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Motivated by the need of quantum measurement of Majorana qubits and surface-code stabilizers, we analyze the
performance of a double-dot interferometer under the influence of environment noise. The double-dot setup design allows
accounting for the full multiple tunneling process between the dots through the Majorana island, within a master equation
approach. In the co-tunneling regime, which results in a Majorana-mediated effective coupling between the dots, the
master equation approach allows us to obtain analytic solutions for the measurement currents. The measurement quality,
characterized by figures of merit such as the visibility of measurement signals, is carried out in regard to the unusual
decoherence effect rather than ‘which-path’ dephasing. The results obtained in this work are expected to be useful for
future experiments of Majorana qubit and stabilizer measurements.
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PACS: 03.65.Ta

1. Introduction

In the past years, searching for Majorana zero modes
(MZMs) in topological superconductors has become an active
field in condensed matter physics.['#1 Among the various ef-
forts, the scheme based on semiconductor nanowires has re-
ceived particular attention because of the relative ease of real-
ization and control. 519 The key signatures of MZMs found
in the experiments are the zero-bias conductance peaks in tun-
neling spectra. [>7-101

Beyond the problem of MZMs detection, it can be ex-
pected that the nanowire based experiments will soon move
to a more advanced level, e.g., demonstration of non-Abelian
statistics and validation of a prototype topological qubit. The
latter may include measuring the topological-qubit coherence
time, the residual MZM splittings, and quasiparticle poisoning
rates. All of these can be extracted from the quantum measure-
ments of a Majorana qubit.

An even more advanced level of study is the fault-tolerant
quantum computation, in which the surface-code architectures
are recognized as very powerful platforms.[!!] In particular, it
has been recognized that the Majorana surface code architec-
ture based on two-dimensional networks of nanowire MZMs
holds key advantages in both the hardware realization and the

12131 Tn this context, quantum

actual operation of the code.!
measurements of the so-called stabilizers in the surface code
are the most important procedures, which project the system to

a well-defined code state and are employed for error detection

DOI: 10.1088/1674-1056/abc549

and correction to realize fault tolerance in quantum operations.

In this work, we focus on analyzing the measurement
performance of a double-dot interferometric device shown in
Fig. 1, which can be used for quantum measurement of both
Majorana qubits and stabilizers. In this set-up, the Majorana
island is coupled via two quantum dots to the transport leads.
The interferometric device consists of two transmission paths,
say, a direct link between the two dots and the other one for
electron flowing through the Majorana island. The loop of in-
terference enclosed by the two paths is pierced by an external
magnetic flux (¢). Via properly tuning the magnetic flux, the
different eigenvalues =1 of the Majorana qubit or stabilizer
will result in different measuring currents.

For Majorana qubits, in order to overcome limitations
from parity conservation, we consider a 4-MZMs qubit as
shown in Fig. 1(b). This Majorana box qubit (MBQ) was
recently described by Plugge et al.'"*! For Majorana stabi-
lizers, we illustrate schematically in Fig. 1(c) a concrete 8-
MZMs plaquette, which was proposed in Refs. [12,13] in
the nanowire-based Majorana surface codes. Its measurement
protocol was also proposed, say, via a quantum interferometry
by point contact measurements of the linear conductance.

In this work, based on similar ideas we consider a spe-
cific set-up where the Majorana island is coupled via quantum
dots to the transport leads. The main motivation of introduc-
ing quantum dots in the interferometer set-up is as follows.
(1) It allows us to account for the full multiple tunneling pro-
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cess between the two dots through the Majorana island, !

within a master equation approach. If restricted in the lowest-
order co-tunneling regime, which results in a Majorana-island-
mediated effective coupling between the dots, the master equa-
tion approach allows us to obtain analytic solutions for the
measurement currents, even in the presence of decoherence ef-
fects. (ii) The gate-controlled hybrid nanowires and quantum
dots are becoming very important platforms for Majornana

n!16-201 and quantum computation.!'3! For instance,

verificatio
in the recent experiments,!!%2°1 the gate-controlled coupling
structure of a nanowire and a quantum dot was developed to
probe the sub-gap Majorana states via an improved technique
of tunneling spectroscopy. (iii) Importantly, differing from
most other quantum interferometers, we will see that for our
proposed set-up, decoherence arisen from the dot-level fluc-
tuations does not seriously degrade the quality of measure-
ment. Under some parametric conditions, stronger decoher-
ence of this type can even enhance the measurement visibility,
quite outside a simple expectation. (iv) Finally, introducing
the quantum dots in Fig. 1 may benefit protecting the Majorana
island from quasiparticle poisoning (e.g., at finite temperature
environments and finite bias voltage of transport), compared to
directly coupling the island to the continuum reservoirs/leads.
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Fig. 1. (a) Schematic plot of the double-dot interferometer for quantum
measurements of Majorana qubits and stabilizers. Inside the transport setup
(with lead-reservoirs R; and Rj), the double dots are tunnel-connected
through two channels: a direct link shown in the figure; and the other one
through the Majorana island in between ports 1 and 2. The two channels
form an interference loop through which a magnetic flux ¢ can be pierced.
(b) A typical four Majorana-zero-modes qubit, built with two topological-
superconducting wires (green) shunted by a conventional superconductor
bridge (orange). (c) Example of a Majorana stabilizer designed in the Ma-
jorana surface codes. The 8 Majoranas result in an effective code operator
Z= ]'[_?:, Yj = 21222324, with the eigenvalues Z = £1 to be determined by
the quantum measurement.

The paper is organized as follows. In Section 2, we
present the model description and transport master equation
approach for the double-dot interferometer, by considering to

insert the Majorana qubit/stabilizer into one of the interfering

arms (while remaining the derivation of the Majorana-island-
induced effective coupling in Appendixes A and B). In Sec-
tion 3, we obtain the analytic solution for the measurement
currents and compare it with the numerical result from the
full 12-state model of Majorana qubit. We further analyze the
decoherence effect in Section 4 and will pay particular atten-
tion to the unusual feature owing to the dot-level fluctuations,
which would result in different behaviors rather than the usual
‘which-path’ dephasing. We fianlly summarize the work in
Section 5.

2. Model and methods
2.1. Set-up description

The double-dot interferometer we propose is schemati-
cally shown in Fig. 1, where a Majorana island is inserted in
one of the interference paths while the other path is a direct
tunnel-link between the dots. The two quantum dots are fur-
ther coupled to transport leads. As usual, the interference loop
enclosed by the two paths is pierced by an external magnetic
flux ¢. The phase-sensitive transport current between the leads
can reveal the state of the Majorana island. Here, the Majorana
island can be either a basic qubit or a surface-code stabilizer.
As explained in the introduction, for the former, we consider
a 4-MZMs qubit as shown in Fig. 1(b), which is built by two
topological superconductor nanowires shunted by a conven-
tional superconductor.““ For the stabilizer, we consider a 8-
MZMs plaquette, which was proposed in Refs. [12,13] in the
nanowire-based Majorana surface codes.

For the sake of completeness, let us consider the Major-
nana qubit in a bit more detail. The qubit consists of four
MZMs, y; = y; , j=1,...,4, satisfying the fermion anticom-
mutation relations {¥,y;} = 26;;. We assume long wires
such that the MZMs have negligible overlap and thus zero
energy. The Majorana fermions can be converted into the
regular Dirac fermions through, e.g., f;{ =(y1 —1iy)/2 and
£ = (% —ip)/2. The fermion parity of the 4-MZMs qubit
reads P = y1»737 = *£1, corresponding to an even/odd par-
ity. One can define the logical states of the qubit under, for
instance, the even parity with P = +1 as |0);, = |Or,0r), and
|1)L = |1, Ir). Here O /g and 1y g denote, respectively, the
empty and occupied states of the left/right regular fermion de-
scribed by fz R Accordingly, we can introduce the logical
operator as Z = i), together with X = iy Y4 and § = i Y.

In order to prevent the qubit from quasiparticle poison-
ing, an important design is building a small floating Majo-
rana island with large charging energy Ec. The Coulomb in-
teraction Hamiltonian is phenomenologically given by Hc =
Ec(N —ng)?, with N the total charge on the floating island and
ng the gate charge which depends on the gate voltage and gate
capacitance. To minimize the charging energy, the optimal
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choice is a symmetry point with an integer value of ns. More
explicitly, we may denote the logical states of the qubit as

|0)L = |0r,0r,N,np),
[y = [Ip, Ir,N,no—1). (1)

Here ng denotes the number of Cooper pairs. The total charge
N is conserved on the qubit Hamiltonian level but varies during
the transport measurement process. That is, a single electron
is allowed to virtually enter or leave from the island. For the
|0)1, sector, the relevant states include

|OL,0r, N, no),

|OL, IR, N+ 1,n9),

|OL, Ir,N —1,n0—1). 2)
Similarly, for the |1)1, sector, the states include

|1, Ir,N,ng— 1),

|1r,0r,N +1,n9),

[1L,0r,N —1,n0—1). 3)

For the setup shown in Fig. 1, the ‘central system’ of trans-
port includes also the two quantum dots, which are assumed
with strong on-site Coulomb interaction allowing each dot to
be empty or singly occupied. We thus have 4 dot basis states
|0,0), 10,1), |1,0), and |1,1). Hence, the total set of basis
states of the central system are 12 product states formed by
the 4 dot states and the 3 states of the Majorana qubit island
for each of the |0)y, and |1}y, sectors.

The tunnel coupling between the dots and Majorana qubit

is described by!!>!

H{ = (—).()ei‘pd;dl —‘r)qdl’)/l + i)qdzj/z) +h.c., %)

where d > are the (annihilation) operators of the quantum dots.
The flux enclosed in the interference loop is accounted for by
the phase factor e?. The asymmetric choice of the phases of
the coupling amplitudes between dots 1 and 2 and the respec-
tive Majoranas is for a convenience to produce simple results
for real values of g .[!"!

Finally, we describe the coupling between the dots and
the transport leads by Hj, = Zk(tldfcl_yk —&—tzd;czk +h.c.). The
leads are assumed to be occupied with electrons (with cre-
ation operators c;k) depending on the bias voltages. The
continuums of the leads are characterized by the densities of
states V;, resulting in coupling rates with the dots given by
I; =27v;|t;|%. In this work we consider I; =I3 =T .

For the double-dot setup transport, one can conveniently
simulate the problem within a master equation approach, by
accounting for the full 12 or 24 states mentioned above, which
contains the full multiple tunneling process between the dots
through the Majorana island.!'>! However, as carefully ex-
ploited in Ref. [15], under proper choice of parameters, the

full 12-states problem can be well approximated by the cotun-
neling process. That is, under the condition |A; ;| < Ec, the
dominant cotunneling process will result in an approximate
low-energy effective Hamiltonian for the coupling between the

two dots as!!4]

. Ay A
Hly= (zoe1¢ +22115f:2>d§d1 +h.e. 5)

For a brief derivation of this result, see Appendix A of this
article.

For the surface code stabilizer shown in Fig. 1(c), apply-
ing the 4th-order perturbation theory (see Appendix B), the ef-
fective low-energy code Hamiltonian of the 8-MZMs plaquette
reads!"3) H.oqe = —Re(c) Z, with the stabilizer operator given
by Z = [1j=137; and the coefficient ¢ given by Eq. (B3) in
Appendix B. The stabilizer operator has the same eigenvalues
=+1 of the qubit operator Z. However, corresponding to each of
the eigenvalue +£1, the individual states of the Majorana pairs,
i.e., the occupation of regular fermions, can be different. The
number of different states, after accounting also for the sin-
gle electron entering or leaving from the Majorana island, is
much larger than the qubit case. This will make the full states
simulation quite complicated. Nevertheless, by applying as
well the perturbation theory (see Appendix B), one can obtain
a similar low-energy tunneling Hamiltonian as Eq. (5), need-
ing only to replace the second term in the bracket of Eq. (5)
by (& +C*2)d-{d2. For more details about ¢ and &, see Ap-
pendix B. Then, we see that the measurement problem of a
Majorana qubit and a stabilizer can be investigated by a uni-
fied treatment, i.e., based on the type of the effective tunneling
Hamiltonian Eq. (5).

2.2. Master equation approach

For quantum transport, the master equation approach is
a very convenient tool. From the perspective of quantum dis-
sipation, the transport leads can be regarded as a generalized
fermionic environment, and the system of interest is the cen-
tral device, e.g., the Majorana island plus the two quantum
dots in our case. For weak coupling between the central sys-
tem and the transport leads, under the Born approximation,
the so-called Born—Markov—Redfield master equation for the

reduced state of the central system reads!!>-21.22]

. . 1 _ n
p=—ilsp -3 '21‘,2{[61;,05. 'p—pD\+hel. (6
Jj=1,
Here, Lg is the Liouvillean superoperator associated with the

system Hamiltonian, Lg(---) = [Hs, (- - -)]. In the latter dissi-
pative terms, we have introduced

D = [ a5 a,). )

The reservoir correlation functions are defined from the re-
spective local-equilibrium thermal averages of the reservoir
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Operators
60 = LIl {e}a)esal0),
) = §|tj|2<cj,k(f>";k(0)>'

More explicitly, under the wide-band approximation for
the leads, we have Cﬁi) (t) = |tj|22keii£k’f;i)(£k), where
f;+)(8k) = fj(&) is the Fermi function of reservoir j, and
f ;7) (&) = 1— fj(&). The Fermi functions depend on the re-
spective electro-chemical potentials y;. Then in the eigenst(ajt:):

basis of Hg, we can easily obtain the matrix elements of D i

as
(D} om = T35 (@) (o ®

where ,,, = E,, — E, is the energy difference between the
eigenstates of Hs. Knowing the reduced state p of the central
device, the transport current flowing into the drain reservoir is

given by[?12%]

I= %Tr[(ngg) —p{Id})p(r) +hcl. ©)
Here we may mention that, in addition to a convenient calcula-
tion of the stationary current, the master equation approach al-
lows calculating the time-dependent currents much more con-
veniently than the Green’s function method and the Landauer—
Biittiker scattering approach.

3. Measurement currents

To obtain explicit solutions, let us convert the operator
form of the master equation into a matrix-elements form, by
using the state basis of the system Hamiltonian Hs. The most
convenient choice of the state basis is the number states of
occupation of the double dots, i.e., |1) =]00), |2) = |01),
|3) = |10), and |[4) = |11). Here we only consider single oc-
cupation of each dot, owing to the strong Coulomb blockade
effect. Also, the explicit occupation states of the Majorana is-
land are not needed, since we would like to adopt the descrip-
tion of the Majorana-mediated effective coupling between the
dots, given by Eq. (5).

Without loss of the essential physics and practical rel-
evance, let us consider also the zero temperature and large
bias limits, which result in D{") = Iid,, D{”) = I;d,, and
DE_) = Dgﬂ = 0. The large bias voltage means that the volt-
age window contains all the four lowest eigen-energy levels,
but not including the high energy levels resulting from the
charging energy of the Majorana island. More explanations
are referred to Ref. [15]. Based on these considerations, we
find

P =-lipn+Lp2,
P =—1(Qpxn —Q p3) — (I +12)p2n,

P33 = —1(Q"p23 — Qp32) + 11 p11 +I3Pa4,
Pas =IL1pn —I3p44,

. . 1
P23 = —i[=6p23 +Q(p33 — pn2)] = S (I +13)p23. (10)

Here we have introduced a notation for the total coupling be-
tween the dots, Q = —Agei? 4+ z4;5, with z = +1 and A1, =
20 A5 /Ec.

In this work, we only consider the stationary cur-
rents of measurement, which can be conveniently com-
puted using Eq. (9).
P22 and  Py4,
tions read pau = (I1/I3)pa, while py = 4L5GIQ x
[(4/Q]2 + D) (T} +13)? +4111362 . Then, from Eq. (9)
we obtain

We find that only two matrix el-

ements, say, are needed. Their solu-

1(t — o) = I3(p22+ pas)
B ALLG(L + D) QP an
© (4IQP +NDG) (I +12)2 + 41 8%

In Fig. 2, we display the steady-state currents of measure-

ment. The quantum interference leads to a phase shift of 7 be-
tween the currents for the Majorana qubit states z = £1. The
effects of various parameters have been investigated in detail
in Ref. [15], while here we only show the effect of the offset &
of the dot levels. In Fig. 2, we compare the results from sev-
eral solving methods, say, the analytic solution (solid lines),
the numerical result (circles) from the effective coupling (4
states) model, and the numerical result (dashed lines) from the
full 12-state model. We find the results in satisfactory agree-
ment.

1/r

0 0.5 1.0 1.5 2.0
¢/

Fig. 2. Measurement currents in steady state for the distinct states
z = %1 of the Majorana qubit. The interference effect is manifested
through the dependence on the enclosed magnetic flux. The currents
for z = +£1 differ by a phase shift of 7. The interference pattern is also
sensitive to the offset & of the dot levels. In the plot we compare results
from several solving methods: analytic solution (solid lines), numer-
ical result (circles) from the effective coupling (4 states) model; and
numerical result (dashed lines) from the full 12-state model. The pa-
rameters we used are I] =I5 =" = 0.01, Ec = 100", Ao =I', and
M =2 =10I.

Indeed, the 4-state low-energy Hamiltonian can repro-
duce most results with sufficient accuracy. '] Differences only
arise in some range of parameters, associated with properties
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of the higher-energy states of the Majorana island. Actually, in
the full 12-state description, there are also the 8 high-energy
states. The eigenstates are superpositions of the low-energy
and the high-energy basis states, and even the low-energy
eigenstates have a small, but not exponentially suppressed
contribution from the high-energy states and vice versa. In
Ref. [15] it was found that the current difference between
the full 12-state and effective 4-state treatments becomes pro-
nounced when A is large. In this case, the total transmission
is enhanced but the interference effect is weakened owing to
the unbalanced transmission paths, i.e., A9 > 112. However,
after accounting for small finite temperature effect, even this
difference will be suppressed.[!3!

4. Decoherence effects

For the double-dot interferometer under consideration,
the study of decoherence effects can include such as the en-
ergy fluctuation of the Majorana island, the quasi-particle poi-
soning to the Majorana states, and the level fluctuations of

the double dots. Owing to the strong Coulomb-blockade ef-
fect (large Ec), we assume a strong suppression of the quasi-
particle poisoning. For the effect of the high-energy-level fluc-
tuations of the Majorana island, the full 12-states simulation
(carried out in a separate work) shows a slight reduction of the
effective coupling between the dots mediated by the Majorana
island. Therefore, in the present work, we would like to focus
on the decoherence effects of the double-dot level fluctuations.
Again, even in the presence of decoherence, the low-energy
effective coupling treatment allows us to obtain analytic solu-
tions.

4.1. Naive average

Before analyzing the Lindblad-type decoherence effect,
we first calculate the average current by averaging the dot-
level fluctuations, based on the analytic solution given by
Eq. (11). This manifests, in a rather transparent manner, the
physical picture of decoherence from the dot-level fluctua-
tions. We calculate [ = 5 f:] lfAA I(g})de] and obtain

de]
12)

= {arctan [2 [il5 d+A ] — arctan {2 LI, S—A } }
AVOLGHAQP+0D) @AQP+NDG) L+ @GQP+LL)L+L] [

o Loare ALN(T +13)|Q
24 Je-a (4QPP+ )11 4 13)? + 4103 (g] — &)?
LG|QP
0.5 |
0.4 1
0.3
~
N
0.2 1
0.1+
0 T T T T T
0 0.5 1.0 1.5 2.0

Fig. 3. Average current over an amount A of the dot level (g) fluctua-
t~i0n. The parameters are assumed as I' = 0.01, &, =& =0, g = I, and
Aip =2r.

In Fig. 3 we show the effect of the fluctuation amount (A)
of the dot level (&;) on the measurement current. For any given
magnetic flux ¢, we find that the average current decreases
with A. The reason for this overall decreasing behavior is the
decrease of each individual current along with the increase of
A, owing to the stronger deviation from the resonant coupling
under €] = &. However, the interference pattern does not van-
ish or even is not reduced (e.g., see the case of A = 5I" in
Fig. 3), unlike the usual decoherence effect in the which-path
interferometry set-up. Here, the dot-level fluctuation does not
correspond to the effect of the which-path back-action. For

each pair of (€],&), an interference pattern is indicated and
most importantly, the location of interference extrema of these
patterns does not shift with the difference of €] and &. There-
fore, the in-phase summation (and average) of these patterns
does not cause cancelation which is actually the origin of the
dephasing (decoherence) effect. The naive treatment in this
subsection has resulted in a qualitatively similar result as that
in the next subsection, using the Lindblad-type decoherence
model with constant rate (y), e.g., compared with Fig. 4. How-
ever, it seems not very clear how to quantitatively connect the
fluctuation amplitude A analyzed here with the decoherence
rate ¥ in the next subsection, despite that for both treatments
we can obtain analytic solutions.

4.2. Lindblad-type decoherence

Now we turn to the standard treatment of decoherence
originated from the energy level fluctuations of dot 1 with re-
spect to dot 2, under the influence of environment. Under the
wide-band limit (Born—Markovian approximation), we only
need to modify the transport master equation by adding a new
term yD[$]p, with 7 the decoherence rate and § = d;fd | the de-
coherence operator. In the same basis for Eq. (10), we have

P23 = —i[—0p23 +Q(p33 — p22)]

1
—§H+B+wmy (13)

010301-5
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The equations of other matrix elements remain the same as in
Eq. (10).
To obtain the steady-state current, we first find the sta-
tionary solution of pyy and P44,
_ AQPLL(TH + 13+ )
P2 = Bt h+y) 14800 (L1 D)
paa = (I1/13) p22, (14)

where we have introduced B = 4|Q|*(IT + I3) + L I3 (I7 + 13 +
7) to simplify the expression of pyy. Based on this solution, the

steady-state current can be obtained through I = I3(p22 + paa),
which yields

1t w0) = QTG+ 1+ 7)
B(I + I3 +7)+4136%

In Fig. 4 we plot the results based on Eq. (15), showing

15)

the decoherence effect (i.e., the dot-level fluctuations) on the
current. The effect is qualitatively the same as the A-effect
(the fluctuating amplitude of the dot level) shown in Fig. 3,
despite that 7y is determined by the coupling strength to the
environment and the density-of-states of the environment. In-
deed, y has the same effect of the level fluctuation amplitude.
In Fig. 4 we adopt 6 = € — & = 2I', i.e., the two dots are
not coupled in resonance. We then find the current increas-
ing with the increase of 7 in the first stage, owing to better
matching of the dot levels caused by the stochastic fluctua-
tions. This behavior is somehow similar to the phenomenon
of dissipation-assisted tunneling. However, of course, the cur-
rent would decrease with the further increase of 7y, because of
the stronger deviation from resonance.

0.5

0.4 1

0.3 1

1/r

0.2 A

0.1 A

Fig. 4. Decoherence effect on the measurement currents. For the purpose
discussed in the main text, we set a nonzero offset of the dot levels (§ = 2I').
Other parameters are the same as those in Fig. 2.

With the help of the analytic solution Eq. (15), we may
determine some characteristic values of y. First, for a given
0, we can find a y*, which maximizes the current. From the
following result:

Al 4QPTPIP[A6% — (G + 15 +7)°)
v (B +DB+y)+4L0B8%Y

(16)

we obtain ¥* = 2(|6| — ') by means of %h,:y* = 0. Here
we assume I] = I; = I". As a simple check, taking 6 = 2I"
as an example, the current is enhanced with the increase of
Y from zero to 2I'. This is what we observed in Fig. 4.
The second characteristic value of our interest is }p, given by
I(y=0) =1I(y). We obtain

48— ([ +1)* (17

Ii+17

Again, for I] =I; =T and 6 = 2I', we have ¥ = 61", which
is precisely the coincidence value found in Fig. 4.

Y=

4.3. Interference visibility

As observed in Figs. 2 and 3, the interference signal of
the present double-dot interferometer does not sensitively de-
crease with the decoherence strength between the two dots.
We are thus interested in a more meaningful quantity, say, the
visibility of the interference pattern, defined as

V= Inax — Imin 7 (18)
Iinax =+ Imin
where Inax and I, are, respectively, the peak and valley val-
ues of current oscillation with the magnetic flux ¢. Obviously,
the larger visibility means a better distinguishability of the
qubit states from the quantum measurement. Based on the an-
alytic solution we find

a 2LGK Ao
V= F22 _ 32 2,32y 19
4 + 1) (A —112)2 +0LK (A5 + 1)

Here we have introduced K =2 +48%, and " =I; + 13+ 7.

In Fig. 5 we show the decoherence effect on the visibility.
The most remarkable feature observed here is that the visibil-
ity is enhanced (for small level-offset §) along the decoher-
ence rate ¥, which is unusual compared to the decoherence
effect in other which-path setups. The basic reason, as men-
tioned in Subsection 4.1 (associated with Fig. 3), is that the
dot-level fluctuation in our double-dot interferometer does not
result in the which-path back-action. Moreover, for each “fluc-
tuating configuration’ of the dot-levels, the quantum mechan-
ically implied interference pattern shares the same magnetic-
flux (¢) conditions for constructive and destructive interfer-
ences. Then, no decoherence-associated-cancelation occurs
in the current. However, the level fluctuations do affect (re-
duce) the current magnitude (for vanished or small §), ow-
ing to driving the dots further away from the condition of
resonant tunnel coupling. Therefore, the interplay between
the persistently surviving quantum interference and the level-
fluctuation-induced off-resonance transmission results in the
enhanced visibility if we increase the decoherence rate 7, as
seen in Fig. 5. Similar explanation applies as well to the en-
hanced visibility by increasing the level offset &, for a given
decoherence rate y as shown in Fig. 5.
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More complicated situation occurs if we consider to in-
crease both 0 and y. This will result in the turnover behavior
observed in Fig. 5. Based on the analytic result of Eq. (19),
we find that the turnover point is given by vy =2|8| — I} — I>.
Indeed, in Fig. 5 we find that for § > I' the visibility decreases
first, then increases with y. But for 0 < § < I, the visibility
only increases with ¥ monotonically.

0.8

0.7 4~
0.6 1

\
0.5 4"
0.4

Visibility

0.34../

O T T T T
0 20 40 60 80 100

v/

Fig. 5. Decoherence effect on the visibility of the interference pattern, e.g.,
shown in Fig. 4. Results for different offset 6 of the dot levels are displayed.
A unique feature is the monotonically enhanced visibility (for small §) along
the decoherence rate Y, which is unusual compared to the decoherence ef-
fect in the usual which-path interferometry setups. Parameters: I" = 0.01,
X =TI,and A;» =2I.

S. Summary

We have analyzed the performance of a double-dot in-
terferometer, in connection with the quantum measurement of
Majorana qubits and surface-code stabilizers. The double-dot
design has some advantages such as separating the Majorana
island from fermionic environment (thus avoiding quasiparti-
cle poisoning). In the co-tunneling regime (through the Ma-
jorana island), the double-dot setup allows an efficient low-
energy effective description for the Majorana-mediated cou-
pling between the dots, and a simple master equation approach
allows us to obtain analytic solutions for the transport currents
(even in the presence of environment noises). A noticeable
feature of the double-dot interferometer is that the dot-level
fluctuations do not cause sensitive degradation of visibility of
the measurement signals, which is unusual regarding to the
decoherence effect in other which-path setups. The results an-
alyzed in this work are expected to be useful for future exper-
iments of Majorana qubit and stabilizer measurements.

Appendix A: Effective coupling mediated by the
Majorana qubit

In the Coulomb blockade regime (with large charging en-
ergy Ec), the electron transmission through the Majorana is-
land as shown in Fig. 1 involves only virtual occupation of the
island states. In this case, it is desirable to develop an effective

description for the Majorana-island-mediated coupling.!'3%3]

In this appendix, we present a brief derivation for the effective
coupling Hamiltonian, Eq. (5).

Let us re-denote the tunnel-coupling Hamiltonian be-
tween the dots (D; and D;) and the two Majoranas (y; and

1) as

H=Y (ljdje_iq’f/z}/j—l-h.c.),
j=12 ’

(AD)

where the coupling amplitude A; and the dot-electron opera-
tors are denoted the the same as in Eq. (4). Taking this cou-
pling Hamiltonian as perturbation and applying the 2nd-order
perturbative expansion, the transfer amplitude of an electron
from D, to D; is give by (f|H;GoH;|i), where the initial (final)
state |i) (| f)) corresponds to the electron in the quantum dot D
(D) and the Majorana qubit island in the same ground state.
In the perturbative expansion, Gy is the free Green’s function
of the Majorana island.

For electron transmission through the Majorana qubit
from D; to D», there are two sequences: (i) first D; — 7 then
> — Do; (ii) first 75 — D, then D; — ;. Moreover, both se-
quences have the same intermediate-state energy offset of Ec,
which results in an energy denominator —1/Ec in the pertur-
bative amplitude (contributed by the free Green’s function).
For each transmission sequence, after identifying the energy
denominator, one can reorganize the operator orders, under the
anticommutation rule of fermions. For instance, one transmis-
sion sequence (the second one mentioned above) is accounted
for as

(M) (=i pd;) = — M A3 (ipn)dsd,

= — MiA;2dyd). (A2)

The transmission sequence (i) can be treated similarly to give
the same result. Summing the two contributions, we arrive at
the effective coupling Hamiltonian of the two dots as

. R
Hy= < Agel? +22£2) didi +hec.,

i.e., Eq. (5) used in the main text.

Appendix B: Effective Hamiltonians for stabiliz-
ers

B1. Effective code Hamiltonian

Following Refs. [12,13], a minimal Majorana stabilizer
plaquette involves eight Majoranas (MZMs), as schematically
shown in Fig. 1(c). The eight Majoranas are contributed from
four Majorana islands (not shown in Fig. 1(c)), while the
neighboring Majorana islands are linked by tunnel bridges, de-

scribed by the tunnel-coupling Hamiltonian
1y .
H = —%nwel(q”_‘pﬂ)/z—l—h.c., (B1)

where ¢ is the coupling amplitude between the Majoranas ¥,
and 7y, and ¢; (¢p) the respective superconducting phase of
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the Majorana island [ (/).

The Majorana islands are prepared with strong charg-
ing energies, described by the charging-energy Hamiltonian
H{ =Y  Ec(N; —ngj)*. Following Ref. [12], we assume
an isotropic Ec for all islands, and the back-gate-controlled
charges ng ; close to the integer charges N;, i.e., ng ; = N; +
Ang j with [Ang ;| < 1.
add (remove) a single charge to (from) the j-th island is
Ef = (1F2Ang ;)Ec.

Therefore, the energy required to

Now we outline a derivation for the effective code Hamil-
tonian for the stabilizer, which is an effective description of
the tunnel-coupling-induced fluctuations associated with the
ground state |G) of the four Majorana islands. More specif-
ically, let us consider the fluctuation process to transfer an
electron in anticlockwise direction to the initial island. The
transfer amplitude is give by (G|H'GoH'GoH'GoH'|G), where
Go is the Green’s function associated with the ‘free’ Hamil-
tonian of the four Majorana islands. This fluctuation pro-
cess involves the tunnel-coupled Majorana pairs ¥, 5%,
V5%, and 11%s.
sume that the Majorana pairs (%8,%), (12,%), (14,7%), and

For the convenience of description, we as-

(%,77) belong to, respectively, the islands 1, 2, 3, and 4.
Obviously, there are 4! = 24 tunnel-transfer sequences, given
by the different permutations of the four tunneling Hamilto-
nians in the 4th-order perturbation expansion. (i) As an ex-
ample, one sequence is Y1 >¥3%1 Y% Y7 Y, Which corresponds
to transferring an electron first from island 1 to 4, next from
4 to 3, then from 3 to 2, and finally back to island 1. As-
sociated with this sequence, the energy excitations of the in-
termediate states are, respectively, E; + E,", E; + EJ, and
E[ +E5.
expansion (contributed by the Green’s functions) is given by
1/[(Ey +E)(E; +ES)(E; +Ef)] = 1/(8E3). There are
sixteen transfer sequences that share this energy denomina-

Then, the energy denominator in the perturbative

tor. (ii) Similar treatment allows us to account for the con-
tribution from a different type of transfer sequences, for in-
stance, Y1775 YY3Y4Y2Ys- The energy denominator of this type
is 1/(16E2) and there are 8 sequences.

Let us define the stabilizer operator as
8
zZ=11w
j=1

which is the product of the eight Majorana operators compris-

(B2)

ing a minimal loop. Based on the above result of fluctuation

amplitude, we arrive at an effective low-energy code Hamilto-

nian as!?!

Heode = (B3)

A 5
—Re(c) Z, =——1 14
e(c) ¢ 16Eé H I

B2. Effective coupling Hamiltonian mediated by a Majo-
rana stabilizer

In this subsection we further derive the effective coupling
between the two quantum dots mediated by the Majorana sta-
bilizer. To be specific, let us consider an electron transfer from
D, to D;.
through the connection link between > and 7;; the other is

(1,715) = (Y6, 71) =
(%,7). The transfer amplitude for the former case is given

There are two types of paths: one is the shortcut
along the stabilizer loop, i.e., (1,73) —

by the 3rd-order perturbative expansion {f|H;GoH'GoH;li),
while for the latter case it is given by the Sth-order expan-
sion (f|H;GoH'GoH'GoH' GoH;|i). For the sake of seeing more
clearly the transfer sequence, let us define the segment oper-
ators Lj = d;y,-e_i‘/’//z and A,,, = ym}/nei<“’m_¢'l>/2, extracted
from the tunneling Hamiltonians (A1) and (B1).

Table B1. All the 6 sequences and energy denominators of an electron

transfer through the shortcut of the Majorana stabilizer from D, to D
as shown in Fig. 1.

No. Sequences Energy denominators
1 L1A12L; (B ES)™!

2 A12L|L; —[(Ey +ED)ES]!
3 LiApL, (EyEy)™!

4 AnLjLy ~[(E; +EDET]™!
5 LiLiAy, [Er(E +Ey)!
6 LiLiAp —[E; (Ef +E5)]™!

(1) For the shortcut case, the transfer process involves
each of the operators L1, LZ, and A, once, and there are 3! =6
sequences as shown in Table B1. Summing up all contribu-

tions (i.e., the energy denominators), we obtain!!3!

(Ef ~ED)(EF —Ey) _ 4 iy
E'E ESE; — g (B4
1 ~1 =22 C

AngJAng_g
(1—44n2 )(1—4An,)

n= (B3)
The asymmetry parameter 1 depends on the charge offset pa-
rameters Ang ;—1 > and thus will be negligibly small with van-
ishing charge offsets. Then, we obtain the effective tunneling
Hamiltonian mediated by the shortcut link between % and v,

leﬂfztlz

Hip o = —TT] dfdﬁ—h.c. (B6)
C

(ii) For the transfer path around the Majorana loop, per-
mutation of the 5 tunnel-coupling Hamiltonians will generate
5! =120 transfer sequences (part of them are illustrated in Ta-
ble B2). Notice that each sequence would result in the same
product of operators, ZAdIdz, differing from each other only in
amplitude owing to the different energy denominators. Sum-
ming up all the energy denominators, we find a very simple

factor

16
— I 1/(1-44An ;).

C
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Ignoring the relative small quantity (Ang ;) in the denomina-
tors, we obtain the effective coupling Hamiltonian mediated

by the Majorana loop
2A1 A5 (1342 6178)" 4
Deft = *MZdIdz +he.  (B7)

4
EC

Finally, summing the contributions of the two types of
paths, we arrive at

Hizerr = a(E+c* 2)d{dr +hec., (BS)

where o = =320 45 /(5t),Ec) and & = (5|t12]>/(16Ec))n.
This is the result originally presented in Ref. [13]. Summing
this effective coupling (mediated by the Majorana stabilizer)
and the direct coupling between the two quantum dots, we
see that the measurement principle of the stabilizer operator
Z falls into the same category as described in the main text by
Eq. (5). In particular, if the charge offsets Ang | and Any > are
negligibly small, the £-term in Eq. (B8) vanishes.

Table B2. Illustrative examples of the sequences and the associated energy denominators, for an electron transfer from the quantum dot
D; to D through the main loop of Majorana stabilizer as shown in Fig. 1.

No. Sequences Energy denominators

1 L1A87A65A43L; (ETEIE;E;)_I

2 Ag7L1AgsAgs L] (Ef +E)EJESES!

3 LiAgsAg7AsL} [Ef (Ef +E; +Ef)EYEf]!

4 AgsLiAgrAgsL] (Ey +E)(EF +Ey +E)ETES ]!

5 Ag7AssLiAsL] (Ef +ED)E] +EJ)ESES]!

6 AgsAs7LiAgL] (Ey +E5)(E] +E)EyES]™!

7 LiAg7A13A65L5 [Ef Ef (Ef +E +Ef)ES]™!

8 AgiLiAAssLy (By +E)ES (B +E5 +E/)Ey ]!

9 LiAgAg7AesLY [EF(Ef +Ef +E5)(ES +Ey +EN)ES]!

10 AgsLiAg7AesL] (Ey +E; ) (E} +Ef +E; ) (Ef +E5 +EJ)ES]™!
1 AgrAsLiAgsLy (B +E)(E; +E; +Ey +E)(Ey +Ey +E)E; ]!
12 AssAsiLiAssLy (B +E5 ) (Ey +E; +Ey +E) (B +E5 +E)E;]
13 LiAgsAsAg7L} [E} (B +Ef +E;)(E} +Ef +E))ES]!

14 AgsLiAAgiLy (ES +E;)(E] +Ef +E; )(E{ +Ef +E, )E]!
15 LiApAgsAgrL] [Ef (Eff +ES +E)(Ef +ES +E; )ES] !

16 AgsLiAgsAgrL] (Ey +E5)(E) +Ef +E5 )(E} +E) +E; )E) ™
17 AgsAssLiAs7L) (BY +Ey)(Ey +Ey)(Ef +Ef +E;)Ey]™!

18 ApAssLiAgL, (B +E3)(Ey +E)(Ef +E +E;)E]]!

19 A87A65A43L1L; (E; +E)(Er +E)(Ef +ENES]!

20 A65A87A43L1L; (Ef +E,)(E; +EF)(E; +E5)ES ™!

21 Ag7A43AgsLi L (Ey +E)(E; +Ef +E5 +EJ)(Ef +E;)Ey ]!
22 Ag3Ag7AesLiL] (Ey +E; )(Ey +Ef +E; +EJ)(Ey +E))ES]!
23 AesAiAsLiL (B5 +E.)(By +E,)(Ey +E)ES]™!

24 ApAssAsiLiL [(Ey +E5 )(Ey +E;)(E; +E)ES]™!
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