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The model dependence in the study of the magic-angle twisted bilayer-graphene (MA-TBG) is an important issue
in the research area. It has been argued previously that the two-band tight-binding (TB) model (per spin and valley)
cannot serve as a start point for succeeding studies as it cannot correctly describe the topological aspect of the continuum-
theory model near the Dirac nodes in the mini Brillouin zone (MBZ). For this purpose, we adopt the faithful TB model
[Phys. Rev. B 99 195455 (2019)] with five bands (per spin and valley) as our start point, which is further equipped with
extended Hubbard interactions. Then after systematic random-phase-approximation (RPA) based calculations, we study
the electron instabilities of this model, including the density wave (DW) and superconductivity (SC), near the van Hove
singularity (VHS). Our results are as follows. In the case neglecting the tiny inter-valley exchange interaction, the exact
SU(2)K×SU(2)K′ symmetry leads to the degeneracy between the inter-valley charge DW (CDW) and the spin DW (SDW)
(which would be mixed then), and that between the singlet d+ id-wave and triplet p+ ip-wave topological SCs. When a
realistic tiny inter-valley exchange interaction is turned on with nonzero coefficient (JH 6= 0), the SDW or CDW is favored
respectively at the critical point, determined by JH→ 0− or JH→ 0+. In the mean time, the degeneracy between the singlet
d+ id-wave and triplet p+ ip-wave topological SCs is also lifted up by the tiny JH. These results are highly similar to
the results of our previous study [arXiv:2003.09513] adopting the two-band TB model, with the reason lying in that both
models share the same symmetry and Fermi-surface (FS) nesting character near the VHS. Such a similarity suggests that
the low-energy physics of the doped MA-TBG is mainly determined by the symmetry and the shape of the FS of the doped
system, and is insensitive to other details of the band structure, including the topological aspects near the Dirac nodes in
the MBZ.

Keywords: magic-angle twisted bilayer-graphene (MA-TBG), van Hove singularity (VHS), density wave
(DW), pairing symmetries

PACS: 71.10.–w, 74.25.Dw, 81.05.ue DOI: 10.1088/1674-1056/abc7b5

1. Introduction
The synthesization of the magic-angle twisted bilayer-

graphene (MA-TBG) is one of the major breakthroughs in
condensed matter physics since 2018,[1,2] Its special Moiré
structure[3–19] causes a greatly enlarged unit cell and thou-
sands of energy bands formed in the mini Brillouin zone
(MBZ). Notably, the nearly flat bands containing Dirac
nodes bring about strong electron correlations and various
types of electron instabilities, including the correlated in-
sulators and superconductivity (SC). Now the nature of the
correlated insulator,[2,20–48] pairing mechanism, and pairing
symmetry[1,36–73] are still under debate. In our work, we adopt
the weak-coupling point of view first proposed by two of the
present authors in Ref. [38] that the electron instabilities of
the MA-TBG, including the correlated insulator and SC, are
driven by the Fermi-surface (FS) nesting near the van Hove
singularity (VHS). This point of view is followed by various
research groups.[45–48,68–70,74–78]

In the weak-coupling framework, an important issue
was first proposed in Refs. [47,48]: due to the approximate
SU(2)K×SU(2)K′ symmetry of the MA-TBG, the inter-valley
charge density wave (CDW) and spin density wave (SDW) are
nearly degenerate, so do the singlet SC and triplet one. How-
ever, no serious study on the form of the ground-state order
parameters of the density wave (DW) and SC was performed
until our recent work[79] which suggests that the mixing of the
CDW and SDW at the exactly symmetric point would lead to
a novel DW state dubbed as the chiral SO(4) spin–charge DW.
This DW state simultaneously hosts three mutually perpen-
dicular 4-component vectorial spin–charge DW order parame-
ters which can globally arbitrarily rotate in the R4 space with-
out costing energy. When a tiny SU(2)K×SU(2)K′ -symmetry-
breaking inter-valley exchange interaction turns on, the chi-
ral SO(4) DW order can decay into either a pure SDW or a
nematic DW state with mixed stripy CDW and SDW orders,
determined by the sign of the coefficient of the exchange in-
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teraction. On the other hand, the degenerate triplet p+ ip and
singlet d+ id pairing symmetries would decay into pure p+ ip
or d+ id.

There is a problem with respect to the TB model adopted
in our recent work.[79] In that work, we adopt the two-band
(per spin and valley) TB model on the honeycomb lattice in-
troduced in Refs. [35,80]. This model is criticized to be topo-
logically problematic: As the two Dirac points in the mini
BZ originate from the same valley of the unperturbed layers,
they should carry the same chirality. However, any two-band
TB model would give opposite chiralities for the two Dirac
points. Therefore, only more complicated band structure can
capture this topology. Here we adopt the five-band (per spin
and valley) TB model first proposed in Ref. [81]. This model
can capture both the symmetry and topology aspects of the
continuum-theory model, and can thus serve as a faithful TB
model of the MA-TBG. Local Hubbard-like interactions are
then added to this five-band model, leading to an extended
Hubbard model, which provides the start point of our study.

In this paper, we study the extended Hubbard model con-
taining the five-band TB model proposed in Ref. [81] as its
kinetic part. With standard multi-orbital RPA approach, we
study both the DW instabilities and pairing symmetry of the
MA-TBG. Our results reveal that both the DW and the SC in
the system belong to inter-valley type of orders. At the ex-
act SU(2)K×SU(2)K′ -symmetric point with no inter-valley ex-
change interaction, our RPA results reveal that the critical in-
teraction strengths Uc for the SDW and CDW orders are equal,
i.e., U (c)

c =U (s)
c , suggesting that these two DW orders are de-

generate at the critical point. Such a degeneracy at the critical
point is lifted up by an infinitesimal symmetry-breaking inter-
valley exchange interaction with the coefficient JH. When
JH → 0−, we get U (c)

c > U (s)
c , suggesting that the SDW or-

der is more easily formed than the CDW. When JH→ 0+, we
get U (c)

c < U (s)
c , suggesting that the CDW order is preferred.

The situation for the SC is similar. At the symmetric point
with JH = 0, we obtain degenerate triplet p+ ip[82] and sin-
glet d+ id, which decay into one of the two when a tiny JH

turns on. The results obtained here are similar with those
obtained for the two-band Hubbard model which we studied
previously.[79]

The rest of this paper is organized as follows. In Sec-
tion 2, we describe the adopted model and approach. In Sec-
tion 3, we analyze the results of numerical calculations: we
study the case of JH = 0 in which the system hosts the exact
SU(2)K×SU(2)K′ symmetry and reinvestigate the problem in
tiny JH 6= 0, including the cases JH = 0+ and JH = 0−. Finally,
in Section 4, conclusions are reached with further discussions.

2. Model and approach
2.1. Model

There are four low-energy flat bands (for each spin) near
the Fermi level of the MA-TBG, which are well isolated from

the high-energy bands.[4,25,31,35,51,52,83] Since the band struc-
ture originating from the two valleys that are related by the
time-reversal symmetry (TRS),[3,84] we are allowed to provide
a band structure containing two low-energy flat bands for one
valley, and the remaining energy bands for the other valley can
be obtained by the TRS. We choose a five-band model[81] for
one valley and spin which can faithfully reproduces the fea-
tures of the TBG bands in the energy window from roughly
−100 meV to the top of the two nearly flat bands and it will
capture all the energetic, symmetry, and topological features
of the two nearly flat bands in TBG.

The model is constructed on a honeycomb lattice,[81] as
shown in Fig. 1(a). On the center of each hexagon (as repre-
sented by the yellow circle) on the lattice, there exist three or-
bitals for each valley and spin, which possess the pz, p+, and
p− symmetries, respectively. On each lattice site (the green
circle), there exists an s-orbital. As we have two sublattices on
the honeycomb lattice, the two s-wave orbitals represent two
different effective orbitals. Altogether, we have three p-wave
orbitals locating at the same point, and two s-wave orbitals lo-
cating at two different points within each unit cell, forming the
5 effective orbitals for each valley and spin.
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Fig. 1. The lattice structure for the five-band (per valley and spin) TB model
representing the MA-TBG, and the corresponding band structure for the val-
ley K. (a) The lattice structure. On the center of each hexagon (yellow cir-
cle), there exist three orbitals with pz, p+, and p− symmetries, respectively.
On each lattice site (green circle), there exists an s-orbital. (b) At the mid-
dle point of each nearest-neighbor bond on the honeycomb lattice, the cross
represents the center of a quasi orbital. These crosses form a Kagome lat-
tice. (c) The band structure (for the valley K) of the five-band TB model. (d)
Low-energy broadening of (c), with the two flat bands singled out. (e) The
DOS of the band structure shown in (c). (f) The low-energy broadening of
(e), contributed only by the two flat bands. Two VHS points are present, with
the one in the negative band denoted as h-VHS and the one in the positive
band denoted as e-VHS.
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The effective 5-band TB model for one valley, say the
valley K, is as follow:

Ĥ(K)
TB = ∑

𝑘ι1ι2σ

c†
𝑘Kι1σ

hK
ι1ι2

(𝑘)c𝑘Kι2σ . (1)

Here c†
𝑘Kισ

(c𝑘Kισ ) creates (annihilates) an electron at the
valley K with momentum 𝑘, orbital ι , and spin σ . Here
ι = 1, . . . ,5 represent the five effective orbitals, with ι = 1,2,3
representing the pz, p+, and p− orbitals locating on the center
of each hexagon, and ι = 4,5 representing the s-wave orbitals
locating on the A and B sublattices, respectively. The 5× 5
matrix hK(𝑘) with its entries hK

ι1ι2
(𝑘) is given as[81]

hK(𝑘) =−t ′0ρ𝑘ρ
†
𝑘+diag(εpz ,εp± ,εp± ,εη ,εη). (2)

Here εµ represents the chemical potential for the effective or-
bital µ . The ρ𝑘 ≡ (ρ

(1)
𝑘 ,ρ

(2)
𝑘 ,ρ

(3)
𝑘 ), and the three ρ

(l)
𝑘 (l =

1,2,3) column vectors are defined as[81]

ρ
(1)
𝑘 =


iã(φ11−φ10)
b̃φ11 + c̃φ10
c̃φ11 + b̃φ10

d̃∗ φ10
d̃

 ;

ρ
(2)
𝑘 =


iã(1−φ11)

ω(b̃+ c̃φ11)
ω∗(c̃+ b̃φ11)

d̃∗

d̃

 ;

ρ
(3)
𝑘 =


iã(φ10−1)

ω∗(b̃φ10 + c̃)
ω(c̃φ10 + b̃)

d̃∗ φ01̄
d̃

 , (3)

where ã, b̃, c̃ are real, d̃ can be complex, and φlm ≡
e−i𝑘·(l𝑎1+m𝑎2).

On the above, the l-index for the column vector ρ
(l)
𝑘 orig-

inates from the three quasi-orbital Fermion states, with each
centering at the middle point of each nearest-neighbor bond on
the honeycomb lattice, as shown by the cross point in Fig. 1(b).
The band structure thus obtained is shown in Fig. 1(c), with
the broadened two low-energy flat bands shown in Fig. 1(d).
The obtained band structure is well consistent with that of the
continuum-model[3] in the aspect of symmetry representation
and topology.[81] The obtained density of state (DOS) of the
band structure is shown in Fig. 1(e), with its low-energy broad-
ened DOS for the two flat bands shown in Fig. 1(f). From
Fig. 1(f), one verifies the presence of two VHS points in the
low-energy band structure, with the one in the negative band
defined as h-VHS and the one in the positive band defined as
e-VHS.

The effective TB Hamiltonian for the other valley K′ is
obtained from that for the valley K through a TRS as follows:

Ĥ(K′)
TB = ∑

𝑘ι1ι2σ

c†
𝑘K′ι1σ

hK′
ι1ι2

(𝑘)c𝑘K′ι2σ , (4)

with

hK′(𝑘) = (hK(−𝑘))∗. (5)

The total TB Hamiltonian for the system is thus

ĤTB = Ĥ(K)
TB + Ĥ(K′)

TB

≡ ∑
v1ι1v2ι2𝑘σ

c†
𝑘v1ι1σ

hv1ι1,v2ι2(𝑘)c𝑘v2ι2σ , (6)

with ι = {1,2,3,4,5} representing the orbital index and v =±
denoting the K and K′ valleys . The 10×10 matrix h(𝑘) is the
direct sum of hK(𝑘) and hK′(𝑘), i.e., h(𝑘) = hK(𝑘)⊕hK′(𝑘).

The FSs at the h-VHS and e-VHS doping levels with
δ = −0.225 and 0.305 are shown in Figs. 2(a) and 2(b), re-
spectively. Note that each valley will contribute a FS, and the
black and red curves correspond to the FSs from the K and K′

valleys, respectively. The FSs shown in both Figs. 2(a) and
2(b) exhibit good nesting, with the three FS-nesting vectors in
green denoted as 𝑄α . Such good FS-nesting implies the for-
mation of DW and SC when interactions turn on in the system.

Q3

Q1

Q2

(a) (b)

Q3

Q1

Q2

FS at h VHS point FS at e VHS point

Fig. 2. (a) and (b) FSs at the h-VHS and e-VHS doping levels with
δ = −0.225 and 0.305, respectively. The blue hexagon represents the
MBZ. The black and red curves correspond to the FSs from the K and
K’ valleys, respectively. The three 𝑄α in green mark the FS-nesting
vectors.

The interaction part of the Hamiltonian is

Ĥint = U ∑
i

vι∈D

n̂ivι↑n̂ivι↓+U ∑
iσσ ′

v1ι1<v2ι2∈D

n̂iv1ι1σ n̂iv2ι2σ ′

+U ′ ∑
i

vι∈D′

n̂ivι↑n̂ivι↓

+U ′ ∑
iσσ ′

v1ι1<v2ι2∈D′

n̂iv1ι1σ n̂iv2ι2σ ′δv1ι1,v2ι2−5

+W ∑
〈i, j〉,σ ,σ ′

v1ι1∈(4,9)
v2ι2∈(5,10)

n̂iv1ι1σ n̂ jv2ι2σ ′

−JH ∑
iσσ ′
vι∈D

ĉ†
ivισ

ĉiv̄ισ ĉ†
iv̄ισ ′ ĉivισ ′ , (7)

where n̂ivισ = ĉ†
ivισ

ĉivισ , D = [1,2,3,6,7,8], D′ =

[4,5,9,10], labelling orbitals combined with valley
{τpz;+,τp+;+,τp−;+,η

(A)
s;+ ,η

(B)
s;+ ,τpz;−,τp+;−,τp−;−,η

(A)
s;− ,η

(B)
s;− ,}

as {1,2,3, · · · ,9,10}, v and v̄ stand for the opposite valleys.
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The first (second) two terms represent the intra-orbital and
inter-orbital Hubbard interactions between the p-wave (s-
wave) orbitals, which have equal coefficients.[80] Physically,
the Hubbard interactions between the p-wave orbitals are usu-
ally stronger than those between the s-wave ones. So, we have
U ′ <U . In our calculations, we adopt U ′ =U/2. The W -term
represents the nearest-neighbor density–density interaction
between the s-wave orbitals, with its coefficient W ≈ U ′/3,
due to the extended property of the Wannier wave functions
shown in Figs. 1(a) and 1(b). The tiny inter-valley Hund’s-
rule exchange interaction is given by the last term with the
strength JH two orders of magnitude weaker than U .[85] The
total Hamiltonian of the system is given by

Ĥ = ĤTB + Ĥint. (8)

While the TB part and the dominant interactions in this
Hamiltonian possess the SU(2)K×SU(2)K′ symmetry, a tiny
inter-valley exchange interaction breaks it. Besides, the model
holds a D3 symmetry, which leads to three degenerate FS-
nesting vectors 𝑄α (α = 1,2,3) near the VHS points, as
shown in Figs. 2(a) and 2(b).

2.2. The PRA approach

The RPA approach is used in this work to study the elec-
tron instabilities driven by the FS-nesting and VHS. According
to the standard multi-orbital RPA approach,[86–95] the follow-
ing bare susceptibility is defined for the non-interacting case:

χ
(0)l1l2
l3l4

(𝑞,τ)

≡ 1
N ∑

𝑘1𝑘2

〈
Tτ ĉ†

𝑘1l1σ
(τ)ĉ𝑘1+𝑞l2σ (τ) ĉ†

𝑘2+𝑞l4σ
(0)ĉ𝑘2l3σ (0)

〉
0
,

(9)

where 𝑞 and 𝑘1,2 are the wave vectors, l1,··· ,4 = (vι) with
ι = {1,2,3,4,5} represents the orbital index, and v = ± de-
notes the K and K′ valleys, respectively. The 〈· · · 〉0 denotes
the thermal average of the noninteracting system. The explicit
formula of χ

(0)l1l2
l3l4

(𝑞,τ) is given in Appendix A.
When interactions are turned on, we define the following

renormalized spin and charge susceptibilities:

χ
(s)l1l2
l3l4

(𝑞,τ) ≡ 1
2N ∑

𝑘1𝑘2,σ1σ2

〈
Tτ ĉ†

𝑘1l1σ1
(τ)ĉ𝑘1+𝑞l2σ1(τ)

× ĉ†
𝑘2+𝑞l4σ2

(0)ĉ𝑘2l3σ2(0)
〉

σ1σ2, (10a)

χ
(c)l1l2
l3l4

(𝑞,τ) ≡ 1
2N ∑

𝑘1𝑘2,σ1σ2

〈
Tτ ĉ†

𝑘1l1σ1
(τ)ĉ𝑘1+𝑞l2σ1(τ)

× ĉ†
𝑘2+𝑞l4σ2

(0)ĉ𝑘2l3σ2(0)
〉
. (10b)

In the RPA level, they are related to the bare susceptibility
through the relation

χ
(s) (𝑞, iω) =

[
I−χ

(0) (𝑞, iω)Ũ (s)
]−1

χ
(0) (𝑞, iω) , (11a)

χ
(c) (𝑞, iω) =

[
I +χ

(0) (𝑞, iω)Ũ (c)
]−1

χ
(0) (𝑞, iω) . (11b)

Here, χ(0)/(s)/(c)(𝑞, iω) are the Fourier transformations of
χ(0)/(s)/(c)(𝑞,τ) in the imaginary-frequency space, which are
operated as 100×100 matrices by taking the upper and lower
two indices as one number, respectively. Note that we only
provide the zz-component of the spin susceptibility. In the
presence of spin-SU(2) symmetry, the other two components,
i.e., the +− and −+ components are equal to the zz compo-
nent. The forms for Ũ (s)/(c) are given in Appendix A.

When U <Uc, through exchanging short-ranged spin and
charge fluctuations between a Cooper pair, an effective pairing
interaction vertex V αβ (𝑘,𝑘′) will be developed, which leads
to the following linearized gap equation near Tc:

− 1
(2π)2 ∑

β

∮
FS

dk′‖
V αβ (𝑘,𝑘′)

vβ

F(𝑘
′)

∆β (𝑘
′) = λ∆α(𝑘). (12)

Here β labels the FS patch, vβ

F (𝑘
′) is the Fermi velocity, and

k′‖ is the tangent component of 𝑘′. Equation (12) becomes an
eigenvalue problem after discretization, with the eigenvector
∆α(𝑘) representing the gap form factor and the eigenvalue λ

determining the corresponding Tc through Tc ∝ e−1/λ . From
symmetry analysis, each solved ∆α(𝑘) is attributed to one of
the D3 point-groups for real material with spin-SU(2) sym-
metry, which corresponds to s, (px,py), (dx2−y2 ,dxy), fx3−3xy2 ,
f′y3−3yx2 , fx3−3xy2 × f′y3−3yx2 wave pairings, respectively.

U
c
/
m

e
V
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(b)
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Fig. 3. (a) Doping dependence of U (s)
c and U (c)

c with JH = 0. (b) Distri-
bution of χ(𝑞) for δ =−0.2250 with JH = 0 and U = 0.45 meV in the
Brillouin zone, corresponding to the h-VHS in Fig. 1.

3. Numerical result
In this section, we provide our results of RPA calcu-

lations, including the DW orders and leading pairing sym-
metries. We will first provide the results for the exactly
SU(2)K×SU(2)K′ symmetric point with JH = 0. It will be seen
that the CDW and SDW are degenerate, and so are the singlet
and triplet SCs. For the realistic material, there would be a tiny
symmetry-breaking inter-valley exchange interaction with co-
efficient JH. It would be seen that the results for JH > 0 and
JH < 0 are different although the value of JH is tiny, because
of the degeneracy at JH = 0.
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3.1. The case of JH = 0

In this subsection, we provide our RPA results for the
case of JH = 0. This condition is an approximation for the
realistic material. In this case, the system possesses exact
SU(2)K×SU(2)K′ symmetry. It will be seen that this symme-
try leads to the degeneracy between the CDW and SDW, and
that between singlet SC and triplet one.

The doping dependences of the critical interaction
strengths U (s)

c and U (c)
c are shown in Fig. 3(a). The results

show two significant features: (1) Both U (s)
c and U (c)

c go to
zero at the two VH dopings, suggesting that an infinitesimal
interaction would drive DW orders at these dopings. This fea-
ture originates from the fact that the divergent DOS together
with the good FS nesting makes even the bare susceptibility
χ(0) diverge. (2) The U (s)

c and U (c)
c are exactly equal for a

large doping range around the VH dopings, which means that
SDW and CDW are degenerate. What is more, the eigenvec-
tors ξ (s) and ξ (c) corresponding to the largest eigenvalues of
χ(s)(iω = 0) and χ(c)(iω = 0) are identical too. The origin of
this degeneracy will be clarified below.

Due to the SU(2)K×SU(2)K′ symmetry of the MA-TBG
in the case of JH = 0, we can define the unitary symmetry op-
eration P̂ : ĉi→ P̂ĉiP̂† as following:

ĉiKι↑ → ĉiKι↑, ĉiKι↓→ ĉiKι↓,

ĉiK′ι↑ → ĉiK′ι↑, ĉiK′ι↓→−ĉiK′ι↓. (13)

One can easily check
[
P̂, Ĥ

]
= 0 from Eq. (7) (set JH = 0) and

Eq. (13). A consequence of this symmetry is that it maps an
inter-valley CDW order to the z-component of an inter-valley
SDW (abbreviated as the z-SDW) one with the same wave vec-
tor 𝑄 and form factor ξ (𝑄), i.e.,

ÔCDW ≡ ∑
v1ι1,v2ι2,𝑘σ

ĉ†
𝑘v1ι1σ

ξv1ι1,v2ι2(𝑄)ĉ𝑘−𝑄v2ι2σ , (14a)

Ôz−SDW ≡ ∑
v1ι1,v2ι2,𝑘σσ ′

ĉ†
𝑘v1ι1σ

ξv1ι1,v2ι2(𝑄)σ z
σσ ′ ĉ𝑘−𝑄v2ι2σ ′ ,

(14b)

which satisfy

P̂†ÔCDWP̂ = Ôz−SDW. (15)

Here the inter-valley condition for the DW orders requires

ξv1ι1,v2ι2 = δv̄1,v2ξv1ι1,v̄1ι2 . (16)

One can easily check Eq. (15) by using Eqs. (13) and (16).
The above introduced mapping between CDW and

collinear SDW here is similar with that for the two-band model
adopted in our previous work.[79] The common things of the
model studied here and that in our previous work[79] include
two aspects. Firstly, the SU(2)K×SU(2)K′ symmetry does not
rely on the details of the band structures. Secondly, the inter-
valley coherence characters of the DWs in both models orig-

inate from the inter-valley FS-nesting character, which is ob-
vious in both models. Then, from this mapping, one can eas-
ily prove the degeneracy between the inter-valley CDW and
SDW.[79]

The distribution of the largest eigenvalue χ(𝑞) of the
bare susceptibility matrix at iω = 0 in the MBZ is shown in
Fig. 3(b) for the h-VH doping. This distribution exhibits a
six-folded symmetric pattern peaking at ±𝑄α (α = 1,2,3).
By comparing with Figs. 2(a) and 2(b), one finds that these
±𝑄α (α = 1,2,3) just originate from the FS-nesting vectors
shown in Figs. 2(a) and 2(b). In the weak-coupling treatment
here, these vectors are just the wave vectors of the DW orders.
These wave vectors are near the three Mα -points in the MBZ.
Therefore, we have obtained degenerate CDW and SDW or-
ders here, which further hold wave-vector degeneracy. Under
such degeneracy between SDW and CDW, as well as the DW
orders with different wave vectors, these DW orders would be
generally be mixed to lower the ground-state energy. Probably,
they would form the chiral SO(4) spin–charge DW order.[79]

0-0.5 0.5

δ

λ

s or f′ wave

f*f′ or f wave
d or p wave

0

0.1

0.2

0.3

0.4

Fig. 4. The largest pairing eigenvalues λ vs. doping for all possible
pairing symmetries under U = 0.45 meV and JH = 0. Note the degen-
eracy between the p- and d-, the f′- and s-, and the f- and f∗f′-wave
pairings, respectively. The degenerate p and d wave pairings dominate
over other pairings near the two VH dopings. The two regimes covered
with green rectangles represent the DW phase. The insets on both sides
show the normalized gap functions for all possible pairing symmetries
near the two VH dopings.

The doping-dependences of the largest pairing eigenval-
ues for all the pairing symmetries are plotted in Fig. 4, where
the gap form factors ∆α(𝑘) (determined by Eq. (12)) near the
two VHS points are shown on both sides. The two green rect-
angles near e-VHS and h-VHS give the regimes for the chiral
SO(4) spin–charge DW studied above where U >U (s)

c =U (c)
c ,

and the remaining regimes support the SC phases. In the
regimes near the VHS, the degenerate p- and d-wave pairings
are the leading pairing symmetries, while in the over doped
regimes far away from the VHS, the degenerate fx(x2−3y2)- and
fx(x2−3y2)×f′y(y2−3x2)

-wave pairings become the leading sym-
metries. The degeneracy between the singlet and triplet SCs
also originates from the above introduced mapping (13), which
is a symmetry of the system and can map a singlet pairing to a
triplet one.[79]
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3.2. The case of JH 6= 0

For realistic material MA-TBG, there always exists a
tiny inter-valley exchange interaction with coefficient JH 6= 0,
which breaks the exact SU(2)K×SU(2)K′ symmetry. Because
of the degeneracy between the CDW and SDW and that be-
tween the singlet and triplet SCs at the exact symmetric point
with JH = 0, the tiny JH 6= 0 plays a crucial role to lift up such
degeneracies, and singles out the DW or SC which is favored.
In the following, we study the case of JH→ 0− and JH→ 0+

separately, with each case adopting |JH|= 0.01U .

(a)

(b)

(d)

(e)

(c)

(f)

(g)

(h)λt<λs

λt>λs

λ
t-

λ
s/

1
0

-
2

λ
U

c 
 -
U

c 
 /

1
0

-
2
 m

eV
U

c
/
m

e
V

(c
)

(s
)

JH/.UJH/↩.U

singlet
triplet

0

2

4

6

8

10

-8
0
8

0

0.1

0.2

0.3

0.4

-2

0

2

Uc  <Uc
(c) (s)

Uc  >Uc
(c)

Uc  
(c)

Uc  
(s)

(s)

δ

−0.5 0.50 −0.5 0.50

Fig. 5. Doping dependences of U (s)
c , U (c)

c (a), (e) and their difference
(b), (f) and the largest eigenvalues λ for the singlet-pairing, the triplet
pairing (c), (g) and their difference (d), (h) with JH = −0.01U for the
left column and JH = 0.01U for the right column. In the calculations,
U = 0.45 meV is adopted.

For the case of JH → 0−, we set JH = −0.01U and redo
the RPA calculations. The results of our RPA calculations
are shown in Figs. 5(a)–5(d). The doping-dependence of the
critical interaction strength U (s,c)

c shown in Fig. 5(a) suggests
U (c)

c > U (s)
c , as is verified by the broadened U (c)

c −U (s)
c > 0

shown in Fig. 5(b). This result suggests that a negative JH fa-
vors the SDW order. A pure chiral SDW ground state would
be obtained in this case.[79]

The doping-dependence of the largest pairing eigenval-
ues for the singlet and triplet pairing symmetries in JH → 0−

is shown in Fig. 5(c). Clearly the tiny SU(2)K×SU(2)K′ -
symmetry-breaking JH-term leads to the split between the sin-
glet and triplet pairings. Our results suggest that in this case,
the singlet pairings are always favored either near or far away

from the VHSs, as shown in Fig. 5(d). Concretely, near the
VHS the singlet d-wave pairing wins over the triplet p-wave
pairing and becomes the leading pairing symmetry, while far
away from the VHS in the over doped regime the singlet
fx(x2−3y2)×f′y(y2−3x2)

-wave pairing beats the triplet fx(x2−3y2)-
wave pairing and serves as the leading pairing symmetry. In
the experiments reported in Refs. [1,96], the SC is mainly de-
tected near the VHS. Therefore, the experiment-relevant pair-
ing symmetry in the case of JH→ 0− should be singlet d-wave
pairing. As the d-wave belongs to the 2D irreducible repre-
sentation, which takes the form of topological d+ id pairing
state.

The RPA results for JH → 0+ are shown in Figs. 5(e)–
5(h). Figures 5(e) and 5(f) obviously show U (s)

c > U (c)
c , sug-

gesting that the CDW is more favored than the SDW here.
However, this does not mean that the ground state for gen-
eral realistic U > U (s)

c ≈ U (c)
c is in the pure CDW phase,[79]

due to the wave-vector degeneracy as discussed below. In-
stead, a nematic DW state with one stripy CDW order mixed
with two nematic SDW orders would be obtained to lower the
energy.[79]

The doping-dependence of the largest pairing eigenval-
ues for the singlet and triplet pairing symmetries is shown
in Fig. 5(g) for JH → 0+. Consequently, the triplet pairings
are always favored either near or far away from the VHSs, as
shown in Fig. 5(h). Concretely, while the p-wave pairing is fa-
vored near the VHS, the fx(x2−3y2)-wave pairing is the leading
symmetry far away from the VHS. The experiment-relevant
pairing symmetry near the VH dopings in this case should be
triplet p-wave pairing. The degenerate px- and py-wave pair-
ings would always be mixed into the px± ipy form to lower
the ground-state energy, i.e., the p + ip for abbreviation, as
verified by our numerical results. This state is topologically
nontrivial.

4. Discussion and conclusion
In conclusion, we have performed a systematic RPA study

on the five-band (per spin and valley) model equipped with ex-
tended Hubbard interactions. Due to the inter-valley character
of the FS-nesting, the obtained CDW and SDW orders are of
inter-valley coherence character. When the tiny inter-valley
exchange interaction is neglected, the SU(2)K×SU(2)K′ sym-
metry leads to the degeneracy between the CDW and SDW or-
ders, while the D3 symmetry further causes degeneracy among
the DW components with different wave vectors. In such a
case, the singlet and triplet SCs have a one-to-one correspond-
ing degeneracy, with the leading pairing symmetry near the
VHS to be degenerate d+ id/p+ ip. When the tiny inter-
valley exchange interaction is turned on, either SDW or CDW
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is favored, determined by the sign of the coefficient of the
inter-valley exchange interaction. Similarly, the degeneracy
between the d+ id and p+ ip is lifted up in such cases. The
results obtained here are quite similar with those obtained for
the two-band model in our previous study.[79] Such a similar-
ity suggests that the main physics here, including the nature
of the correlated insulator and the pairing symmetry, is insen-
sitive to the details of the band structure or the topological
aspect near the Dirac nodes. Instead, only the shape of the FS
in the doped case and the symmetry of the system would in-
fluence the results. This suggests that the two-band model,[80]

although blamed for its flaw in the topological aspects, pro-
vides a good start point for the study of electron correlations
in the MA-TBG in the doped case.

It is important to note that although for JH 6= 0 either SDW
or CDW is favored, this does not necessarily suggest that a
pure SDW or CDW will be the ground state. Due to the de-
generacy between the two DW orders at JH = 0, they would
generally be mixed. It is reasonable to conjecture that the mix-
ing will sustain upon a tiny JH 6= 0. In other words, the tiny
JH → 0− or JH → 0+ just takes the role of determining the
mixing manner between the two DW orders, instead of choos-
ing one. Further more, the wave-vector degeneracy caused
by the D3 symmetry will play an important role in determin-
ing the mixing manner. Actually, as predicted in our previ-
ous study,[79] the SDW and CDW will be mixed into the chi-
ral SO(4) spin–charge DW state, which simultaneously hosts
three 4-component vectorial DW order parameters with each
of them taking a wave vector 𝑄α . The polarization directions
of the three 4-vectorial DW order parameters are mutually per-
pendicular to one another and can globally rotate in the R4

space without costing energy. The role of the tiny JH is to pin
down to some extent the polarization directions of the three
4-vectorial DW order parameters. As a result, for JH → 0−

where the SDW is favored, the CDW axis in the R4 space be-
comes the “difficult” axis, and all of the three 4-vectorial DW
order parameters will avoid the CDW axis and take the SDW
axes, leading to a pure chiral SDW state. On the contrary,
for JH→ 0+ where the CDW is favored, the CDW axis in the
R4 space becomes the “easy” axis, and all of the three mutu-
ally perpendicular 4-vectorial DW order parameters compete
to take this axis. However, at most one lucky DW order param-
eter is given the opportunity to point along the CDW axis, with
the remaining two stays in the SDW space. Further more, it is
random on which wave vector is distributed to the CDW order
parameter, leading to a nematic DW phase, consistent with re-
cent STM experiments.[97,98] Such a point of view is different

from that held in Refs. [47,68]. The mean-field calculations
for this part will be left for future study.

Note that starting from the ten-band TB model here with-
out really constructing the Wannier states, we actually do not
know the accurate form of the interaction part of the Hamilto-
nian, as well as the coefficient of each term. Here we only take
a simple Hubbard–Hund type of interaction. A first-principle
based calculation is needed to get the more quantitative de-
scription of the interaction part. However, most probably, the
conclusions obtained here might not be changed, as all the
main physics obtained here is simply based on the symme-
try of the system, which does not rely on the details of the
interactions. We leave such study for the future.

Appendix A: More information on RPA ap-
proach

In this appendix, we provide the explicit form of the
non-interaction susceptibility χ(0), the interaction matrices
Ũ (s) and Ũ (c), and the effective pairing interaction vertex
V αβ (𝑘,𝑘′).

The form of χ(0) is given by

χ
(0)l1l2
l3l4

(𝑞, iω) =
1
N ∑

𝑘,αβ

nF(ε
β

𝑘+𝑞)−nF(ε
α
𝑘 )

εα
𝑘 − ε

β

𝑘+𝑞 + iω

× ξ
α∗
l1 (𝑘)ξ

β

l2
(𝑘+𝑞)ξ

β∗
l4

(𝑘+𝑞)ξ α
l3 (𝑘), (A1)

where nF(ε
α
𝑘 ) is the Fermi distribution. α and β represent the

the combined index (ι1ν1, ι2ν2) in Eq. (6). εα
𝑘 and ξ α(𝑘) are

the energy level and the corresponding eigenstate at the wave
vector 𝑘 for the α-th band. In the RPA level, the renormalized
spin and charge susceptibilities have been given in Eqs. (11a)
and (11(b)).

Labelling orbitals{
τpz;+,τp+;+,τp−;+,η

(A)
s;+ ,η

(B)
s;+ ,τpz;−,τp+;− ,τp−;−,η

(A)
s;− ,η

(B)
s;− ,

}
as {1,2,3, . . . ,9,10}, the first five indicators are at K valley,
the last five indicators are at K′ valley, which have been distin-
guished by positive and negative signs. The explicit forms of
U (s) and U (c) are given as follows:

U (s)l1l2
l3l4

=



U, l1 = l2 = l3 = l4 ∈ [1,2,3,6,7,8] ,

U, l1 = l4 6= l2 = l3 ∈ [1,2,3,6,7,8] ,

U ′, l1 = l2 = l3 = l4 ∈ [4,5,9,10] ,

−JH, l1 = l2 = l̄3 = l̄4 ∈ [1,2,3,6,7,8] ,

U ′, l1 = l̄2 = l3 = l̄4 ∈ [4,5,9,10] ,

(A2)
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U (c)l1l2
l3l4

=



U, l1 = l2 = l3 = l4 ∈ [1,2,3,6,7,8] ,
2U, l1 = l2 6= l3 = l4 ∈ [1,2,3,6,7,8] ,
−U−2JHδl1 l̄2l3 l̄4 , l1 = l4 6= l2 = l3 ∈ [1,2,3,6,7,8] ,
U ′, l1 = l2 = l3 = l4 ∈ [4,5,9,10] ,
W̃ (𝑞, l1, l2, l3, l4), l1 = l2 < l3 = l4 ∈ [4,5,9,10] ,
W̃ †(𝑞, l1, l2, l3, l4), l1 = l2 > l3 = l4 ∈ [4,5,9,10] ,
2U ′, l1 = l2 = l̄3 = l̄4 ∈ [4,5,9,10] ,
−U ′, l1 = l̄2 = l̄3 = l4 ∈ [4,5,9,10] .

(A3)

In the expressions of U (c), W̃ (𝑞, l1, l2, l3, l4) = 2W
(

1+ e iq1 + e−iq2
)
(1− δl1 l̄3), q1,2 ≡ 𝑞 ·𝑎1,2, where 𝑎1,2 are the two unit

vectors of the Moiré lattice.

(a)
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(b) (c)
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↼U↽

↼U↽
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kk
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↩k′

↩k′

k1k1 kk2

k3 k3k4k4

↼U↽

↼U↽

Fig. A1. Three processes that have contributions to the renormalized effective vertex in the RPA: (a) bare interaction vertex and (b), (c) two
second order perturbation processes during which spin or charge fluctuations are exchanged within a cooper pair.

In the RPA level, the Cooper pair with momentum and
orbital of (𝑘l3,−𝑘l4) could be scattered into (𝑘′l1,−𝑘′l2) by
exchanging charge or spin fluctuations, see Fig. A1 which is
up to the second order perturbation processes. This process
induces the following effective interaction:

Veff =
1
N ∑

αβ ,𝑘𝑘′
V αβ (𝑘,k′)ĉ†

𝑘α
ĉ𝑘̄ᾱ

†ĉ𝑘̄′ β̄ ĉ𝑘′β , (A4)

where ᾱ and β̄ denote the opposite-valley bands of the α-th
and β -th ones, respectively, and 𝑘̄ = 𝑘. The effective pairing
interaction vertex V αβ (𝑘,k′) has the form

V αβ (𝑘,k′) = ∑
l1l2l3l4

Γ
l1l2

l3l4
(𝑘,k′,0)ξ α,∗

l1
(𝑘)ξ ᾱ,∗

l2

× (−𝑘)ξ β̄

l4
(−𝑘′)ξ β

l3
(𝑘′). (A5)

The three processes that have contributions to Γ
l1l2

l4l3
(𝑘,𝑘′) are

presented in Fig. A1 where (a) denotes the bare interaction
vertex and (b), (c) represent two second order perturbation
processes, during which the spin or charge fluctuations are ex-
changed within a cooper pair. The effective vertex Γ

l1l2
l3l4

(𝑘,𝑘′)

is

Γ
(s)l1l2

l3l4
(𝑘,𝑘′)

=

(
U (c)(𝑘−𝑘′)+U (s)

4

)l1l3

l2l4

+

(
U (c)(𝑘+𝑘′)+U (s)

4

)l1l4

l2l3

+
1
4

[
3U (s)

χ
(s) (𝑘−𝑘′

)
U (s)−U (c)

χ
(c) (𝑘−𝑘′

)
U (c)

]l1l3

l2l4

+
1
4

[
3U (s)

χ
(s) (𝑘+𝑘′

)
U (s)−U (c)

χ
(c) (𝑘+𝑘′

)
U (c)

]l1l4

l2l3
(A6)

for the singlet channel, and is

Γ
(t)l1l2

l3l4
(𝑘,𝑘′)

=

(
U (c)(𝑘−𝑘′)+U (s)

4

)l1l3

l2l4

−

(
U (c)(𝑘+𝑘′)+U (s)

4

)l1l4

l2l3

+
1
4

[
U (s)

χ
(s) (𝑘−𝑘′

)
U (s)+U (c)

χ
(c) (𝑘−𝑘′

)
U (c)

]l1l3

l2l4

+
1
4

[
U (s)

χ
(s) (𝑘+𝑘′

)
U (s)+U (c)

χ
(c) (𝑘+𝑘′

)
U (c)

]l1l4

l2l3
(A7)

for the triplet channel. Note that the vertex Γ
l1l2

l3l4
(𝑘,𝑘′) has

been symmetrized and anti-symmetrized for the singlet and
triplet cases, respectively. The vertex Γ

l1l2
l3l4

(𝑘,𝑘′) gives the ef-
fective paring interaction vertex V αβ (𝑘,k′).
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