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Nonlinear photoncurrent in transition metal dichalcogenide with
warping term under illuminating of light∗
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We investigate the photoconductivities of injection current and the shift current in transition metal dichalcogenide with
warping term in the presence of sublattice potential and spin orbit coupling. The system shows the valley photoconductiv-
ities of injection current and the photoconductivities of shift current. It is found that the warping term and the geometric
tensor play a critical role in the system, which are responsible for the photoconductivities. Due to the interplay between the
sublattice potential and the spin orbit coupling, the photoconductivities can be tuned. Furthermore, the effect of warping
term on geometric tensor and the amplitude of the photoconductivities are also discussed.

Keywords: photoconductivity, transition metal dichalcogenide, warping term
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1. Introduction
With the rapid progress in synthesizing and characteriz-

ing, monolayer transition metal dichalcogenide (TMDC) has
become a powerful candidate for its practical applications
in future nanophotonic devices and technology. Monolayer
TMDC is a direct band gap semiconductor. The inversion
asymmetric crystal structure leads to spin valley coupling and
valley contrasting Berry curvature.[1–4] Therefore, monolayer
TMDC is a suitable candidate for optical manipulations, and
provides access to many optoelectronic applications. It has
been predicted that both valley Hall and spin Hall conduc-
tivities can be achieved in monolayer TMDC by circularly
and linearly polarized light.[5–8] When the spin orbit coupling
and warping term are absent, optical absorption in monolayer
TMDC has been studied.[9,10] Furthermore, the ultrafast valley
relaxation dynamics in monolayer MoS2 was probed by non-
equilibrium optical technique.[11] The effect of intense fem-
tosecond laser excitation on the monolayer MoS2 has been
studied.[12] Moreover, femtosecond valley polarization and
topological resonances in TMDC were studied by a single cy-
cle of a strong circularly polarized optical field with duration
of a few femtoseconds.[13] Photocurrent in TMDC also has
been investigated.[14,15] However, the nonlinear response on
external field in TMDC has been poorly understood.

We focus on the second-order nonlinear response, which
has received increasing attention as a way to probe the topo-
logical properties of materials. There are a variety of second-
order nonlinear response including inject current, shift current,
nonlinear Hall effect, and harmonic generation. The injec-
tion and shift mechanisms are two important ones of term.
They are resulted from the transition of electron velocity and

the transition of electron position during the optical excita-
tion, respectively. They are second-order nonlinear optical
effect, which has been attracting increasing interest and in-
tensively investigated theoretically and experimentally.[16–27]

Due to time-reversal symmetry breaking in magnetic systems,
linearly polarized light can generate injection currents. An un-
usual photogalvanic effect has been predicted on the topologi-
cal insulator surface when its semimetallic electronic spectrum
is modified by an adjacent ferromagnet.[28] Ogawa et al.[29]

demonstrated the generation of large zero-bias photocurrent in
magnetic topological insulator thin films on mid-infrared pho-
toexcitation. The combination of inversion symmetry breaking
and finite tilts of the Weyl spectra can lead to significant pho-
tocurrents in three-dimensional Weyl semimetals.[30] The shift
current is a steady-state photocurrent generated in the materi-
als without inversion symmetry, originating from the geomet-
ric Berry phase of the constituting electron bands. The shift
current has been proved to lead the ground breaking discov-
eries in Weyl semimetals,[31] tungsten disulfide nanotubes,[32]

and silicon.[33] In experiment, the inject current can be de-
tected by illuminating optical field,[34–36] and the shift current
can be detected by short-circuit current measurements.[37,38]

They have potential applications in energy harvesting, photon
detection, nonlinear electronics, and quantum-confined spin-
tronic devices.

Given these backgrounds, we present detail of studying
on the photoncurrent in TMDC induced by a nonlinear optical
interaction due to the illuminating of light. We focus on the
injection and shift mechanisms. In TMDC, the warping term
induces important modification on geometric tensor, which de-
pends on valley and spin index. Furthermore, the photoncur-
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rent in TMDC is governed by warping term and geometric ten-
sor.

This paper is organized as follows. We firstly describe
the model with warping term, and analyze band structure in
Section 2, and present the results for Berry curvature and geo-
metric tensor in Section 3. In Section 4, we present the results
of the injection current and shift current. We analyze the effect
of warping on geometric tensor, the valley photoconductivities
of injection current, and the photoconductivities of shift cur-
rent. Finally, we give a brief conclusion in Section 5.

2. Model
The effective two-band model of monolayer TMDC with

warping term around the K and K′ valleys (labeled by η =±1
respectively) is[1–4]

H = ηvkxσx + vkyσy +
∆

2
σz

−ηs
λ

2
(σz−1)+κ(k2

x − k2
y)σx−2ηκkxkyσy, (1)

where v is the Fermi velocity, kx,y are components of the mo-
mentum measured relative to the K/K′ point, σx,y,z are the
Pauli matrices associated with the sublattice pseudospin, ∆ is
responsible for opening the band gap, 2λ is the spin splitting
at the valence band top caused by the spin orbit coupling, and
s is the index for spin. Here κ is responsible for the warping
term, which is resulted from the lattice structure in TMDC.[1,2]

Moreover, the warping term in honeycomb lattice can be tuned
by Rashba spin-orbit coupling[39,40] or strain.[41] All energies
are measured in units of v in this work.

For a two-band system, the Hamiltonian can always be
expressed in terms of the Pauli matrices as

H = d0𝐼+𝑑 · σ̂ . (2)

In TMDC, 𝑑 = (dx(𝑘),dy(𝑘),dz(𝑘)), σ̂ = (σx,σy,σz), d0 =

ηs λ

2 , dx(𝑘) = ηvkx + κ(k2
x − k2

y), dy(𝑘) = vky − 2ηκkxky,
dz(𝑘) =

∆

2 −ηs λ

2 , and 𝐼 is the rank-2 unit matrix. The cor-
responding eigenvalues and eigenvectors are

En = d0 +(−1)n
√

d2
x +d2

y +d2
z , (3)

and

|n〉 = e(−1)n i γ

2

[
sin
(

θ

2
+π

n−1
2

)
e i γ

2 ,

− cos
(

θ

2
+π

n−1
2

)
e−i γ

2

]T

, (4)

where n = 1,2 denote the valence (conduction) band, su-
perscript T denotes the transpose of the matrix, tanθ =√

d2
x +d2

y/dz, and tanγ = dy/dx. In order to show the ef-
fect of the warping term, we plot the energy contours of va-
lence band without and with the warping term in Figs. 1(a)

and 1(b) for η = 1 and s = 1 at fixed ∆ = 0.5v and λ = 0.1v,
respectively. When the warping term is present, the warping
term mostly deforms Fermi surfaces, which are significantly
trigonal-warped valence band. Furthermore, the bands have a
threefold rotational symmetry. Moreover, Figs. 1(c) and 1(d)
show the energy bands along ky = 0 without and with the warp-
ing term, respectively. The effect of the warping term in the
valence band is different from that in the conduction band due
to the electron-hole asymmetry induced by sηλ/2. Due to the
change of energy band dispersion, the corresponding group
velocity is modified. Therefore, the warping term induces im-
portant modifications on Berry curvature and geometric tensor,
and the effect of the warping term on Berry curvature and geo-
metric tensor will be included in the next section. This means
that the warping term will play an important role in the elec-
tronic transport properties of TMDC.
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Fig. 1. Contours plot of the corresponding valence band for monolayer
TMDC in units of v without (a) and with (b) the warping term for η = 1
and s = 1 at fixed ∆ = 0.5v and λ = 0.1v. The energy bands along
ky = 0 without (c) and with (d) the warping term. The blue solid lines
denote spin-up bands and the red dashed lines correspond to spin-down
bands.

3. Berry curvature and geometric tensor
In this section, we present the calculated results for Berry

curvature and geometric tensor based on the following equa-
tions. Due to the good quantum numbers of spin and valley
index, the corresponding Berry curvature in momentum-space
for spin s and valley η component of the system is calculated
by[42]

Ωn(η ,s)(𝑘) =− ∑
n′ 6=n

2Im〈n|v̂x|n′〉〈n′|v̂y|n〉
(En′ −En)2 . (5)

The summation is taken over all the occupied bands blow the
bulk gap, and v̂x(y) is the velocity operator along x(y) direc-
tion. For our system, straightforward calculations show that
the valley- and spin-dependent Berry curvature is

Ω(η ,s)(𝑘) = η
∆−ηsλ

4|𝑑|3
(v2−4κ

2k2). (6)
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In Fig. 2, we plot the Berry curvatures of valence band
in 2D plane for spin-up electron state in monolayer TMDC
around the two valleys in the absence/presence of the warping
term. The corresponding Berry curvatures for spin-down elec-
tron states can be obtained by time reversal symmetry. Berry
curvature has opposite signs in opposite valleys for the spin-up
energy band. The Berry curvatures decay rapidly, and eventu-
ally vanish away from the valleys. In the absence of the warp-
ing term, Figs. 2(a) and 2(c) show that the Berry curvatures
only depend on the module of k, which can be confirmed by
Eq. (6). The Berry curvatures are prominently warped in the
presence of the warping term. Therefore, the warping term
leads to significant corrections to the magnitude of the Berry
curvatures, which is dependent on spin (s) and valley index
(η). The spin and valley resolved intrinsic Hall conductance
can be calculated from the Berry curvature directly. Therefore,
the spin and valley Hall conductance can be tuned by control-
ling the warping term.[43] On the other hand, the symmetry
of our system and Berry curvatures are C3v when the trigonal
warping term is included. Thus, the nonlinear Hall effect in
warped TMDC is absent.[44]
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Fig. 2. Berry curvatures of valence band for monolayer TMDC for s= 1
at fixed ∆ = 0.5v and λ = 0.1v. Here (a) and (b) are Berry curvatures
without and with the warping term (κ = 0.4) for valley η = 1; (c) and
(d) are Berry curvatures without and with the warping term (κ = 0.4)
for valley η =−1.

Next, we study the warping effect on the geometric ten-
sor. The geometric tensor is defined as[45]

gaa(η ,s) = ∑
n′ 6=n

Re〈n|v̂a|n′〉〈n′|v̂a|n〉
(En′ −En)2 . (7)

Based on the eigenvectors (Eq. (4)) of our system, the valley-
and spin-dependent geometric tensor in the valence band is
obtained as follows:

gaa(η ,s)(𝑘) = −1
4
[
(∂aθ)2 + sin2

θ(∂aγ)2] . (8)

The geometric tensor distribution without (a)/(c) and with
(b)/(d) the warping term are show in Fig. 3 for s = 1 at fixed
∆ = 0.5v and λ = 0.1v, respectively. In contrast to that of
Berry curvatures, the geometric tensors have the same signs at

opposite valleys for the spin-up energy band. When the warp-
ing term is absent, we observe that the geometric tensors are
peaked at the coordinate origin. Due to the warping term, the
peaks will shift and split. Furthermore, the amplitudes of the
peaks without and with the warping term are related to the
valley index, which can be confirmed by the definitions of θ

and γ . The amplitudes of the geometric tensor with or without
the warping term in opposite valleys are different. Therefore,
TMDC can be as a candidate for pseudospintronic (valley) de-
vices, and the warping term will lead to the important modi-
fications of physical quantity depending on geometric tensors.
Moreover, the pseudospintronic (valley) transport should be
studied due to the difference of the geometric tensor between
the two valleys.
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Fig. 3. Geometric tensor gxx for monolayer TMDC without (a)/(c) and
with (b)/(d) the warping term for s = 1 at fixed ∆ = 0.5v and λ = 0.1v.
Here (a) and (b) are the geometric tensors without and with the warping
term (κ = 0.4) for valley η = 1; (c) and (d) are the geometric tensors
without and with the warping term (κ = 0.4) for valley η =−1.

4. Injection current and shift current
In this section, we investigate the injection current and

shift current, which are second-order optical effect with the
induced direct current proportional to the square of electric
field. For electric field at frequency ω , the photoconductivity
of injection current and shift current are given by[16,26]

σ
cab
ic (ω) =

2τπe3

h̄

∫ d2k
(2π)2 ∑

nm
fnmra

nmrb
nm∆

c
nmδ (h̄ω−Emn), (9)

σ
cab
sc (ω) =

2πe3

h̄

∫ d2k
(2π)2 ∑

nm
fnmra

nmrb
nmRcb

nmδ (h̄ω−Emn), (10)

where the summation is taken over all Bloch bands, Emn =

Em −En; fnm = En −Em is the difference of Fermi occupa-
tions with the Fermi–Dirac distribution function fn = 1/(1+
e(En−EF )/kBT ), T is the temperature, kB is the Boltzmann con-
stant, rb

nm = i〈n|∂bm〉 for m 6= n is inter-band Berry connection
and is the intra-band Berry connection for band m = n, with
∂b = ∂/∂kb and |n〉 being the eigenstate of energy band En.
∆ a

nm = vnn− vnm is the group velocity difference of bands m
and n. Rab

nm = ∂aφ b
nm + ra

nn− ra
mm is the shift vector, and φ b

nm is
the phase factor of the Berry connection rb

nm.
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In this work, we focus on the components of photocon-
ductivity σ xaa

ic (ω,η ,s) and σ
yaa
sc (ω,η ,s) (a = x,y). For our

system,

σ
caa
ic (ω,η ,s) =

τπe3

h̄

∫ d2k
(2π)2∑

nm
fnmgaa∆

c
nmδ (h̄ω−Emn),(11)

σ
caa
sc (ω,η ,s) =

πe3

h̄

∫ d2k
(2π)2 ∑

nm
fnmgaaRca

nmδ (h̄ω−Emn), (12)

According to the eigenvectors (Eq. (4)), a straightforward
calculation shows that the photoconductivity of injection cur-
rent at zero temperature is

σ
xxx
ic (ω,η ,s)≈−σ

xyy
ic (ω,η ,s)

=
16τπe3

h̄3
ω2[h̄2

ω2−4d2
z ]

∫ d2k
(2π)2

∂ |𝑑|
∂kx

δ (h̄ω−2|𝑑|)

×
[
|êz ·𝑑×∂x𝑑|2 +

d2
z

h̄2
ω2
|∂xd2|2

]
, (13)

while σ
yyy
ic (ω,η ,s) = σ

yxx
ic (ω,η ,s) = 0; d = |𝑑| =√

d2
x +d2

y +d2
z . In Fig. 4, we plot the valley photoconduc-

tivity of injection current σ xxx
V,ic(ω) = ∑ηs ησ xxx

ic (ω,η ,s) as a
function of ω at δ = 0.1 and λ = 0.4 for varying κ , while
σ xxx

ic (ω) = ∑ηs σ xxx
ic (ω,η ,s) ≈ 0. This is due to the time re-

versal symmetry of the energy bands and the same signs of
the geometric tensors at opposite valleys. When the warping
term is absent, the valley photoconductivity is zero. When
ω locates at the top of first valence band, σ xxx

V,ic(ω) emerges
suddenly, and decreases with the ω . When ω sweeps the top
of the second valence band, σ xxx

V,ic(ω) shows a discontinuous
behavior, and then decreases with the ω . The two positions
of the peaks locate at top of the two valence bands. Finally,
σ xxx

V,ic(ω) disappears at larger ω . Moreover, the amplitude of
σ xxx

V,ic(ω) increases along with varying κ .

ω
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V
,i
c

Fig. 4. Photoconductivity of injection current σ xxx
V,ic dependence on ω in

units of στ = τe3/h̄ at δ = 0.1v and λ = 0.4v for κ = 0, 0.1, 0.2, 0.3,
and 0.4, respectively.

For the shift current, the photoconductivity at zero tem-
perature is

σ
yyy
sc (ω,η ,s)≈−σ

yxx
sc (ω,η ,s)

=
4πe3

h̄4
ω3

∫ d2k
(2π)2 vκ(∆ −ηsλ )δ (h̄ω−2|𝑑|), (14)

while σ xxx
sc (ω,η ,s) = σ

xyy
sc (ω,η ,s) = 0. Based on Eq. (14),

the photoconductivity of shift current is determined by the

warping term and it can be tuned by the interplay between the
sublattice potential and spin orbit coupling. Figure 5 shows
the band edge shift current σ

yyy
sc (ω) = ∑ηs σ

yyy
sc (ω,η ,s) as a

function of ω at δ = 0.1 and λ = 0.4 for varying κ , while
σ

yyy
V,sc(ω) = ∑ηs ησ

yyy
sc (ω,η ,s) = 0. In the presence of the

warping term, nonzero σ
yyy
sc (ω) emerges suddenly at the top

of the first valence band, and decreases with the ω . When
ω sweeps the top of second valence band, σ

yyy
sc (ω) shows a

sign-reversal behavior. Finally, σ
yyy
sc (ω) increases with ω , and

disappears at larger ω . Moreover, the amplitude of σ
yyy
sc (ω)

can be controlled by changing κ .
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Fig. 5. Photoconductivity of shift current σ
yyy
sc dependence on ω in units

of σ0 = e3/h̄ at δ = 0.1v and λ = 0.4v for κ = 0, 0.1, 0.2, 0.3, and 0.4,
respectively.

Based on the results of the photoconductivities of inject
and shift current, we can find that the warping term is play-
ing an essential role in the nonlinear transport properties of
materials. In TMDC, the warping term is due to the intrin-
sic lattice structure, which is different from the other mate-
rials. In graphene, the system shows the warped band struc-
ture when the Rashba spin-orbit coupling is stronger than the
intrinsic spin-orbit coupling.[39] Considering a uniform uni-
axial strain, graphene will has anisotropic warping term.[41]

When the strength of the Rashba SOC becomes comparable
to the hopping energy, silicene shows a warped low-energy
Hamiltonian.[40]

5. Conclusions

In conclusion, we have studied the photoconductivities
of injection current and the shift current in transition metal
dichalcogenide with the warping term in the presence of the
sublattice potential and the spin orbit coupling. It is found
that there are the valley photoconductivities of injection cur-
rent and the photoconductivities of shift current in the system.
Moreover, we find that the the photoconductivities are deter-
mined by warping term and geometric tensor, and controlled
by the interplay between the sublattice potential and the spin
orbit coupling. Our findings provide a way to control the non-
linear transport properties of materials, and a approach to de-
tect the geometric tensor by nonlinear optical response.
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