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Frequency combs are useful in a wide range of applications, such as optical metrology and high-precision spec-
troscopy. We experimentally study a controllable frequency comb generated in a tunable superconducting coplanar-
waveguide resonator in the microwave regime. A two-tone drive is applied on one of the resonance modes of the resonator
and comb generation is observed around the resonance frequency of the resonator. Both central frequency and teeth density
of the comb are precisely controllable, and the teeth spacing can be adjusted from Hz to MHz. Moreover, we show that a
few hundreds of sidebands can be generated using a sufficiently strong drive power and the weakest drive power needed to
generate the comb can be reduced to approach the quantum limit. These experimental results can be qualitatively explained
via theoretical analysis.

Keywords: superconducting circuit, SQUID, microwave frequency comb
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1. Introduction
Optical frequency combs[1,2] have attracted much at-

tention because of their usefulness in a wide range of ap-
plications, including optical clocks,[3] spectroscopy,[4,5] fre-
quency metrology,[6] and ultrastable microwave generation.[7]

The conventional method to generate frequency combs is
to use mode-locked femtosecond lasers.[1,2] An alternative
and more versatile and compact way is based on high-Q
microresonators.[8–11] The frequency combs related to the lat-
ter method is also called Kerr combs because the method ex-
ploits the Kerr nonlinearity of the material medium of the mi-
croresonator. The corresponding comb-generating mechanism
can be described as a cascade of degenerate and nondegener-
ate four-wave mixing.[8] Even though the basic idea is simple,
both theoretical analysis and numerical simulation can how-
ever be quite complicated because it involves the interaction of
a strong drive with hundreds of modes of the microresonator.

Recently, microwave Kerr comb generation[12,13] was ob-
served in a superconducting coplanar-waveguide resonator
where the kinetic inductance of the superconducting material
provides the nonlinearity.[12] This method implies more di-
rect measurements with relatively simple instrumentation for
studying Kerr combs. Here we introduce an alternative design
for generating microwave Kerr combs. We use a λ/2-type su-
perconducting coplanar-waveguide resonator embedded with a
superconducting quantum interference device (SQUID).[14,15]

The same kind of devices are also typically used as quantum-
limited amplifiers[16–18] in the area of superconducting quan-
tum information processing. This SQUID can offer a strong
nonlinearity to the coplanar-waveguide resonator. In our ex-
periment, a two-tone drive[19] is applied on one of the res-
onance modes of the resonator. Comb generation is observed
around the resonance frequency of the resonator, with the teeth
spacing exactly equal to the frequency difference between the
two drive tones applied.

2. Experiment and analysis

The device structure is similar to that in Refs. [20,21] ex-
cept that the flux-qubit loop is replaced by a SQUID loop.
The superconducting coplanar-waveguide resonator is made
by patterning a niobium thin film of thickness 50 nm deposited
on a 10×3 mm2 silicon chip via electron beam lithography.
The width of the central conductor is 20 µm separated from
the lateral ground planes extending to the edges of the chip by
a gap of width 11.5 µm resulting in an impedance Z = 50 Ω,
so as to be optimally matched to the conventional microwave
components. Here we use a meandering coplanar waveg-
uide of length l = 24 mm for the resonator [see Fig. 1(a)].
This coplanar-waveguide resonator is coupled to a feed line
(used for input or output port) via an interdigitated capacitor
of ∼15 fF at each end of the resonator, fanning out to the edge
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of the chip and keeping the impedance constant [see Fig. 1(b)].
The SQUID loop is also fabricated on the silicon substrate in
the middle of the central conductor of the coplanar-waveguide
resonator by using both the electron beam lithography and the
double-angle evaporation of aluminium, with a critical current
Ic ∼ 1.5 µA achieved for each of the two Josephson junctions
in the SQUID [see Fig. 1(c)].[22,23] An external magnetic field
generated by a magnetic coil surrounding the device is applied
to tune the magnetic flux threading through the SQUID loop
to vary the effective inductance of the SQUID, so as to change
the resonance frequency of the resonator (see Fig. 2).
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Fig. 1. (a) Optical image of the superconducting coplanar-waveguide
resonator embedded with a SQUID. (b) Optical image of the coupling
capacitor at the left end of the resonator, as indicated by the red rectan-
gle area in panel (a). (c) Optical image of the SQUID loop, as indicated
by the blue rectangle area in panel (a). (d) Schematic of the experimen-
tal setup, where MW1 and MW2 are two microwave generators and
LPF is a 12 GHz low pass filter.
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Fig. 2. Transmission spectrum of the λ mode of the resonator versus the
current applied to the magnetic coil surrounding the device. The black
arrows indicate the two bias points (A and B) chosen for the following
experiment.

The whole device is placed in the sample chamber of the
dilution refrigerator, which is cooled down to a temperature
near 20 mK. The two-tone drive is generated by two sepa-
rate microwave generators at room temperature. The drive
frequency is on resonance with the λ mode of the resonator
in Figs. 3, 4 and 6, and on resonance with the λ/2 mode of the
resonator in Fig. 6. The drive signals transmit through a se-
ries of attenuators anchored at different stages in the dilution

refrigerator before finally reaching the device. The output sig-
nals are collected by a spectrum analyzer at room temperature
after two stages of isolations and amplifications [see Fig. 1(d)].

Beating between the two strong drive tones results in
a broadband of sidebands generated around them. The
linewidths of the sidebands are extremely narrow and can-
not be directly resolved with the spectrum analyzer. The fre-
quency spacing between the nearest-neighbor sidebands, i.e.,
the teeth spacing, is precisely equal to the frequency difference
between the two drive tones, ∆ f = fd2− fd1. The teeth spacing
can be adjusted from Hz to MHz, as shown in Fig. 3.
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Fig. 3. Comb generation with tunable teeth density. The frequency
of one drive tone is fixed at fd1 = 5.757 GHz (indicated by the bias
point A in Fig. 2) and the frequency of another drive tone is given as
fd2 = fd1 +5 Hz, 5 kHz, and 5 MHz, respectively.

The overall profile of the comb depends on the power of
the drive tone applied to the coplanar-waveguide resonator. As
the drive power increases, the comb profile demonstrates dif-
ferent characteristic features. We find that there are three dif-
ferent regimes according to the profile shape. When the drive
power is weak, the amplitudes of the high-order sidebands de-
crease linearly, with the comb profile exhibiting a triangle-
like shape (see the results in Fig. 4 when the drive power is
−70 dBm and −65 dBm, respectively). When the drive power
is very strong, the comb profile spreads and exhibits a com-
plicated periodic structure, with the bandwidth of the whole
comb extending significantly (see the results in Fig. 4 when the
drive power is −50 dBm and −40 dBm, respectively). In the
intermediate regime, the emission background protrudes and
becomes a continuous peak in the frequency spectrum near the
drive tones (see the results in Fig. 4 when the drive power is
−64 dBm and −63 dBm, respectively). In our experiment, the
protuberance of the emission background is a signature pre-
dicting the occurrence of the comb-bandwidth broadening and
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the appearance of the complicated periodic structure, whereas
it gradually vanishes with increasing drive power.
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Fig. 4. Power dependence of the comb profile. The frequencies of the
two drive tones are fd1 = 5.757 GHz and fd2 = fd1 +2 kHz (indicated
by the bias point A in Fig. 2), respectively. Drive powers applied at
the device input port are −60 dBm, −55 dBm, −54 dBm, −53 dBm,
−40 dBm, and −30 dBm, respectively. Traces are offset vertically for
clarity.

The driven superconducting coplanar-waveguide res-
onator embedded with the SQUID can be described by the
following nonlinear equation:[24]

1
(2π f0)2

d2Φ

dt2 +
1

2π f0Q
dΦ

dt
+Φ +

N

∑
n=2

gnΦ
n = Φdrive(t), (1)

where Φ is the flux associated with the voltage at one end of
the transmission line V = dΦ/dt, f0 and Q are the bare reso-
nance frequency and quality factor, respectively, and gn is the
coefficient related to the nth-order nonlinearity. A two-tone
drive gives correction terms

gn[Ad1 e iπ fd1t +Ad2 e iπ fd2t ]n (2)

to the linear response of the resonator. Comb sidebands are
just the intermodulation products of the drive tones resulting
from the expansion of the binomial in the following equation:

fIMP = nd1 fd1 +nd2 fd2, (3)

where nd1 and nd2 are arbitrary integers. Because of the
Josephson effects, the nonlinearity introduced by the SQUID
embedded in the coplanar-waveguide resonator has a current-
flux relation, i(Φ) = −i(−Φ), which is an odd function. It
means that only the odd powers of Φ are nonzero in Eq. (1).
This conclusion is consistent with our experimental results in
Figs. 3 and 4, where only the odd-order intermodulation prod-
ucts (e.g., 2 fd1± fd2, 2 fd2± fd1, 3 fd1±2 fd2, 3 fd2±2 fd1, etc.)
are observed in the spectra.

Following the above analysis, it is also possible to ob-
serve the comb generation at the odd-number modes simul-
taneously. For example, if fd1 is on resonance with the nλ/2

mode of the resonator, n will be an odd integer, then 2 fd1− fd2,
2 fd2 − fd1, 3 fd1 − 2 fd2, 3 fd2 − 2 fd1, . . . are near the nλ/2
mode, 2 fd1 + fd2, 2 fd2 + 2 fd1, 4 fd1 − fd2, 4 fd2 − fd1, . . . are
near the 3nλ/2 mode, and the same for higher odd-number
modes. A simple numerical simulation result of the comb
generation is presented in Fig. 5. We can see clearly that the
comb can be generated at the odd-number modes simultane-
ously even when only the lowest odd-nonlinear coefficient g3

is considered. We also experimentally observe the comb gen-
eration at the λ/2 and 3λ/2 modes simultaneously when ap-
plying the two-tone drive on resonance with the λ/2 mode of
the resonator. The results are shown in Fig. 6. Because of the
limitation of the measurement bandwidth in our experiment,
we can only observe the lowest two odd-number modes of the
resonator. It is worth pointing out that if we want to get a more
faithful simulation of the experimental results especially when
the drive power is very strong and the number of the sidebands
is large, the knowledge of the nonlinear coefficient g(n) as a
function of n will be necessary,[19] however it is hard to deter-
mine g(n) by the experiment. Further theoretical work may be
needed to solve this problem.
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Fig. 5. Numerical simulation of the comb generation. Here (a), (b),
(c) are enlarged views of the spectrum in (c) near 5 fd1, 3 fd1, fd1, re-
spectively. To simulate the comb generation, Eq. (1) with Φdrive(t) =
A[cos(2π fd1t) + cos(2π fd2t)] is numerically solved and the output is
sampled appropriately and fast Fourier transformed to get the intermod-
ulation spectrum. For simplicity, only the lowest odd nonlinear coef-
ficient g3 is considered. In the simulation, fd1 = f0 is assumed to be
unity and the other parameters are g3 = 0.1, Q = 2800, ∆ f = 0.005,
and A = 50.

The strength of the nonlinearity introduced by the SQUID
is related to the slope of the curve in the transmission spectrum
of the resonator modulated by the external magnetic field and
reaches the maximum at the dip where the slope is largest[25]

(see Fig. 2). Therefore, when tune the resonance frequency
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ers applied at the device input port are −60 dBm.
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Fig. 7. Comb generation in the weak drive-power limit. The frequen-
cies of the two drive tones are fd1 = 5.629 GHz and fd2 = fd1+0.1 kHz
(indicated by the bias point B in Fig. 2), respectively. Drive powers ap-
plied at the device input port are −125 dBm, −120 dBm, −117.5 dBm,
−115 dBm, −112.5 dBm, and −110 dBm, respectively. The corre-
sponding average photon number in the resonator for each drive fre-
quency is about 1.2, 8.3, 10.4, 11.9, 13.1, and 14.0, respectively. Traces
are offset vertically for clarity.

of the resonator to the dip (indicated by the bias point B in
Fig. 2), it can be expected that the needed drive power to gener-
ate the comb is much lower compared with the cases when the
resonance frequency of the resonator is at the top (indicated
by the bias point A in Fig. 2). The results of the comb genera-
tion in the weak drive-power limit are shown in the Fig. 7. We
can evaluate if the weak drive power is approaching the quan-
tum limit by calculating the average number of photons in the
resonator that come from the driving field, which is given by

n̄d =
Pd

h̄κωr
, (4)

where κ = 1.8 MHz is the total loss rate of the resonator, ωr

is the resonance frequency of the resonator, and Pd is the drive
power. We can see that (the results in Fig. 6 when the drive
power is −120 dBm and −117.5 dBm, respectively), in the
weak drive-power limit, the average photon number in the res-
onator for each drive frequency is only ∼10 when the nearest

sidebands start to be generated around drive tones. When re-
place the junctions in the SQUID with smaller junctions, we
can further increase the strength of the nonlinearity and possi-
bly observe the comb generation in the quantum limit, i.e., at
the single-photon level. Owing to the tunability of the SQUID
inductance, our setup provides an on-chip device to implement
controllable frequency comb generation.

3. Conclusion
In summary, we have fabricated a tunable superconduct-

ing coplanar-waveguide resonator with strong nonlinearity re-
sulting from the SQUID embedded and also demonstrated its
nonlinear effects under a strong or weak two-tone drive. In
our experiment, a few hundreds of sidebands are generated
when the applied drive power is sufficiently strong, form-
ing a frequency comb with different profiles, and the weak-
est drive power needed to generate the comb can be reduced
to approach the quantum limit. The central frequency of the
comb can be tuned along with the resonance frequency of the
resonator by varying the magnetic flux threading through the
SQUID loop. Also, we find that the teeth density of the comb
is precisely controllable via the frequency difference of the
two applied drive tones. Because of its simple architecture
and flexible parameters, our device offers an ideal platform to
study Kerr combs in the microwave regime. Further improve-
ments may include the integration of a SQUID array in the
coplanar-waveguide resonator to enhance the frequency tun-
ability and meanwhile to achieve a larger dynamic range.[26,27]
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