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Particle-in-cell simulation of ion-acoustic solitary waves
in a bounded plasma*
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We study some nonlinear waves in a viscous plasma which is confined in a finite cylinder. By averaging the physical
quantities on the radial direction in some cases, we reduce this system to a simple one-dimensional model. It seems that
the effects of the bounded geometry (the radius of the cylinder in this case) can be included in the damping coefficient.
We notice that the amplitudes of both Korteweg—de Vries (KdV) solitary waves and dark envelope solitary waves decrease
exponentially as time increases from the particle-in-cell (PIC) simulation. The dependence of damping coefficient on the
cylinder radius and the viscosity coefficient is also obtained numerically and analytically. Both are in good agreement. By
using a definition, we give a condition whether a solitary wave exists in a bounded plasma. Moreover, some of potential

applications in laboratory experiments are suggested.

Keywords: ion-acoustic solitary waves, particle-in-cell simulation, bounded plasmas

PACS: 52.25.Dg, 52.35.Fp, 52.35.Sb, 52.65.Rr

1. Introduction

Nonlinear waves exist in many physical systems, such
as in water,!!! optics,[>3 and plasmas.!*% They have played
important roles in the study of plasma physics.[’~1%1 They
have attracted a great deal of interest because of their
widely occurrence in active galactic nuclei,!'''¥ pulsar
magnetosphere,'>1% solar atmosphere, and the inner re-
gions of the accretion disks surrounding the central black
holes!!7-!"1 in the past few decades. Many authors pay at-
tention to nonlinear waves, especially ion-acoustic solitary
waves (IASWs), due to their importance in modern plasma
physics.[?-221 TASWs have been theoretically and experimen-
tally studied in various laboratory and space plasmas. 23321

Many researchers have investigated the characteristics
of IASWs described by both the KdV equation and the
nonlinear Schrodinger equation (NLSE) to study the phe-
nomenon observed in various laboratory and space plasma
applications.33401 On the other hand, a large number of nu-
merical simulation studies have been done for IASWs by us-
ing PIC method to check the theoretical results.[*!=**! For in-
stance, Kakad er al.[*?! have studied the characteristics of the
ion-acoustic solitons such as amplitude, width and speed by
both fluid and PIC simulations. They found that PIC and fluid
results are almost consistent with small amplitude initial den-
sity perturbations. Qi et al.!*3! have investigated the head-on
collision between two IASWs by using the PIC simulation
method in a plasma containing hot electrons and cold ions, and
it is found that the PIC results are reliable if the amplitudes of
both the colliding solitary waves are small enough. Sharma
et al.'"** have studied the formation and propagation of large
amplitude ion-acoustic solitons using a one-dimensional PIC
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method, and it suggests that when Mach numbers are low, the
PIC simulation results are in close agreement with the KdV
soliton solutions.

Although TASWs have been studied extensively by both
theoretical and numerical methods, most of these studies are
for unbounded plasmas. However, the plasmas in the lab-
oratory are usually bounded in finite geometry. Studies of
IASWs in a bounded plasma are meaningful because of its
importance in laboratory experiments and industrial applica-
tions. Some theoretical studies have been done for solitary
waves in bounded plasmas, *°! such as KdV solitary waves,
etc. Following these theoretical works, we study not only KdV
solitary waves, but also dark envelope solitons in a bounded
plasma by using the PIC simulation method and considering
dissipation effects of the plasma fluid. Our intention in the
present paper is to verify the analytical results by PIC numeri-
cal simulation. Using the reductive perturbation technique, we
obtain a modified-KdV equation and a modified-NLSE to de-
scribe the damping IASWs. We also investigate how the cylin-
der radius and the viscosity coefficient of the plasma affect the
characteristics of [ASWs.

The layout of this paper is as follows: The analyti-
cal study on the IASWs by using the reductive perturbation
method is given in Section 2. In Section 3, we introduce the
PIC simulation method. The PIC simulation results and the
analytical ones are both discussed and compared in Section 4.
Finally, our discussion and conclusion are given in Section 5.

2. Basic equations

We consider a two-component electron—ion plasma which
is bounded in a finite cylinder with radius R.[**°! Taking
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cylindrical coordinates, the equations of the motion of ion fluid
are

ani n 1 8(rniv,) 1 B(nivg) I 8(nivx) -0

- TE e P T w0 D

8vx+v8vx+ﬁavx+v%+ 1 on;
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where n; and n, are the ion and electron number densities, r,
6, and x are the radial, polar angle, and axial coordinates, ¢ is
the time. v,, Vg, and v, represent the components of the ion
velocity in the cylindrical coordinate system. m; is the mass
of the ions. 7 is the adiabatic coefficient, 7; is the ion tem-
perature. V is the viscosity coefficient of the plasma. ¢ is
the electrostatic potential. 7. satisfies Boltzmann distribution
ne = nepexp (e@/kpT.), kg is the Boltzmann constant, T is the
electron temperature.

We consider a symmetrical cylinder in the present paper.
We assume that v, = vg =0, i.e., Uy = V(r,x,t), which is
usually satisfied in some special cases, such as the external
magnetic field is large enough. 4781 Under these assumptions,
equations (1)—(3) can be modified as follows:

on; 0 B
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The dimensionless equations of Eqgs. (4)—(6) are
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where the number densities n; and n. are normalized by
the unperturbed plasma number density ny = njy = nep.
The spatial coordinates, time, the velocity and the electro-
static potential are normalized by the Debye length Ap =
(e0kp T /ezneo)l/ 2, the inverse of the effective plasma fre-
quency cop*il = (£0mi/62ni0)1/2, the ion-acoustic speed C; =
(kgTy/m;)'/? and kgT, /e, respectively. Vv is normalized by
o, Y = 1T/ Te).

In the following, we focus on the case that 1/k > R,
where k is the wavenumber. Notice that in this limit, the ax-
ial and radial equations are completely independent. Accord-
ingly, we take!*—8

ni(r,x,t) = 1+ Yo (r)Ni(x,1), (10)

V(rx,t) = Yo(r)u(x,z), (11)
o(r,x,t) =Yo(r)w(x,1). (12)

Substituting Egs. (10)—-(12) into Eq. (9), we obtain the follow-
ing equations:

2
T LMW _ i, (13)
2
TV | Ly =y M), (19

where equation (13) is a Bessel equation whose solution is a
Bessel function Yy(r) = Jo(Br), with { = —B2. { is the eigen-
value of Bessel equation. 8 will be determined by the bound-
ary condition which will be given later. Thus, equation (7)-(9)
become

N, du P) B
3 +8—+Jo(B )5 (Niw) =0, (15)
du du Y aN; Jdy

ot *lo(Bru dx M 1+Jo(Br)N; dx = Jx u=0,(16)
92

S BV =v-N, a”

where Jo(Br) is the average value of Jo(f7):

i} I 3o(Br)rdr
Yo(Br) = f(f rdr

We consider the first boundary condition Jo(BR) =0, i.e.,
the potential at the boundary is zero. By solving the eigenvalue
problem of the Bessel function, we obtain 8 = 37 /4R. In ad-
dition, as we consider the second or third boundary conditions,
only the value of B changes, the others are the same as the first
boundary condition.

By averaging the physical quantities on the radial direc-
tion, we reduce the model to a one-dimensional case, in which
the influence of the radius R is included in the parameter 3.

2.1. Modified-KdV equation

In order to study the KdV solitary waves in a plasma, we
introduce the following stretched coordinates according to the
reductive perturbation technique: & = £(x — ct), T = &3¢, and
v = €3vy, where € is a dimensionless parameter which stands
for the strength of the nonlinearity, ¢ is the velocity of the lin-
ear wave. Then, the dependent variables are expanded as fol-
lows:

N; :gzN“ +84Ni2+"',
u=¢eu +etuy+---, (18)
v=ey +etyn 4o

Substituting Eq. (18) into Eqgs. (15)—(17), in the first order of
€, we obtain

Nii = T}/Wl; 19)

oy 48 (20)
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Y. Q1)  Vet) T= €t, v = €%Vp, where v, is the group velocity. All
R ﬁz the physical quantities are expanded as follows:
In the next higher order, we obtain the modified-KdV equation oo =) ]
N=Y e ¥ N[ (é’r)ell(kx—a)t),
%—FA%%—FB(? vi +Dy; =0 (22) ::1 o
Jt 9 7 9E? ’ u= g e ¥ ul (& r)elllon, (25)
n= =—o0
where - il(kx—ot)
y=1e Z w, ‘(€. 7)e
32— 2 \2 vaB2 n=
A= 2 ., 5= ST p . .
2¢(c* =) 2c 2 By substituting these expansions into Egs. (15)—(17), we
. . . have the following results: the dispersion relation
If D = 0, equation (22) is a standard KdV equation, its
solution is k2
2 2
0=—"—"- k 26
1+p2+k? YK (26)
_ yysech? |/ 2¥0 5—%7 (23)
Vi =¥ 12B the group velocity
If D # 0, equation (22) describes a damping KdV solitary (14 B2 +E2)[(14 B2 + k) (0? +Y'k?) + k] — 2&*

[50,51] Vg = 20k(1 1 B2+ K02 , (27)

) d ﬁnally the modified-NLSE
_ A Ype T A Yo an
Dt 21,/ Dt
= h e es— - . (24
Y1 ype sec |: 12 (5 6 e T ( ) N

‘9"’1 v W20 (1), ()
+P +0 +iDy; =0, (28)
2.2. Modified-NLSE It &2 v Py v

wave, its approximate solution is

In order to study the envelope solitary waves in a plasma,  where the dispersion coefficient P and the nonlinearity coeffi-
we introduce the following stretched coordinates: & = €(x — cient Q are as follows:

|
(14 B2+ K2 [(1+ B2 + k) (Y 0k* — 02k — Yk + 0y 07) + 2k* 02 Vg + Vgk? +20,k*Y — 413 0Y — ko] + 0k
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AL = To(Br) 1+ B+ 40%) (1 + 242 2 LB ) @D
B2 — 3k53o(Br) (1 + B> + &%) +Jo(Br)(1 +ﬁ2+k26);£i7/(1 + B+ 4k%) +K[20%(1 +[32+k2)+k2]7 32)

2 2, 2 2 . .
@ _ 3 2 20 20°(1+ B +K) +k If D = 0, equation (28) is a standard NLSE. When PQ <
G = 1 k 33
2 o(pr)1+ B4k ok* ’ 33) 0, its solution is
2 -
AP = To(Br)(1+B2)(1+ B2+ 1) W e — Pk
22 v =+ tanh] glei®emon (38
O Yk* 420k (34) 0
R+ B (v —7) 11’ o (98) is a modi - -
g If D # 0, equation (28) is a modified-NLSE, its approxi-
B® _ Jo(Br)(14+B2)(1+ B2 +k?) . Y(14+B%)+1 mate solution (PQ < 0) is
¢ Vg Vg
2 2 l//(1> =+ Pz — D e
- s o @O =Yk 420k L
B e g - °
® — Pk? i
X tanh —2Pkt) | e!*ks=@%) (39
o R0+ (v 7)1
the damping coefficient D is 3. Particle-in-cell method
Vo> The one-dimensional PIC simulation method is applied to
0
D= - (37) study the propagation of the KdV solitary waves and the dark
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envelope solitons in a viscous bounded plasma in this work.
During the simulation, the ions are regarded as kinetic par-
ticles, while electrons are modeled as Boltzmann distributed
background. Generally, real systems contain extremely lots
of particles. In order to make simulations efficient, super-
particles (SPs) are used. Each SP has a weight factor S speci-
fying the number of real particles contained. The whole simu-
lation region is divided into grid cells. At each time step, the
velocities and positions of SPs are weighted to all the grids to
calculate the charge density. Once the charge density obtained,
the Poisson equation (electrostatic model) will be solved to de-
rive the potential of each grid, and the electric field E at each
grid is further derived. Then, each SP will be driven by the
electric field, and the new position and velocity are obtained
according to the motion equation. The equation of motion of
the system is Newton’s equation

mi%):qE—%%—vﬁzv, (40)
where gE is the electric field force, —(y'/n)(dn/dx) is the
pressure of ion fluid, —v2v is the viscous force.

In addition, we need to give the value of the parameter 8
in the PIC simulation, which is determined by the radius of the
cylinder. That is, the bounded plasma is reflected on 8 in the
PIC simulation.

3.1. Initial condition of the damping KdV solitary wave

In the PIC simulation, initial conditions are chosen from
the analytical solution expressed in Eq. (24) at t = 0. The ini-
tial values of the number density and the velocity of the ions
are
Yo

A(xxo>] -cosk(x— o),

Ny =1+¢*(1+p2 h?
i =14€"(1+B")ypsech” | 2B

Awo(x—xg)} -cosk(x —xp),

u = &*c(1+ B*)wosech? {e B

respectively. The fixed boundary conditions are used. The pa-
rameters chosen in the simulation are as follows: Ax = 0.3,
At = 0.0125, the number of grid cells is N, = 10000 and the
number of SPs contained per cell is 50, the total length of x-
axis is Ly = AxN,. € =0.2, ¥ =0.003,xp = 4L,/15. This

initial disturbance will evolve as the time increases.

3.2. Initial condition of the damping dark envelope soliton

In the PIC simulation, initial conditions are chosen from
the analytical solution expressed in Eq. (39) at ¢t = 0. The ini-
tial values of the number density and the velocity of the ions

are given below:

| P> — o
]Vi: 1+8(1+k2+ﬁ2) T

_ 2
X tanh[ @ 2£k 8(x—x0)} -cos[(e+ 1)k(x—xp)],
_ o(1+k2+p?) |PK2—o
u ==& X Q
« tanh [ “’;"Zs(x—xo)} -cos[(& + 1)k(x—x0)],

respectively. The boundary conditions along the x-axis are pe-
riodic. The parameters chosen in the simulation are as fol-
lows: Ax = 0.3, Ar = 0.0125, the number of grid cells is
Ny = 30000 and the number of SPs contained per cell is 50,
the total length of x axis is Ly = AxN,. € = 0.01, ¥ = 0.003,
k=0.1, xo = L, /4. This initial disturbance will evolve as the

time increases.

4. PIC simulation results

4.1. KdV solitary wave

The evolution of the KdV solitary waves with viscous
force in the PIC simulation is given in Fig. 1 at different times.
The initial amplitude is Yy = 0.004. It is observed that the am-
plitude of this KdV solitary wave decays as time goes on. To
gain more insight into how the amplitudes of the KdV solitary
waves decay, figure 2 shows the variation of the amplitudes
with the time under different system parameters. We notice
that the variation of the amplitudes with the time can be fit-
ted to a curve with the form y = ype P, which is in good
agreement with the modified-KdV solitary wave solution of
Eq. (24). Therefore, we define Dy as the damping coefficient
from the PIC simulation. It is noted from Fig. 2 that the nu-
merical results are almost consistent with the analytical ones,
i.e., Dy = D. Moreover, it is noted that the larger the damping

coefficient, the stronger the attenuation of the wave.

0.004F t=0
0.002} H
0 :
P 0.004F t =500
< o0.002} J\
= 0 r
£ 0.004
§ ot j\ t = 1000
0 T -
0.004F t=1500
0.002}
0 : : N
1000 2000 3000
z/Ap

Fig. 1. The PIC simulation results of the evolution of the KdV solitary wave
at different time, where € = 0.2, yp = 0.1, ¥ = 0.003, R =50, v = 0.4,
D =0.056.
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00045 (a) analytical curve
e simulation data
0.0040F 900909 o o v v
— 0.0035 . . L .
< 0.004} (b) analytical curve
= s simulation data
£ 0.003F
N
= 0.002r
0.004 (c) analytical curve
s simulation data
0.002}
0 1 1 1 1
0 500 1000 1500
t/w;l

Fig. 2. The dependence of the amplitude on the time for KdV solitary waves
with € =0.2, yp = 0.1, ¥ =0.003. (a) R=50,v=0,D =0, Ds =0; (b)
R=50,v=04,D=0.056, Dy = 0.053; (c) R=50, v=1.0, D =0.139,
Dg = 0.134. The red lines represent the analytical results, and the blue dots
represent the simulation results. Simulation results for amplitudes are com-
pared with analytical expression (Eq. (24)) and observed that both results
are in good agreement, as shown in above graph.

Furthermore, the dependence of the damping coefficient
D (as well as Dy) on both the cylinder radius R and the viscos-
ity coefficient v is shown in Fig. 3. It is noted that the damping
coefficient decreases as the cylinder radius R increases, while
it increases as the viscosity coefficient v increases. It is also
found that the simulation results and analytical ones are almost

consistent.
0.20 - 0.15 -
analytical curve analytical curve
o simulation data e simulation data
0.12}
0.15}
0.09}
2 0101 0.06}
0.05} 0.03¢
(a) or (b)
910 60 80 100 0 0.4 0.8

R/Ap

2., 1
v/ A5i wpi

Fig. 3. Comparisons of the damping coefficient between the simulation re-
sults and the analytical ones. (a) The dependence of damping coefficient
D on the cylinder radius R, where € = 0.2, yp = 0.1, ¥ = 0.003, v = 1.0;
(b) the dependence of damping coefficient D on the viscosity coefficient v,
where € =0.2, W = 0.1, ¥ =0.003, R = 50. The red lines are the analytical
results, and the blue dots are the simulation results.

4.2. Dark envelope solitary wave

The evolution of the dark envelope solitary waves un-
der the effects of the viscous force in the PIC simulation is
shown in Fig. 4 at different times. The initial amplitude is
Yo = 0.00115. It can be observed that as time increases, the
amplitude of this dark envelope solitary wave decreases. In
order to get more insight into how the amplitudes of the dark
envelope solitary waves attenuate, figure 5 shows the variation
of the amplitudes with the time under different system param-
eters. Notice that when there is a viscous force, the amplitude

decreases exponentially with time. We also define the same

damping coefficient Dg from the PIC simulation as that of the
KdV solitary wave. It is noted from Fig. 5 that the simulation
results are close in good agreement with the analytical ones,
i.e., Ds = D. Also, it is found that the larger the damping co-

efficient, the stronger the attenuation of the wave.

0.001 t=0
o B~ A
—0.001H

® 0
~
& —0.001 PV , ,
£
> 0
—0.001¢ ) ) )
0.001 ¢ t=1500
0 VAWM AWM
—0.001¢ ) . 1
2000 3000 4000
$/AD

Fig. 4. The PIC simulation results of the evolution of the dark envelope
solitary waves at different times, where € = 0.01, k = 0.1, ¥ = 0.003,
R=50,v=0.4,D=0.056.

0.0013
(a) analytical curve
0.0012F o simulation data
oo v o o3 T o
0.0011} °
. 0.0010 I . . \
L 0-0012 (b) analytical curve
= simulation data
o 0.00091
=
~
= 0.0006} . . . .
analytical curve
000101 (c) o simulation data
0.0005+
0 1 1 1 1
0 500 1000 1500
t/wpit

Fig. 5. The dependence of the amplitude on time for dark envelope solitary
waves with € = 0.01, k= 0.1, ¥ = 0.003. (a) R=50,v=0,D =0, D; =0;
(b) R=50,v=0.4,D=4.44, D; =4.62; (c) R=50, v=1.0, D=11.10,
Ds = 11.00. The red lines represent the analytical results, and the blue dots
represent the simulation results. Simulation results for amplitudes are com-
pared with analytical expression (Eq. (39)) and observed that both results are
in good agreement, as shown in the above graph.

15 - 12 -
analytical curve analytical curve
o simulation data o simulation data
9
10
6
Q
5 3
. 0 (b)
40 60 80 100 0 0.4 0.8

R/Ap v/ A wii!

Fig. 6. Comparisons of the damping coefficient between the simulation re-
sults and the analytical ones. (a) The dependence of damping coefficient
D on the cylinder radius R, where € = 0.01, k = 0.1, ¥ = 0.003, v = 1.0;
(b) the dependence of damping coefficient D on the viscosity coefficient v,
where € =0.01, k= 0.1, ¥ = 0.003, R = 50. The red lines are the analytical
results, and the blue dots are the simulation results.
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In order to understand how the damping coefficient de-
pends on the system parameters, figure 6 shows the depen-
dence of the damping coefficient D (or Ds) on the cylinder ra-
dius R and the viscosity coefficient v. It is noted that the damp-
ing coefficient decreases as the cylinder radius R increases,
while it increases as the viscosity coefficient v increases. It
is also found that the analytical results are consistent with the
simulation results.

5. Discussion and conclusion

In this paper, we have studied some nonlinear waves of a
viscous plasma composed of Boltzmann distributed electrons
and ions fluid confined in a finite cylinder. By averaging the
physical quantities on the radial direction in some cases, we
reduce this system to a simple one-dimensional case. It is
found that the effects of the bounded geometry (the radius of
the cylinder in this case) can be included in the damping co-
efficient or the equivalent parameter 8 which also depends on
what kind of the boundary condition.

Furthermore, one-dimensional PIC simulation method
has been applied to study the formation and propagation of
the damping KdV solitary waves and dark envelope solitary
waves in a viscous bounded plasma. It is observed that the
amplitudes of both the KdV solitary waves and the dark enve-
lope solitary waves decrease exponentially as time increases.
We define a damping coefficient Dy in the PIC simulation. It
is found that the numerical results are in good agreement with
the analytical ones, i.e., Dg = D. The dependence of damp-
ing coefficient on both the cylinder radius R and the viscosity
coefficient v is also obtained numerically by using the PIC
simulation method, which is consistent with the analytical re-
sults. It also suggests that the damping coefficient decreases
as the cylinder radius increases, while increases as the vis-
cosity coefficient increases. In the future, we will try to do
three-dimensional PIC simulation in the cylindrical coordi-
nates. Our present one-dimensional model is the result of the
simplification of the three-dimensional model. We consider
a symmetrical cylinder ignoring the angular motion and take
the average value in the radial direction. When we only fo-
cus on the axial motion of the particles, the three-dimensional
PIC simulation in the cylindrical coordinate becomes the one-
dimensional PIC simulation in the Cartesian coordinate. The
one-dimensional model is a special case of symmetry, while
the three-dimensional model is a general situation.

There are debates for a long time about whether the soli-

a.152331 Present paper tries

tary wave exists in a bounded plasm
to answer this question. We distinguish whether the solitary
wave exists by the following method. We define that the soli-
tary wave does not exist in a bounded plasma if the ampli-

tude of the solitary wave becomes less than half of its initial

value after it propagates the distance of five Debye lengths.
On the other hand, the solitary wave exists in the system. By
using this definition, we find a critical damping coefficient
D. = CiIn2/5Ap. It seems that when D < D, the solitary
wave can propagate, while it can not propagate in a bounded
plasma when D > D..

Finally, our results have potential applications in labora-

[47-49

tory experiments. | For example, if a wave is excited at

one end of a finite cylindrical tube, we can detect it at the other
end of the cylindrical tube in a micro-gravity condition. There-
fore, the damping coefficient can be obtained by measuring the
wave amplitudes at both ends of the cylindrical tube. Then the
viscosity coefficient of the plasma can be indirectly obtained
from the relationship between the damping coefficient and the
viscosity coefficient of the plasma.
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