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This paper is concerned with the global stabilization of state-dependent switching neural networks (SDSNNs) via
discontinuous event-triggered control with network-induced communication delay. Aiming at decreasing triggering times,
a discontinuous event-trigger scheme is utilized to determine whether the sampling information is required to be sent out
or not. Meanwhile, under the effect of communication delay, the trigger condition and SDSNNs are transformed into two
tractable models by designing a fictitious delay function. Then, using the Lyapunov–Krasovskii stability theory, some
inequality estimation techniques, and extended reciprocally convex combination method, two sufficient criteria are es-
tablished for ensuring the global stabilization of the resulting closed-loop SDSNNs, respectively. A unified framework is
derived that has the ability to handle the simultaneous existence of the communication delay, the properties of discontinuous
event-trigger scheme, as well as feedback controller design. Additionally, the developed results demonstrate a quantitative
relationship among the event trigger parameter, communication delay, and triggering times. Finally, two numerical exam-
ples are presented to illustrate the usefulness of the developed stabilization scheme.

Keywords: global stabilization, state-dependent switching neural networks, discontinuous event-trigger
scheme, communication delay
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1. Introduction

The last decade has displayed an ever-increasing re-
search topic on state-dependent switching neural networks
(SDSNNs), such as memristive neural networks, since it has
some outstanding superiorities in multi-value storage,[1] and
unsupervised learning,[2] etc. Compared with traditional neu-
ral networks, some experiment results have demonstrated that
SDSNNs can imitate the synaptic activity better in the brain
emulation. Accordingly, an enormous interest has been at-
tracted to the investigation of SDSNNs and many pioneer-
ing works have been presented, such as synchronization,[3–10]

state estimation.[11–14] It is noteworthy that stability is a pre-
requisite for ensuring SDSNNs steadily operation. As such,
various control schemes have been developed to investigate
the stabilization problem of SDSNNs.[15–18] Nevertheless, all
the above published results are on the basis of an assumption
that there are no communication delay and any constraints on
the digital transmission channel. From a resource conserva-
tion of view, these traditional control schemes in Refs. [3–19]
will lead to transmission burdens and increase control cost.
With the increasing demand of digital technology in industry,
a rich synthesis of energy-saving networked control schemes,

such as impulsive control,[20–22] sampled-data control,[23–26]

and event-triggered control,[27–40] compose a popular research
issue in relevant applications domains. Clearly, it is necessary
and reasonable to settle the stabilization problem of SDSNNs
under networked control schemes.

As we know, the sampling information is sent out at
a series of transmission instants. It can be found that the
time-dependent mechanism is easy to realize by using a clock
generator. However, the redundant sampling information is
still transmitted to the controller if some desirable targets
are satisfied. Hence, it will lead to a waste of energy re-
sources and communication bandwidth. To this end, several
event-trigger schemes have been established to reduce the un-
necessary sampling times, such as continuous event-trigger
(CET),[27–29] sampled-data-based event-trigger,[30–36] and dis-
continuous event-trigger (DET).[37–41] For example, the global
synchronization problem of SDSNNs with parameters mis-
match has been investigated via continuous event-triggered
control in Ref. [29]. Also, theoretical analysis has proved that
the Zeno behavior can be avoided. However, the derived re-
sults in Ref. [42] demonstrate that the Zeno behavior may be
still exist under the influence of arbitrary small measurement
noise or external disturbances. To overcome this shortcoming,
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the global stabilization of SDSNNs has been discussed un-
der sampled-data-based event-triggered control in Ref. [34].
Unfortunately, this kind of trigger scheme does not take ad-
vantage of the available state information. In view of the
above considerations, the DET scheme consisting of two work
modes has been proposed in Ref. [37] for the first time, which
can not only avoid Zeno behavior but also reduce the trigger-
ing times. For instance, the global stabilization of SDSNNs
has been achieved based on an exponential-attenuation-based
DET scheme and the simulation results have demonstrated that
the triggering times can be effectively reduced in Ref. [38]. It
is, therefore, meaningful to investigate the stabilization prob-
lem of SDSNNs by using DET scheme.

On the other hand, an ineluctable issue is that the sam-
pling information transmitted from the controller to actua-
tor is usually influenced by network-induced communication
delay.[43,44] Under the effect of communication delay, it is
difficult to achieve a satisfactory performance. Accordingly,
how to ensure the stability of networked control systems with
communication delay is an important and necessary prob-
lem. To this end, the global stabilization problem of net-
worked T-S fuzzy control systems has been investigated under
adaptive event-triggered control with communication delay in
Ref. [35]. In addition, a class of event-trigger predictive con-
trol scheme, to compensate communication delays, has been
proposed for networked control systems (NCSs) in Ref. [36].
Nevertheless, there are no published results to study the anal-
ysis and synthesis of SDSNNs under discontinuous event-
triggered control under the framework of communication de-
lay. The main reason lies in that the proposed analysis tech-
niques in Refs. [38,40,41] cannot be applied to deal with the
stability of SDSNNs under discontinuous event-triggered con-
trol subject to communication delay. This naturally touches off
the following important problems. What is the impact of com-
munication delay on data transmission? Furthermore, what
is the effect of communication delay on the trigger times and
stability performance? To the best of our knowledge, these
difficulties have not been solved for SDSNNs with communi-
cation delay by employing DET scheme. Therefore, how to
well settle these problems motivates the present investigation
of this paper.

Summarizing the above discussions, this paper investi-
gates the global stabilization of SDSNNs under discontinuous
event-triggered control with communication delay. The main
contributions are listed as follows.

(i) Considering the effect of communication delay, a ficti-
tious delay function is proposed by utilizing the convex com-
bination technique. Then, the SDSNNs and trigger condition
are respectively transformed into two tractable models, which
contributes to the current theoretical analysis.

(ii) A unified framework is proposed that has the ability

to deal with the simultaneous existence of the properties of
discontinuous event-trigger scheme, communication delay, as
well as feedback controller design. First, a novel Lyapunov–
Krasovskii functional is constructed to investigate the sta-
bility of the resulting closed-loop SDSNNs. Then, by em-
ploying the extended reciprocally convex combination method
and some inequality estimation techniques, two novel globally
asymptotically stability criteria are respectively established for
the resulting closed-loop SDSNNs under discontinuous event-
triggered control with communication delay.

Notations: Throughout this paper, N, Rn×n denote the
set of nonnegative integers, n× n real matrices, respectively.
diag(· · ·) and A(i) respectively denote a block diagonal matrix
and the i-th row of matrix A. AT (A−1) stands for transpose
(inverse) of matrix A. A > 0 (A ≥ 0) means that A is a sym-
metric and positive definite (semi-definite) matrix. col{· · ·}
is a column vector. λmax(A) denotes the maximal eigenvalue
of matrix A. || · ||p, p = 1,2,∞ and I (0) are the p-norm of a
vector or a matrix and identity (zero) matrices of appropriate
dimensions.

2. Preliminaries and problem formulation
Consider the following dynamical system for n-neurons

SDSNNs:

ẋ(t) = −Dx(t)+A(x(t)) f (x(t))

+B(x(t)) f (x(t− τ(t)))+u(t), (1)

where x(t)∈Rn and u(t)∈Rn denote the state vector and con-
troller, respectively. D = diag{d1,d2, . . . ,dn} > 0, A(x(t)) =
(ai j(x j(t)))n×n, and B(x(t)) = (bi j(x j(t)))n×n respectively de-
note the self-feedback matrix, state-dependent switching con-
nection weight matrix, and delayed connection weight matrix.
τ(t) denotes the time-varying delay satisfying 0≤ τ(t)≤ τ and
τ̇(t) ≤ µ < 1. The neuron activation function f (x(t)) ∈ Rn

is assumed to be monotonically nondecreasing and satisfies
0 ≤ f j(u)− f j(ν)/(u−ν) ≤ L j, u, ν , u 6= ν , L j ∈ R, i, j =
1,2, . . . ,n. The state-dependent switching connection weights
satisfy the following conditions:

ai j (x j (t)) =

{
a⋆i j,

∣∣x j (t)
∣∣> Tj,

a⋆⋆i j ,
∣∣x j (t)

∣∣≤ Tj,

bi j (x j (t)) =

{
b⋆i j,

∣∣x j (t)
∣∣> Tj,

b⋆⋆i j ,
∣∣x j (t)

∣∣≤ Tj,

where the switching jumps Tj > 0, a⋆i j, b⋆i j, a⋆⋆i j , b⋆⋆i j ∈ R.
Also, one can see that equation (1) is the characteristic of

differential dynamical systems with discontinuous right-hand
sides. In this case, we consider the trivial solutions of sys-
tem (1) in Filippov’s sense and the following Definition 1 is
introduced.
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Definition 1[45] Consider the system ẏ(t) = g(y), y ∈ Rn

with discontinuous right-hand sides, a set-valued map is de-
scribed as

φ(y) =
⋂

δ>0

⋂
µ(N)=0

co[g(B(y,δ )\N)],

where B(y,δ ) = {z : ‖z− y‖ ≤ δ}, co[E] is the closure of the
convex hull of set E, and µ(N) is the Lebesgue measure of
set N. A solution in Filippov’s sense of the Cauchy problem,
for the system with initial value y(0) = y0, is an absolutely
continuous function y(t), t ∈ [0,T ]. It satisfies y(0) = y0 and
differential inclusion

ẏ(t) ∈ φ(y)

for a.e. t ∈ [0,T ].
Define

âi j =
a⋆i j +a⋆⋆i j

2
, ǎi j =

√
|a⋆i j−a⋆⋆i j |

2
,

b̂i j =
b⋆i j +b⋆⋆i j

2
, b̌i j =

√
|b⋆i j−b⋆⋆i j |

2
.

Based on Definition 1, system (1) is equivalent to

ẋ(t) ∈ −Dx(t)+ Ã(t) f(x(t))+ B̃(t) f(x(t− τ(t)))+u(t),

where

Ã(t) = A0 +A1co[η(x(t))]AT
2 , A0 =

(a⋆i j +a⋆⋆i j

2

)
n×n

,

B̃(t) = B0 +B1co[ρ(x(t))]BT
2 , B0 =

(b⋆i j +b⋆⋆i j

2

)
n×n

,

η(x(t)) = diag{η11(x1(t)), . . . ,η1n(xn(t)), . . . ,

ηn1(x1(t)), . . . ,ηnn(xn(t))},
co[ηi j(x j(t))] = [−1,1],

ρ(x(t)) = diag{ρ11(x1(t)), . . . ,ρ1n(xn(t)), . . . ,

ρn1(x1(t)), . . . ,ρnn(xn(t))},
co[ρi j(x j(t))] = [−1,1],

A1 = (ǎ11ϑ1, . . . , ǎ1nϑ1, . . . , ǎn1ϑn, . . . , ǎnnϑn)n×n2 ,

A2 = (ǎ11ϑ1, . . . , ǎ1nϑn, . . . , ǎn1ϑ1, . . . , ǎnnϑn)n×n2 ,

B1 = (b̌11ϑ1, . . . , b̌1nϑ1, . . . , b̌n1ϑn, . . . , b̌nnϑn)n×n2 ,

B2 = (b̌11ϑ1, . . . , b̌1nϑn, . . . , b̌n1ϑ1, . . . , b̌nnϑn)n×n2 ,

and ϑi represents the column vector with i-element being 1
and the others being 0. There exist, from the measurable selec-
tion theorem,[46] measurable functions ζ (t)∈ co[η(x(t))] with
ζi j(t) ∈ [−1,1] and ρ(t) ∈ co[ρ(x(t))] with ρi j(t) ∈ [−1,1]
such that

ẋ(t) =−Dx(t)+A(t) f(x(t))+B(t) f(x(t− τ(t)))+u(t), (2)

where A(t) = A0 +A1ζ (t)AT
2 , B(t) = B0 +B1ρ(t)BT

2 .

In this paper, we consider the stabilization problem of
SDSNNs via discontinuous event-triggered control. As dis-
played in Fig. 1, a discontinuous event-trigger (DET) scheme
is positioned between the controller and the sensor. The corre-
sponding trigger condition is formulated as

sk+1 = min{t ≥ sk +h|(x(t)− x(sk))
T
Θ(x(t)− x(sk))

≤ λxT(t)Θx(t)}, (3)

where the waiting time h > 0, λ ≥ 0, and trigger matrix
Θ ≥ 0. It should be mentioned that the main feature of
this DET scheme lies in that the operation pattern consists
of rest interval and work interval. The principle is as fol-
lows. Suppose that the k-th event is activated on the ba-
sis of trigger condition (3). Then, the sampling information
x(sk) is transmitted from the event generator to the controller.
Meanwhile, the trigger scheme rests for h seconds. At time
sk + h, the DET scheme begins to work. Once the trigger
condition (3) is violated, the next (k + 1)-th event satisfy-
ing (x(t)− x(sk+1))

TΘ(x(t)− x(sk+1)) > λxT(t)Θx(t) is ac-
tivated. Repeating the above reasoning, it is easy to see that
the Zeno phenomenon can be avoided by using DET scheme
since the inner-event interval is not less than h seconds.

actuator

  DET

sensor

controller

delay

  ZOH

x↼t↽

Kx↼sk↽

Kx↼tk↽

x↼sk↽

 delaynetwork

SDSNNs

Fig. 1. Schematic diagram of an event-triggered control SDSNNs.

The control law in system (2) is designed as

u(t) = Kx(sk),

where K is the control gain matrix to be determined.
Taking the network-induced delay into account, denote by

δk ∈ [0,δM] over all communication delay from the controller
to the actuator. From Fig. 1, one can see that the communica-
tion delay δk affects the transmission of sampling information
x(sk). Here, we set tk = sk + δk as the ZOH updating time,
which is satisfied

tk = sk +δk ≤ sk+1 +δk+1 = tk+1.
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Then, the closed-loop system (2), for [tk, tk+1), has the re-
sulting form

ẋ(t) = −Dx(t)+A(t) f(x(t))+B(t) f(x(t− τ(t)))

+Kx(tk−δk). (4)

Remark 1 According to the characteristics of DET
scheme, we would like to transform the closed-loop SDSNNs
(4) into a system which switches between the rest interval
t ∈ [tk, tk+h) and work interval t ∈ [tk+h, tk+1). However, ow-
ing to the effect of the communication delay δk, such a switch-
ing case will not happen if tk+h = sk+δk+h≥ sk+1+δk+1 =

tk+1. Accordingly, the trigger condition (3) and closed-loop
system (4) should be reconsidered.

In view of the foregoing discussions, rewrite system (4)
as follows:

ẋ(t) = −Dx(t)+A(t) f (x(t))+B(t) f (x(t− τ(t)))

+κ(t)Kx(t− ε(t))+(1−κ(t))

×K(x(t−δ (t))+ e(t)), (5)

where

κ(t) =

{
1, t ∈ [tk,min{tk +h, tk+1}),
0, t ∈ [min{tk +h, tk+1}, tk+1),

ε(t) = t− sk ≤ h+δM = εM, t ∈ [tk,min{tk +h, tk+1}),
e(t) = x(sk)− x(t−δ (t)), t ∈ [min{tk +h, tk+1}, tk+1).

sk⇁

tk⇁

sk

tk

sk⇁h

tk⇁h

sk⇁⇁h

rest interval
work interval

controller......

... ... ZOH

κ↼t↽/δk κ↼t↽/

Fig. 2. The illustration of the sampling and transmission sequence when
tk +h < tk+1.

Here, δ (t) ∈ [0,δM] is a fictitious delay function. As
shown in Fig. 2, owing to t−δ (t) ∈ [sk +h,sk+1), δ (t) can be
presented as a simple convex combination with δ (tk+1) = δk+1

and δ (tk +h) = δk, i.e.,

δ (t) =
tk+1− t

tk+1− tk−h
δk +

t− tk−h
tk+1− tk−h

δk+1.

Therefore, the trigger condition (3) can be written as

eT(t)Θe(t)≤ λxT(t−δ (t))Θx(t−δ (t)),

t ∈ [tk +h, tk+1). (6)

Before deriving the main results, the following lemma is
introduced.

Lemma 1[47] (Extended reciprocally convex matrix in-
equality) For given matrices U1,U2 ∈ Sn×n

+ , any matrices
Z1,Z2 ∈ Rn×n, matrices N1 = U1 − Z2U−1

2 ZT
2 , N2 = U2 −

ZT
1 U−1

1 Z1, and a constant β ∈ (0,1), the following matrix in-
equality holds:

1
β

U1 0

0
1

1−β
U2

≥ [U1 +(1−β )N1 (1−β )Z1 +βZ2

∗ U2 +βN2

]
.

3. Main results
Theorem 1 For given scalars ξ ≥ 0, τ ≥ 0, δM ≥ 0, h> 0,

λ ≥ 0, 0 ≤ µ < 1, and feedback gain K, the closed-loop sys-
tem (5) is globally asymptotically stable, if there exist ma-
trices P, R1, R2, Q1, Q2, S1, S2, S3 ∈ Sn×n

+ , an n× n-matrix
Ω ≥ 0, diagonal matrices Λ1, Λ2 ∈ Sn×n

+ , diagonal matrices
Λ3, Λ4 ∈ Sn2×n2

+ , and matrices T1, T2, W1, W2, Y1, Y2 ∈ Rn×n

satisfying the following conditions
∆ ε1 ε2 ε3 ε4 ε5
∗ −Λ3 0 0 0 0
∗ 0 −Λ3 0 0 0
∗ 0 0 −Λ4 0 0
∗ 0 0 0 −Λ4 0
∗ 0 0 0 0 −S3

≤ 0, (7)


∆̃ ε1 ε2 ε3 ε4 ε6
∗ −Λ3 0 0 0 0
∗ 0 −Λ3 0 0 0
∗ 0 0 −Λ4 0 0
∗ 0 0 0 −Λ4 0
∗ 0 0 0 0 −S3

≤ 0, (8)


Ξ σ1 σ2 σ3 σ4 σ5
∗ −Λ3 0 0 0 0
∗ 0 −Λ3 0 0 0
∗ 0 0 −Λ4 0 0
∗ 0 0 0 −Λ4 0
∗ 0 0 0 0 −S3

≤ 0, (9)


Ξ̃ σ1 σ2 σ3 σ4 σ6
∗ −Λ3 0 0 0 0
∗ 0 −Λ3 0 0 0
∗ 0 0 −Λ4 0 0
∗ 0 0 0 −Λ4 0
∗ 0 0 0 0 −S3

≤ 0, (10)

[
Q1 T1
∗ Q1

]
≥ 0,

[
Q2 T2
∗ Q2

]
≥ 0,

where ∆ = [∆i j]10n×10n, ∆̃ = [∆̃i j]10n×10n, Ξ = [Ξi j]9n×9n,
Ξ̃ = [Ξ̃i j]9n×9n, and ∆1,1 = Ξ1,1 = R1 + S1 + S2−Q1− S3−
Y T

1 D−DY1, ∆̃1,1 = Ξ̃1,1 = ∆1,1 − S3, ∆1,2 = Ξ1,2 = ∆̃1,2 =

Ξ̃1,2 = P−Y1−DY2, ∆1,3 = ∆̃1,3 = T T
1 , ∆1,5 = ∆̃1,5 = Q1−

T T
1 +Y T

1 K, ∆1,6 = Ξ1,5 = ∆̃1,6 = Ξ̃1,5 = Y T
1 K, ∆1,7 = Ξ1,6 =

S3 −W T
1 , ∆1,8 = Ξ1,7 = W T

1 , ∆1,9 = Ξ1,8 = ∆̃1,9 = Ξ̃1,8 =

ξ LΛ1 +Y T
1 A0, ∆1,10 = Ξ1,9 = ∆̃1,10 = Ξ̃1,9 = Y T

1 B0, ∆2,2 =

Ξ2,2 = ∆̃2,2 = Ξ̃2,2 = δ 2
MQ1 + h2Q2 + τ2S3−Y2−Y T

2 , ∆2,5 =
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∆2,6 = Ξ2,5 = ∆̃2,5 = ∆̃2,6 = Ξ̃2,5 =Y T
2 K, ∆2,9 = Ξ2,8 = ∆̃2,9 =

Ξ̃2,8 = Y T
2 A0, ∆2,10 = Ξ2,9 = ∆̃2,10 = Ξ̃2,9 = Y T

2 B0, ∆3,3 =

Ξ3,3 = ∆̃3,3 = Ξ̃3,3 = R2−R1−Q1−Q2, ∆3,4 = ∆̃3,4 = Q2,
∆3,5 = ∆̃3,5 = Q1−T1, ∆4,4 = ∆̃4,4 = Ξ4,4 = Ξ̃4,4 =−R2−Q2,
∆5,5 = ∆̃5,5 = T1 +T T

1 −2Q1 +λΘ , ∆6,6 = ∆̃6,6 =−Θ , ∆7,7 =

Ξ6,6 = W1 +W T
1 − 3S3− (1− µ)S1, ∆7,8 = Ξ6,7 = 2S3−W T

1 ,
∆7,10 = Ξ6,9 = ∆̃7,10 = Ξ̃6,9 = ξ LΛ2, ∆8,8 = Ξ7,7 = −S2 −
2S3, ∆9,9 = Ξ8,8 = ∆̃9,9 = Ξ̃8,8 = −2ξΛ1 + A2(Λ3 +Λ4)AT

2 ,
∆10,10 = Ξ9,9 = ∆̃10,10 = Ξ̃9,9 = −2ξΛ2 + B2(Λ3 + Λ4)BT

2 ,
Ξ1,3 = Ξ̃1,3 = Q1, Ξ3,4 = Ξ̃3,4 = T T

2 , Ξ3,5 = Ξ̃3,5 = Q2−T T
2 ,

Ξ4,5 = Ξ̃4,5 = Q2−T2, Ξ5,5 = Ξ̃5,5 = T2 +T T
2 − 2Q2, ∆̃1,7 =

Ξ̃1,6 = 2S3 −W T
2 , ∆̃1,8 = Ξ̃1,7 = W T

2 , ∆̃7,7 = Ξ̃6,6 = W2 +

W T
2 −3S3− (1−µ)S1, ∆̃7,8 = Ξ̃6,7 = S3−W T

2 , ∆̃8,8 = Ξ̃7,7 =

−S2− S3, L = diag{L1,L2, . . . ,Ln}, the other blocks are zero
matrices, and

ε1 = col{Y T
1 A1, 0, 0, 0, 0, 0, 0, 0, 0, 0},

ε2 = col{Y T
1 B1, 0, 0, 0, 0, 0, 0, 0, 0, 0},

ε3 = col{0, Y T
2 A1, 0, 0, 0, 0, 0, 0, 0, 0},

ε4 = col{0, Y T
2 B1, 0, 0, 0, 0, 0, 0, 0, 0},

ε5 = col{0, 0, 0, 0, 0, 0, W2, −W2, 0, 0, 0},

ε6 = col{W T
1 , 0, 0, 0, 0, 0, −W T

1 , 0, 0, 0},

σ1 = col{Y T
1 A1, 0, 0, 0, 0, 0, 0, 0, 0},

σ2 = col{Y T
1 B1, 0, 0, 0, 0, 0, 0, 0, 0},

σ3 = col{0, Y T
2 A1, 0, 0, 0, 0, 0, 0, 0},

σ4 = col{0, Y T
2 B1, 0, 0, 0, 0, 0, 0, 0},

σ5 = col{0, 0, 0, 0, 0, W2, −W2, 0, 0},

σ6 = col{W T
1 , 0, 0, 0, 0, −W T

1 , 0, 0, 0}.

Proof For closed-loop system (5), we consider a
Lyapunov–Krasovskii functional as V (t) = ∑

5
i=1 Vi(t) and

V1(t) = xT(t)Px(t),

V2(t) =
∫ t

t−δM

xT(s)R1x(s)ds+
∫ t

t−τ(t)
xT(s)S1x(s)ds,

V3(t) = δM

∫ 0

−δM

∫ t

t+θ

ẋT(s)Q1ẋ(s)dsdθ ,

V4(t) =
∫ t−δM

t−εM

xT(s)R2x(s)ds+
∫ t

t−τ

xT(s)S2x(s)ds,

V5(t) = h
∫ −δM

−εM

∫ t

t+θ

ẋT(s)Q2ẋ(s)dsdθ

+τ

∫ 0

−τ

∫ t

t+θ

ẋT(s)S3ẋ(s)dsdθ .

Calculating the derivative of V (t) along the trivial solutions of
system (5), it yields

V̇1(t) = 2xT(t)Pẋ(t),

V̇2(t) = xT(t)(R1 +S1)x(t)− xT(t−δM)R1x(t−δM)

−(1− τ̇(t))xT(t− τ(t))S1x(t− τ(t))

≤ xT(t)(R1 +S1)x(t)− xT(t−δM)R1x(t−δM)

−(1−µ)xT(t− τ(t))S1x(t− τ(t)),

V̇3(t) ≤ δ
2
M ẋT(t)Q1ẋ(t)−δM

∫ t

t−δM

ẋT(s)Q1ẋ(s)ds,

V̇4(t) = xT(t)S2x(t)+ xT(t−δM)R2x(t−δM)

−xT(t− εM)R2x(t− εM)− xT(t− τ)S2x(t− τ),

V̇5(t) = ẋT(t)(h2Q2 + τ
2S3)ẋ(t)

−h
∫ t−δM

t−εM

ẋT(s)Q2ẋ(s)ds− τ

∫ t

t−τ

ẋT(s)S3ẋ(s)ds.

According to the property of f (x(t)), it holds that, for di-
agonal matrices Λ1, Λ2 ∈ Sn×n

+ , and a constant ξ > 0

0 ≤ 2ξ
[
xT(t) f T(x(t))

][0 LΛ1/2
∗ −Λ1

][
x(t)

f (x(t))

]
, (11)

0 ≤ 2ξ
[
xT(t− τ(t)) f T(x(t− τ(t)))

]
×
[

0 LΛ2/2
∗ −Λ2

][
x(t− τ(t))

f (x(t− τ(t)))

]
. (12)

Next, the proof consists of two parts.
Part I System (5) with κ(t) = 1 and δ (t) ∈ [0,δM].

By using the Park’s theorem,[48] Jensen’s inequality,[49] and
Lemma 1, one has

−δM

∫ t

t−δM

ẋT(s)Q1ẋ(s)ds = −δM

(∫ t−δ (t)

t−δM

ẋT(s)Q1ẋ(s)ds+
∫ t

t−δ (t)
ẋT(s)Q1ẋ(s)ds

)
≤−

[
x(t−δ (t))− x(t−δM)

x(t)− x(t−δ (t))

]T [Q1 T1
∗ Q1

][
x(t−δ (t))− x(t−δM)

x(t)− x(t−δ (t))

]
, (13)

−h
∫ t−δM

t−εM

ẋT(s)Q2ẋ(s)ds≤−[x(t−δM)− x(t− εM)]TQ2[x(t−δM)− x(t− εM)], (14)

−τ

∫ t

t−τ

ẋT(s)S3ẋ(s)ds = −τ

(∫ t−τ(t)

t−τ

ẋT(s)S3ẋ(s)ds+
∫ t

t−τ(t)
ẋT(s)S3ẋ(s)ds

)
≤−

[
x(t− τ(t))− x(t− τ)

x(t)− x(t− τ(t))

]T

H
[

x(t− τ(t))− x(t− τ)
x(t)− x(t− τ(t))

]
, (15)

where

H =

[
S3 +

τ(t)
τ
(S3−W2S−1

3 W T
2 ) τ(t)

τ
W1 +

τ−τ(t)
τ

W2

∗ S3 +
τ−τ(t)

τ
(S3−W T

1 S−1
3 W1)

]
.
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In addition, for any matrices Y T
1 , Y T

2 ∈ Rn×n and diagonal matrices Λ3, Λ4 ∈ Sn2×n2

+ , it can be derived from system (5) that

0 = 2[xT(t)Y T
1 + ẋT(t)Y T

2 ][−ẋ(t)−Dx(t)+A(t) f (x(t))+B(t) f (x(t− τ(t)))+Kx(t−δ (t))+Ke(t)]

= 2[xT(t)Y T
1 + ẋT(t)Y T

2 ][−ẋ(t)−Dx(t)+Kx(t−δ (t))+Ke(t)]+2xT(t)Y T
1 (A0 +A1ζ (t)AT

2 ) f (x(t))

+2xT(t)Y T
1 (B0 +B1ρ(t)BT

2 ) f (x(t− τ(t)))+2ẋT(t)Y T
2 (A0 +A1ζ (t)AT

2 ) f (x(t))

+2ẋT(t)Y T
2 (B0 +B1ρ(t)BT

2 ) f (x(t− τ(t)))

≤ 2[xT(t)Y T
1 + ẋT(t)Y T

2 ][−ẋ(t)−Dx(t)+Kx(t−δ (t))+Ke(t)]+ xT(t)Y T
1 A1Λ

−1
3 AT

1Y1x(t)

+xT(t)Y T
1 B1Λ

−1
3 BT

1Y1x(t)+ f T(x(t))(A2(Λ3 +Λ4)AT
2 ) f (x(t))+ ẋT(t)Y T

2 A1Λ
−1
4 AT

1Y2ẋ(t)

+ ẋT(t)Y T
2 B1Λ

−1
4 BT

1Y2ẋ(t)+ f T(x(t− τ(t)))(B2(Λ3 +Λ4)BT
2 ) f (x(t− τ(t)))+2xT(t)Y T

1 A0 f (x(t))

+2xT(t)Y T
1 B0 f (x(t− τ(t)))+2ẋT(t)Y T

2 A0 f (x(t))+2ẋT(t)Y T
2 B0 f (x(t− τ(t))), (16)

where ζ T(t)ζ (t)≤ I, ρT(t)ρ(t)≤ I.
From expressions (3), (11)–(16), we have

V̇ (t)≤ τ(t)
τ

χ
T
1 (t)ϒ1χ1(t)+

τ− τ(t)
τ

χ
T
1 (t)ϒ2χ1(t),

where χ1(t)= col{x(t), ẋ(t),x(t−δM),x(t−εM),x(t−δ (t)),e(t),x(t−τ(t)),x(t−τ), f (x(t)), f (x(t−τ(t)))}, ϒ1 =∆ +ε1Λ
−1
3 εT

1 +

ε2Λ
−1
3 εT

2 + ε3Λ
−1
4 εT

3 + ε4Λ
−1
4 εT

4 + ε5S−1
3 εT

5 , ϒ2 = ∆̃ + ε1Λ
−1
3 εT

1 + ε2Λ
−1
3 εT

2 + ε3Λ
−1
4 εT

3 + ε4Λ
−1
4 εT

4 + ε6S−1
3 εT

6 .
Applying Schur complement, expressions (7) and (8) are equivalent to ϒ1 ≤ 0 and ϒ2 ≤ 0, respectively. Hence, it follows

that

V̇ (t)≤ 0, t ∈ [min{tk +h, tk+1}, tk+1). (17)

Part II System (5) with κ(t) = 0 and ε(t) ∈ (δM,εM]. To compensate x(t− ε(t)), we also have

−δM

∫ t

t−δM

ẋT(s)Q1ẋ(s)ds≤ [x(t)− x(t−δM)]TQ1[x(t)− x(t−δM)], (18)

−h
∫ t−δM

t−εM

ẋT(s)Q2ẋ(s)ds =−h
(∫ t−ε(t)

t−εM

ẋT(s)Q2ẋ(s)ds+
∫ t−δM

t−ε(t)
ẋT(s)Q2ẋ(s)ds

)
≤ −

[
x(t− ε(t))− x(t− εM)
x(t−δM)− x(t− ε(t))

]T [Q2 T2
∗ Q2

][
x(t− ε(t))− x(t− εM)
x(t−δM)− x(t− ε(t))

]
. (19)

Similar to expression (16), it yields

0 = 2[xT(t)Y T
1 + ẋT(t)Y T

2 ][−ẋ(t)−Dx(t)+A(t) f (x(t))+B(t) f (x(t− τ(t)))+Kx(t− ε(t))]

≤ 2[xT(t)Y T
1 + ẋT(t)Y T

2 ][−ẋ(t)−Dx(t)+Kx(t− ε(t))]+ xT(t)Y T
1 A1Λ

−1
3 AT

1Y1x(t)

+xT(t)Y T
1 B1Λ

−1
3 BT

1Y1x(t)+ f T(x(t))(A2(Λ3 +Λ4)AT
2 ) f (x(t))+ ẋT(t)Y T

2 A1Λ
−1
4 AT

1Y2ẋ(t)

+ ẋT(t)Y T
2 B1Λ

−1
4 BT

1Y2ẋ(t)+ f T(x(t− τ(t)))(B2(Λ3 +Λ4)BT
2 ) f (x(t− τ(t)))+2xT(t)Y T

1 A0 f (x(t))

+2xT(t)Y T
1 B0 f (x(t− τ(t)))+2ẋT(t)Y T

2 A0 f (x(t))+2ẋT(t)Y T
2 B0 f (x(t− τ(t))). (20)

In view of formulas (11), (12), (15), and (18)–(20), one has

V̇ (t)≤ τ(t)
τ

χ
T
2 (t)Π1χ2(t)+

τ− τ(t)
τ

χ
T
2 (t)Π2χ2(t),

where χ2(t) = col{x(t), ẋ(t),x(t − δM),x(t − εM),x(t −
ε(t)),x(t− τ(t)),x(t− τ), f (x(t)), f (x(t− τ(t)))}, Π1 = Ξ +

σ1Λ
−1
3 σT

1 + σ2Λ
−1
3 σT

2 + σ3Λ
−1
4 σT

3 + σ4Λ
−1
4 σT

4 + σ5S−1
3 σT

5 ,
Π2 = Ξ̃ +σ1Λ

−1
3 σT

1 +σ2Λ
−1
3 σT

2 +σ3Λ
−1
4 σT

3 +σ4Λ
−1
4 σT

4 +

σ6S−1
3 σT

6 .
Combining with Schur complement and expressions (9)–

(10), we have Π1 ≤ 0, Π2 ≤ 0. Therefore, it yields

V̇ (t)≤ 0, t ∈ [tk,min{tk +h, tk+1}). (21)

From expressions (17) and (21), we can conclude that
the closed-loop system (5) is globally asymptotically stable.
Namely, the global stabilization of system (1) with communi-
cation delay can be achieved under the discontinuous event-
trigger scheme. This completes the proof.

In view of the stability analysis results in Theorem 1, an
available design scheme for the feedback control gain K will
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be provided in Theorem 2.

Theorem 2 For given scalars ξ ≥ 0, τ ≥ 0, δM ≥ 0,
h > 0, λ ≥ 0, 0 ≤ µ < 1, if the feedback gain K is designed
as K = (Y T)−1K̃, thus the closed-loop system (5) is globally
asymptotically stable.

Proof Denote Y2 = Y1 = Y , K̃ = Y TK in LMIs (7)–(10).
Then, it is easy to derive the feedback gain K based on LMI
toolbox. The rest proof follows Theorem 1 immediately.

4. Related work

Considering the effect of communication delay, the main
difficulties and contributions will be discussed in this section.

(i) Proof of Theorem 1
It should be mentioned that, for ε(t) ∈ [0,δM] and κ(t) =

1, the closed-loop system (5) can be described by itself with
κ(t) = 0 and e(t) = 0. Clearly, the trigger scheme (6) can be
guaranteed. In this case, the condition (7) in Theorem 1 en-
sures V̇ (t) ≤ 0 for system (5) with ε(t) ∈ [0,δM], κ(t) = 1.
As such, we, here, just consider the dynamic behavior of sys-
tem (5) with ε(t) ∈ (δM,εM] and κ(t) = 1.

(ii) Robustness to communication delay
In this paper, the main difficulty is how to analyze

the stability of the trivial solutions of closed-loop sys-
tem (5) under discontinuous event-triggered control subject to
network-induced communication delay. Unlike the previous
works,[38,40] the closed-loop systems switching between the
rest interval and work interval may not occur if sk + δk + h ≥
sk+1 + δk+1. Accordingly, the developed system models and
analysis approaches in Refs. [38,40] cannot be applied in
this paper. To overcome these difficulties, a fictitious de-
lay function δ (t) is designed by utilizing the convex com-
bination method. Then, a novel closed-loop system (5) and
the related trigger condition (6) are respectively established
with the aid of δ (t). In addition, the other challenge is how
to investigate the stability of system (5). To this end, the
proof of Theorem 1 is divided into two steps, i.e., κ(t) = 1,
δ (t) ∈ [0,δM] and κ(t) = 0, ε(t) ∈ (δM,εM]. Meanwhile, by
using the constructed Lyapunov–Krasovskii functional and ex-
tended reciprocally convex inequality technique, a new glob-
ally asymptotically stability criterion is derived for closed-
loop SDSNNs (5) with communication delay under discontin-
uous event-triggered control. As such, a unified framework, to
reflect the engineering practice, is proposed that aims to han-
dle the problem of simultaneous existence of the communi-
cation delay, discontinuous event-triggered control, and feed-
back controller design. It can not only make full use of the
advantage of the DET but also guarantee enough resilience

requirement and satisfactory performance influenced by com-
munication delay and limited network resources.

5. Numerical simulation
Example 1 Taken from Refs. [50], a chaotic SDSNN is

proposed and the related system parameters are described by

a11(x1) =

{
1.2, |x1|> 1,
1, |x1| ≤ 1,

a12(x2) =

{
−2.2, |x2|> 1,
−3.7, |x2| ≤ 1,

a21(x1) =

{
−0.12, |x1|> 1,
−0.1, |x1| ≤ 1,

a22(x2) =

{
2.8, |x2|> 1,
3, |x2| ≤ 1,

b11(x1) =

{
−4.5, |x1|> 1,
−3.7, |x1| ≤ 1,

b12(x2) =

{
−0.1, |x2|> 1,
−0.5, |x2| ≤ 1,

b21(x1) =

{
−2.12, |x1|> 1,
−1.08, |x1| ≤ 1,

b22(x2) =

{
−2.36, |x2|> 1,
−2.5, |x2| ≤ 1,

and f (x(t)) = tanh(x(t)), τ(t) = et/(1+ et), D = diag(1,1).
Thus, we can obtain L = diag(1,1), τ = 1, µ = 0.25,

A0 =

[
1.1 −2.95
−0.11 2.9

]
,

A1 =

[√
0.1
√

0.75 0 0
0 0 0.1

√
0.1

]
,

A2 =

[√
0.1 0 0.1 0
0
√

0.75 0
√

0.1

]
,

B0 =

[
−4.1 −0.3
−1.6 −2.43

]
,

B1 =

[√
0.4
√

0.2 0 0
0 0

√
0.52

√
0.07

]
,

B2 =

[√
0.4 0

√
0.52 0

0
√

0.2 0
√

0.07

]
.

Set h = 0.02, ξ = 1, λ = 0.015, δM = 0.01, εM = h+
δM = 0.03, x(s) = (1.2,−1.1)T, s ∈ [−1,0], the feedback gain

K =

[
−8 2
2 −11

]
. Then, based on Theorem 1, we can derive

the matrix P and trigger matrix Θ as follows (here only a few
matrices are listed to save space):

P =

[
0.011 −0.0004
−0.0004 0.0086

]
, Θ =

[
0.6655 −0.0994
−0.0994 0.5142

]
.
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Using the above parameters, figure 3 demonstrates that
the global stabilization of the closed-loop SDSNNs (5) with
communication delay can be achieved under discontinuous
event-triggered control. In the following, the influence of the
waiting time h and communication delay δM on the number of
triggering times are respectively discussed.

Case 1 To depict the effect of h on the triggering times,
choose ξ = 1, λ = 0.01, δM = 0.01, and some calculations
are shown in Figs. 4 and 5. Figure 4 displays the release times
with the different values of waiting time h over [0 s, 5 s]. From
Fig. 5, we can conclude that the triggering times will decrease
when h increases. That is to say, the average period ar will be-
come large. Accordingly, it is clear that the limited bandwidth
and computational resources can be effectively saved with the
increasing of h.
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Fig. 3. Evolutions of xi(t), xi(tk), i = 1,2 under DET scheme (6).
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Fig. 4. Event release instants with different h for ξ = 1, λ = 0.01, δM = 0.01.
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Fig. 6. Triggering times tr for different communication delay δM .
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Case 2 For fixed ξ = 1, λ = 0.01, h = 0.01, set δM =

0.005l, l = 1,2,3,4,5,6, figure 6 and Table 1 display the evo-
lution of triggering times tr. From Fig. 6 and Table 1, it
can be seen that only 135 data signals are transmitted when
δM = 0.005. However, it is noteworthy that the amount of
triggering times will increase if the communication delay δM

becomes large, which means that the output fluctuation of
closed-loop system is large. Namely, the increasing of δM can
aggravate the computational cost and transmission burden of
networked control systems.

Table 1. For fixed ξ = 1, λ = 0.01, h = 0.01, the triggering times tr ,
average period pr with different communication delay δM over [0 s, 5 s].

δM (s) 0.005 0.01 0.015 0.02 0.025 0.03

tr 135 148 155 162 166 175
pr (s) 0.037 0.0338 0.0323 0.0309 0.0301 0.0286

From above analyses, it is clear that a larger waiting time
h and a smaller communication delay δM contribute to a better
performance of triggering times.

Example 2 Consider a 2-neurons SDSNN (1) with τ(t)=
et/(1+ et), f (x(t)) = tanh(x(t)), D = diag(1,1), and

a11(x1) =

{
1.8, |x1|> 1,
2.2, |x1| ≤ 1,

a12(x2) =

{
−2.1, |x2|> 1,
−2, |x2| ≤ 1,

a21(x1) =

{
−0.4, |x1|> 1,
−0.56, |x1| ≤ 1,

a22(x2) =

{
2.7, |x2|> 1,
2.8, |x2| ≤ 1,

b11(x1) =

{
−4.2, |x1|> 1,
−3.32, |x1| ≤ 1,

b12(x2) =

{
−2.8, |x2|> 1,
−2.6, |x2| ≤ 1,

b21(x1) =

{
−1.68, |x1|> 1,
−1.5, |x1| ≤ 1,

b22(x2) =

{
−3.8, |x2|> 1,
−3.6, |x2| ≤ 1,

then, one has L = diag(1,1), τ = 1, µ = 0.25,

A0 =

[
2 −2.05

−0.48 2.75

]
,

A1 =

[√
0.2
√

0.05 0 0
0 0

√
0.08

√
0.05

]
,

A2 =

[√
0.2 0

√
0.08 0

0
√

0.05 0
√

0.05

]
,

B0 =

[
−3.76 −2.7
−1.59 −3.7

]
,

B1 =

[√
0.44

√
0.1 0 0

0 0 0.3
√

0.1

]
,

B2 =

[√
0.44 0 0.3 0
0
√

0.1 0
√

0.1

]
.

Take h = 0.04, ξ = 1, λ = 0.01, δM = 0.01, εM = h+
δM = 0.05, x(s) = (−0.8,1.3)T, s ∈ [−1,0]. As well, combin-
ing with Theorem 2, one can obtain the trigger matrix Θ and
feedback gain K:

Θ =

[
48.3403 −1.8412
−1.8412 48.8934

]
, K =

[
−5.9286 0.2613
0.2987 −5.5418

]
.

As shown in Fig. 7(a), it can be seen that the state re-
sponses xi(t) and xi(tk) (i = 1,2) of system (6) converge to
origin. Furthermore, figure 7(b) displays the event release in-
stants over [0 s, 12 s]. One can obtain the trigger times tr = 187
and average period ar = 0.0642 s. It implies that the global
stabilization of system (6) can be achieved via discontinuous
event-triggered control with communication delay.
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Fig. 7. (a) Evolutions of xi(t), xi(tk), i = 1,2; (b) event release instants over
[0 s, 12 s] under DET scheme (6).

It should be mentioned that when λ = 0 and h = 0 in
system (6), the DET control will degenerate into periodic
sampled-data (PS) control and CET control, respectively. In
order to display the advantage of DET, some comparisons
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are illustrated as follows. Set the initial value as x(s) =
(−0.8,1.3)T, s∈ [−1,0], h= 0.01, ξ = 1, λ = 0.1, and δM = 0.
In terms of Theorem 2, the triggering times for different con-
trol schemes are displayed in Table 2. Compared with the PS
and CET, it is easy to see that the number of triggering times,
based on DET (3), is respectively reduced more than 91% and
86%. It means that the limited network resources can be ef-
fectively saved by using DET control.

Table 2. Comparisons of the average release period ar , triggering times
tr , and data transmission rates o for h= 0.01, ξ = 1, λ = 0.1, and δM = 0
over [0 s, 8 s].

Method ar (s) tr o

PS 0.01 800 100%
CET 0.074 108 13.5%
DET 0.123 65 8.1%

6. Conclusion
The global stabilization problem of SDSNNs is developed

under discontinuous event-triggered control with communica-
tion delay. Considering the influence of communication de-
lay, the trigger condition and SDSNNs are transformed into
two tractable models by introducing a fictitious delay function.
Then, a Lyapunov–Krasovskii functional is designed for the
resulting closed-loop SDSNNs. Meanwhile, some inequality
estimation techniques and extended reciprocally convex com-
bination method are employed to guarantee the stability of the
closed-loop SDSNNs. A unified framework is established that
is capable of handling the simultaneous existence of the prop-
erties of discontinuous event-trigger scheme, feedback con-
troller design, as well as communication delay. Lastly, two
examples are given to illustrate the validity of the obtained re-
sults. In our future work, the networked privacy problems will
be considered in the presence of DET control. In addition, how
to extend the developed framework to consider the privacy is-
sues with DET control will be another interesting topic.
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