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Quantum quenches in the Dicke model: Thermalization and
failure of the generalized Gibbs ensemble∗
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Quantum quenches in the Dicke model were studied both in the thermodynamic limit and the finite systems. For
the integrable situation in the thermodynamic limit, the generalized Gibbs ensemble can effectively describe the energy-
level occupations for the quench within the normal phase, but it fails for the quench to the superradiant phase. For the
finite systems which are considered non-integrable, the post quench systems were studied by comparing with the thermal
ensembles. The canonical ensembles are directly available for the quench within the normal phase. With the increasing of
the target coupling strength over the equilibrium phase transition critical point, sudden changes take place for the effective
temperature and the distance to the thermal ensembles. The thermalization was also studied by comparing with the results
of the microcanonical ensembles.
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1. Introduction
Thermalization of the classical systems has been widely

studied and successfully described by the statistical mechan-
ics. In classical physics, it is known that the chaotic dynam-
ics lead to ergodicity in the phase space, hence the time av-
erages of the observables accord with the statistical ensem-
bles. Thus we can describe the equilibrium systems by using a
few parameters without the details of the microscopic dynam-
ics. Recently, the reconstruction of the statistical mechanics
based on the microscopic quantum theory becomes a hot topic.
Whether a quantum system with unitary evolution eventually
thermalizes? Which kinds of quantum systems out of equilib-
rium equilibrate and tend to a statistical ensemble. Rapid de-
velopments of the ultracold atoms experiments[1,2] have pro-
vided a platform to study the dynamics of the isolated quan-
tum systems, promoting the researches on the nonequilibrium
phenomena and quantum statistical mechanics.

The quantum quench,[3–7] which is achieved by suddenly
changing the parameters of the quantum systems, is a natural
method to study the quantum non-equilibrium dynamics. The
system is prepared in an initial state ρ0, which is mostly the
ground state of the initial Hamiltonian H0. Then the model
parameters are quickly changed and the quantum system un-
dergoes an unitary time evolution with the new Hamiltonian
H. Thus the expectation values of an observable Â can be ob-
tained as

〈Â(t)〉= tr(e−iHt
ρ0 e iHt Â). (1)

Due to the recurrence theorem, a finite closed system re-
turns arbitrarily close to its initial state on account of the en-
tirely unitary evolution and never truly equilibrates.[8,9] How-
ever, we can focus on the transient non-equilibrium dynamics

and define the equilibration in the sense of the time average

ρD = lim
T→∞

1
T

∫ T

0
e−iHt

ρ0 e iHt dt. (2)

For the Hamiltonian with non-degenerate energy eigenval-
ues and non-degenerate energy level differences, ρD is also
called the diagonal ensemble.[10] Thermal equilibrium can be
reached as the time average diagonal ensemble is identical
with a thermal distribution. In particular, by considering the
local observables which are defined only on a small number
of sites, the equilibration is easier to achieve according to the
Levy’s theory.[11–13] One part of an isolated system regards the
rest as a bath, thus leading to the non-unitary time evolution,
which can be described by an appropriate statistical ensemble
depending only on a small number of parameters.

After a global quench, there are three distinct behaviors:
(1) For the nonintegrable systems, ergodicity in phase space
leads to thermalization finally. (2) For the integrable systems,
the conservations of all the constants of motion restrict the
microstates only in a small part of the relevant energy shell.
So the system relaxes to a nonthermal steady state which can
be described by a generalized Gibbs ensemble (GGE).[14–16]

The GGE, which was firstly introduced by Jaynes,[15,16] max-
imizes the entropy under the constraints of the fixed integrals
of motion. (3) For the nearly integrable systems, the dynamics
of local observables at transient and intermediate-time scales
are controlled by the corresponding integrable theory, which
is termed prethermalization,[17–19] and finally thermalize in a
long time scale.

The thermalization can be explained by the eigenstate
thermalization hypothesis (ETH),[20–28] which states that the
diagonal matrix elements of the observables are smooth func-
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tions of the energy, and the off-diagonal elements are expo-
nentially small in the system size. For the local observable Â,
the ETH postulates that[22–25]

〈Em|Â|En〉= fA(E)δmn + e−S(E)/2Rmn, (3)

where E = (Em +En)/2, S(E) is the thermodynamic entropy
at energy E, and fA(E) are smooth functions of E, while the
fluctuations Rmn are of order one. To understand the ther-
malization in isolated quantum systems in view of the ETH,
we consider an initial state |Ψ0〉 = ∑n an|n〉, where |n〉 are
the eigenstates of the Hamiltonian H. The time evolution is
|Ψ(t) = exp[−iĤt]|Ψ0〉 = ∑n exp[−iEnt]|n〉. The expectation
values of the observable can be written as

A(t) = 〈Ψ(t)|Â|Ψ(t)〉
= ∑

n
|an|2Ann + ∑

m6=n
a∗man e i(Em−En)tAmn. (4)

According to the ETH, the off-diagonal matrix elements of the
observables are exponentially small, and the smooth depen-
dence of Ann on the energy makes the eigenstates in the narrow
window of a microcanonical ensemble have almost the same
expectation values, leading to the thermalization finally.

2. Generalized Gibbs ensemble
The lack of thermalization after the quantum quench for

an integrable system can be explained as the conservations of
the numerous constants of motion whose values are depend
on the initial state. The time-averaged steady state after relax-
ation reaches a generalized Gibbs ensemble that keeps track
of the initial values of all the constants of motion. The density
matrix of the GGE can be written as

ρGGE =
1
Z

e−∑n λnIn , (5)

where Z is a normalization and In are local conserved quanti-
ties operators with

[In, Im] = [In,H] = 0. (6)

The Lagrange mutipliers λn are fixed by the requirements

〈Ψ0|In|Ψ0〉= Tr[ρGGEIn]. (7)

The GGE is fundamentally different from the thermal ensem-
bles because through the specific values of the Lagrange mul-
tipliers, they retain a large amount of information about the
initial state.

The GGE has been demonstrated in many quench
proposals,[29–33] however there were also some counterex-
amples in previous reports,[34–36] revealing the inefficacy of
the GGE to describe the quantum quench within some in-
tegrable systems. Goldstone[34] diagonalized the attractive
Lieb–Liniger gas and the XXZ model with the Bethe ansatz
equations, and found that there are many eigenstates which
correspond to the same conserved quantities but their Bethe
densities are different, making the GGE which are uniquely
constructed by these conserved quantities unable to catch all

the pictures of the post quench systems. Pozsgay[35] also cal-
culated the short ranged spin correlators for the quench in the
XXZ spin model, and found that they do not agree with the
GGE predictions. In this paper, we will study the applicability
of the GGE in the quantum quench of the Dicke model.

3. The Dicke model
The atomic ensembles which couple with an electromag-

netic cavity have been widely used in quantum information
processing.[37–42] The Dicke model[43–45] describes a collec-
tion of N two-level systems, such as two level atoms, interact-
ing with a single Bosonic mode via a dipole interaction with
coupling strength λ . The Hamiltonian can be written as

H =
N

∑
i=1

∆sz
i +ωa†a+

λ√
N

N

∑
i=1

(a† +a)(s+i + s−i ), (8)

where si describes the dynamics of the two-level systems with
energy splitting ∆ , and a (a†) stands for the annihilation (cre-
ation) operator of the Bosonic field with frequency ω . Here
we set h̄ = 1. The coupling between the atoms and the field
has been rescaled by 1/

√
N in order to avoid energy diver-

gence in the thermodynamic limit. The Dicke model has a
quantum phase transition from the normal phase to the super-
radiant phase at a quantum critical point λc =

√
∆ω/2. The

transition is characterized by the breaking of the parity sym-
metry, leading to a phase in which the photons in the system
ground state is proportional to N.

By introducing the collective atomic operators

Jz = ∑
i

sz
i ; J± = ∑

i
s±i , (9)

which obey the usual angular momentum communication re-
lations

[Jz,J±] =±J±; [J+,J−] = 2Jz, (10)

the Hamiltonian can be written as

H = ∆Jz +ωa†a+
λ√
N
(a† +a)(J++ J−). (11)

The Hilbert space is spanned by the product of the Dicke states
| j,m〉, which are the eigenstates of J2 and Jz,

J2| j,m〉= j( j+1)| j,m〉; Jz| j,m〉= m| j,m〉, (12)

and the Fock states |n〉 of the field. Here we assume that the
resonance condition is satisfied and further set ∆ = ω = 1.

The nonequilibrium dynamics of the Dicke model have
been studied by many authors.[46–52] The statistics of the work
in the quench process were calculated,[47,48] and used to ver-
ify the anomalous thermalization,[48] and the dynamics of the
total occupation of the bosonic modes were obtained. Refer-
ence [49] focused on the post quench dynamics of the survival
probability and the strength function which denotes the local
density of states, and discussed the connection with the ex-
cited state quantum phase transitions. In this paper, we study
the quench dynamics in the Dicke model with the different
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quench parameters, calculate the post quench energy level oc-
cupations, and compare them with the GGE for the integrable
situation in the thermodynamic limit (Section 4). Besides,
with the thermal ensembles for the non-integrable finite sys-
tems (Section 5), the effect of the equilibrium phase transition
is also discussed.

4. Quench in the thermodynamic limit
We firstly consider the quench in the thermodynamic limit

with infinite number of atoms. The Hamiltonian is integrable
by using the Holstein–Primakoff transformation[53–56]

J+ = b†
√

2 j−b†b, J− =
√

2 j−b†b b, Jz = (b†b− j),
(13)

where the Bosonic field operators obey [b,b†] = 1.
For the normal phase with λ < λc, we can neglect the low

population term, and rewrite the Hamiltonian as

H = ∆b†b+ωa†a+λ (a† +a)(b† +b)− j∆ . (14)

Then by introducing two position and momentum operators
for the Bosonic modes

x =
1√
2ω

(a† +a), px = i
√

ω

2
(a†−a);

y =
1√
2∆

(b† +b), py = i

√
∆

2
(b†−b); (15)

and rotating the coordinate axis by an angle γ = π/4

q1 =
1√
2
(x− y), q2 =

1√
2
(x+ y), (16)

the Hamiltonian thus can be written as two uncoupled har-
monic oscillators

H =
1
2
(ε2
−q2

1 + p2
1 + ε

2
+q2

2 + p2
2−ω−∆)− j∆ , (17)

where ε2
± = 1

2

(
∆ 2 +ω2±

√
(∆ 2−ω2)2 +16λ 2∆ω

)
.

Two new Bosonic modes can be defined from Eq. (17) as

c1 =

√
ε−
2

q1 + i

√
1

2ε−
p1, c†

1 =

√
ε−
2

q1− i

√
1

2ε−
p1,

c2 =

√
ε+

2
q2 + i

√
1

2ε+
p2, c†

2 =

√
ε+

2
q2− i

√
1

2ε+
p2. (18)

Therefore the Hamiltonian can be diagonalized as

H = ε−c†
1c1 + ε+c†

2c2 +
1
2
(ε−+ ε+−ω−∆)− j∆ . (19)

The wave functions of the energy eigenstates can thus be
written as two independent harmonic oscillators

ψm,n(λ < λc,x,y) =
(1−4λ 2)

1
4

√
π2m+nm!n!

exp
[
−x2 + y2

2
−2λxy

]
×Hm

[√
1+2λ

2
(x+ y)

]
Hn

[√
1−2λ

2
(x− y)

]
, (20)

where Hn is the n-order Hermite polynomial, and the ground
state is ψ0,0(λ ,x,y) with no excitation. The parities of the two

modes can be written as

Π1 = exp[iπc†
1c1], Π2 = exp[iπc†

2c2]. (21)

For the superradiant phase with λ > λc, in which both the
field and the atoms are macroscopic excited, we can not sim-
ply neglect the low excitation term like in the normal phase. In
order to diagonalize the Holstein–Primakoff Hamiltonian, we
firstly displace the two Bosonic modes as[56]

a†→ c† +
√

α; b†→ d†−
√

β , (22)

and then introduced the position–momentum representation

X =
1√
2ω

(c† + c), PX = i
√

ω

2
(c†− c);

Y =
1√
2ω̃

(d† +d), PY = i

√
ω̃

2
(d†−d); (23)

where ω̃ = (∆/2µ)(1+ µ) with µ = ∆ω/4λ 2. Then rotate
the XY plane by

X = Q1 cosγ
′+Q2 sinγ

′, Y =−Q1 sinγ
′+Q2 cosγ

′, (24)

with the angle γ ′ obeying

tan(2γ
′) =

2ω∆ µ2

∆ 2−µ2ω2 . (25)

The Hamiltonian can be diagonalized as

H ′ = ε
′
−e†

1e1 + ε
′
+e†

2e2− j
(

2λ 2

ω
+

∆ 2ω

8λ 2

)
+

1
2

[
ε
′
−+ ε

′
+−

∆

2µ
(1+µ)−ω− 2λ 2

ω
(1−µ)

]
(26)

with the oscillator energies

2ε
′2
± =

∆ 2

µ2 +ω
2±

√(
∆ 2

µ2 −ω2

)2

+4ω2∆ 2. (27)

The wave functions of the energy eigenstates can thus be writ-
ten as

ψm,n(λ > λc,X ,Y ) =
(ε ′+ε ′−∆)

1
4

(ω̃)
1
4
√

π2m+nm!n!

×exp
[−ε ′+[sinγ ′X +

√
∆

ω̃
cosγ ′Y ]2

4

]
×Hm

[√
ε ′+(sinγ

′X +

√
∆

ω̃
cosγ

′Y )
]

×exp
[−ε ′−

[
cosγ ′X−

√
∆

ω̃
sinγ ′Y

]2
4

]
×Hm

[√
ε ′−(cosγ

′X−
√

∆

ω̃
sinγ

′Y )
]
. (28)

The excitations destroy the conservations of the parities de-
fined in Eq. (21), and two new conserved parity operators can
be constructed by using the new Bosonic modes as

Π
′
1 = exp[iπe†

1e1], Π
′
2 = exp[iπe†

2e2]. (29)

We assume that the system is prepared initially in the
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ground state with λ0, which then is suddenly changed to λ .
Thus the post quench wave functions can be written as

|ψ(t)〉= ∑
mn

amne−iEmnt
ψm,n(λ ), (30)

where the coefficients amn = 〈ψm,n(λ )|ψ0,0(λ0)〉, and Emn are
the energy eigenvalues of ψm,n. The energy-level occupations
of the post quench system Pmn = |amn|2 are schematically plot
in the left column of Fig. 1.

It is considered that the post quench systems can be de-
scribed by the generalized Gibbs ensembles which are con-
structed on the constants of motion. For the single mode har-
monic oscillator, the natural conserved quantities are the total
energy and the parity.[57] So we obtain the GGE by employing
a set of four independent conserved quantities: the energies
and the parities of the two harmonic modes. For comparison,
the corresponding canonical ensembles are also obtained as

PT
mn =

1
Z

exp
(
−mε++nε−

T

)
, (31)

where Z = ∑mn exp[−(mε++nε−)/T ] is the partition func-

tion, and we set the Boltzman constant k = 1 for simplify. It
will be convenient to define the effective Gibbs temperature T
by employing

∑
mn

PT
mn(mε++nε−) = ∑

mn
Pmn(mε++nε−). (32)

We comparatively plot the three ensembles for the differ-
ent n with certain m in the right column of the Fig. 1. The solid,
dashed, and dotted lines are the diagonal ensemble, the GGE,
and the canonical ensemble, respectively. We can find that the
occupations of the canonical ensembles decrease with the in-
crease of quantum number n, but the diagonal ensembles and
the GGE present nonmonotonic structures which depend on
the initial states for some quench parameters. For the quench
complete in the normal phase with λ ,λ0 < λc, the diagonal
ensemble is even directly coincident with the GGE. Therefore,
there is no doubt that for any local observables, the same ex-
pectations will be obtained for the two ensembles. But for the
quench target to a final superradiant phase, there are obvious
divergences between the diagonal ensemble and the GGE.
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Fig. 1. Quantum quench for the Dicke model in the thermodynamic limit with different quench parameters. The left column shows the
post quench energy-level occupations Pmn, and the right column shows the contrastive diagrams of the diagonal ensemble (solid), canonical
ensemble (dotted), and the GGE (dashed) for different n with certain m.
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To further estimate the validity of the GGE, we focus on
the local observables defined on the subsystem. We calculate
the average values of the numbers of photons 〈a†a〉 for the
three ensembles, as seen in the insets of Figs. 1(d) and 1(f).
The divergence between the GGE and the diagonal ensemble
can be explained as follows. The GGE introduces the distribu-
tion of exponential decay with the increase of the energy levels
under the restrictions of a set of conserved quantities. Thus,
it is applicable to describe the natural quench in the normal
phase which mostly populates in the low energy levels. But in
the superradiant phase, the intense excitations lead to the pop-
ulation inversion in the energy levels, as seen in Figs. 1(c) and
1(e), making the GGE fail to describe the energy-level occu-
pations of the post quench system.

It is also worth mentioning that for the quench over the
phase transition point from an initial normal phase ground
state with λ0 < λc to the final superradiant phase with λ > λc,
the GGE and the canonical ensemble have the similar distribu-
tion (see Fig. 1(f)). Since the superradiant excitations destroy
the symmetry of the parities Π1,2, the displacements Eq. (22)
and the rotations Eq. (24) in the parameters space lead to the
identical Lagrange multipliers (see Eq. (5)) for the two new
parities with 〈Π ′1〉 = 〈Π ′2〉 = 0. The GGE with exponential
decay depending only on the energy levels is eventually con-
structed analogous to the canonical ensemble.

5. Quench in the finite system
The Dicke model is exactly integrable in the thermody-

namic limit, but for the finite systems, chaotic characteristics
emerge as the result of the non-integrability. These can be de-
scribed by the energy spectrum statistical theory.[58] For the
integrable systems, the numerous conserved quantities lead
to the energy level degeneracy (level crossing in the spec-
trum). The nearest-neighbor level spacing distribution (LSD)
P(S) has a maximum at S → 0, with a P(S) given by the
Poisson distribution P(S) = e−S. For the non-integrable sys-
tems, the level repulsion leads to the Wigner–Dyson distribu-
tion P(S) = πS

2 e−πS2/4. The integrability can be characterized
by the quantity η that was defined in Ref. [56] as

η =

∣∣∣∣∣
∫ S0

0 [P(S)−PW(S)]dS∫ S0
0 [PP(S)−PW(S)]dS

∣∣∣∣∣, (33)

where S0 = 0.472913 · · · , PP(S) and PW(S) are respectively the
Poisson and Wigner–Dyson distributions. Thus, η = 0 indi-
cates the Wigner–Dyson distribution P(S) = PW(S), and η = 1
for the Poisson P(S) = PP(S). We numerically diagonalize the
finite Dicke Hamiltonian and obtain the energy spectra. The
LSD can be constructed from a large number of the levels from
the spectrum which we initially unfold to remove energy scale
variation.[59] We calculate the η for the systems with the num-
ber of atoms N = 200 and different truncated numbers of pho-
tons M, as shown in Fig. 2. With the increase of the truncated
numbers of photons, the system tends to be integrable.

0 50 100 150 200
0

0.2

0.4

0.6

0.8

1.0

M

η

Fig. 2. The integrability η as a function of different truncated numbers
of photons M for the systems with the number of atoms N = 200 and
λ = 0.7.

We numerically calculate the quench process in the fi-
nite Dicke model. Here for comparison, we selecte the sim-
ilar quench parameters with the infinite situation in Section 4.
Thermalization is considered[13,60,61] to take place when the
diagonal ensemble gives the same predictions with the micro-
canonical ensemble for the local operators Â as

∑
n

PnAnn = 〈Â〉mic(E0) =
1

NE0,∆E
∑

|E0−Ei|<∆E/2
Aii, (34)

where E0 is the mean energy of the post quench system, ∆E is
the width of the energy window centered at E0, and NE0,∆E is
the number of the energy eigenstates in the window.

We calculate the reduced density matrix of the subsystem
that considers only the atoms, which can be obtained by trac-
ing all the degrees of freedom of the Boson field as

ρi j = TrBρ. (35)

We compare the diagonal elements of the reduced density ma-
trix with the results of the microcanonical ensemble and the
canonical ensemble, as seen in the left column of Fig. 3. The
LSD P(S) (bar chart) of the corresponding target Hamiltonian
are plot in Figs. 3(b) and 3(d), the solid and dashed lines are
respectively the contrastive Wigner–Dyson and Poisson distri-
butions.

To estimate the rationality of the microcanonical ensem-
ble, we introduce the Hellinger distance[62] of two distribu-
tions P and Q, which is defined as

DH =
1√
2

√
∑

i
(
√

Pi−
√

Qi)2, (36)

where DH = 0 indicates that P and Q are the same distribu-
tions, and DH = 1 means Pi = 0 for each i with Qi 6= 0 and
vice versa. We calculate the Hellinger distance of the distribu-
tions of the diagonal elements of the reduced density matrix of
the post quench system and the microcanonical ensemble for
the different numbers of atoms and the certain truncated num-
bers of photons M, as shown in Fig. 3(f). We can find that,
the DH roughly increases with the increase of the numbers of
atoms, which is in line with the Levy’s theorem. The fluctua-
tion is derived from the fixed width of the energy windows of
the microcanonical ensemble.
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Fig. 3. Quantum quench in the finite Dicke model with the number of atoms N = 10 and a truncated number of photons of the Boson field M = 200
for the different quench parameters. The left column shows the diagonal elements of the reduced density matrix of the subsystem that considers
only the atoms for the different ensembles. The insets are the energy-level occupations of the post quench system (solid lines) and the corresponding
canonical ensembles (dotted lines) for the entire system. (b) and (d) The LSD P(S) (bar chart) of the corresponding target Hamiltonian, the solid
and dashed lines are respectively the contrastive Wigner–Dyson and Poisson distributions. (f) The Hellinger distance of the distributions of the
diagonal elements of the reduced density matrix of the post quench system and the microcanonical ensemble for the different numbers of atoms and
the same truncated number of photons M = 200, the width of the energy window is fixed set to ∆E = 1.

It is also interesting that for the quench within the normal
phase, the energy-level occupations of the post quench system
decrease exponentially with the increase of the energy levels.
Thus it is straightly identical with the canonical ensemble. But
it is not the case for the quench to the superradiant phase. To
further study the influence of the equilibrium phase transition
on the quench process, we calculate the quench to the differ-
ent target coupling strengths λ from the same initial normal
phase ground state with λ0 = 0.1. The effective temperature
T and the Hellinger distance between the post quench system
and the canonical ensemble as a function of different λ are
plot respectively in Figs. 4(a) and 4(b). Abrupt change takes
place at the critical point λc both for the distance DH and the
derivative of the temperature T . For the quench within the nor-
mal phase, low excitation in the post quench system makes the
effective temperature close to zero. So it can be holistically
described by the canonical ensemble. For the quench to the
superradiant phase, thermalization is demonstrated based on
the consistence with the microcanonical ensemble.
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Fig. 4. The effective temperature T (a) and the Hellinger distance DH
(b) between the post quench system and the corresponding canonical
ensemble as a function of different target coupling strength λ .
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6. Conclusion
The generalized Gibbs ensemble is considered to describe

the expectations of the local observables in the integrable sys-
tem after a quantum quench. But our research on the inte-
grable Dicke model shows that the GGE can describe the post
quench system effectively only for the quench within the nor-
mal phase. The post quench energy-level occupations obvi-
ously depend on the pre-quench initial state and the overlap
with the eigenstates of the post quench Hamiltonian. The dif-
ferent initial states with the same values of a complete set of
conserved quantities are not necessary quenched to the same
steady state. The excitations in the superradiant phase lead
to the divergence from the usual exponential distribution un-
der the restrictions of the conserved quantities, resulting in the
failure of the GGE. Thermalization after the quench in the non-
integrable finite system is also studied, and the canonical en-
semble is accord with the post quench occupations only within
the normal phase. For the quench cross over the phase tran-
sition critical point, sudden changes of the Hellinger distance
and the derivative of the effective temperature are present. The
thermalization is also studied by comparing with the results of
the microcanonical ensemble.
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