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Dissipative dynamics of an entangled three-qubit system via
non-Hermitian Hamiltonian: Its correspondence with

Markovian and non-Markovian regimes
M Rastegarzadeh and M K Tavassoly†

Laser and Optics Group, Faculty of Physics, Yazd University, Yazd 89195-741, Iran

(Received 14 July 2020; revised manuscript received 30 September 2020; accepted manuscript online 20 October 2020)

We investigate an entangled three-qubit system in which only one of the qubits experiences the decoherence effect
by considering a non-Hermitian Hamiltonian, while the other two qubits are isolated, i.e., do not interact with environ-
ment, directly. Then, the time evolution of the density matrix (for the pure as well as mixed initial density matrix) and
the corresponding reduced density matrices are obtained, by which we are able to utilize the dissipative non-Hermitian
Hamiltonian model with Markovian and non-Markovian regimes via adjusting the strange of the non-Hermitian term of the
total Hamiltonian of the under-considered system.

Keywords: non-Hermitian Hamiltonian, entanglement, concurrence measure, Markovian and non-Markovian
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1. Introduction

Quantum entanglement, as a marvellous phenomena in
quantum optics and quantum mechanics, has been utilized in
quantum information science and technologies.[1–5] The dissi-
pation as a source of entanglement attenuation, which destroys
quantum coherence, has been converted to the most impor-
tant and ubiquitous topics in quantum optics of open quan-
tum systems. Dissipative systems have been investigated with
different approaches.[6–8] Among them we may refer to den-
sity operator (the Lindbland master equation), quantum jump
and noise operator approach.[9] In the studies on the interac-
tion of quantum optics systems with their environments, two
main regimes are considered, known as Markovian and non-
Markovian. The quantum Fisher information flow may be em-
ployed for distinguishing the Markovian and non-Markovian
processes.[10,11] Moreover, in particular, the entanglement re-
vives in the non-Markovian regime[9,12–15] and reduced expo-
nentially in the Markovian regime.[16–18] In fact, even though
Markovian dynamics includes a level of back reaction, it ne-
glects the entanglement that arises between bodies and bath
modes during the evolution. Although some works deal with
this issue,[19] it is an attractive theoretical challenge to extend
the obtained results under various conditions in the Markovian
to the non-Markovian regime.[20]

Along the above-mentioned approaches, the non-
Hermition Hamiltonian approach is a rather different method
which has been frequently used in the literature deal with open
quantum systems[21–26] and PT-symmetric systems.[27,28]

Also, a few applications of non-Hermitian Hamiltonian in

quantum optics have been established in Ref. [29]. Accord-
ing to the theory of quantum jump, whenever no detector click
occurs, the system dynamics follows a non-unitary evolution
(which governs via a suitable non-Hermitian Hamiltonian[7]).
For further usefulness of non-Hermitian operators in quan-
tum optics studies, one may refer to Ref. [30]. Related to
the latter approach, in Ref. [21], non-Hermitian Hamiltonian
for a modulated Jaynes–Cummings model has been studied.
The entropy of “single-qubit” is evaluated by considering a
general non-Hermitian Hamiltonian.[22–24] Also, the authors
in Ref. [25] investigated the evolution of quantum (von Neu-
mann) entropy and entropic uncertainty of an entangled “two-
qubit” system in which only one of the two qubits is affected
by the environment described via a non-Hermitian Hamilto-
nian.

Moreover, as is found in the literature, extending two-
partite systems to three- and more-partite systems is of enough
interest for their usefulness applications. For instance, quan-
tum teleportation protocols, based on three-qubit (or in gen-
eral multi-qubit) entangled states, are widely used in order
to construct quantum networks in the theoretical[31–34] and
practical[35–37] researches, especially for their applications in
the content of weak measurement and quantum measurement
reversal.[38–40] As an example, the extension of entanglement
in superconducting circuits, which has been so far limited to
two qubits, to three, eight and ten qubits has been achieved
among spins, ions and photons, respectively.[41]

Motivating by the above-mentioned facts, in the present
work we study the entanglement dynamics of an entangled
“three-qubit” system in the presence of dissipation via extend-
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ing the presented approach in Refs. [25,26], wherein a two-
qubit system is considered (one of them is interacted with
its environment and the other one is isolated), and a non-
Hermitian Hamiltonian is used. In detail, we assume three
entangled qubits, where only one of them interacts with the
environment via a non-Hermitian Hamiltonian and the other
two qubits have been isolated. Our aim is to investigate the
entanglement time behavior of each pair of qubits. To achieve
our purpose, we obtain the temporal evolution of the density
matrix of the entire system via applying time evolution oper-
ator on the two initial states, in the cases of pure and mixed
initial density matrices. Then, we calculate the reduced den-
sity matrix associated with all possible qubit pairs of the three
qubits. In the continuation, we evaluate the dynamics of en-
tanglement of the three possible qubit pairs via the concur-
rence measure for deferent initial conditions, either with pure
or mixed initial states. As a further interesting result of this
work, we will establish a suitable correspondence between
the considered dissipative model with the Markovian and non-
Markovian regimes by introducing a critical value for the dis-
sipative parameter in the considered non-Hermitian Hamilto-
nian approach.

The rest of the paper is organized as follows: In Section 2,
we present our model and investigate its evolution. In Section
3, we investigate the evolution of entanglement among three
considered qubits when the system is initially prepared in pure
as well as in mixed states. Finally, we provide our concluding
remarks.

B

A

C

ρ(0)^ ρ(t)^

ÎB

ÎC

ĤA

Fig. 1. Diagram of the entangled three-qubit system under the influence
of environment.

2. The model and its evolution
We assume an entangled three-qubit system where the

qubit A, with ground (excited) states |0⟩A (|1⟩A) experiences
a local environmental effect described by a non-Hermitian
Hamiltonian, while the other two qubits B and C, with ground
(excited) states |0⟩B (|1⟩B) and |0⟩C (|1⟩C), are isolated (see
Fig. 1). The general form of the non-Hermitian Hamiltonian
ĤA is written as

ĤA = Ĥ+− iΓ̂ , (1)

where both Ĥ+ = Ĥ+
† and Γ̂ = Γ̂ † are Hermitian. In partic-

ular, Hamiltonian (1) may be defined in the following form

(h̄ = 1),

ĤA =−∆σ̂
A
x − iγσ̂

A
z , (2)

where the real values ∆ and γ describe the strength of Her-
mitian and non-Hermitian parts of Hamiltonian, respectively.
Also, σ̂A

x and σ̂A
z are Pauli matrices for qubit A. Now, we

are going to determine the time-dependent density operator
of the system by applying the time evolution operator Û(t) =
ÛA ⊗ ÎB ⊗ ÎC on the initial density operator as follows:

ρ̂(t) = Û(t) ρ̂(0)Û†(t). (3)

Note that ρ̂(t) is not trace preserved here due to the non-
Hermitian Hamiltonian of system, while observers have to
measure the quantum system in conventional quantum world.
Thus, ρ̂(t) should be normalized as

˜̂ρ(t) =
ρ̂(t)

Trρ̂(t)
. (4)

By straightforward calculations, we achieve the matrix corre-
sponding to the time-evolution operator of qubit A as follows:

ÛA(t) =
(

U11(t) U12(t)
U21(t) U22(t)

)
, (5)

with elements

U11(t) = cosh(µτ)− γ̃

µ
sinh(µτ),

U22(t) = cosh(µτ)+
γ̃

µ
sinh(µτ),

U12(t) =U21(t) =
i
µ

sinh(µτ). (6)

For simplicity, we use the notations τ = ∆t, γ̃ = γ/∆ and
µ =

√
γ̃2 −1.

3. Entanglement of the system in the absence
and presence of dissipation

3.1. The concurrence for the initial pure state

At this stage, we assume that the three-qubit system is ini-
tially prepared in two pure states, i.e., the generalized Schmidt
decomposition as Werner state (W-state)[42] as well as the
generalized Greenberger–Horne–Zeilinger (GHZ) state[43,44]

as follows:

|Ψ(0)⟩W = a |1⟩A |0⟩B |0⟩C +b |0⟩A |1⟩B |0⟩C

+c |0⟩A |0⟩B |1⟩C , (7)

|Ψ(0)⟩G = λ0 |0⟩A |0⟩B |0⟩C +λ1 e iφ |1⟩A |0⟩B |0⟩C

+λ2 |1⟩A |0⟩B |1⟩C + λ3 |1⟩A |1⟩B |0⟩C

+λ4 |1⟩A |1⟩B |1⟩C , (8)

where the state ket |0⟩i (|1⟩i) is denoted for the ground (ex-
cited) state of the i-th qubit, i = A,B,C. The assumed (real)
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coefficients must satisfy the normalization relations a2 +b2 +

c2 = 1 and ∑
4
j=0 λ 2

j = 1 with 0 ≤ φ ≤ π .
Therefore, we have

ρ̂W(G)(0) = |Ψ(0)⟩W(G) ⟨Ψ(0)| . (9)

Using Eqs. (3), (4), (5), (7) and (8), and after some lengthy
calculations, the explicit form of the density operator of the
system can be obtained. As a result, the reduced density ma-
trices can be calculated by

ρ̂
AB
red (t) = trC( ˜̂ρ(t)), ρ̂

AC
red (t) = trB( ˜̂ρ(t)),

ρ̂
BC
red (t) = trA( ˜̂ρ(t)). (10)

Here, we represent only one of the above reduced density ma-
trices (ρAB) for the above introduced initial states in Eqs. (7)
and (8):

ρ̂
AB
red =

1
𝒩W(G)(t)


ρAB

11 ρAB
12 ρAB

13 ρAB
14

ρAB
21 ρAB

22 ρAB
23 ρAB

24
ρAB

31 ρAB
32 ρAB

33 ρAB
34

ρAB
41 ρAB

42 ρAB
43 ρAB

44

 , (11)

where 𝒩W(G)(t) is the normalization factor that reads

𝒩W(t) = (b2 + c2)
[
U2

22(t)−U2
12(t)

]
+a2 [U2

11(t)−U2
12(t)

]
, (12)

𝒩G(t) = λ
2
0
(
U2

22(t)−U2
12(t)

)
+
(
λ

2
1 +λ

2
2 +λ

2
3 +λ

2
4
)

×
(
U2

11(t)−U2
12(t)

)
+2i sinφλ0λ1U12(t)

(
U22(t)−U11(t)

)
. (13)

The matrix elements in Eq. (11) for the initial W-state are
given by

ρ
AB
11 =−b2U2

12(t), ρ
AB
22 = b2U2

22(t),

ρ
AB
33 = a2U2

11(t)− c2U2
12(t), ρ

AB
44 = c2U2

22(t)−a2U2
12(t),

ρ
AB
12 =−ρ

AB
21 = b2U12(t)U22(t),

ρ
AB
13 =−ρ

AB
31 = abU11(t)U12(t),

ρ
AB
14 = ρ

AB
41 =−abU2

12(t),

ρ
AB
23 = ρ

AB
32 = abU11(t)U22(t),

ρ
AB
24 =−ρ

AB
42 =−abU12(t)U22(t),

ρ
AB
34 =−ρ

AB
43 =−a2 U11(t)U12(t)+ c2U22(t)U12(t). (14)

Such matrix elements for the initial GHZ-state are represented
in appendix A. Now, due to the important role of entanglement
in quantum science and technologies, we pay our attention to
the entanglement between the qubits A and B via the concur-
rence measure. This quantity is defined as[45]

C(t) = max{0,
√

e1 −
√

e2 −
√

e3 −
√

e4}, (15)

where ei (i = 1,2,3,4) are the eigenvalues of the matrix
ρ̂AB

red (σ̂
A
y ⊗ σ̂B

y )(ρ̂
AB
red )

*(σ̂A
y ⊗ σ̂B

y ) in decreasing order with
(ρ̂AB

red )
* as the complex conjugate of ρ̂AB

red . Also, σ̂A
y and σ̂B

y

are the usual y Pauli matrices for the qubits A and B, respec-
tively. In this way, the concurrence of qubit pair AB that is
initially prepared in W-state can be obtained as follows:

CAB
W (t) =

∣∣∣∣ 2
𝒩W(t)

ab
[
U2

12(t)−U11(t)U22(t)
]∣∣∣∣ . (16)

Similarly, by considering the same initial state for the other
two pairs of qubits, i.e., AC and BC, one arrives at

CAC
W (t) =

∣∣∣∣ 2
𝒩W(t)

ac
[
U2

12(t)−U11(t)U22(t)
]∣∣∣∣ , (17)

CBC
W (t) =

∣∣∣∣ 2
𝒩W(t)

bc
[
U2

12(t)−U2
22(t)

]∣∣∣∣ . (18)

Also, we have obtained the concurrence measure for all three
pairs of qubits AB, AC and BC in the following form, when
we consider the GHZ-state (8) as the initial state of the system,

CAB
G (t) =

λ0

𝒩G(t)

√(
2λ 2

3 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)2

+2
√

λ 2
3

(
λ 2

3 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)4

−

√(
2λ 2

3 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)2 −2

√
λ 2

3

(
λ 2

3 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)4
, (19)

CAC
G (t) =

λ0

𝒩G(t)

√(
2λ 2

2 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)2

+2
√

λ 2
2

(
λ 2

2 +λ 2
4

)(
U2

12(t)−U11(t)U22(t)
)4

−
√(

2λ 2
2 +λ 2

4

)(
U2

12(t)−U11(t)U22(t)
)2 −2

√
λ 2

2

(
λ 2

2 +λ 2
4

)
(U2

12(t)−U11(t)U22(t))4, (20)

CBC
G (t) =

1
𝒩G(t)

√η(t)+

√
η2(t)− 1

4
λ 4

0 λ 4
4 (U

2
12(t)−U11(t)U22(t))4


−

√η(t)−
√

η2(t)− 1
4

λ 4
0 λ 4

4 (U
2
12(t)−U11(t)U22(t))4

 , (21)
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where we have defined

η(t) = 2
(
λ

2
2 λ

2
3 −2λ1λ2λ3λ4 cosφ +λ0λ1λ

2
4
)

×
(
U2

11(t)−U2
12(t)

)2 −4iλ0λ1λ
2
4 sinφ(U2

11(t)

−U2
12(t))((U11(t)−U22(t)))

−λ
2
0 λ

2
4
(
U2

12(t)
(
2
(
U2

11(t)+U2
22(t)

−U11(t)U22(t)−U2
12(t)

)
−U2

11(t)U
2
22(t)

))
. (22)

Note that {Ui j} in Eqs. (12)–(14) and (16)–(22) have been in-
troduced in Eq. (6). Using Eqs. (16)–(18) the concurrences
measured, corresponding to the qubit pairs AB, AC and BC
for the initial W-state against the scaled time τ = ∆t and for
different values of non-Hermitian (dissipation) parameter γ̃ ,
have been shown in Fig. 2. Also, we use Eqs. (19)–(21) in
Fig. 3 for the initial GHZ-state. In addition, we have plotted
the concurrences for the symmetrical and asymmetrical initial
conditions respectively in left and right curves in Figs. 2 and 3.
Considering the symmetrical initial conditions a = b = c and
λ0 = λ1 = λ2 = λ3 = λ4, respectively, for W- and GHZ-state,
the concurrences of the pairs of qubits AC and AB are the same
(compare Eqs. (16) and (19) with Eqs. (17) and (20), respec-

tively). It is interesting to notice that the initial state with no
initial entanglement between qubit A and the entangled qubits
B and C, which can be obtained by setting a = 0 in Eq. (7),
still results in the time evolution of entanglement between B
and C. This may be observed via the relations (12) and (18).
By referring to the curves (plotted in Figs. 2 and 3) one may
find that, as is usually expected, in the absence of dissipation,
the concurrence of pairs of qubits is preserved and therefore,
the entanglement between qubits is invariant as time is passed.
However, in the presence of dissipation, the amount of entan-
glement varies as time goes on. In particular, for γ̃ < 1 we ob-
serve a few oscillations in all subsystems conforming the en-
tanglement behavior within the non-Markovian regimes.[46–49]

However, for dissipation values in the range γ̃ > 1, the entan-
glement degree in the two pairs of qubits AB and AC drops
out to zero, without any oscillation, i.e., such behavior is seen
in the Markovian regimes.[50] Interestingly, again for γ̃ > 1 in
the qubit pair BC the entanglement grows to some stable val-
ues more than the initial values, while we assume that the two
qubits B and C are initially isolated (see Figs. 2(e), 2(f), 3(e)
and 3(f)).
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W

Fig. 2. The concurrence of the qubit pairs against scaled time τ = ∆t for the initial W-state in the subspecies [(a), (b)], [(c). (d)], and [(e), (f)]
for the pairs AB, AC and BC, respectively. We plot the left curves for the symmetrical initial conditions a = b = c =

√
1/3 and the right curves

for the asymmetrical conditions a =
√

1/2, b =
√

3/8, c =
√

1/8. Furthermore, we consider different values γ̃ = 0 (continuous blue line),
γ̃ = 0.5 (dot-dashed orange line), γ̃ = 0.9 (dashed red line), γ̃ = 1.01 (dotted green line) and γ̃ = 1.5 (black dot-dashed line).
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Fig. 3. The concurrence of the qubit pairs against scaled time τ = ∆t for the initial GHZ-state in the subspecies [(a), (b)], [(c), (d)], and [(e),
(f)] for the pairs AB, AC and BC, respectively. We plot the left curves for the symmetrical initial conditions λ0 = λ1 = λ2 = λ3 = λ4 = 1/

√
5

and the right curves for the asymmetrical conditions λ0 =
√

0.1, λ1 =
√

0.3, λ2 =
√

0.1, λ3 =
√

0.3, λ4 =
√

0.2. Furthermore, we consider
φ = π/2 and the values of γ̃ as same as those in Fig. 2.

3.2. The concurrence for the initial mixed state

Here we suppose that the initial state of the system is pre-
pared in ensembles of states |Ψ⟩1 and |Ψ⟩2 with classical prob-
abilities w1 and w2, respectively. Thus, the density operator
describing the entire system can be written as

ρ̂(0) = w1 |Ψ1⟩⟨Ψ1|+w2 |Ψ2⟩⟨Ψ2| , (23)

|Ψ1⟩ = [a1 |1⟩A |0⟩B +b1 |0⟩A |1⟩B](sinα1 |1⟩C

+ e iφ1 cosα1 |0⟩C), (24)

|Ψ2⟩ = [a2 |1⟩A |0⟩C +b2 |0⟩A |1⟩C](sinα2 |1⟩B

+ e iφ2 cosα2 |0⟩B), (25)

where ai
2 +bi

2 = 1 (i = 1,2). As is seen, in |Ψ1⟩ the qubits A
and B are in Bell-like states separable from qubit C, while in
|Ψ2⟩ A and C are in Bell-like state separable from qubit B. By a
straightforward calculations similar to subsection 3.1. Follow-
ing Eqs. (3), (4), (5), (9) and (10), we may obtain the reduced
density matrices ρAB

red (t), ρAC
red (t) and ρBC

red (t) (as an example
see appendix A for ρAB

red (t)). From Eq. (15), the concurrence
of the qubit pair AB can be deduced as follows:

CAB(t) =

√
γAB(t)+

√
2λAB(t)

−
√

γAB(t)−
√

2λAB(t), (26)

where

γAB(t) =
w1

2𝒩 2(t)

[
b1

2a2
2w2 +a1

2(4b1
2w1 +b2

2w2)

+(b1a2 −a1b2)(b1a2 +a1b2)w2 cos2α2
]

×
(
U2

12(t)−U11(t)U22(t)
)2
, (27)

λAB(t) =
a1

2b1
2w3

1
𝒩 4(t)

[
b1

2a2
2w2 +a1

2(2b1
2w1 +b2

2w2)

+(b1a2 −a1b2)(b1a2 +a1b2)w2 cos2α2
]

×
(
U2

12(t)−U11(t)U22(t)
)4
, (28)

with 𝒩 (t) as the normalization as

𝒩 (t) =
(
a1

2w1 +a2
2w2
)

U2
11(t)−

(
(a1

2 +b1
2)w1

+(a2
2 +b2

2)w2
)
U2

12(t)

+
(
b1

2w1 +b2
2w2
)

U2
22(t). (29)

Similarly, for the concurrence of the qubit pair AC one finds

CAC(t) =

√
γAC(t)+

√
2λAC(t)

−
√

γAC(t)−
√

2λAC(t), (30)

where

γAC(t) =
w2

2𝒩 2(t)
[b1

2a2
2w1 +b2

2(a1
2w1 +4a2

2w2)
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+(−b1
2a2

2 +a1
2b2

2)w1 cos2α1]

×
(
U2

12(t)−U11(t)U22(t)
)2
, (31)

λAC(t) =
a2

2b2
2w3

2
𝒩 4(t)

[b1
2a2

2w1 +b2
2(a1

2w1 +2a2
2w2)

+(−b1
2a2

2 +a1
2b2

2)w1 cos2α1]

×
(
U2

12(t)−U11(t)U22(t)
)4
. (32)

Furthermore, our calculations for the concurrence of the qubit
pair BC lead to CBC(t) =CBC(0) = 0. In detail, we would like
to mention that in this case, in our calculation for concurrence
CBC considering the initial mixed state, two of the eigenvalues
for the related matrix are the same. Thus, based on the con-
currence relation (15), we achieve CBC = 0, meaning that the
qubits B and C are always separable. Furthermore, to deter-

mine our calculations, we re-investigate the entanglement of
the two qubits B and C when they are initially prepared in a
mixed state via the negativity measure and we have obtained
the same conclusion with concurrence. Moreover, our numer-
ical results for the concurrences (26) and (30) are respectively
shown in Fig. 4 against the scaled time τ = ∆t with the sym-
metrical initial values a1 = b1 = a2 = b2 =

√
1/2, α1 = α2 =

π/4 in the left curves and with the asymmetrical initial values
a1 =

√
2/3, a2 =

√
1/3, b1 =

√
7/8, b2 =

√
1/8, α1 = π/2,

α2 = π/4 in the right curves. Also, we consider the values
of probabilities as w1 = w2 = 0.5, φ1 = φ2 = π/2 for differ-
ent values of γ̃ . Clearly, we can still deduce the same corre-
spondence with the non-Markovian and Markovian regimes,
depending on the values of dissipation parameter γ̃ .
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Fig. 4. The concurrence of the qubit pairs against scaled time τ = ∆t for the initial mixed state in the subspecies [(a), (b)] and [(c), (d)], for the
pairs AB and AC, respectively. We plot the left curves for the symmetrical initial conditions a1 = a2 = b1 = b2 = 1/

√
2, α1 = α2 = π/4 and

the right curves for the asymmetrical conditions a1 =
√

2/3, a2 =
√

1/3, b1 =
√

7/8, b2 =
√

1/8, α1 = π/2, α2 = π/4. Furthermore, we
consider w1 = w2 = 0.5, φ1 = φ2 = π/2 and the values of dissipation parameter γ̃ as the same as considered in Fig. 2.

3.3. The von Neumann entropy for the initial pure and
mixed states

Now, we investigate the entanglement between each qubit
A, B or C with other parts of the system using the von Neu-
mann entropy which is defined as

S i(t) =− tr(ρ̂ i ln ρ̂
i) =−∑

ℓ

ξℓ lnξℓ, (33)

where ρ̂ i is the reduced density matrix for the i-th subsystem
(i = A,B,C) and correspondingly, ξk are the associated with
eigenvalues of ρ̂ i . The reduced density matrices are obtained
as follows:

ρ̂
i = tr j

(
trk( ˜̂ρ)

)
=

1
𝒩 (t)

(
ρ

i
11 ρ

i
12

ρ
i
21 ρ

i
22

)
,

i ̸= j ̸= k = A,B,C, (34)

where 𝒩 (t) is the normalization factor that can be obtained
according to Eqs. (12), (13) and (29) for the initial W- and
GHZ-state as well as a mixed state, respectively. For the ini-
tial W-state the relevant matrix elements read

ρ
A
11 = −(b2 +a2)U2

12(t)+a2U2
11(t),

ρ
A
22 = (b2 + c2)U2

22(t)−a2U2
12(t)

ρ
A
12 = −ρ

A
21 = (b2 + c2)U22(t)U12(t)−a2U11(t)U12(t), (35)

ρ
B
11 = −b2U2

12(t)+b2U2
22(t),

ρ
B
22 = a2U2

11(t)− (a2 + c2)U2
12(t)+ c2U2

22(t),

ρ
B
12 = −ρ

B
21 = abU12(t)

(
U11(t)−U22(t)

)
, (36)

ρ
C
11 = −c2U2

12(t)+ c2U2
22(t),

ρ
C
22 = a2U2

11(t)− (a2 +b2)U2
12(t)+b2U2

22(t),

ρ
C
12 = −ρ

C
21 = acU12(t)

(
U11(t))−U22(t)

)
. (37)

Similarly, for GHZ-state one has
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ρ
A
11 =

(
λ

2
4 +λ

2
3 +λ

2
2 +λ

2
1
)

U2
11(t)−2iλ0λ1 sinφU11(t)U12(t)−λ

2
0 U2

12(t),

ρ
A
22 = −

(
λ

2
4 +λ

2
3 +λ

2
2 +λ

2
1
)

U2
12(t)+2iλ0λ1 sinφU12(t)U22(t)+λ

2
0 U2

22(t),

ρ
A
12 = (ρA

21)
* =−

(
λ

2
4 +λ

2
3 +λ

2
2 +λ

2
1
)

U11(t)U12(t)− e−iφ
λ0λ1U2

12(t)+ eiφ
λ0λ1U11(t)U22(t)+λ

2
0 U12(t)U22(t), (38)

ρ
B
11 =

(
λ

2
4 +λ

2
3
)(

U2
11(t)−U2

12(t)
)
,

ρ
B
22 =

(
λ

2
2 +λ

2
1
)

U2
11(t)−

(
λ

2
2 +λ

2
1 +λ

2
0
)

U2
12(t)+2iλ0λ1 sinφU12(t)

(
U22(t)−U11(t)

)
,

ρ
B
12 = (ρB

21)
* =

(
λ2λ4 + e−iφ

λ1λ3

)
U2

11(t)−
(

λ2λ4 + e−iφ
λ1λ3

)
U2

12(t)+λ0λ3U12(t)(U22(t)−U11(t)) , (39)

ρ
C
11 =

(
λ

2
4 +λ

2
2
)(

U2
11(t)−U2

12(t)
)
,

ρ
C
22 =

(
λ

2
3 +λ

2
1
)

U2
11(t)−

(
λ

2
3 +λ

2
1 +λ

2
0
)

U2
12(t)+2iλ0λ1 sinφU12(t)

(
U22(t)−U11(t)

)
,

ρ
C
12 = (ρC

21)
* =

(
λ3λ4 + e−iφ

λ1λ2

)(
U2

11(t)−U2
12(t)

)
+λ0λ2U12(t)

(
U22(t)−U11(t)), (40)

and for the mixed initial state one has

ρ
A
11 = w1

(
−b2

1U2
12(t)+a2

1U2
11(t)

)
+w2

(
−b2

2U2
12(t)+a2

2U2
11(t)

)
,

ρ
A
22 = w1

(
b2

1U2
22(t)−a2

1U2
12(t)

)
+w2

(
b2

2U2
22(t)−a2

2U2
12(t)

)
,

ρ
A
12 = −ρ

A
21 = w1U12(t)

(
b2

1U22(t)−a2
1U11(t)

)
+w2U12(t)

(
b2

2U22(t)−a2
2U11(t)

)
, (41)

ρ
B
11 = w1b2

1
(
U2

22(t)−U2
12(t)

)
+w2 sin2

α2
(
a2

2(U
2
11(t)−U2

12(t))+b2
2(U

2
22(t)−U2

12(t))
)
,

ρ
B
22 = w1a2

1
(
U2

11(t)−U2
12(t)

)
+w2 cos2

α2
(
a2

2(U
2
11(t)−U2

12(t))+b2
2(U

2
22(t)−U2

12(t))
)
,

ρ
B
12 = −ρ

1B
21 =−w1a1b1U12(t)(U22(t)−U11(t))+w2 sinα2 cosα2 e−iφ2

(
a2

2(U
2
11(t)−U2

12(t))+b2
2(U

2
22(t)−U2

12(t))
)
, (42)

ρ
C
11 = w1 sin2

α1
(
a2

1
(
U2

11(t)−U2
12(t)

)
+b2

1
(
U2

22(t)−U2
12(t)

))
+w2b2

2
(
U2

22(t)−U2
12(t)

)
,

ρ
C
22 = w1 cos2

α1
(
a2

1
(
U2

11(t)−U2
12(t)

)
+b2

1
(
U2

22(t)−U2
12(t)

))
+w2a2

2
(
U2

11(t)−U2
12(t)

)
,

ρ
C
12 = −ρ

C
21 = w1 sinα1 cosα1 e−iφ1

(
a2

1
(
U2

11(t)−U2
12(t)

)
+b2

1
(
U2

22(t)−U2
12(t)

))
−w2a2b2U12(t)(U2(t)−U11(t)) . (43)

We plot the von Neumann entropy (Eq. (33) for the initial pure W-(GHZ-) state and for the initial mixed state, respectively,
in Figs. 5–7. The von Neumann entropy corresponding to qubits B and C leads to the same results for the symmetrical initial
conditions, as seen in the left curves in Figs. 5 and 6 for the initial W and GHZ states, respectively. In more detail, for instance,
SA

W(t) shows the entanglement between the qubit A and all other subsystems constituting our considered model, i.e., qubits B, C,
and the environment, when the initial state is W-state. Similar interpretations may be given for other plots shown in Figs. 5–7.
As may be observed, in all cases the entanglement is revealed, however, in different manners; i.e., oscillatory, non-oscillatory
decaying and also death and alive of the entanglement in some periods of scaled time. Interestingly, in this case also the von
Neumann entropy for the considered model behaves as the Morkovian (non-Markovian) regime for γ̃ > 1 (γ̃ < 1).
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Fig. 5. The von Neumann entropy against scaled time τ = ∆t for the initial W-state. The entropy SA
W(t), SB

W(t) and SC
W(t) are plotted in the subspecies

[(a), (b], [(c), (d)],and [(e), (f)], respectively. We plot the upper curves for the symmetrical initial conditions a = b = c =
√

1/3 and the lower curves
for the asymmetrical conditions a =

√
1/2, b =

√
3/8, c =

√
1/8. Furthermore, we consider the values of γ̃ as same as those in Fig. 2.
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Fig. 6. The von Neumann entropy against scaled time τ = ∆t for the initial GHZ-state. The entropies SA
G(t), SB

G(t) and SC
G(t) are plotted in the

subspecies [(a), (b)], [(c), (d)], and [(e), (f)], respectively. We plot the upper curves for the symmetrical initial conditions λ0 = λ1 = λ2 = λ3 =
λ4 = 1/

√
5 and the lower curves for the asymmetrical conditions λ0 =

√
0.1, λ1 =

√
0.3, λ2 =

√
0.1, λ3 =

√
0.3, λ4 =

√
0.2. Furthermore, we

consider φ = π/2 and the values of γ̃ as same as those in Fig. 2.
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Fig. 7. The von Neumann entropy against scaled time τ = ∆t for the initial mixed state. The entropies SA
Mix(t), SB

Mix(t) and SC
Mix(t) are

plotted in the subspecies [(a), (b)], [(c), (d)], and [(e), (f)], respectively. We plot the upper curves for the symmetrical initial conditions
a1 = a2 = b1 = b2 = 1/

√
2, α1 = α2 = π/4 and the lower curves for the asymmetrical conditions a1 =

√
2/3, a2 =

√
1/3, b1 =

√
7/8,

b2 =
√

1/8, α1 = π/2, α2 = π/4. Furthermore, we consider w1 = w2 = 0.5, φ1 = φ2 = π/2 and the values of dissipation parameter γ̃ as same
as considered in Fig. 2.

4. Summary and conclusions
We have used the non-Hermitian Hamiltonian approach

to study the dynamical behavior of entanglement between each
pairs of three entangled qubits (only one of the qubits inter-
acts with its environment) in the presence of dissipation. For
this purpose, we obtain the time evolution of the density ma-
trix after applying the time evolution operator on the pure as
well as mixed initial density matrices associated with the three
qubits. Then, we calculate the reduced density matrix corre-
sponding to each pair of qubits and subsequently we evaluate
the concurrence measure and von Neumann entropy, numeri-
cally. In general, comparing to Ref. [25], we have generalized

the presented model given in Ref. [25] in two aspects: (i) We
have extended the model in Ref. [25] to three qubits which
are initially prepared in pure and mixed entangled state (one
of the qubits affected by environment and the other two qubits
are isolated from the environment) instead of only two (ini-
tially entangled) qubits (one affected by environment and the
other qubit is isolated in Ref. [25]). (ii) Also, we investigate
the entanglement between qubit pairs by concurrence measure
while in Ref. [25], the entanglement has been studied by the
inappropriate measure. Indeed, we have investigated the influ-
ences of dissipation parameter on the entanglement of various
pairs of qubits via the concurrence which is the most suitable
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measure for two qubit systems. Our numerical results for the
pure and mixed initial states show that the concurrence and
von Neumann entropy do not change for γ̃ = 0, demonstrating
the stability of entanglement between qubits in the absence
of dissipation. Furthermore, the entanglement in two pairs
of initially entangled qubits AB and AC monotonically de-
creases with increasing the strength of dissipation. This behav-
ior has been characterized before for the Markovian regimes.
Moreover, for γ̃ < 1, some oscillations may be observed in
the above mentioned subsystems which can correspond to the
non-Markovian regimes. Thus, we may define γ̃ = 1 as the
critical dissipative value in our non-Hermitian approach, in
which by controlling it one can arrive at a Markovian or non-
Markovian regime. Also, for the entanglement between the
pair BC, we observe that for the pure state the qubits B and
C which have been initially isolated from the environment be-
come entangled, while for initial mixed states this pair remains
separable as time goes on. It is interesting to notice that the en-

tanglement stability grows to values more than its initial value
in the pair qubit BC for the pure state. Similarly, the evolution
of the von Neumann entropy of qubits A, B and C are consis-
tent with the Markovian and non-Markovian regimes for γ̃ > 1
and γ̃ < 1, respectively.

Appendix A
The reduced density transformed matrix ρ̂AB

red for the
GHZ-state and mixed initial density matrix can be written as

ρ̂
AB
red =

1
𝒩 (t)


ρAB

11 ρAB
12 ρAB

13 ρAB
14

ρAB
21 ρAB

22 ρAB
23 ρAB

24
ρAB

31 ρAB
32 ρAB

33 ρAB
34

ρAB
41 ρAB

42 ρAB
43 ρAB

44

 ,

where 𝒩 (t) is the normalization factor defined in Eqs. (13)
and (29), corresponding to GHZ-state and mixed state, respec-
tively. The matrix elements for GHZ-state may be obtained as
follows:

ρ
AB
11 =

(
λ

2
3 +λ

2
4
)

U2
11(t), ρ

AB
22 =−

(
λ

2
3 +λ

2
4
)

U2
12(t), ρ

AB
33 =

(
λ

2
1 +λ

2
2
)

U2
11(t)−2i sinφλ0λ1U11(t)U12(t)−λ

2
0 U2

12(t),

ρ
AB
44 = −

(
λ

2
1 +λ

2
2
)

U2
12(t)+2i sinφλ0λ1U12(t)U22(t)+λ

2
0 U2

22(t), ρ
AB
12 =−ρ

AB
21 =−

(
λ

2
3 +λ

2
4
)

U11(t)U12(t),

ρ
AB
13 =

(
ρ

AB
31
)*

=
(

λ2λ4 + e−iφ
λ1λ3

)
U2

11(t)−λ0λ3U11(t)U12(t),

ρ
AB
14 =

(
ρ

AB
41
)*

=−
(

λ2λ4 + e−iφ
λ1λ3

)
U11(t)U12(t)+λ0λ3U12(t)U22(t),

and also, the matrix elements for the mixed initial state read

ρ
AB
23 =

(
ρ

AB
32
)*

=
(

λ2λ4 + e−iφ
λ1λ3

)
U11(t)U12(t)−λ0λ3U2

12(t),

ρ
AB
24 =

(
ρ

AB
42
)*

=−
(

λ2λ4 + e−iφ
λ1λ3

)
U2

12(t)+λ0λ3U12(t)U22(t),

ρ
AB
34 =

(
ρ

AB
43
)*

=−
(
λ

2
1 +λ

2
2
)

U11(t)U12(t)+ e−iφ
λ0λ1U2

12(t)+
(

λ0λ1 e iφU11(t)+λ
2
0 U12(t)

)
U22(t),

ρ
AB
11 = w2a2

2 sin2
α2U2

11(t)−w1b2
1U2

12(t)−w2b2
2 sin2

α2U2
12(t),

ρ
AB
22 = −w2a2

2 sin2
α2U2

12(t)+w1b2
1U2

22(t)+w2b2
2 sin2

α2U2
22(t),

ρ
AB
33 = w2a2

2 cos2
α2 +w1a2

1U2
11(t)−w2a2

2 cos2
α2U2

12(t),

ρ
AB
44 = −w2a2

2 cos2
α2 −w1a2

1U2
12(t)+w2b2

2 cos2
α2U2

22(t),

ρ
AB
12 = −ρ

AB
21 =−w2a2

2 sinα
2
2U11(t)U12(t)+w1b2

1 cosα
2
1U12(t)U22(t)+(w2b2

2 sinα
2
2 +w1b2

1 sin2
α2)U12(t)U22(t),

ρ
AB
13 = w1a1b1 sin2

α1U11(t)U12(t)−w2b2
2 e−iφ2 cosα2 sinα2U12(t)2(t)

+U11(t)
[
w2a2

2 e−iφ2 cosα2 sinα2U11(t)+w1a1b1 cosα
2
1U12(t)

]
,

ρ
AB
31 = −w1a1b1 sin2

α1U11(t)U12(t)−w2b2
2 e iφ2 cosα2 sinα2U12(t)2(t)

+U11(t)
[
w2a2

2 e iφ2 cosα2 sinα2U11(t)−w1a1b1 cosα
2
1U12(t)

]
,

ρ
AB
14 = −w1a1b1 sin2

α1U2
12(t)−w2U12(t)

[
a2

2 e−iφ2 cosα2 sinα2U11(t)

+w1a1b1 cos2
α1U12(t)

]
+w2b2

2 e−iφ2 cosα2 sinα2U12(t)U22(t),

ρ
AB
41 = −w1a1b1 sin2

α1U2
12(t)+w2U12(t)

[
a2

2 e iφ2 cosα2 sinα2U11(t)

−w1a1b1 cos2
α1U12(t)

]
−w2b2

2 e iφ2 cosα2 sinα2U12(t)U22(t),

ρ
AB
23 = w1a1b1 sin2

α1U11(t)U12(t)−w2b2
2 e−iφ2 cosα2 sinα2U12(t)U22(t)

+U11(t)
[
w2a2

2 e−iφ2 cosα2 sinα2U12(t)+w1a1b1 cos2
α1U22(t)

]
,

ρ
AB
32 = −w1a1b1 sin2

α1U11(t)U12(t)+w2b2
2 e iφ2 cosα2 sinα2U12(t)U22(t)
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+U11(t)
[
−w2a2

2 e iφ2 cosα2 sinα2U12(t)+w1a1b1 cos2
α1U22(t)

]
,

ρ
AB
24 = −w1a1b1 sin2

α1U12(t)U22(t)+w2b2
2 e−iφ2 cosα2 sinα2U2

22(t)

−U12(t)
[
w2a2

2 e−iφ2 cosα2 sinα2U12(t)+w1a1b1 cos2
α1U22(t)

]
,

ρ
AB
42 = w1a1b1 sin2

α1U12(t)U22(t)+w2b2
2 e iφ2 cosα2 sinα2U2

22(t)

+U12(t)
[
−w2a2

2 e iφ2 cosα2 sinα2U12(t)+w1a1b1 cos2
α1U22(t)

]
,

ρ
AB
34 = −ρ

AB
43 = (−w2a2

2 cos2
α2 −w1a2

1 cos2
α2)U11(t)U12(t)−w1a2

1 sin2
α1U11(t)U12(t)+w2b2

2 cosα
2
2U12(t)U22(t).
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