.e., conservation of mass, mo-
mentum, and energy), an accurate, smooth, and thermodynam-
ically consistent equation of state (EOS) data is needed.[11]

The accuracy and validity of such data entirely depend upon
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atomic models used to describe the plasma. The atomic mod-
els estimate different ionization and excitation processes oc-
curring in plasma. For instance, the energy states of the bound
electrons in HEDS are significantly affected due to the electric
field of the neighboring ions as atoms come very close to each
other. Due to these density effects, two important phenom-
ena arise in dense plasmas, named as pressure ionization (PI)
and continuum lowering (CL). The PI is the shifting of bound
electrons to continuum due to pressure exerted by neighboring
atoms at high densities, and the CL is the reduction in binding
energy of electrons due to interaction of degenerate bound and
free electrons. These two phenomena are essentially required
in EOS modeling for electronic structures of HEDS.

The EOS describes fundamental thermophysical proper-
ties of matter. The EOS has a substantial interest for its fun-
damental research in shock wave experiments and has a wide
range of applications.[6,12–19] States of material accessed by
HEDS experiments span a wide region in the phase diagram.
For instance, it covers hot compressed matter, strongly cou-
pled plasmas, and degenerate plasma. In the context of HEDS
simulation based on theoretical models, the EOS has its fun-
damental importance because of its essential requirement in
hydrodynamic equations. Different models of EOS containing
ionic contribution and electronic contribution are presented in
some of literature.[20–26] Efforts were made to develop more
and more accurate detailed descriptions of ionic as well as
electronic parts of EOS.[16–19,27–32]

The EOS data are primarily consists of contributions
from electrons and ions along with those from cold part
solids, i.e., empirical calculations for pressure and energy
at T = 0 K. There are separate models for calculating elec-
tronic and ionic contributions. In this paper, the EOS model
is developed in comparison to electronic contributions from
I-SHML model[26,33] and ionic contributions from Cowan
model, whereas the cold part contributions are obtained from
the scaled binding energy model (SBEM).[34] For authenticity
and applicability of EOS, shock Hugoniot calculations are per-
formed using EOS data. The rest of this paper is organized as
follows. In Section 2 we introduce the basis EOS and its link
to thermodynamics. Section 3 describes the electronic contri-
butions to EOS. The theoretically developed EOS formulation
based on I-SHML model is presented in Section 4. While the
ionic contribution to EOS is described in terms of the Cowan
model in Section 5. The cold component is taken from the
scaled binding energy model in Section 6.

2. Essential thermodynamic relations for EOS
development
The EOS gives the information about state of the system

under the applied conditions of thermodynamic variables. In
mathematical sense, the EOS is a fundamental property of a

thermodynamic system which can be characterized by an ex-
tensive functional form like

G(u,v,w) = 0,

where the variables u, v, and w can be any thermodynamic
variables such as volume V , pressure P, entropy S, internal en-
ergy E or temperature T . They may be in the form of tables
relating different thermodynamic variables or in the form of
graphs.

The EOS is formulated by constructing partition function
Z of the systems constituting electrons and ions. In consider-
ing hot dense matter, electrons and ions are treated as separate
entities, and hence they require different partition functions.
In this way the temperature of electrons and ions can take,
in principal, two different values. But under LTE conditions,
they are assumed to be the same with a superficial assump-
tion that the contribution of electrons and ions under equilib-
rium is additive to sufficient accuracy, which may not be true
in general.[35] Conventionally, thermodynamically consistent
variables are calculated from Helmholtz free energy calcula-
tions derived from the partition function Z of the system un-
der considerations. Ions and electrons for EOS calculations
are treated as separate entities each having its contribution for
Helmholtz free energy F , pressure P, internal energy E, en-
tropy S, specific heats Cv at constant volume and constant pres-
sure Cp of the system. The total EOS can be written as

Ftot = Fc +Fe +Fi, (1)

where Ftot is the total Helmholtz free energy. Fc is the contri-
bution of Helmholtz free energy from cold curve, while Fe and
Fi are the components of Helmholtz free energy due to electron
and ions respectively. From this construction, the thermody-
namic variables can be separated for electrons and ions, i.e.,

Ptot = Pc +Pe +Pi, (2)

Etot = Ec +Ee +Ei, (3)

Stot = Sc +Se +Si. (4)

From Helmholtz energy the thermodynamic variables can be
calculated as follows:[20,35]

F =−kBT log(Z) , (5)

P =−
(

∂F
∂V

)
T
, (6)

E =−T 2
(

∂

∂T

(
F
T

))
V
, (7)

S =−
(

∂F
∂T

)
V
. (8)

The specific heat at constant volume is represented as[17]

Cv = T
(

∂S
∂T

)
v
=−T

(
∂ 2F
∂T 2

)
v
=

(
∂E
∂T

)
v
. (9)
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3. Electronic contribution to EOS
The aim of electronic structure calculations is to find the

distribution of bound electrons in different energy levels and
the number of free electrons per atom, i.e., Z, for given plasma
density and temperature conditions. There are different mod-
els available for electronic structure calculations which can
be categorized as detailed level (DL) calculations,[36–41] den-
sity functional theory (DFT) or the so-called ab initio molec-
ular dynamics calculations,[42–46] and average atom (AA)
calculations.[47–56] Recently hybrid models consisting of DFT
and average atom calculations are also reported.[57,58] We will
focus on AA approach in this study.

In an AA approach, the average behavior of atoms in an
ensemble at a particular density and temperature is considered
in contrast to the DL calculations, where all interactions, ex-
citations, and ionization states of all the species (neutral atom,
excited states, and ions) present in the ensemble, are consid-
ered. The AA calculation is computationally less expensive as
compared to DL one and reasonable accuracy in many HEDS
regimes. Screened hydrogenic model with l-splitting (SHML)
is becoming a very promising alternative, where DL calcu-
lations are not computationally feasible among AA models
in HEDS regime. In SHML model, the potential is adopted
from level screened charges obtained from a set of screening
constants and the l-splitting term is included for the quantum
shell effects. These constants basically represent the strength
of interactions of electrons belonging to different levels and
account for screening the actual charge of nucleus seen by an
electron in a particular level. The effective nuclear charge for
an electron, i.e., the level screened charge is thus always less

than the actual charge of the nucleus. Once the level screened
charge is determined, it is used in determining level popula-
tion, and level energy, and Z. In this way, the computational
cost of solving Schrödinger and Poisson equations to get en-
ergy level calculations, is reduced. Therefore, the accuracy of
the SHML model solely depends on resolution of screening
constant data, i.e., what quantum numbers (n, or, nl or nl j,
etc.) are used for energy level descriptions which are used to
fit the screening constant data set.

4. The electron EOS formulism using I-SHML
model

Once the I-SHML values are obtained for average atom
self-consistently, one can easily calculate the electron EOS.
The EOS calculations start with the construction of Helmholtz
free energy Fe in terms of the I-SHML. The Rydberg units are
taken in this section, i.e., energies are normalized by Rydberg
enery equivalent to 13.6 eV and h̄ = 1, 2me = 1, and e2 = 2. Fe

consists of three parts, i.e., the contributions from bound elec-
tron Fbound, free electron Ffree, and finally the contributions
from Fbound−free. The detailed mathematical expressions for
EOS and subsequent formulism are presented elsewhere[26]

which are reported here. The expression for Fe becomes[26]

FI−SHML = Fbound +Ffree +Fbound−free. (10)

The Fbound represents the contribution of bound electrons to
Helmholtz free energy and has the form in the I-SHML con-
text as

Fbound =−
imax

∑
i=1

Pi

(
Zi

ni

)2

+(kBT )
imax

∑
i

[
Pi ln

(
Pi

Di

)
+(Di−Pi) ln

(
Di−Pi

Di

)]
, (11)

where Zi, Pi, and Di represent average atom values of level
screened charge, occupation number, and level degeneracy re-
spectively which are obtained from the I-SHML. Similarly the
contribution of free electrons to Helmholtz free energy Ffree

simplifies as[26]

Ffree = Z̄ (kBT )
[

η− 2
3

I3/2 (η)

I1/2 (η)

]
, (12)

where Z̄ is the average charge state, η is the degeneracy pa-
rameter, and Iα(η) is the Fermi–Dirac integral defined in lit-
erature as

Iα (η) =
∫

∞

0

xα

1+ ex−η
dx. (13)

Finally, the part of the interaction energy of bound and free
electrons to Helmholtz free energy Fbound−free is given by[26]

Fbound−free =

(
9

10

)
Z̄2 e2

Rws
. (14)

By using the definition of pressure from Helmholtz free energy
one has a total electron pressure Pe consisting of correspond-
ing three parts as

PI−SHML = Pbound +Pfree +Pbound−free, (15)

where Pbound is the pressure amounting for bound electrons[26]

Pbound = ρ
2 (kBT )∑

i

[
ln
(

Di−Pi

Di

)
∂Di

∂ρ

]
. (16)

Here

∂Di

∂ρ
=
−bzmDi

3ρ

{[
azm
(
r0

k/Rws
)]bzm

1
+
[
azm
(
r0

k/Rws
)]bzm

}
.

In which azm and bzm are adjustable pressure ionization pa-
rameters and r0

k is the expectation value of orbital radius of the
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isolated atom, defined as

r0
k = a0

3n2
k− lk(lk +1)

2Z0
k

(17)

with a0 as Bohr radius (in unit of cm) and Rws is the Wigner–
Seitz radius (in unit cm) defined as

Rws =

(
4πρNA

3A

)−1/3

=

(
4πni

3

)−1/3

. (18)

Here ni as the ions number density (in units of ions/cm3), NA is
the Avogadro number, and A is the molar mass of the element.
Similarly, the pressure for free electron Pfree will become

Pfree = ρZ̄ (kBT )
[

2
3

I3/2 (η)

I1/2 (η)

]
. (19)

Finally the pressure resulting from the interaction of bound
and free electrons will be Pbound−free

Pbound−free =−ρ
3Z̄2

5Rws
. (20)

The same analysis goes for total electron energy Ee as this can
also be expressed in terms of Fe as

EI−SHML = Ebound +Efree +Ebound−free. (21)

This also consists of three parts: energies from the bound
electron Ebound, free electron Efree, and bound-free interaction
Ebound−free as expressed below:

Ebound =−
imax

∑
i=1

Pi

(
Zi

ni

)2

, (22)

Efree = Z̄ (kBT )
[

I3/2 (η)

I1/2 (η)

]
, (23)

Ebound−free =

(
9

10

)
Z̄2 e2

Rws
. (24)

On the same lines using the definition of entropy from Eq. (8),
the electronic contribution to entropy using the I-SHML model
will be

SI−SHML = Sfree +Sbound. (25)

The entropy of bound electrons Sbound becomes

Sbound =−kB

imax

∑
i

[
Pi ln

(
Pi

Di

)
+(Di−Pi) ln

(
Di−Pi

Di

)]
(26)

and that of free electrons Sfree takes the form as

Sfree =−Z̄ (kB)η− Z̄ (kB)

[
5I3/2 (η)

3I1/2 (η)

]
. (27)

From Eq. (9), the specific heat at constant volume comes in
the I-SHML formulism as

Ce
v =−kB ∑

i

[
εi +∆I−3kBT

I1/2 (η)

I−1/2 (η)

](
∂Pi

∂T

)∣∣∣∣
ρ

+ kBZ̄
[

5
2

I3/2 (η)

I1/2 (η)
− 9

2
I1/2 (η)

I−1/2 (η)

]
. (28)

Here εi are level energies and ∆I is continuum lowering en-
ergy. The terms ∂Pi/∂T and ∂Pi/∂ρ in Eq. (28) are computed
by solving the matrix equations

∑
j

Mi, j
∂Pj

∂ρ

∣∣∣∣
ρ

= fi
∂Di

∂ρ
+Di figi

[
−β

∆I
3ρ

+
2
ρ

I1/2(η)

I−1/2(η)

]
, (29)

∑
j

Mi, j
∂Pj

∂T

∣∣∣∣
ρ

=−Di figi

[
εi +∆I− 3

β

I1/2(η)

I−1/2(η)

]
, (30)

where the anti-symmetric matrix 𝑀 is defined as

Mi, j = δi, j +Di figi

[
β Vi, j−β

∆I
Z

+
2
Z

I1/2 (η)

I−1/2 (η)

]
. (31)

It should be noted that the calculations for Ce
v and Ce

p

were not reported in Ref. [26] and are carried out explic-
itly for this study. The average atom calculations are not
valid (not accurate) near zero temperature or say near room
temperature.[21,59–61] So in order to rectify the electronic cal-
culations, the standard procedure is to subtract the electronic
contributions of all the thermodynamic functions at room tem-
perature from the electronic thermal contributions at any den-
sity and temperature conditions. In doing so, pressure and in-

ternal energy take the form as

Fe (ρ,T ) = FI−SHML (ρ,T )−FI−SHML (ρ,T0) , (32)

Pe (ρ,T ) = PI−SHML (ρ,T )−PI−SHML (ρ,T0) , (33)

Ee (ρ,T ) = EI−SHML (ρ,T )−EI−SHML (ρ,T0) . (34)

5. Ionic contribution to EOS: Quotidian equa-
tion of state

The quotidian equation of state (QEOS) is an empiri-
cal general-purpose equation of state model used in hydrody-
namic simulation of high-pressure phenomena developed by
More et al.[35] This model assumes only two phases of matter,
namely, fluid phase (for liquid and gas phases) and solid phase.
Moreover, phase transitions of material are not incorporated.
These simplifications in QEOS are made by using empirical
scaling laws governed by combining Debye, Gruneisen, and
Lindemann laws for thermodynamic properties like Helmholtz
energy, pressure, energy, and entropy for both fluid and solid
phases separately. The ionic form for Helmholtz free energy
Fe, pressure Pe, and energy Ee can be written in terms of scal-
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ing function f (u,w) laws as

Fe (ρ,T ) =
(

kT
AMp

)
f (u,w) , (35)

Pe = ρ
2 ∂Fe

∂ρ
=

kρ2

AMp
∂θD

∂ρ
f ′ (u,w) , (36)

Ee =−T 2 ∂

∂T

(
Fe

T

)
=

kθD

AMp f ′ (u,w) , (37)

where the scaling parameters u and w are obtained from Debye
temperature θD and melting temperature Tm as

u = θD/T, (38)

w = Tm/T. (39)

The distinction between solid and fluid is made by imposing
assumptions based on values of u and w. For fluid one has
w < 1 while solid is divided into two categories: a high tem-
perature solid u < 3 and w > 1, which we will consider in this
research and low temperature solid u > 3 and w > 1.

To complete the model, More[35] purposed empirical re-
lation for density-dependant Debye temperature θD, melting
temperature Tm, and Gruneisen parameter as

kTm = 0.32

[
ξ 2b+10/3

(1+ξ )4

]
, (40)

kθD =

[
1.68

(Z +22)

][
ξ b+2

(1+ξ )2

]
, (41)

γs = b+
2

(1+ξ )
, (42)

where the terms have the following meanings:

b = 0.6Z1/9,

ξ =
ρ

ρref
,

ρref = A/
(

9Z1/3
)
,

α = 0.0262

(
A2/3

Z0.2

)
(Z +22)2.

The corresponding scaled thermodynamic variables in high
temperature solid are given below

Ei =
3kT
AMp

(
1+

u2

20
− u2

1680

)
, (43)

Pi = γsρEi = γsρ
3kT
AMp

(
1+

u2

20
− u2

1680

)
, (44)

Si =
k

AMp

(
4−3logu+

3u2

40
− 3u4

2240

)
. (45)

6. Cold curve contribution to EOS: Scaled bind-
ing energy model
To compensate the ionic cold part of EOS, a recent

progress in the ion equation of state model is made by the de-
velopment of the scaled binding energy model. This model

gives a very good description of the solid phase and pro-
vides a better model for density-dependant Grunesien param-
eter and melting temperature for the solid phase. The SBE
model,[62–64] as the name suggests, uses a scaling parameter
“a” to model the binding energy at zero temperature (cold en-
ergy curve) of any material using some scaling function. The
scaling parameter a is the ratio of separation of ions from nor-
mal radius to scaled length of the material which are defined
as

a =
r− rsolid

l
(46)

and l is material characteristic scale length given by

lsolid =

[
EcohesiveAMp

12πBsolidrsolid

]1/2

, (47)

where Ecohesive is the cohesive energy of the material, rsolid is
normal radius of the ion obtained from Wigner–Seitz radius
at normal density, and r is the radius obtained from Wigner–
Seitz radius at density under consideration. The cold energy is
given in terms of scaling function ε (a) as

Ecold (a) = Ecohesive [1+ ε (a)] (48)

and the cold pressure derived from the cold energy takes the
form as

Pcold (a) =−
dEcold

dV
=−3kBsolid

[
ε ′ (a)

(1+ ka)2

]
. (49)

With the help of scaling parameter a, a universal SBE curve is
constructed using four fitting parameters s1, s2, s3, and s4 as
follows:

ε(a) =
e−a

(1+ ka)2

(
s1a3 + s2a2 + s3a1 + s4a0) , (50)

where k is the compressibility given as

k =
lsolid

rsolid
. (51)

The four fitting parameters s1, s2, s3, and s4 are computed with
constraints on the derivative of the SBE with respect to a which
are as follows:

ε(0) =−1,

ε
′(0) = 0,

ε
′′(0) = 1,

ε
′′′(0) =−3k(B′Solid−1), (52)

where B′Solid is the pressure derivative of the bulk modulus at
solid density and at zero temperature which is determined ex-
perimentally. With these constraints the fitting parameters s1,
s2, s3, and s4 become

s1 =−
(

k2 +
(B′Solid−1)

2
k− 1

3

)
,

s2 =−k (k+2) ,

s3 =−(2k+1) ,

s4 =−1. (53)
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7. Radiation energy density contribution to EOS
At high densities and temperatures, matter exists in

plasma state. In HEDS shock experiments, the electrons
in the hot dense plasma emit radiations due to rise in tem-
perature via bremsstrahlung and also reach equilibrium with
the plasma via inverse bremsstrahlung and Compton scatter-
ing processes. In principle, a radiation-dependant ionization
model for plasma is required to simulate the radiative transfer
phenomenon in which radiation temperature and plasma tem-
perature are treated on different footings. From this radiation-
dependant ionization model the EOS could be formulated that
can describe the radiation–matter interaction. The effect of ra-
diation on plasma environment mainly depends upon the opti-
cal thickness of the material which is calculated from the so-
lution of the radiative transfer equation. In literature, various
models are presented for radiative transfer problem but most
of them are limited to diffusion approximation solution to ra-
diative transfer problem in which radiation temperature and
plasma temperature are assumed to be equal. Another rea-
son for this approximation comes from the fact that the time
scale for the equilibration of radiation with matter is gener-
ally of the order of 10−13 s to 10−15 s. This time scale is
in no comparison with the time scale of shock propagation
which is 10−9 s to 10−6 s. With this justification, it can be
assumed that matter exists in equilibrium with radiation field.
Under equilibrium condition, the energy density of radiation
depends on the radiation temperature which is equivalent to
material temperature. This means that under equilibrium con-
ditions one can explicitly add radiation energy in EOS without
radiation-dependant ionization model. When an intense shock
is launched, the temperature becomes so high that the energy
density and pressure of radiation become comparable to the in-
ternal energy and pressure of electrons, thereby affecting both
the EOS and Hugoniot. The energy density of equilibrium ra-
diation can be obtained using Stefan–Boltzmann law. Then,
the energy density of radiation is given

Wrad (T ) = a(kBT )4 , (54)

where the value of radiation constant a = 137.999 when kBT
and W are expressed in keV and 1012 erg/cm3, respectively.
From this equation one can find the specific energy for a given
density ρ as

Erad (ρ,T ) =
Wrad (T )

ρ
. (55)

Similarly, pressure can be derived as

Prad (ρ,T ) =
ρErad (ρ,T )

3
. (56)

In the presence of radiation, the total specific energy and
pressure of electron–radiation system are given by

Et (ρ,T ) = Ee (ρ,T )+Erad (T ) , (57)

Pt (ρ,T ) = Pe (ρ,T )+Prad (T ) . (58)

8. Shock wave and Rankine–Hugoniot relations
In HEDS where there is deposition of huge energy over

very short dimension and in a short time which leads to propa-
gation of abrupt disturbances in materials; called shock waves
and prove to be a favorable candidate for analysis of HEDS.
The material subjected to a strong shock wave is compressed,
heated, and ionized which leads to generation of disconti-
nuities in thermodynamic quantities of the material after the
shock. This discontinuous behavior in thermodynamic quanti-
ties is studied with the help of well-known Rankine–Hugoniot
(RH) equation. The standard form of Rankine–Hugoniot equa-
tion is given as

E1−E0 =
(P1 +P0)

2
(V0−V1) , (59)

where the subscript 0 refers to quantities behind the shock and
the subscript 1 used for those after the shock. The Rankine–
Hugoniot equation is basically a form of energy conservation
law across the discontinuity and its solution is called shock
adiabat or Rankine–Hugoniot curve. The Hugoniot curve or
shock adiabat does not describe the trajectory of the shock-
compressed material in pressure–volume space as it is under-
going the shock compression. Rather, the Hugoniot curve de-
scribes a locus of points for the equilibrium pressure behind
the shock for a given compression and initial conditions.

The solution of Rankine–Hugoniot equation is solely de-
pendent on initial conditions. If initial conditions are speci-
fied then the system is left with only three equations and four
unknowns, i.e., u1, E1, P1, and V1. Hence another relation-
ship is required for unique solution (four equations and four
unknowns) of the system. From this point onward, Rankine–
Hugoniot equations are solved either with the help of exper-
imental data or by using analytical or tabular EOS. For sim-
plicity, some assumptions are applied, i.e., P0 = 0, E0 = 0, and
u0 = 0.

9. Results of computation for Hugoniot curve
The Hugoniot curve is the locus of points for the equilib-

rium pressure behind the shock for a given compression and
given initial conditions. This means that there would be a dif-
ferent curve for different initial conditions. In actual calcu-
lations, shock Hugoniot calculations are very much sensitive
to the physics of ions and electros involved in EOS calcula-
tions, for instance the inclusion of bound electron structure
in EOS shows the shell structures in shock Hugoniot calcu-
lations. These shell structures arise due to quantum mechan-
ical treatment of bound electrons which is a subject of great
interest in high pressure studies. In this study, the effect of
radiation on shock Hugoniot case is studied under LTE con-
ditions and is compared with the case where there are no ra-
diation present in the system. The Hugoniot calculations are
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performed by taking sodium and iron as test cases. The ini-
tial conditions for computations are taken at ρ = ρ0 (solid
density), kBT0 = 0.0025 eV = 300 K (room temperature) and
with additional constraint on total pressure Ptot(ρ0,T0) = 0.0
for sodium and iron. The Hugoniot profiles for pressure, en-
ergy, and temperature are plotted against the compression ratio
ξ = ρ/ρ0. The asymptotic compression limit ξlimit achieved
by Hugoniot method can be estimated by assuming full ioniza-
tion gas model having γ as specific heat ratio which is blown
by single shock of infinite extent as[65]

ξlimit =
γ +1
γ−1

. (60)

In this study the electronic contributions to EOS are based
on screened hydrogenic model that predicts the electron ther-
modynamic domain for pressure, energy, and temperature
where RH curves strongly depend on the electronic shell struc-
ture. These shoulders in electronic shell structure corresponds
to the occurrence of ionization in successive shells. The ba-
sis of formation for these shoulders or shell structures is due
to the release of bound electron energy stored in shells which
is affected by pressure of free electrons present in the vicin-
ity. It happens beyond solid density when ionization starts to
increase due to pressure ionization and continuum lowering
phenomenon. At this point the shock energy increases which
increases ionization process, i.e., it depopulates the successive
low energy electronic levels which eventually result in further
compression of the material. The increase of ionization results
in increase of the free electron pressure as well which conse-
quently compensates the on going compression. This balanc-
ing process goes on, up till the density of the system reaches
the single infinite shock compression density which is 4 times
that of solid density. It is due to the fact that the maximum
compression in density of any solid material from a shock of
an infinite strength can reach 4 times of its solid density.[65]

In absence of radiation field, all the energy delivered by the
shock is consumed in increasing the kinetic energy of the elec-
trons. The increase in kinetic energy of the electron raises the
temperature of plasma which results in onset of thermal ion-
ization. With strong shocks higher temperatures are achieved
for which free electron gas model (full ionized plasma) can be
applied. Free electron gas is assumed to be monoatomic gas
having γ = 5/3. Using this value of γ in Eq. (60) gives the
limiting value ξlimit = 4 in the absence of radiation field.

In the presence of radiations (owing to Eq. (54)) changes
the scenario of the energy deposition of the electron–radiation
system is assumed to be under LTE conditions. Under these
conditions, the radiations start playing a dominant role in en-
ergy deposition and compression at T ∼ 1 keV and densities
around ξ ∼ 4. This is due to the reason that when radiations
are present in the system, the energy imparted by the shock
will be used not only for increasing temperature of free elec-
trons but also used for compression of the material. As long

as bound electrons are present in the system there is competi-
tion between bound electron energy and free electron energy.
Due to which, less pressure is required to compress the mate-
rial for same density as compared to fully ionized case. Which
means that near full ionization (where number of bound elec-
tron is negligible), the radiation pressure will be comparable
with free electron pressure and there will be a competition
between the two forces onwards. After full ionization, radi-
ation pressure dominates, which further compresses the mate-
rial by increasing energy density of the system as the fourth
power of temperature. At this point, free electron pressure is
negligible in comparison with radiation pressure, and radia-
tion field in this domain can be treated as photon gas having
effective γrad = 4/3. The compression by radiation goes on
RH curve till it reaches its limiting compression ratio limit of
value 7 which is predicted by Eq. (60) using γrad = 4/3. These
facts are clearly evident in our indicated calculation results for
sodium and iron listed below.
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Fig. 1. Comparisons of pressure Hugoniot results of this study (with radi-
ation (sea green) and without radiation (wine)) for sodium with results by
Zhang et al. in Ref. [66] with radiation (olive) and without radiation (pink).
The data are taken from Fig. 1 of Ref. [66].

The comparison is made in Fig. 1 with a recent study by
Zhang,[66] in which sodium is taken as an example to show
the effect of radiation on shock Hugoniot using molecular dy-
namic simulations. The results of sodium Hugoniot calcula-
tions are compared with Ref. [66] in Fig. 2 which shows very
good agreement. Sodium Hugoniot calculations are performed
by taking solid density being equal to 0.986 g/cc, bulk mod-
ulus as 6.43 GPa, pressure derivative of bulk modulus at zero
temperature and solid density as 3.84 and cohesive energy as
1.0126 eV/atom. The pressure ionization parameters are taken
from Ref. [26] having azm = 3.5 and bzm = 1.0. The pres-
sure Hugoniot with radiation shows higher value of maximum
compression limit ξlimit of value 7 as compared to compres-
sion limit of value 5.5 for the system without radiation. The
Hugoniot profiles for energy and temperature are plotted in
Fig. 3 and Fig. 4 respectively. The Hugoniot pressure and en-
ergy profiles for the system without radiation are drawn along
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with pressure and energy isotherms in Figs. 5 and 6 to elab-
orate the evolution of Hugoniot profiles without radiation ef-
fect. Similarly, the evolution of radiation effects on Hugoniot
profiles for pressure and energy are presented in Figs. 7 and 8
respectively. A three-dimensional representation of the elec-
tronic specific heat at constant volume for sodium from EOS
is shown in Fig. 9. The electronic specific heat at constant
volume along the shock Hugoniot is plotted in Fig. 10.
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Fig. 2. Comparison result of pressure Hugoniot of this study (with radiation
(blue) and without radiation (wine)) for sodium with results by Zhang et al.
in Ref. [66] (with radiation (olive) and without radiation (pink). The data
are taken from Fig. 1 of Ref. [66].
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diation inclusion for sodium on pressure isotherms. The Hugoniot profile
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points of Hugoniot profile.
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Fig. 6. The evolution of the energy along the shock Hugoniot profile without
radiation inclusion for sodium on energy isotherms. The Hugoniot profile
is drawn with energy isotherms on background to elaborate the evolution
points of the Hugoniot profile.
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Fig. 7. The evolution of the pressure shock Hugoniot profile with radia-
tion for sodium on pressure isotherms. The Hugoniot profile is drawn with
electron–radiation system pressure isotherms on background to elaborate the
evolution points of the Hugoniot profile.

Study for iron is also accomplished as an extension af-
ter sodium analysis. The results of iron shock Hugoniot are
compared with Fig. 5 of Ref. [60] in Fig. 11. Excellent agree-
ment is found and it shows the reliability of our model. In this
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study the computations are performed by taking solid density
being equal to 7.874 g/cc, bulk modulus as 163.4 GPa, pres-
sure derivative of bulk modulus at zero temperature and solid
density as 5.38, and cohesive energy as 3.59 eV/atom.
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Fig. 8. The evolution of the energy shock Hugoniot profile with radiation for
sodium on energy isotherms. The Hugoniot profile is drawn with electron–
radiation system energy isotherms on background to elaborate the evolution
points of the Hugoniot profile.
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The Hugoniot profiles for thermodynamic variables pres-
sure, energy, and temperature are obtained and plotted in
Fig. 12–14 respectively for azm = 3.0 taken from SHML model
while bzm is taken as 1.0. The Hugoniot pressure and energy

profiles are drawn along with pressure and energy isotherms in
Figs. 15 and 16 to elaborate the evolution of Hugoniot profiles
without radiation effect. Similarly, the evolution of radiation
effects on Hugoniot profiles for pressure and energy are pre-
sented in Figs. 17 and 18 respectively. A three-dimensional
representation of the electronic specific heat at constant vol-
ume for iron is shown in Fig. 19 and along the shock Hugoniot
is plotted in Fig. 20.
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Fig. 12. The evolution of the pressure with and without radiations along the
shock Hugoniot profile for iron.
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Fig. 14. The evolution of the temperature with and without radiations along
the shock Hugoniot profile for iron.
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The electronic specific heat at constant volume Cv is also
an interesting direct measure of the ionization of successive

shells and indirectly measure on the release of energy stored
in shells as shown in Fig. 10 for sodium and in Fig. 20 for iron.
The shell structure appears in Cv calculations after which the
Cv saturates to a constant value of Cv = Z. This phenomenon
is called “Schottky anomaly”[67] and is of great interest for
experimentalists.
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Figure 10 shows the specific heat at constant volume for
sodium. In this figure there are 3 bumps on Cv curve. The
1st one is observed at 10 eV, 2nd at 80 eV, and 3rd one at
700 eV corresponding to M-, L-, and K-shell electrons, re-
spectively. When both the 1s electrons are ionized, there is a
sudden break in the specific heat, which tends to an ideal gas
behavior of Z = 11 independent particles. It is important to
note that the height of peak determines the ionization potential
of the shell. The same behavior for the case of iron’s elec-
tronic specific heat at constant volume is shown in Fig. 20.
In this figure there are 3 bumps Cv curve. The 1st one is at
100 eV, 2nd at 800 eV, and 3rd one at 1200 eV correspond-
ing to M-, L-, and K-shell electrons, respectively. Clearly
the full ionization of iron leads the Cv to an ideal gas value
of Z = 26 independent particles asymptotically. It is impor-
tant to note that these shell structures are absent in TF theory
because it uses semi-classical approximation to solve Poisson
equation for electron density. So, inherently, TF theory does
not take into account shell description for which one needs to
solve Schrodinger equation. These corrections for TF theory
are incorporated in QSM model.[21,22,29,31,59–61] For the sake
of comparison, iron and sodium shock Hugoniot are plotted in
Fig. 21.
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Fig. 21. The comparison of iron and sodium Hugoniot profiles.

The shell structures are evident and the values of pressure
are different owing to Z and initial solid density values. The
pressure ionization parameters are the same as before. More-
over, it should be noted that the shock-wave data analysis al-
lows one to investigate the material properties in very wide
region of the phase diagram. For instance, it may go from
compressed solid to different phases like hot dense liquid, hot
dense plasma, liquid–vapor regime or quasi gas states. As a
consequence, the resulting high pressure, energy, and temper-
ature information covers a broad range of the phase diagram.
But, in principle, this information has a heterogeneous char-
acter which is not complete from the thermodynamic point of
view. Its generalization can be done only in the form of a ther-
modynamically complete EOS.

10. Summary and conclusion
In this paper the effect of radiation environment on shock

Hugoniot calculation is investigated by using an improved
screened hydrogenic model with l-splitting for electronic con-
tributions to EOS. The ionic contribution to EOS is formulated
by Cowan model while cold part calculations are developed
on the basis of scaled binding energy model. The results of
shock Hugoniot calculations for pressure, energy, temperature
with and without radiation field consideration are presented
for sodium and iron in this research. The Hugoniot calcula-
tions shows compression ratios of 4 for the case without radi-
ation field EOS and compression ratios of 7 with EOS having
radiation field included. The results are discussed owing to ra-
diation pressure and free electron pressure. The specific heat
at constant volume along shock Hugoniot without radiation
field is also carried out in this research that shows Schottky
anomaly effect. The results are compared with the published
literature and found a very good qualitative and quantitative
agreement.
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lag)

[49] Sterne P A, Hansen S B, Wilson B G and Isaacs W A 2007 High Energy
Density Physics 3 278

[50] Pattison L K, Crowley B J B, Harris J W O and Upcraft L M 2010 High
Energy Density Physics 6 66

[51] Perrot F 1989 Phys. Scr. 39 332
[52] Blottiau P and Damamme G 1992 Journal of Quantitative Spectroscopy

and Radiative Transfer 47 127
[53] Marchand R, Caille S and Lee Y T 1990 Journal of Quantitative Spec-

troscopy and Radiative Transfer 43 149
[54] Mayer H 1947 Methods of opacity calculations, Technical Report LA-

647, Los Alamos Scientific Laboratory, Los Alamos, NM USA
[55] More R M 1982 Journal of Quantitative Spectroscopy and Radiative

Transfer 27 345
[56] Rickert A and Meyer-Ter-Vehn J 1990 Laser and Particle Beams 8 715
[57] Blenski T and Cichocki B 2007 High Energy Density Physics 3 34
[58] Piron R and Blenski T 2013 High Energy Density Physics 9 702
[59] Pain J C A 2007 J. Phys. B: At. Mol. Opt. Phys. 40 1553
[60] Pain J C 2007 Contributions to Plasma Physics 47 421
[61] Pain J C 2007 High Energy Density Physics 3 204
[62] Chandrani Bhattacharya and Menon S V 2009 J. Appl. Phys. 105

064907
[63] Bhattacharya C and Srivastava M K 2007 J. Appl. Phys. 102 064915
[64] Bhattacharya C and Srivastava M K 2010 J. Phys. Conf. Ser. 208

012004
[65] Zel’dovich Yu P and Raizer Ya B 1967 Physics of Shock Waves and

High-Temperature Hydrodynamic Phenomena (Mineola, New York:
Elsevier)

[66] Zhang S, Kevin P D, Soubiran F O and Militzer B 2017 J. Chem. Phys.
146 074505

[67] Tari A 2003 The Specific Heat of Matter at Low Temperatures (Imperial
College Press, World Scientific Publishing Co)

033102-12

https://www.amazon.com/Extreme-Physics-Properties-Behavior-Conditions/dp/ 1107019672
https://www.amazon.com/Extreme-Physics-Properties-Behavior-Conditions/dp/ 1107019672
http://dx.doi.org/10.1088/0034-4885/48/1/001
http://dx.doi.org/10.1103/PhysRevB.68.104103
http://dx.doi.org/10.1103/PhysRevB.68.104103
http://dx.doi.org/10.1007/PL00004051
http://dx.doi.org/10.1080/08957950412331331709
http://dx.doi.org/10.1080/08957950412331331709
http://dx.doi.org/10.3367/UFNr.0177.200704c.0347
http://dx.doi.org/10.1007/s00193-009-0224-8
http://dx.doi.org/10.2174/1876534301003010122
http://dx.doi.org/10.3367/UFNr.0184.201403b.0231
http://dx.doi.org/10.1016/j.physleta.2006.10.013
http://dx.doi.org/10.1016/j.hedp.2009.06.010
http://dx.doi.org/10.1016/j.hedp.2009.06.010
http://dx.doi.org/10.1016/j.hedp.2011.11.012
http://dx.doi.org/10.1063/1.1689664
http://dx.doi.org/10.1063/1.1689664
http://dx.doi.org/10.1016/0022-4073(82)90127-3
http://dx.doi.org/10.1016/j.hedp.2008.03.002
http://dx.doi.org/10.1016/j.hedp.2008.03.002
https://www.amazon.com/Foundations-High-Energy-Density-Physics-Processes- Conditions/dp/1107124115
https://www.amazon.com/Foundations-High-Energy-Density-Physics-Processes- Conditions/dp/1107124115
https://www.amazon.com/Foundations-High-Energy-Density-Physics-Processes- Conditions/dp/1107124115
http://dx.doi.org/10.1088/1742-6596/774/1/012006
http://dx.doi.org/10.1088/1742-6596/774/1/012006
http://dx.doi.org/10.1016/j.physa.2018.11.010
http://dx.doi.org/10.1016/S0022-4073(97)00018-6
http://dx.doi.org/10.1016/S0022-4073(97)00018-6
http://dx.doi.org/10.1103/PhysRevB.79.045126
http://dx.doi.org/10.1063/1.866963
http://dx.doi.org/10.1063/1.866963
http://dx.doi.org/10.1016/j.hedp.2011.03.008
http://dx.doi.org/10.1103/PhysRevE.64.056401
http://dx.doi.org/10.1103/PhysRevE.64.066412
http://dx.doi.org/10.1016/j.hedp.2011.01.001
http://dx.doi.org/10.1103/PhysRevE.76.026401
http://dx.doi.org/10.1103/PhysRevE.82.026409
http://dx.doi.org/10.1016/S0022-4073(99)00068-0
http://dx.doi.org/10.1016/S0022-4073(99)00068-0
http://dx.doi.org/10.1016/j.hedp.2013.06.003
http://dx.doi.org/10.1016/j.hedp.2013.06.003
http://dx.doi.org/10.1103/PhysRevE.87.063113
http://dx.doi.org/10.1016/j.hedp.2014.09.006
http://dx.doi.org/10.1016/j.hedp.2014.07.002
http://dx.doi.org/10.1016/j.hedp.2014.07.002
 https://www.amazon.com/Quantum-Statistical-Models-Hot-Dense-Matter/dp/3764321830
 https://www.amazon.com/Quantum-Statistical-Models-Hot-Dense-Matter/dp/3764321830
 https://www.amazon.com/Quantum-Statistical-Models-Hot-Dense-Matter/dp/3764321830
 https://www.amazon.com/Quantum-Statistical-Models-Hot-Dense-Matter/dp/3764321830
http://dx.doi.org/10.1016/j.hedp.2007.02.037
http://dx.doi.org/10.1016/j.hedp.2007.02.037
http://dx.doi.org/10.1016/j.hedp.2009.09.002
http://dx.doi.org/10.1016/j.hedp.2009.09.002
http://dx.doi.org/10.1088/0031-8949/39/3/011
http://dx.doi.org/10.1016/0022-4073(92)90071-B
http://dx.doi.org/10.1016/0022-4073(92)90071-B
http://dx.doi.org/10.1016/0022-4073(90)90043-6
http://dx.doi.org/10.1016/0022-4073(90)90043-6
http://dx.doi.org/10.1016/0022-4073(82)90127-3
http://dx.doi.org/10.1016/0022-4073(82)90127-3
http://dx.doi.org/10.1017/S0263034600009113
http://dx.doi.org/10.1016/j.hedp.2007.01.006
http://dx.doi.org/10.1016/j.hedp.2013.07.002
http://dx.doi.org/10.1088/0953-4075/40/8/008
http://dx.doi.org/10.1002/(ISSN)1521-3986
http://dx.doi.org/10.1016/j.hedp.2007.02.013
http://dx.doi.org/10.1063/1.3086632
http://dx.doi.org/10.1063/1.3086632
http://dx.doi.org/10.1063/1.2778643
http://dx.doi.org/10.1088/1742-6596/208/1/012004
http://dx.doi.org/10.1088/1742-6596/208/1/012004
http://dx.doi.org/10.1063/1.4976559
http://dx.doi.org/10.1063/1.4976559
https://doi.org/10.1142/p254
https://doi.org/10.1142/p254

	1. Introduction
	2. Essential thermodynamic relations for EOS development
	3. Electronic contribution to EOS
	4. The electron EOS formulism using I-SHML model
	5. Ionic contribution to EOS: Quotidian equation of state
	6. Cold curve contribution to EOS: Scaled binding energy model
	7. Radiation energy density contribution to EOS
	8. Shock wave and Rankine–Hugoniot relations
	9. Results of computation for Hugoniot curve
	10. Summary and conclusion
	References

