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The main challenge in bone ultrasound imaging is the large acoustic impedance contrast and sound velocity differ-
ences between the bone and surrounding soft tissue. It is difficult for conventional pulse-echo modalities to give accurate
ultrasound images for irregular bone boundaries and microstructures using uniform sound velocity assumption rather than
getting a prior knowledge of sound speed. To overcome these limitations, this paper proposed a frequency-domain full-
waveform inversion (FDFWI) algorithm for bone quantitative imaging utilizing ultrasonic computed tomography (USCT).
The forward model was calculated in the frequency domain by solving the full-wave equation. The inverse problem was
solved iteratively from low to high discrete frequency components via minimizing a cost function between the modeled
and measured data. A quasi-Newton method called the limited-memory Broyden–Fletcher–Goldfarb–Shanno algorithm
(L-BFGS) was utilized in the optimization process. Then, bone images were obtained based on the estimation of the veloc-
ity and density. The performance of the proposed method was verified by numerical examples, from tubular bone phantom
to single distal fibula model, and finally with a distal tibia-fibula pair model. Compared with the high-resolution periph-
eral quantitative computed tomography (HR-pQCT), the proposed FDFWI can also clearly and accurately presented the
wavelength scaled pores and trabeculae in bone images. The results proved that the FDFWI is capable of reconstructing
high-resolution ultrasound bone images with sub-millimeter resolution. The parametric bone images may have the potential
for the diagnosis of bone disease.

Keywords: quantitative imaging, full-waveform inversion, bone microstructure, ultrasonic computed tomog-
raphy, high resolution
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1. Introduction

Bone strength depends on multiple characteristics, such
as bone mass, geometrical morphology, and architecture.[1]

Bone geometrical morphology and micro-architecture are im-
portant features to determine the mechanical properties.[2,3]

Osteoporosis is a common bone metabolic disease, typically
characterized by the loss of bone mass, reduced thickness,
and increased porosity, therefore resulting in an increased risk
of fracture.[4] Severe osteoporosis reduces the quality of life,
increases the suffering of patients, even endangers patient’s
life.[4] Consequently, daily monitoring and early diagnosis
of bone diseases are of great significance, especially in ag-
ing societies.[5] Bone mineral density (BMD) measured by
dual energy x-ray absorptiometry (DXA) is the gold stan-
dard for evaluating bone status.[6] However, the comprehen-
sive evaluation of bone based on DXA is still challenging, be-
cause it is difficult for DXA to quantify bone microstructure
and biomechanical properties.[7–9] High-resolution magnetic

resonance imaging (HR-MRI) and high-resolution peripheral
quantitative computed tomography (HR-pQCT) are two prin-
cipal modalities of bone imaging with high spatial resolu-
tion, which can provide both geometry and microstructure.[10]

However, the clinical applications of HR-MRI and HR-pQCT
are limited due to the relatively high costs, long examination
time, presence of ionizing radiation, and poor portability.[10]

Ultrasound is a mechanical wave, which is physically
suited to probe the elastic and structural properties of bone.
Quantitative ultrasound (QUS) techniques are deemed to re-
flect bone mechanical parameters beyond BMD with the ad-
vantages of being inexpensive and non-ionizing.[6] Therefore,
QUS based techniques were proposed as alternatives to x-
ray based methods to characterize bone.[11] QUS approaches
are mainly divided into two categories. One is for corti-
cal assessment using ultrasound guided wave (UGW)[12–14]

or first arrival signal (FAS)[15] propagation in the long cor-
tical bones. The other is for cancellous measurements,
utilizing ultrasonic through-transmission[16] and backscat-
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ter techniques.[17,18] Recently, QUS capitalized on machine
learning[19,20] and deep learning[21,22] for bone or porous me-
dia assessment. These studies have yielded promising re-
sults to predict material parameters, such as thickness,[23,24]

porosity,[2,25] bulk velocities,[22,23] phase velocity,[26] etc.
However, these studies can hardly provide entire morphologi-
cal features of bone and ultrasonic imaging of bone tissue re-
mains a challenging task.

The most common method of medical ultrasound imaging
makes use of pulse-echo sonography, which generates back-
scattered reflection images. This modality is suitable for ultra-
sonic imaging for soft tissues with small heterogeneity, based
on the assumption of uniform sound velocity.[27–30] While for
the hard tissue (i.e., bone), the speed of sound in bone dif-
fers significantly from that of the surrounding soft tissue.[31,32]

The pulse-echo method is difficult to accurately image the ir-
regular bone or multilayer structures without a prior of sound
speed distribution.[33,34] Olofsson[35] applied phase shift mi-
gration (PSM) to image regularly layered objects. Some
studies further utilized ray-tracing technique[32,33] or modi-
fied PSM[36–38] to image the irregularly hard materials. How-
ever, the sound velocity distribution must be obtained[33,34] or
estimated in advance.[32] It is unrealistic for ultrasonic bone
imaging with a prior of sound velocity model in the actual
scene. Renaud et al.[32] achieved in-vivo imaging the first sec-
tion of long bone using prior ranges of sound velocity to it-
eratively estimate velocities layer by layer. Considering the
large acoustic impedance on the cortical bone surface and the
porous structure in cancellous part, the strong reflections gen-
erated from the boundary and ultrasonic wave attenuation in-
duced by multiple diffraction, scattering, anelastic absorption,
and elastic mode-conversions lead to a very complex wave-
field for bone imaging.[32,33,39,40] The high amplitude signals
from the boundaries may overlap and interfere with the rela-
tively weak signals scattered inside the bone structure. These
superimposed effects make it difficult to accurately image in-
side trabeculae, pores, and the second cross-section.[32] Li
et al.[41] successfully reconstructed the surface trabeculae of
bovine cancellous bone in virtue of ultrasonic backscatter pa-
rameters, but cannot present trabecular distribution below sur-
face.

Ultrasonic computed tomography (USCT) is an emerg-
ing tool to quantitatively realize parametric imaging using in-
version algorithms. The algorithms are computational tech-
niques initially developed to image the interior of the Earth.[42]

Tomography techniques are basically divided into three cate-
gories. The first one is the travel-time tomography based on
ray theory, which uses the first arrival time of ultrasonic wave-
form to reconstruct the velocity distribution.[43,44] By merely
considering refraction, this method is efficient and stable[43]

but only valid when the imaging objects are much larger than
the wavelength.[45] Its resolution is limited and cannot recon-
struct structure below the scale of the diameter in the first

Fresnel zone.[39,46] The second method is the diffraction to-
mography (DT), which takes diffraction and scattering into
account with a linearized scattering model such as the Born
or Rytov approximations.[47,48] This method is much more
time consuming but has higher resolution.[47] The third fam-
ily is the reconstruction technique called full-waveform inver-
sion (FWI).[45,49,50] FWI attempts to reconstruct the paramet-
ric images of the medium by trying to match the measured
signals with the results of the full wave equation.[50] FWI is
actually the most accurate one in inversion community for al-
lowing higher order diffraction and scattering to be considered
in its numerical solver.[51] With a higher cost of computational
effort, the FWI provides higher resolution and accuracy than
previous two methods that only utilize part of the recorded
wavefield.

From travel-time inversion to FWI, the inversion tech-
niques were first used in medical ultrasound imaging for soft
tissues.[52–54] In recent years, the inversion methods have been
attempted to apply in hard tissue imaging,[39,47] particularly in
bone imaging.[11,31,40,55,56] Bone is a heterogeneous, porous,
and highly attenuated medium.[55] For using limited infor-
mation of wavefield, travel-time inversion can only be ap-
plied to image macroscopic morphology with relatively low
resolution. As the phase transition through the bone tissue
is too large, DT based on the first-order Born or Rytov ap-
proximation cannot be utilized to tackle the problem with
large acoustic impedance misfit.[55] Therefore, Lasaygues
et al.[40] proposed a compound USCT to address this is-
sue. Some studies[11,47,57] with iterative approaches based on
high-order approximations can also image high-contrast tar-
gets. A method called distorted Born diffraction tomogra-
phy (DBDT)[11] was used to image bone-mimicking phan-
toms, obtaining faithful geometry and sound speed images.
With the recorded full wavefield and the experience of imag-
ing the Earth’s internal structure, FWI is expected to transfer
to hard tissue imaging, further providing higher quality im-
ages. Bernard et al.[31] gave fairly accurate map of the lon-
gitudinal wave speed for cortical bone quantitative imaging in
simulation study using time-domain full-waveform inversion
(TDFWI). In addition, the approximate density map was also
provided to assess the cortical bone. Whereas TDFWI is com-
putationally intensive.

It is understood that the achievable spatial resolution of
FWI is approximately half of the wavelength, i.e., λ/2.[39,58]

Using megahertz frequency, the FWI can theoretically image
pores and trabeculae in bone tissue with the size of millimeter
or sub-millimeter.

As FWI possesses unequivocal advantages in hard tis-
sue imaging via considering the full information of wave-
field, the frequency-domain full-waveform inversion (FDFWI)
method was introduced into bone parametric imaging in this
study. Unlike TDFWI based on the iterative fitting of com-
plete time series between modeled and observed data, the FD-
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FWI only depends on the full information of wavefield at some
discrete frequencies. This data reduction leads to efficient
computation. Besides, FDFWI is more convenient to be di-
rectly performed from low to high discrete frequency com-
ponents, and there is no need for utilizing lowpass filtering,
which is a key process for TDFWI to avoid trapping into the
local minima.[59,60] To the best of our knowledge, this study
is the first report in which the FDFWI method is applied to
simultaneously estimate sound velocity and mass density in
bone quantitative imaging. The performance of the method
is demonstrated by tubular bone phantom, single distal fibula
model, and finally with a distal tibia-fibula bone pair model.

The rest of paper is organized as follows. Model assump-
tions, the theory of FDFWI, and the selected optimization al-
gorithm are stated in Section 2. The numerical simulation
setup and the simulated examples are described in Section 3.
The results are provided in Section 4. Section 5 gives the dis-
cussion, and finally, the conclusions are presented in Section 6.

2. Theory and methods
The objective of this study is to conduct two-dimensional

(2-D) parametric imaging of bone cross-sections from ultra-
sonic signals collected from a ring array transducer. The plane
of the ring array probe (i.e., the imaging plane) is orthogonal
to the long axis of the bones.

2.1. Problem statement

The tomography parametric imaging is essentially an in-
verse process to estimate the bone material parameters, such as
sound velocity and mass density, which are utilized to quan-
titatively characterize the bone. The parametric models (i.e.,
sound velocity and mass density) are discretized as a M×N
grid.

The ultrasound tomography acquisition setup is depicted
in Fig. 1. The bone is immersed in water and surrounded by
a ring array transducer with n elements. The positions of the
elements in the ring array transducer are determined by the
location vectors 𝑟i (1 6 i 6 n). Each element in the ring ar-
ray transmits ultrasonic pulses in sequence, and all elements
receive signals at the same time. For FDFWI, the transmit-
ting pulse S(𝑟si ,ω) (1 6 si 6 n) is the excitation source in the
frequency domain, and the received complex wavefield at the
receiver position 𝑟ri (1 6 ri 6 n) is described by Dobs(𝑟ri ,ω).
The measurements acquired from all emitter-receiver pairs can
be stacked into a n× n dimensional matrix 𝐷obs(ω). Similar
to the measured wavefield, the simulated wavefield denoted as
Usim(𝑟ri ,C,ρ,ω) obtained by numerical calculation at the re-
ceiver location 𝑟ri (1 6 ri 6 n) with bone material parameter
models (i.e., C(𝑟),ρ(𝑟)) is also stacked into a n× n dimen-
sional matrix 𝑈sim(C,ρ,ω). FDFWI is typically formulated
as a least square minimization problem, and the cost function

satisfies the following relationships:[61]

E(C,ρ,ω) =
1
2
‖𝑈sim(C,ρ,ω)−𝐷obs(ω)‖2 , (1a)

{C,ρ} = argminC,ρ

1
2
‖𝑈sim(C,ρ,ω)−𝐷obs(ω)‖2 . (1b)

The process of FDFWI imaging is to update the model pa-
rameters iteratively to approximate the true model values.
When the optimization problem converges well, the simulated
wavefield 𝑈sim(C,ρ,ω) best matches the measured wavefield
𝐷obs(ω). With vectorization of the matrix, the cost func-
tion (1) can be rewritten as[59]

E(C,ρ,ω) =
1
2
𝑒H(C,ρ,ω)𝑒(C,ρ,ω), (2a)

𝑒(C,ρ,ω) =𝑈sim(C,ρ,ω)−𝐷obs(ω), (2b)

where H denotes the Hermitian transpose, and 𝑒(C,ρ,ω) is
the residual vector between the modeled and measured wave-
fields. It is worth noting that the wavefield is explicitly de-
picted in terms of frequency ω and parametric models (i.e.,
C(𝑟),ρ(𝑟)). The optimization is performed on one discrete
frequency component at a time, and the numerical simulated
wavefield depends on the parametric models. When the para-
metric models are iteratively updated in FDFWI, the numerical
simulated wavefield is also updated with the new parametric
models.

long bone 

ring array transducer 

Dobs↼rri
↪ω↽ ↼;ri;n↽

S↼rri
↪ω↽ ↼;si;n↽

Fig. 1. Ultrasound tomography transducer acquisition setup.

2.2. Forward problem

The propagation of ultrasonic wave is controlled by the
acoustic wave equation. Forward modeling of ultrasonic
propagation in frequency domain can be described by the
Helmholtz equation with variant density[62]

− ω2

K(𝑟)
P(𝑟,ω)−∇ ·

(
1

ρ(𝑟)
∇P(𝑟,ω)

)
= S(𝑟,ω), (3a)

K(𝑟) = ρ(𝑟)C(𝑟)2, (3b)

where 𝑟 is the spatial position vector, P(𝑟,ω) is the pressure
wavefield, ∇ is the gradient operator, S(𝑟,ω) is a point source,
K(𝑟) is the spatially-varying bulk modulus, ρ(𝑟) is the mass
density, and C(𝑟) is the compressional wave velocity.

To perform forward numerical calculation, the model is
discretized on a M ×N grid. To balance the accuracy and
efficiency of the numerical calculation, the grid size is set
to be slightly less than λmin/5.[61]λmin is the smallest wave-
length and is computed using the sound velocity in water
at the maximum frequency component. Similar to the para-
metric model, the forward wavefield P(𝑟,ω) is sampled as a

014302-3



Chin. Phys. B Vol. 30, No. 1 (2021) 014302

M×N grid at each frequency ω . The discrete pressure val-
ues are reorganized as a M×N dimensional vector P. Sim-
ilarly, the source S(𝑟,ω) is also vectorized as a M ×N di-
mensional vector S. The vector S is sparse and has only one
non-zero value whose index corresponds to the position of the
emitter at the grid. With the wavefield and the wave source
vectorized, the Helmholtz operator in Eq. (3a) is discretized,
assembling a sparse and large matrix 𝐻 with dimension of
MN ×MN. Matrix 𝐻 is actually the numerical approxima-
tion of the Helmholtz operator underlying partial differential
stencil. The numerical construction of 𝐻 and the absorbing
boundary can refer to the work detailed in Ref. [62]. After
discretization, the Helmholtz Eq. (3) can be rewritten in ma-
trix form

𝐻(C,ρ,ω)P(ω) = S(𝑟si ,ω), (1 6 si 6 n), (4)

where 𝐻 may be a high-dimensional matrix according to the
specific requirement of model discretization. Direct inverse
computation of high-dimensional matrix is time-consuming
and inefficient. To solve Eq. (4) for a multiple source prob-
lem, matrix factorization methods such as LU decomposi-
tion are strongly recommended for increasing the computation
efficiency.[63] When LU decomposition is used to solve Eq. (4)
once for one source, LU constituents of 𝐻 can be stored to
rapidly solve wavefield P for other sources. This is critical to
save the computational costs of iterative solutions for inverse
problems with multiple sources.

2.3. Inverse problem and the adjoint-state method

Since there are large data quantities and model param-
eters involved in FDFWI, local optimization methods[42,50]

based on gradient descent are generally used to solve the cost
function (2). Accurately calculating the gradient of the cost
function in iterative process is a key point for the success of
inversion[42,61]

∇CE(C,ρ,ω) = 𝐽H
C (C,ρ,ω)𝑒(C,ρ,ω), (5a)

∇ρ E(C,ρ,ω) = 𝐽H
ρ (C,ρ,ω)𝑒(C,ρ,ω), (5b)

𝐽C(C,ρ,ω) =
δ𝑒(C,ρ,ω)

δC
=

δ𝑈sim(C,ρ,ω)

δC
, (5c)

𝐽ρ(C,ρ,ω) =
δ𝑒(C,ρ,ω)

δρ
=

δ𝑈sim(C,ρ,ω)

δρ
, (5d)

where the gradients ∇C and ∇ρ are taken with respect to the
sound velocity and mass density, respectively. The gradient
formulations in Eq. (5) are matrix-vector products. JC and Jρ

are the Jacobian matrices of the forward problem that contains
the Fréchet derivatives of the received wavefield with respect
to model parameters (i.e., C,ρ). e(C,ρ,ω) is the residual vec-
tor that is the same as that in Eq. (2).

The inversion is conducted step by step from low
to high frequencies from a selected set of frequency
components. Given the current estimations of the pa-
rameter models C(i)(ω),ρ(i)(ω) and the current gradients
∇CE(C(i),ρ(i),ω),∇ρ E(C(i),ρ(i),ω), the updated parameter
models with the normal gradient descent method can be writ-
ten as

C(i+1)(ω) =C(i)(ω)−α∇CE(C(i),ρ(i),ω), (6a)

ρ
(i+1)(ω) = ρ

(i)(ω)−α∇ρ E(C(i),ρ(i),ω), (6b)

where α is the step size which could be a constant or de-
termined by a line search method.[64] Nevertheless, the gra-
dient computation in such an FWI problem including multi-
ple parameters and high-dimensional matrix is computation-
ally challenging. If the gradients in Eq. (5) are directly cal-
culated, the computations are so intensive. When the model
parameter in one grid point is disturbed for differential com-
putation every time, a forward calculation is needed to obtain
the recorded wavefield. The forward calculation requires per-
forming as many as the number of model parameters for each
source.[50,65] Therefore, a total of n×M×N times of forward
calculation is needed to get 𝐽C and 𝐽ρ for n sources per itera-
tion. When the model parameters are large, the calculation of
this part takes a huge amount of time. The dimension of 𝐽C

and 𝐽ρ is n2×MN. Obviously, it is too time-consuming for
bone quantitative imaging in practical use.

Fortunately, there is an alternative way called the adjoint
state method[65] that does not compute the Jacobian matrix
explicitly to get the gradient. This method was developed to
efficiently compute the gradient. In the numerical commu-
nity, it is now a well-known method for gradient calculation
of a functional with respect to the model parameters. The
functional depends on model parameters through state vari-
ables, which are solutions of the forward problem.[42] The
adjoint state corresponds to the wavefield emitted and back-
propagated from the receivers, which is deemed independent
of the model parameters.[66] This approach is often imple-
mented resorting to an augmented functional also called asso-
ciated Lagrangian. It is actually an optimization problem with
partial differential equation (PDE) constrained in this study.
The augmented functional is defined as

L(P,Va,C,ρ,ω) = Re

[
1
2
‖Usim(C,ρ,ω)−Dobs(ω)‖2−

n

∑
si=1
〈Va(𝑟si ,ω),𝐻(C,ρ,ω)P(𝑟si ,ω)−S(𝑟si ,ω)〉

]

= Re

[
1
2

n

∑
si=1
‖Usim(𝑟si ,C,ρ,ω)−Dobs(𝑟si ,ω)‖2−

n

∑
si=1
〈Va(𝑟si ,ω),𝐻(C,ρ,ω)P(𝑟si ,ω)−S(𝑟si ,ω)〉

]
014302-4
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= Re

[
1
2

n

∑
si=1
‖𝐶ℎrP(𝑟si ,ω)−Dobs(𝑟si ,ω)‖2−

n

∑
si=1
〈Va(𝑟si ,ω),𝐻(C,ρ,ω)P(𝑟si ,ω)−S(𝑟si ,ω)〉

]

= Re

[
1
2

n

∑
si=1
‖𝐶ℎrP(𝑟si ,ω)−Dobs(𝑟si ,ω)‖2−

n

∑
si=1

Va(𝑟si ,ω)H(𝐻(C,ρ,ω)P(𝑟si ,ω)−S(𝑟si ,ω))

]
, (7)

Cost function construction constrained by PDE  

Start

Loop 1: Frequency increament 

Loop 2: Model update  with given frequency

(L-BFGS)

Forward problem solution Usim ( )

Update model parameters

i = i + 1

Adjoint state method for gradient calculations in terms of

model parameters                  ,                

End Loop 2 ?

End Loop 1 ?

End  

No

No

Yes

Yes

Initial parametric models

Initial frequency  

Observed wavefields Dobs ( )

Approximation of inverse Hessian matrix construction (H 
-1)

Final results

i/↪ C0↪ ρ0

ω/ω0

ω

ω

ω=ω+Dω

Fig. 2. Flow chart of the FDFWI.
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where 〈·〉 denotes the scalar product of M×N dimensional
complex vectors and 𝑟si (16 si 6 n) depicts the position of the
source. Usim(𝑟si ,C,ρ,ω) and Dobs(𝑟si ,ω) show the simulated
and measured wavefields generated by the source S(𝑟si ,ω)

that situated at 𝑟si . Note that Va(𝑟si ,ω) and P(𝑟si ,ω) repre-
sent the adjoint and forward wavefield vectors related to the
source S(𝑟si ,ω) located at 𝑟si . They are both M×N dimen-
sional vectors. 𝐶ℎr is the selective matrix onto positions of
the receivers for all sources, with the dimension of n×MN.
Va(𝑟si ,ω) is the adjoint state and also the Lagrange multiplier
per source and per frequency component, which is defined by

δL(𝑟si ,P,Va,C,ρ,ω)

δP(𝑟si ,ω)
= 𝐶ℎH

r (𝐶ℎrP(𝑟si ,ω)−Dobs(𝑟si ,ω))

−𝐻H(C,ρ,ω)Va(𝑟si ,ω) = 0, (8)

then we can obtain

Va(𝑟si ,ω) = 𝐻−H(C,ρ,ω)𝐶ℎH
r (𝐶ℎrP(𝑟si ,ω)

−Dobs(𝑟si ,ω)). (9)

The gradients of L with respect to each model parameter
(i.e., Ci,ρi (1 6 i 6 MN)) can be calculated by

δL(P,Va,C,ρ,ω)

δCi

= −Re
n

∑
si=1

(V H
a (𝑟si ,ω)

δ𝐻(C,ρ,ω)

δCi
P(𝑟si ,ω)), (10a)

δL(P,Va,C,ρ,ω)

δρi

= −Re
n

∑
si=1

(V H
a (𝑟si ,ω)

δ𝐻(C,ρ,ω)

δρi
P(𝑟si ,ω)). (10b)

If equation (9) is substituted into Eq. (10), the final gradi-
ents will be obtained as

δL
δCi

= −Re
n

∑
si=1

(PH(𝑟si ,ω)
δ H𝐻(ω)

δCi
𝐻−H(ω)

×𝐶ℎH
r (𝐶ℎrP(𝑟si ,ω)−Dobs(𝑟si ,ω))), (11a)

δL
δρi

= −Re
n

∑
si=1

(PH(𝑟si ,ω)
δ H𝐻(ω)

δρi
𝐻−H(ω)

×𝐶ℎH
r (𝐶ℎrP(𝑟si ,ω)−Dobs(𝑟si ,ω))), (11b)

where ∑
n
si=1 [·] means that the final gradient for each iteration

needs to sum the results of all sources for single model pa-
rameter. The computation of δL/δCi, δL/δρi with Eqs. (9),
(10), and (11) is called the adjoint-state method.[42,66] With
this method, the number of forward computations to obtain
the gradients is reduced to two for each source per iteration:
one to compute the incident wavefield P and the other to back
propagate the corresponding residuals to get Va. For the conve-
nience of calculation, the gradients corresponding to different
parameters are combined into an M×N dimensional gradient
vector to update the model parameters. Figure 2 outlines the
flow chart of the FDFWI algorithm.

2.4. Optimization algorithm

There are many local optimization methods based on gra-
dient descent, for instance, the steepest descent, conjugate
gradient, Newton, Gauss–Newton, and quasi-Newton.[67] The
convergence speed of the steepest descent is slow, which is
not suitable for the large data optimization problem in FWI.
The convergence rate of Newton and Gauss-Newton is faster
than the conjugate gradient and the steepest descent, lead-
ing to more stable inversion process.[67] However, the com-
putation and storage cost of the Hessian or approximate Hes-
sian matrix is so intensive in iterative process (i.e., Xk+1 =

Xk−𝐻−1∇Xk E, where Xk denotes the model parameter, and
𝐻 denotes the Hessian matrix). 𝐻−1 indicates the search
direction. It is usually necessary to avoid the direct inverse
of such large matrix, especially for the strong nonlinear and
large-scale problem in FWI. Therefore, a matrix-free vari-
ant of the quasi-Newton method known as limited-memory
Broyden–Fletcher–Goldfarb–Shanno algorithm (L-BFGS)[68]

is utilized in this paper, allowing constructing an approxima-
tion of the inverse Hessian in a recursive way without explic-
itly forming it. Only a few gradients of the previous non-
linear iterations, typically 3–20 iterations, need to be stored
in L-BFGS to compute the approximate Hessian. Here we
choose m = 20. The L-BFGS method represents a negligi-
ble storage and computational cost compared to the conjugate-
gradient algorithm,[50] and a more efficient convergence rate
than the steepest descent.[31] The implementation of L-BFGS
algorithm is detailed in the literature.[68]

2.5. Regularization

FDFWI for bone imaging is a nonlinear and ill-posed in-
verse problem. The most common way to alleviate the in-
verse instability and ill-posedness caused by the high-contrast
structures[50,69] and the presence of noises[31] is to use reg-
ularization. Tikhonov and total variation (TV) regularization
are well known in the inversion process. The former is help-
ful to restore the continuity and smoothness of the images.[70]

Whereas the latter is able to preserve the sharpness of the
edges.[71] The bone parametric imaging requires not only to
maintain the continuity and smoothness of some areas, such
as soft tissue and bone, but also to restore some regions with
high sound velocity contrast, for instance sharp boundaries be-
tween bone and soft tissue. Therefore, we tried to combine the
advantages of the above two regularizations. In this paper, the
Sobolev space norm was employed as a regularization term to
keep a balance between sharpness and smoothness in imaging.
Mathematically, it is depicted by[72]

JCi
SN = (∇Ci ·∇Ci + ε)p/2, ε > 0, (12a)

Jρi
SN = (∇ρi ·∇ρi + ε)p/2, ε > 0. (12b)
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The Sobolev space norm can easily be added to the cost
function with weight λSN, and the gradient of regularization
term (13) is added to the gradient of the cost function (11)
for model parameter update. The mathematical features of
Sobolev space norm can refer to the literature.[72] In brief, it is
a natural blend of Tikhonov and TV regularization.[72]

δJCi
SN

δCi
= p∇ · ∇Ci

(∇Ci ·∇Ci + ε)1−p/2 , ε > 0, (13a)

δJρi
SN

δρi
= p∇ · ∇ρi

(∇ρi ·∇ρi + ε)1−p/2 , ε > 0, (13b)

where ε is utilized to avoid being divided by zero when calcu-
lating the gradient of the regularization term. As long as the
value is small enough, it will have little impact on the restored
images. We selected ε = 10−7, λSN = 10−4, and P = 1.5 in
this work. The sum of Eqs. (11) and (13) gives the gradient
of a single model parameter with the regularization term. In
the iterative calculation, the gradients were combined into an
M×N dimensional vector to update the model parameters.

3. Numerical simulations setup
FDFWI is a nonlinear and ill-posed inverse problem,

meaning that an infinite number of models can match the data,
particularly when starting inversion with high frequency.[50]

Therefore, the initial frequency must be low enough. If not,
the so-called cycle-skipping effect will result in the conver-
gence to a local minima.[50] To avoid this effect, the TDFWI
proposes consecutive inversion with gradually increasing fre-
quency component using lowpass filtering, as low frequencies
are insensitive to cycle-skipping effects.[31] However, the FD-
FWI provides a more natural workflow for this multiscale ap-
proach by performing successive inversions from low to high
discrete frequency components.[59,60]

For simplicity, the transmitting sources are ideal point
sources in this study. The source waveform is wide-band
Ricker wavelet with a dominant frequency fc

S(t) =
[
1−2π

2 f 2
c (t− t0)2]e−π2 f 2

c (t−t0)2
. (14)

The time domain waveforms and amplitude spectrum of the
Ricker wavelet pulse are shown in Fig. 3. Two sources with
different center frequencies were used to cover the bandwidth
we need. For the transmitting source with fc = 200 kHz, the
utilized bandwidth is from 100 kHz to 400 kHz. For the trans-
mitting source with fc = 1.75 MHz, the used bandwidth ranges
from 400 kHz to 3.5 MHz. The sound speed and mass den-
sity in bone tissue were derived from previous literature,[73]

in which the sound speed is 2800 m/s and the mass density is
1800 kg/m3. For the surrounding media (i.e. ,water or soft tis-
sues), the sound velocity and mass density are set to 1500 m/s

and 1000 kg/m3. The spatial size (i.e., grid size) in the numer-
ical model was calculated by the maximum frequency compo-
nent and the background sound velocity 1500 m/s. 128 sources
and 128 receivers were utilized to produce and receive the ul-
trasonic signals.
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Fig. 3. Ricker wavelet source. (a) Time-domain signal. (b) Amplitude
spectrum, with a central frequency fc = 200 kHz.

3.1. Tubular bone phantom

In the first numerical model, a simple tubular bone phan-
tom with a thickness of 2 mm was used, situating in the cen-
ter of the ring array. The grid size ∆h was 60 µm and the
18 mm×18 mm model was therefore discretized as 301×301
grids. The diameter of the ring array transducer was 17 mm.
In this case, the mass density model was known and only the
sound velocity model was estimated. The speed of sound in
water (1500 m/s) was utilized as the initial guess of the veloc-
ity model. The simulated data was noiseless, so regularization
based on Sobolev space norm was closed in this section, as
well as in Subsections 3.2 and 3.3. The frequency of inversion
was initially set to 100 kHz and then gradually increased to
3.5 MHz with a step of 100 kHz.

3.2. Single distal fibula model

In the second numerical model, a single distal fibula
model was utilized. The model was made by binarization of
a HR-pQCT image of distal fibula (Figs. 5(a) and 6(a)). The
sizes of the discretized model and the circular ring transducer
were the same as those in tubular bone phantom. However, in
this circumstance, the sound velocity and mass density were
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simultaneously estimated. The frequency components were
set from 100 kHz to 3.5 MHz with an interval of 50 kHz. For
low frequencies are essential for the reconstruction of mass
density,[50,74] the smaller interval can ensure enough compo-
nents with relatively low frequency in inversion. Both the ini-
tial sound velocity and mass density model were uniform, in
which the velocity was set to 1500 m/s and the mass density
was 1000 kg/m3 (physical parameters in water).

3.3. Distal tibia-fibula pair model

In the third numerical model, we used a distal tibia-fibula
pair model. The model was also derived from binarization
of a HR-pQCT image (Figs. 9(a) and 10(a)). As presented
in Subsections 4.1 and 4.2, since the inversion results of the
first two models verified that the FDFWI can achieve a good
reconstruction when the frequency reached 2.5 MHz, the fre-
quency set here was selected from 100 kHz to 2.5 MHz with
an interval of 50 kHz. The grid size was set to 100 µm and the
60 mm×60 mm model was discretized as 601×601 grids. The
diameter of the ring array transducer was 58 mm. This was a
challenging scene involving multiple scattering between the
two bones. The complex distribution of trabeculae in the dis-
tal tibia would introduce significant multiple diffraction, scat-
tering, and reverberation effects. The initial values of velocity
and density model were identical with those in the single distal
fibula model.

3.4. Robustness against noise

To investigate the robustness of FDFWI against noise,
Gaussian random noise was added to the synthetic data gener-

ated in the distal tibia-fibula pair model for velocity and den-
sity inversion. The reference pressure was defined as the mean
amplitude of the received complex signals. The cases with
signal-to-noise ratio (SNR) of 30 dB, 10 dB, and 0 dB were
respectively performed and discussed. The settings of inver-
sion were consistent with those in the previous Subsection 3.3,
except that the Sobolev space norm was utilized. It should be
noted that the regularized weight λSN represents the ratio be-
tween the data fidelity item and the penalty term. λSN = 10−4

was chosen via the qualitative evaluation of the final inversion
results.

4. Results
4.1. Tubular bone phantom

The inversion results with different maximum frequencies
are shown in Fig. 4. When the inversion frequency gradually
increases to 1.5 MHz, both the outer and inner edges of the
phantom are recovered. When the frequency reaches 2.5 MHz,
the image becomes clearer with fewer artifacts. However, as
the frequency ranging from 2.5 MHz to 3.5 MHz, the im-
provement of image quality is relatively limited. The result
shows that the FDFWI has ability to accurately restore the
macroscopic morphology. The inversion error of the velocity
is small. If the imaging region in the ring array transducer is
selected as the region-of-interest (ROI), the root-mean-square-
error (RMSE) of sound velocity in ROI is 149.76 m/s, and the
mean relative error in ROI is 6.97%. The RMSE exclusively in
bone area is 250.52 m/s, and the mean relative error is 8.95%.
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Fig. 4. FDFWI results of the tubular bone phantom for velocity model with different maximum frequencies. (a) True velocity model with ring
array transducer. (b)–(e) Result obtained with final frequency of 0.5 MHz, 1.5 MHz, 2.5 MHz, and 3.5 MHz, respectively.
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4.2. Single distal fibula model

The inversion results with different maximum frequen-
cies are shown in Figs. 5 and 6. When the inversion frequency
gradually increases to 1.5 MHz, both the outer and inner edges
of the velocity map are recovered accurately. Meanwhile, par-
tial microstructures in the fibula, such as pores and trabeculae,
can be clearly depicted. When the frequency reaches 2.5 MHz,
the velocity map becomes clearer and some subtler features
can be precisely displayed. Similar to the result of tubular
bone phantom, as for the frequency ranging from 2.5 MHz

to 3.5 MHz, the improvement of the image quality is rela-
tively limited. The result shows that the FDFWI can provide
high-resolution images for fibula bone. Both the geometry
and microstructure can be clearly and accurately recovered.
Due to the simultaneous inversion of two parameters, the in-
version task is relatively more complex. The error of sound
velocity increases compared with the single speed inversion
in the previous section. For the sound velocity, RMSE in
ROI is 258.31 m/s, and the mean relative error in ROI is
12.01%. RMSE in the bone area is 408.39 m/s, and the mean
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Fig. 6. FDFWI results of the single distal fibula for density model with different maximum frequencies. (a) True density model (derived from
HR-pQCT image). (b)–(e) Result obtained with final frequency of 0.5 MHz, 1.5 MHz, 2.5 MHz, and 3.5 MHz, respectively.
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relative error is 14.59%. For the mass density, RMSE in ROI
is 150.96 kg/m3, and the mean relative error in ROI is 10.78%.
RMSE in the bone area is 226.74 kg/m3, and the mean relative
error is 12.60%. As presented in Fig. 7, the profile errors of
the inversion results with the final frequency from 2.5 MHz
to 3.5 MHz are similar, which further proves the limited im-
provement of the final images with the maximum frequency

being higher than 2.5 MHz. Figure 8 shows that the inversion
results are in good agreement with the most of structure and
edge information extracted from the true model. Although the
outer boundary of the density map is reconstructed well, the
inaccurate recovery of microstructure in bone area can be ob-
served. The inversion result of sound velocity is better than
that of mass density.
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Fig. 8. Comparison structure and edge information between inversion results and true models with the maximum frequency 2.5 MHz. (a)
Velocity inversion result. (b) Density inversion result. The yellow line represents structure and edge information extracted from the true model.

4.3. Distal tibia-fibula pair model

Figure 9 shows that the inversion result is in good agree-
ment with the most of structure and edge information extracted
from the true velocity model. The distribution of trabeculae in
distal tibia is partly reconstructed and the estimated direction
of trabeculae can match the true model. The result demon-
strates that FDFWI has the potential to provide image of tra-
becular bones. At least partial trabecular distribution in wave-
length scale can be provided. However, the reconstruction
of density map in Fig. 10 is not as good as that of velocity
map. For the sound velocity, RMSE in ROI is 217.39 m/s,
and the mean relative error is 10.11%. RMSE in the bone area

is 615.64 m/s, and the mean relative error is 21.99%. For the
mass density, RMSE in ROI is 183.63 kg/m3, and the mean rel-
ative error is 13.12%. RMSE in the bone area is 532.24 kg/m3,
and the mean relative error is 29.57%. The reconstruction er-
rors of both sound velocity and mass density in the bone area
are larger than those of the single distal fibula model. We con-
sider that the multiple scattering and diffraction effects intro-
duced by trabeculae in distal tibia bone increase the errors of
inversion. This could also be the reason for the underestima-
tion of bone parameters in the trabecular region. The phe-
nomenon is depicted in Fig. 11. The inversion result shows
that the velocity map can be recovered well even in such a
complex sound field environment.
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Fig. 9. FDFWI results of the distal tibia-fibula pair for velocity model with maximum frequency 2.5 MHz. (a) True velocity model (derived
from HR-pQCT image). (b) Velocity inversion result. (c) Comparison structure and edge information between inversion result and true model.
The yellow line represents structure and edge information extracted from the true model.
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Fig. 10. FDFWI results of the distal tibia-fibula pair for density model with maximum frequency 2.5 MHz. (a) True density model (derived
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Fig. 11. Comparisons of profiles for inversion velocity and density results with those of the true velocity model in Fig. 9(a) and density model
in Fig. 10(a). (a) Velocity profiles, (b) density profiles at z = 20 mm, z = 43 mm, x = 15 mm, and x = 40 mm. The black and red lines are the
profiles of the true model and the inversion result, respectively.

4.4. Robustness against noise

As shown in Fig. 12, the sound velocity maps can still
be recovered well despite the presence of noise. Even in the
case of low SNR (i.e., 0 dB), the geometry of bone and some
relatively larger microstructure can be reconstructed, but the

trabecular direction is difficult to be identified. The results
with noises display the robustness of the method to random
Gaussian noise in velocity inversion. Figure 13 indicates that
the noisy effect on density inversion is greater than that on ve-
locity inversion, especially for the case with low SNR.
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Fig. 12. Comparison structure and edge information between velocity inversion result and true model of the distal tibia-fibula pair with different
SNRs. (a) No noise. (b) SNR = 30 dB. (c) SNR = 10 dB. (d) SNR = 0 dB. The yellow line represents structure and edge information extracted
from the true model.
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Fig. 13. Comparison structure and edge information between density inversion result and true model of the distal tibia-fibula pair with different
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5. Discussion
In practice, ultrasonic waves in cortical bone travel as

guided waves. The shear and longitudinal waves are coupled
with each other. However, ultrasonic sources and receivers im-
mersed in water do not generate or record shear waves. Mean-
while, elastic conversions are small close to normal incidence,

which is the most important part of wavefield for FWI, both
in transmission and reflection imaging.[39] The layout of ring
array plus a nearly circular imaging plane (cross-section) can
ensure relatively slight effects of elastic conversions.[39] From
the perspective of accurate model matching, the closer the nu-
merical forward model is to true bone and surrounding tissue,
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the better the observed wavefield can be approximated. That
is, a more complete account of the physics effects during inver-
sion, including absorption, anisotropy, and elasticity in hard
tissues, can theoretically provide a more quantitatively accu-
rate model with physical properties, but at a cost of significant
computation increasing to acquire the final model. A recent
in-vivo FWI study[39] shows that a simple isotropic and acous-
tic model is adequate for providing well-resolved images for
hard tissue (i.e., the skull) and soft tissue (i.e., the brain). The
problem investigated in this paper is very similar to the issue
that has been addressed successfully for brain imaging using
FWI.[39] Consequently, the assumptions of the bone and sur-
rounding soft tissue are acoustic and isotropic media. The sim-
ulated results show that the simply acoustic model can recover
high-resolution image, including hard tissue (i.e., bone) and
surrounding soft tissue (i.e., marrow, muscles, fat, and skin).

The spatial resolution of ultrasonic imaging is the min-
imum distance between two reflectors that can be distin-
guished. The axial resolution of the traditional pulse-echo
method depends on pulse duration and is equal to half the spa-
tial pulse length.[33] The lateral resolution is determined by
the width of the ultrasonic beam.[33,34] The pulse-echo method
can achieve good axial resolution at high frequencies using
short pulse length. The lateral resolution can be improved
capitalizing on synthetic aperture or focused ultrasound.[33,36]

However, it is necessary to know the distribution of the ve-
locity model or to estimate the sound velocity prior to bone
imaging.[32] Otherwise, the imaged bone will be distorted and
displaced due to the large velocity contrast. In addition, the ad-
vance estimation of sound velocity further increases the com-
plexity of the algorithm.

For travel-time tomography, the spatial resolution is lim-
ited by the first Fresnel zone, whose diameter at the midpoint
is
√

λd, where λ is the wavelength, and d denotes the distance
between the source and receiver pair.[39] The first Fresnel zone
describes the region through which the ultrasonic wave can
propagate from a source to a receiver, arriving within the same
half cycle. Since the structure below the scale of the first
Fresnel zone cannot change the observed delay time,[45] the
travel-time tomography fails to give sub-Fresnel-zone struc-
ture of bone. When the emitter and receiver are far apart and
the frequency is low, the diameter of the first Fresnel zone is
relatively large. If the highest frequency is 2.5 MHz and the
furthest distance between the emitter and receiver is 58 mm,
the worst resolution is about 8 mm. In this case, the method
cannot provide accurate thickness and the microstructure of
the bone (i.e., the wavelength scaled pores and trabeculae).

FDFWI is not limited by the above factors. With this
method, bone parametric images are obtained by optimizing
the misfit between the numerically simulated and observed
wavefield. The physical properties of bone, such as sound ve-

locity and mass density, are estimated during the imaging pro-
cess. As long as the wavefield can uniformly spread through-
out the entire imaging area, FDFWI has the ability to dis-
tinguish the wavefield from the scattered points separated by
more than half a wavelength in all directions.[58] Therefore,
the spatial resolution in this work for bone tissue using the
maximum frequency 2.5 MHz is about 0.6 mm. The resolu-
tion is small enough for imaging part of the bone microstruc-
ture. The requirement that the wavefield should cover the en-
tire imaging region is due to a well-known formula (15) ob-
tained in geophysics,[50] which links the observation angle to
spatial frequency content of the reconstructed image,

|K|=
∣∣∣∣4π f

C
cos
(

θ

2

)∣∣∣∣ , (15)

where K is the wavenumber, f is the frequency of the incident
wave, and θ is the scattering angle, that is the angle between
the source and the receiver. Bernard et al.[31] have demon-
strated the importance of having a circular sampling of the
wavefield in simulation study. It is not possible to reconstruct
an accurate and high-resolution image using only transmitted
or reflected data. That is the reason why we chose ring array
transducers in this paper (i.e., scattering angles covering all
directions).

If we compare the inversion results of sound velocity,
as shown in Figs. 5 and 9, with binarized images derived
from HR-pQCT (i.e., Figs. 5(a) and 9(a)), the FDFWI method
can achieve high-resolution bone images with sub-millimeter
which are close to those of HR-pQCT. However, the results are
only reconstructed with numerical simulation, and the perfor-
mances of in-vitro and in-vivo experiments need to be further
verified in the future work.

The inverted velocity maps are very close to the true mod-
els, both in terms of geometry and velocity values, even for
the distal tibia-fibula pair model with multiple reflections and
diffractions between the two bones. At the same time, the mul-
tiple scattering and diffraction effects in trabecular region fur-
ther pose a significant imaging challenge. Nevertheless, the
velocity maps still can be reconstructed well, even with sig-
nificant noise. In contrast, the density inversion accuracy is
far less accurate. In Figs. 6 and 10, the artifacts of density
maps in marrow cavities are more than those in the velocity
maps. As shown in Fig. 10, the inversion results in part of
the bone regions cannot accurately present the true thickness,
and are underestimated to some extent. The poor recoveries
of boundaries in the region, where the two bones are close to
each other, can be observed. There are two main reasons to ac-
count for this phenomenon. One is that the multiple reflection
and diffraction exist between the boundaries of the two bones.
The other is that it is difficult for the receivers to directly ob-
tain the reflected waves generated by the bone boundaries that
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are adjacent to each other, for the reflected wavefields will be
affected by the scattering wavefield induced by the trabecu-
lae and cortical boundaries that are closer to the ring array
transducer. The receivers get more information of transmit-
ted wavefield rather than that of the reflected wavefield in this
region. Nevertheless, the density inversion is sensitive to the
reflection rather than the transmission wavefield.[50]

In geophysics, studies[50,75] have proved that simultane-
ous inversion of sound velocity and density is difficult. To ob-
tain a relatively good estimation of density, either an extremely
low initial frequency[76,77] or multiple times for inversion are
required.[77] The sound velocity is sensitive to the data of var-
ious scattering angles, but the mass density is only interested
in that of small scattering angle.[50] As a result of Eq. (15),
only the wavefields sampled from reflections, which contain
the high spatial frequency information, are available for mass
density reconstruction. Since mass density is an important in-
dicator in clinical bone disease diagnosis, investigating more
effective methods for accurate density recovery is our future
work.

As shown in the inversion results (i.e., Figs. 4–6), there
exist some noises in the marrow cavity, which are similar to
the noisy effects in study.[31] Two underlying causes could ac-
count for the effects. One is that the frequency-domain infor-
mation for inversion using several frequency components is
still limited rather than utilizing the complete frequencies. On
the other hand, the noisy effect could represent an overestimate
in some local area for parametric imaging. In a sense, it could
be a local minimum that is very close to the global optimal
solution. The noisy effect deserves further refinement in the
future. Due to the reflection, diffraction, or scattering caused
by the circular transducer, overestimates for some grids at the
locations of the elements in the ring array can be observed in
Fig. 6(b) for mass density inversion at initially low frequency
components, but the phenomena remarkably improved with
increasing frequency until the effects disappeared.

As depicted in Fig. 12, even though the SNR is 0 dB,
the geometries of bones can be reconstructed in velocity in-
version. By comparing Figs. 12(a) and 13(a) with Figs. 12(b)
and 13(b), the image quality of the noisy case with the SNR of
30 dB is comparable to that of the noiseless one. In the case
of 10 dB in Fig. 12(c), the velocity inversion results are still
good, and part of trabeculae and pores can be restored. As dis-
cussed above, accurate density inversion has been proved to
be difficult, whereas figures 13(c) and 13(d) verify that signif-
icant noises may further complicate this task. With the SNR
of 0 dB, there is much more noise in the density inversion than
that in the velocity inversion. Therefore, the results show that
the FDFWI is robust to random Gaussian noise in velocity in-
version. The robustness comes from that the FDFWI method
only approximates the wavefield information in the measured

signals by calculating the full wave equation rather than pro-
ducing noise. Therefore, the presence of noise may slow down
the convergence to the true model, but the physical principle
of FDFWI leads to its strong immunity to noise and the ability
to reconstruct bone images at a significant noise level. This
further indicates that the proposed FDFWI method has the po-
tential to adapt to the low SNR experimental environment.

The omni-directional point source in the simulation was
different from the experimental transducer element in the size,
beam width, and direction, which might lead to the differences
of the excited waveforms between the simulation and experi-
ment. The differences between the simulated and experimen-
tal sources could further influence the inversion processes. To
best match the observed wavefields, the setting of the element
size in simulation should be consistent with that in the exper-
iment, and the simulated sources could be defined as the ex-
perimental measured excited waveforms of the elements in the
ring array. Another kind of the source calibration and estima-
tion techniques can refer to the reference.[61]

In practical application, it is difficult to obtain a trans-
ducer with bandwidth from 100 kHz to 2.5 MHz, especially
covering the low frequency with sufficient SNR. There are sev-
eral solutions to address this issue. One is that the results de-
rived from travel-time[54] or adaptive waveform inversion[39]

can be used as the initial model for inversion, which is closer
to the real model. In this case, the closer the model is to
the real model, the higher the initial frequency can be used.
The second way is to utilize a wide-band transducer, which
now has been available to customize a wide-band transducer
with multiple center frequency coupled. The third method is
that the inversion can be performed using multiple transducers
with the same size and different dominant frequencies. In this
study, two sources with different center frequencies were used
to cover the bandwidth we need.

Ultrasonic attenuation in bone may be resulted from a
number of factors, including boundary reflections, ultrasonic
diffraction, scattering, and reverberation effects introduced by
porosity and trabeculae, anelastic absorption in the bone and
surrounding tissues, and elastic mode-conversions. In this
study, the anelastic absorption and elastic mode-conversions
were not considered. This model assumption underestimated
the attenuation effect in bone tissues, which might degrade
the imaging quality of bone structure for experimental cases.
Meanwhile, it should be noted that the frequency-dependent
attenuation coefficients in different individuals are quite dif-
ferent. It is necessary to dynamically adjust the maximum fre-
quency according to the actual situation. If the attenuation co-
efficients in the bone and soft tissues are significantly larger
than the mean attenuations,[78–80] the maximum frequency
should be decreased to a lower value to guarantee sufficient
SNR. The decrease of the maximum frequency may influence
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the resolution and the image quality. As aforementioned, if
the efficient computation is available, a more complete con-
sideration of the physics effects for forward modeling is worth
further investigation in the future.

To facilitate modeling, the theoretically parametric mod-
els (i.e., sound velocity and mass density) were constructed
using binary values in this study. The bone and surrounding
soft tissue were assumed to be homogeneous media. In clin-
ical applications, both soft tissue and bone may exhibit het-
erogeneity, which represent as multivalued parameter models.
The influence of surrounding soft tissues on QUS based as-
sessment of bone properties is a long-standing problem.[13,81]

It is not easy for some quantitative approaches, such as guided
wave, backscatter to accurately consider the influence of het-
erogeneity in soft tissue. However, theoretically, this is not
a problem for FDFWI, which iteratively updates the physical
parameters in the grids of the simulated model during the op-
timization process until the best match reaches. The FDFWI
method does not need to explicitly differentiate the bone and
soft tissue, nor does it require the additional processing of het-
erogeneity within the same tissue. The properties of bone and
surrounding soft tissues can be inverted jointly. The ultrasound
propagation through different tissues or different regions of the
same tissue will carry specific features, which will be utilized
to precisely characterize the model parameters in inversion.
Both high-contrast and low-contrast areas can be accurately
reconstructed.

Unlike TDFWI based on the iterative matching of com-
plete time series between simulated and observed data, the
FDFWI only depends on the frequency-domain wavefields at
limited discrete frequencies. This data reduction improves
calculation efficiency. In Ref. [31], a model with the di-
mension of 667× 667 took about an hour on a powerful
desktop PC (specific conditions were not provided) to ob-
tain the final inversion result, utilizing only 5 frequency bands
(12 min/frequency band). For a parametric model with the
dimension of 601× 601 in this study, it took approximately
one and a half hours to get the final results using 49 discrete
frequency components (1.84 min/frequency component, core
Intel Core CPU i9-9900K@5.10 GHz, DDR 64 GB, without
graphic processing unit GPU). Compared to TDFWI, the com-
putation efficiency of FDFWI is obviously improved. For clin-
ical application, FDFWI for three-dimensional (3-D) imag-
ing has the potential to be performed less than 10 min using
parallel computation,[39] distributing one source to one GPU
in virtue of several GPU-pool based servers to further speed
up the inversion process. The FDFWI might meet the real-
time requirement for medical imaging with the improvement
in computation in the future.

6. Conclusion and perspectives
In this study, USCT based on FDFWI has been applied

in 2-D bone quantitative imaging. The simulated results show
that the method can achieve high-resolution parametric imag-
ing. Not only macroscopic morphology but also microstruc-
ture (i.e., wavelength scaled pores and trabeculae) can be re-
constructed clearly and accurately in the velocity map with
sub-millimeter resolution. The performance of the velocity
map is close to that of HR-pQCT in numerical simulation. Al-
though restoring high-precision density maps using FDFWI
has also been proved to be a difficult task, the method can
still restore the macroscopic morphology and part of the mi-
crostructure in density map. The method has also been demon-
strated being robust against Gaussian noise in velocity inver-
sion. Therefore, the proposed FDFWI method has the po-
tential for the diagnosis and daily monitoring of bone dis-
ease. It can also be applied to image multilayer and irreg-
ular objects with high-contrast impedance in industrial non-
destructive testing. Future work will focus on experimental
data instead of synthetic data to further demonstrate the effec-
tiveness of the method.
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