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We propose a reverse-space nonlocal nonlinear self-dual network equation under special symmetry reduction, which
may have potential applications in electric circuits. Nonlocal infinitely many conservation laws are constructed based on
its Lax pair. Nonlocal discrete generalized (m,N — m)-fold Darboux transformation is extended and applied to solve this
system. As an application of the method, we obtain multi-soliton solutions in zero seed background via the nonlocal discrete
N-fold Darboux transformation and rational solutions from nonzero-seed background via the nonlocal discrete generalized
(1,N — 1)-fold Darboux transformation, respectively. By using the asymptotic and graphic analysis, structures of one-,
two-, three- and four-soliton solutions are shown and discussed graphically. We find that single component field in this
nonlocal system displays unstable soliton structure whereas the combined potential terms exhibit stable soliton structures.
It is shown that the soliton structures are quite different between discrete local and nonlocal systems. Results given in this
paper may be helpful for understanding the electrical signals propagation.

Keywords: reverse-space nonlocal nonlinear self-dual network equation, nonlocal discrete generalized
(m,N —m)-fold Darboux transformation, multi-soliton solutions, rational solutions

PACS: 02.30.1k, 05.45.Yv, 04.60.Nc

1. Introduction

Nonlinear lattice equations (NLEs) can be regarded as
spatially discrete analog of nonlinear partial differential equa-
tions. As the models of some physical phenomena, NLEs
have received widespread attention and may be used to de-
scribe many certain physical situations such as nonlinear op-
tics, nonlinear lattice dynamics, ladder-type electric circuits,
feader-eater process in biology, Langmuir waves in plasma
physics (see Refs. [1-7] and references therein). For exam-
ple, Wadati!!!
agram, which can be governed by the NLE as follows:

qnt :In *InJrl;
’ 1
{ (pn,t:anl_Vm )
where g, = C(V,)V, and &, = L(I,)I, represent the electric
charge in the n-th capacitance and magnetic flux across n-th
inductance, respectively. The voltage dependent capacitance
C(V,) and the current dependent inductance L(I,;) can result in

Vu) = arctan(V,,) /V,
arctan(1,) /I, Eq. (1) reduces to the famous non-

proposed a ladder-type nonlinear LC circuit di-

nonlinearities of Eq. (1). When taking C(
and L(I,,) =
linear self-dual network equation which was first introduced
by Hirota to describe the propagation of electrical signals in
a nonlinear, lumped, self-dual ladder-type electric circuit.?!
Since nonlinear self-dual network equation was proposed, it
has attracted a great deal of attention due to its special physical
background. 13814 In Ref. [8], Ablowitz and Ladik proposed
a coupled discrete nonlinear integrable equation with four po-

DOI: 10.1088/1674-1056/abc2ba

tentials:
Ons = (1 —0nRy) (8Sn —hSp—1),
R (1 Qn n) (hT ng+l) (2)
Sn,t = ( - S T, ) (an—H hQn)
T;Ll = ( - SrzT ) (hRn+l ) y

where Q, = Q(n,t), Ry = R(n,t), S, = S(n,t), T, = T(n,t)
are the functions of discrete variable n and time variable ¢,
Ons = %, Ry = %, Spy = %a T, = %a and g,h are
arbitrary constants. Equation (6) was first construed using
the Ablowitz—Kaup—Newell-Segur (AKNS) technique and its
some exact soliton solutions have been derived by inverse scat-
tering transformation method.!®!
Lax pair in Ref. [8], it is difficult to construct its Darboux
transformation (DT). Therefore in Ref. [9], Geng constructed

Due to the denominator in

the new Lax pair of Eq. (6) to obtain its multi-soliton so-
lutions in zero seed background using the DT method. In
Ref. [10], a discrete integrable coupled Ablowitz—Ladik lat-
tice hierarchy covering Eq. (6) has been proposed and some
related integrable properties have been studied. When we
choose R, =—-0Q,=1,,S,=—-0oT,=V,,g=h=1,0=+1,
Eq. (6) reduces to a nonlinear self-dual network equation only
taking o = 1.

In 2013, Ablowitz and Musslimani first proposed the con-
tinuous PT-symmetry nonlocal nonlinear Schrédinger (NNLS)
equation from a new symmetry reduction of the well-known
AKNS system, which is an integrable system admitting the
Lax pair and an infinite number of conservation laws, and has
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been solved by the inverse scattering transform method. 3!

The PT-symmetric NNLS equation, which can keep lossless
propagation due to the balanced gain and loss, ' admits re-
markable new characteristics that are not observed by compar-
ison with its classical standard NLS equation and has received
great attention, see Refs. [15-21]. Moreover, in Refs. [22,23],
Ablowitz and Musslimani proposed many different nonlocal
counterparts of known continuous and discrete nonlinear inte-
grable equations. Subsequently, many other nonlocal nonlin-
ear integrable equations have also been proposed and studied,
such as the nonlocal modified Korteweg—de Vries equation, %4
(2+1)-dimensional nonlocal NLS equation, >>! nonlocal Man-
akov system, %] nonlocal Burgers equation,?’! nonlocal two-
wave interaction system, ?® nonlocal short pulse equation, [*°!
nonlocal Gross-pitaevskii equation,**3!1 PT-symmetric cou-
pled NNLS equations.?? Like their local versions, nonlocal
integrable systems admit Lax pair, conservation laws, soliton
solutions and some integrable properties,!!>!7l and they also
admit certain new features and cannot be realized in contrast
with their local counterparts that further make the subject at-
tractive. However, it is easy to find that most research results
of nonlocal equations are the study of continuous nonlocal
integrable equations, while the revelent research of discrete
NLE:s is not sufficient.[?*3-37] Especially, the study of nonlo-

¢,[38411 50 focusing on

cal discrete equations is not systemati
discrete nonlocal NLEs motivates us.

In this paper, inspired by the idea of Ablowitz and Mus-
slimani in Refs. [15,22,23] and based on the previous work in
Refs. [9,10], for Eq. (6), if we take a simple reduction R, = I,
Sp=Vn, O, =0l_,,T,=0V_, and h = g = 1, then Eq. (6)
can reduce to the following new discrete reverse-space nonlo-
cal NLE:

{ In,t = (0- _Inl—n)(v—n - V—n—l)a

Vn.t = (G - VnV—n)([—n+1 - [—n>7 (3)

where I, = I(n,t) and V,, = V(n, ) are real-valued scalar func-
tions of the discrete variable n and time variable ¢, I_,, =

dly dl_y dVy
I(=n,t), Voy = V(=n,t), Iy = s Long = =5 Vs = 5
Vous = %, and ¢ = %1 correspond to the self-focusing and

defocusing cases. It is noted that Eq. (3) is a real reverse-
space discrete nonlinear integrable equation which may also
have potential applications for illustrating some physical phe-
nomena in electricity. Here we call Eq. (3) a reverse-space
nonlocal nonlinear self-dual network equation compared to the
classical nonlinear self-dual network equation. According to
Ref. [9], the Lax pair of Eq. (3) is given as follows:

E(Pn:Un(Pn»
y - ( AthVa AWatol,
"N\ OAV I, AT,V )

Onyr = VVH(PVH

“)

(A —1,Vopy Ol + ATV,
Wn = (lenl +1 171 — 1,V ’ )

where @, = (@1, l//L,,)T, A means the spectral parameter in-
dependent of time ¢, and in this nonlocal system we de-
fine the shift operator E by Ef(+n,t) = f(£n+ 1,1) =
feni, E7 f(£n,t) = f(£n —1,t) = fr,—1. The compati-
bility condition U,; = (EW,)U, — U,W, between Lax pair
(4) and (5) just leads to Eq. (3), which is PT-symmetric for
the reason that the potential terms G(n,t) = ol(n,t)I(—n,t)
and H(n,t) = oV (n,t)V(—n,t) obey the PT-symmetry, i.e.,
G(n,t) = G(—n,t), H(n,t) = H(—n,t). PT-symmetry invari-
ance is particular because the local solution state at location n
is directly coupled to the nonlocal solution at remote location
—n, which is very similar to quantum entanglement between a
pair of particles.*”! Due to the physical background of nonlin-
ear self-dual network equation, physicists and engineers may
design a PT-symmetry nonlocal electronic circuit diagram by
utilizing Eq. (3), so Eq. (3) may possess potential application
value in electric circuits.
Some methods for solving local equations have
been extended to nonlocal equations such as the in-
(1524301 Hirota’s bi-
linear metho function expansion

method,?”! the Riemann—Hilbert method,?3! and the DT
method.[9:12,16,29,33,35-41 45-51

verse scattering transform method,
d.[25.26313242-44]
£

I Among them, DT is a simple
algebraic technique to generate a family of infinite nontrivial
solutions of a linear equation from a known trivial solution
which is widely used in soliton theory.[>*4%] It needs to be
noted that the N-fold DT technique is a very effective method
to derive N-soliton solutions compared to iterative DT be-
cause there is no iterative process. Recently, a generalized
(m,N — m)-fold DT method, taken as a generalization of the
N-fold DT, was proposed by one of the authors of this paper,
and it not only expresses soliton solutions but also gives some
rational solutions and mixed interaction solutions of rational
solutions and usual soliton solutions. This technique was orig-
inally used in continuous local models, and then gradually
extended to continuous nonlocal models, discrete models and
discrete nonlocal models. However, for the discrete nonlocal
NLEs, the relevant research and theory are still not systematic
and sufficient, so it is a meaningful research work to continue
to develop and improve this technique. To the best of our
knowledge, the discrete nonlocal multi-soliton solutions and
relevant dynamical behaviors of the new reverse-space nonlo-
cal Eq. (3) have not been reported yet in literature. Therefore,
in this paper, we further investigate Eq. (3) via the generalized
(m,N —m)-fold DT technique.

In addition, before discussing Eq. (3), according to
Ref. [10], we also propose a new high-order reverse-space
nonlocal nonlinear self-dual network equation

030201-2
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{ In,t - (G*Inlfn)[lnvfnflvn *Ifnvzn 7InV,nV,n,1 +In71Vn71V7n71 +Ian,2n,1 - n+anV7n - G([n,] *In+1)]a

(6)

Vg = (0 = ViV ) Ve — Ll —pi\ Va + P Vo + Ly Vo — 12 Ve — D I p1 Vit — 6 (Ve — V1)),

and we here give its new lax pair different form one in
Ref. [10], the space part of Lax pair for Eq. (6) is same as
Eq. (3) (i.e., Eq. (4)), while the time part of its Lax pair is
given in the following form:

A, B
Ous =W g, Wi = (C DZ) @
with
1 1
Ay = T2 +InVn—1I F LVl Vo1

+ 2,V Lady Vo Vo
- G(I—nln—l + VnV—n—l)

1
—I,nV_n_ll + 512,

B, = 6l_yA —Gll V,— 62,V 1 +V,+ (~I,V?

n—1

1 1
Vo1tV + Gl—n—l)x + Va1 ﬁ7
1
Cn = Inz 71,1[7”‘/7” *Iy%vnfl + Gvfn
+(—01—nV3n_1 —0l—1V_pn-1Vu—1 +[n—1)l
—|—GV7H,1A2,
1 1
D, = m — 1,V Z + 1,V ul,Vy

LV A By Vg1 Ve
1
— (I py + VoV 1)+ IV A — 5/12.
The compatibility condition U, , = (EW,52>)U,[ — U,,W,,(z) be-

tween Eqs. (4) and (7) just yields Eq. (6).
Eq. (6) possesses more nonlinear terms which is possible to be

Theoretically,

used to design more complex nonlocal electronic circuit dia-
grams, which may have the potential application in describing
electric signal propagation in complex electric circuits.

The rest contents of this paper are the followings. In
Section 2, we construct nonlocal infinitely many conserva-
tion laws of Eq. (3). In Section 3, the nonlocal version of
(m,N —m)-fold DT for Eq. (3) is constructed based on its Lax
representation. As applications, the discrete nonlocal multi-
soliton solutions and rational solutions are calculated via the
nonlocal discrete N-fold DT technique (discrete generalized
(m,N —m)-fold DT with m = N) from vanishing background
and the nonlocal discrete (1, N — 1)-fold DT (discrete general-
ized (m,N — m)-fold DT with m = 1) from nonzero seed back-
ground, respectively. Moreover, the soliton propagation prop-
erties and asymptotic state analysis are analyzed and discussed
graphically, and a few wave features of rational solutions are
summed up as well. Last section will be devoted to some con-
clusions.

\
2. Conservation laws of Eq. (3)

Conservation laws are important to justify the integrabil-
ity for integrable system.!>?] In this section, we shall derive
the infinitely many conservation laws for Eq. (3). Firstly, we
can get from Egs. (4) and (5),

Va
P1n+1 = (ﬂ, +InVn)(Pl,n + ()L + Gln) (N
1
(P2,n+1 = (In + O_)vv—n)(Pl,n + <A +I—nV—n> (PZ,n~ (8)

Setting 6, = @2,/ 1 », We obtain

Lt V

% = A+ LVa+ (5 +010)6,

?2.n+1 In+0-)~V—n 1
: = —+1_,V_ 9
(P27n Gn + A J’_ n ny ( )

from which we have

V
(/In + GI_n> 6:6n+1+ (A +1,V1)On 1

_ (/11 +1,,vn> 6y, —GAV_,=0.  (10)

o)
Ad

Substituting 6, = Y, into Eq. (10) yields the following
j=0

recursion relations:

Glgo) = oV_,_1,
) = L1(1— 6Vt Voy),
0" = (Voo r Voot = ) (et g1 Vs
+ 17 Vo1 — OVoy2),
0 = (1— Vo1 Vo ) 21 Lyt Vi Vo
L Vi + (V2,0
+5 2 (VonoVia — o)1 —20V_y 2Vi_1) -1
— 0Ly 1V?, =l aVoyaVya+12),

Y

By means of Egs. (5) and (9), we have

{ln(l +1,V,+ (‘)/Ln + GI—n) 9,1):|
t

= (E— 1)(1 — LV + <01n+ V’I‘)en) (12)

Taking Eq. (11) into Eq. (12) and equating the same powers
of A in Eq. (12) generate an infinite number of conservation
laws to Eq. (3), and the first two conservation laws are listed
as follows:

(Tk)t = (E - 1)(Xk)v (k = 172) (13)
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with
n =LV, +1-,V_p-1,
X; = (_V*nflvnfl + G)Ifnlnfl +oVo 1V,
T =oV,V_n _Infl(vfnflvnfl - G)Ifn

1
- E (InVn + I,nV,n,I )2’
(VontVae1 — 0) (Iuly_ Vi

+(I l—n-1V_pn—2—0V,_ 1)n 1—ol_,V_,_ 2)

X, =

where T, and X, are the conserved densities and associ-
—Zn, 11 and
Y. I represent the total momentum and total energy of

ated fluxes, respectively. The expressions

lattice, respectively.

3. Discrete generalized (m, N — m)-fold DT

In this section, we construct the generalized (m,N —m)-
fold DT of Eq. (3) on the basis of Lax pair (4) and (5). First of
all, we assume that @, (A;) = (0, (A;), W,(A:))T are m distinct
solutions to Eqs. (4) and (5) for A = A; (i =1,2,...,m) and the
initial solutions 1, V,, of Eq. (3). We introduce the following
special gauge transformation:

N—1 . .
ANy dPA Ty B
an:Tn(Pn: ] =0 j=0 On, (14)
czb ) AN~ l-l—):a AN~
J=0 Jj=

where N is a positive integer, a,(,j ) , b(’ ) are the functions of vari-

() pl0)

Yny b, are derived

ables n,t to be determined later, while a
through a,(1 ),b( J) by replacing n with —n. From the knowl-
edge of DT, Eq. (14) ensures that ¢, satisfies E@, = U, ¢, and
(pn ;= W @,,, in which U and W have the same forms with
and Wn =
(T + T,W,)T."!, except replacing the old potentials I,, V,

U,, and W, under transformations U,, = n+1U,,Tn

with new ones I, V,,. To construct the generalized (m,N —m)-
fold DT, a,(lj ) and bﬁ,j ) are determined by the following lin-
ear algebraic system with 2N equations (N = m+ Y" | M;,
|

Jj—
k 1— k
kgo K SAIN s—, ¢J
j—l ) 1k
A 2N S)lezv kw(./ ),
AJ('lz: Ji(NH)
r iy,
k=0
J—(N+1)
c Y C
k=0

for 1 <j<M;+1,

for M;+2<j<2(M;+1),

i=1,2,...

as)

where T is derived based on binomial expansion by T'(A; +
€)= TO 7MWy .y TMi)h; (p(k) is determined based on
Taylor series expansion by (pn(?L +e)= (p( () + oM (X)e+
(p( )(k )82 4+ .-, in which (p (l) k, )Lk (pn(l,)

Based on the above analysis and referrmg to the discrete
local version of generalized (m,N —m)-fold DT in Ref. [21],
we can conclude that Eq. (3) admits the following discrete
nonlocal version of generalized (m,N — m)-fold DT:

Theorem 1 Let ¢;(A) = (¢i(A), wi(A)T
vector solutions with distinct spectral parameters A; (i =
1,2,...,m) of Egs. (4) and (5) starting from the seed solutions
(I,Vn) to Eq. (3), as considered above, then the generalized
(m,N —m)-fold DT for Eq. (3) can be given by

be column

(N=1)
~ IL,—ob",
o o

with
(0)7Aa510) Q) ab” b a7
= Py B W
A Ay =

AV = det(jA), 4@ Al 4

where A = (A1), 1 1o, in which A1) (1 < j <2M;+
2, 1<s<2N,i=102,...,

lae:

m) are given by following formu-

1<s<N,

for 1 <j<Mi+1, N+1<s<2N,

1<s<N,

ke AsTNkGUANTITR or M2 < < 2(Mi+1), N+1<s<2N,

and Aasl()), Abﬁ,o) and AbE,N_1> are given by the determinant Alf,(m) replacing its N-th, (2N)-th and (N + 1)-th columns by the

column vector b = (bj)anx1 With

il N—k 5 (j—1-k)
—ZC’% o, ,for 1<j<M;+1,

b=

N,

for M;+2<j<2(M;+1),
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Q,Z is obtained from bS,l)

where b by replacing n with —n.

Here we omit the proof of Theorem 1, the reader can re-
fer to Refs. [9,12] for the complete proving process, we believe
that the similar procedure also works for the discrete nonlocal
systems. In the next section, we will use discrete nonlocal gen-
eralized (m,N —m)-fold DT to construct some exact solutions
of Eq. (3). Before that, we give a simple remark.

Remark 1 In the discrete nonlocal generalized (m,N —
m)-fold DT, m represents the number of the distinct spectral
parameter, N denote the order number of DT, N —m means the
sum of the highest derivative order number in Darboux matrix
T, or the vector eigenfunction ¢,. It is worth noting that when
m = N, we can derive the discrete generalized (N, 0)-fold DT,
if Taylor series expansion is not used for every A;, it is the
N-fold DT which can be used to construct multi-soliton so-
lutions. When m = 1, the generalized (m,N — m)-fold DT in
Theorem 1 can reduce to the discrete generalized (1,N —1)-
fold DT which can be used to give high-order rational solu-
tions to Eq. (3). For 1 < m < N, we shall obtain some new
DTs which may give some interaction solutions between soli-
ton solutions and rational solutions, we shall not discuss them
here. In the next section, we will give multi-soliton solutions
in zero seed background via the generalized (1,N — 1)-fold
DT and rational solutions from nonzero-seed background via
N-fold DT, respectively.

3.1. N-soliton solutions via the discrete nonlocal N-fold DT

In this subsection, we shall use the N-fold DT to give
multi-soliton solutions of Eq. (3) with 6 = —1 in zero back-
ground and discuss related soliton propagation phenomena,
and we here omit to discuss the exact solutions of Eq. (3) with
o = 1 due to their singularities. Substituting the seed solu-
tions I, = V,, = 0 into Egs. (4) and (5) gives one solution Twith
A= as Oep = (91.0(M), G2n(M)T = (A ™, A e )T,
Based on Eq. (16), multi-soliton solutions of Eq. (3) can be ob-
tained. Next we discuss the following four cases N = 1,2,3,4.

3.1.1. One-soliton solutions

When N = 1, from Theorem 1, we can derive the 1-fold
exact solutions given by

=~ (0), (0 = 0
=04, V,=b",, (18)
(0) (0) (0)

where a) = LZ’; b0 = —AAf:” and b,(;i)l = —if": along with

Aa(o) _ ‘ 77(*] (Pl,n lIfl,n

T =W =M |
Ab(_or),: ¢l,7n _;Ll(Pl.fn ’
ll‘lll,n —VYin
(0) Ornr1  —MO1ng
N :
ntl ‘/llllfl,—nﬂ ~Vi a1
¢1,n lIll,n

A=

)

MV —n =M1

Al i ¢1,7n lI/I,fn
T MW =AM |

Appo = 01011 Y1t
At MWL —pt1 =M1 —npi

(0)

—n

is obtained from bﬁl())

where b by replacing n with —n. For
the sake of analysis, the solutions (18) can be rewritten in the
form

~ A
=1 — sech(&;)
1 )
A"

V, = %(1 —AP)A2Tsech(& +1ndy), (19)
with & = (4 — %l)t -+InAq, in which A; > 0 is a real constant.
It is obvious that the solutions (19) have no singularity. From
solutions (19), we can observe that the components I, and V,
are space soliton solutions whose amplitudes are only related
to variable n. If 0 < A; < 1(4; > 1), the absolute value of 1, de-

creases (increases) when n varies from —eo to +oo, and the cen-

Ayn(4;)
1-A% -~
If0 < Ay <1 (A > 1), the absolute value of V,, decays (grows)
when n changes from —eo to +o0, and its maximum amplitude
2,1 ln()Ll)

is along a straight line t = o
M

we plot two components I, and V,, for different values of pa-
rameters as depicted in Fig. 1. Figures 1(a) and 1(b) show
the unstable space soliton structures with A; = 1/2, while Fig-
ures 1(c) and 1(d) exhibits the unstable space soliton structures
with 4; = 2.

Next, we investigate some quantities such as the potential

ter position of its amplitude is along a straight line t =

To illustrate our results,

terms ZJ:,,, ‘7,,‘7,,, and Z,V,,, which can be expressed as

o 2 1)\2
L, = L'le) sech?§;,
1
o _12)\2
ViV, = %sechz(él +Inl),
1
. (12 _1\2
A 1 (20)

202 cosh(2&; +1nA;) +coshlnd;

From Eq. (20), we can see that three potential terms are
independent of space variable n and only dependent of time
t. In Fig. 2, we present the plots for Eq. (20) with A; = 1/2.
Figures 2(a) and 2(b) give the stable space bell-shaped one-
soliton structures for the potential terms 1,1, whose ampli-

tude is along the straight line r = % and \7,,\7_n whose
M

amplitude is along the straight line r = % Figure 2(c)
M

shows the stable space anti-bell-shaped one-soliton structure

3},1 ln()Ll)

2(1-A%) °

The possible reason for the formation of these stable structures

for 1,V,, whose amplitude is along the straight line t =

is due to balanced gain and loss of two components, and that
also shows from another aspect that the energy of this system
is conserved.
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Fig. 2. Stable one-soliton solutions for potential terms (a) INnIN,n, (b) ‘7,1‘7,,1 and (c) IN,J~/,1 with A; = 1/2.

3.1.2. Two-soliton solutions

When N = 2, from Theorem 1, we can derive the 2-fold exact solutions given by

L=b"/aY, V,=bY), @1
0 O a1y ) o _ A .
where aS, ) — AZ—’;, (,,)l =5 and bfl +)1 = Az‘,:l along with
—AZ01n Adin Yin MW n On MO1—n Wi-n —AlO1—n

Ag® ~Ai0rn Aaan V2.5 Ay, AV = Dn P Von M,
" “VYin MWYi—n —ALOL—n —M 1 | A, MY, AR, —wln |

“Von Vo y A3 —AaPa Mo, Mo, —Adr, —w2in
Pract MOttt —A2Piast MW Or—n MO1Ln Vin MV _n
A0 D1 AMrni1 APt MVWaai —— 0 n MPr_n Yo, AW _,
L THAIY it MWL —ps 1 — Vil — M1 —nt T AL, MW ARG, —A@Ln |
BV _nil Vo nil —Vo i1 —Mafr_ni1 Mo, v, —A3dr, —w2n
O1n MOip Yin MV, Olnr1 MOt Yintl MVt

Ay — 0n  M0n Yo MLy, Ayt = Ornr1 Aa@raii V2t Mo i1
AW p MWL —AZOL—n =M1 —n | T T AR it MWLt —AROLpst MOt |
A3V n MoV —A300 n —Ma A3V nit MW it —M3Vo i1 —Mafa i

For convenience of analysis, they can be rewritten as
(M2 — 1)(A = A2) [(1 = A)A{"H coshéy + (A2 — 1)A7"  coshé, ]
RERV (7 = 1)(23 = 1)cosh(2nIn §) — (4 — Ax)2cosh(& + &) — (Mada — 1)cosh(é) — &)
v (MAz = 1) (A — 22) [(1 = A)A" cosh(& +1InAy) + (A7 — 1)A}" 'cosh(&; +1ny)]
- na- A3)cosh(2nin 5L) + (41 — A2)>cosh(&1 + & +In A1 da) + (A da — 1)2cosh(§) — & +1nZL)

I

(22)

where & = (A4 — %k)t +1InA; (k=1,2). Similar to one-soliton solutions, we also consider the potential terms L1, V,V_, and
7;,‘7,,, which can be expressed as

LI, =F/B, V,V.,=Gi/Gy, I,V,=H/Ha, (23)

where

Fi = (MAz—1)?(Aa — ) {1 A2(A3 —1)(1 — A})cosh <2nln 2) [cosh(&; + &) +cosh(& — &)]
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+A2(A5 —1)%cosh?E; + A7 (Af — 1)*cosh?&, ),
5:l%ﬂw—MﬂmM@+@HUMrﬂ%Mﬂ&—@+U—ﬁﬂb&b%@%hmi)

—2(1—A3)(1—A2)cosh <2nlnt> (A1 — A2)%cosh(&r + &) + (AAr — 1)%cosh(&) — &)

+2()~1 - 12)2(}{1)»2 — I)ZCOSh(‘gl + éz)COSh(él — éz)},
Gi = (MAr—1)* (A — 4)*{MAa(A3 — 1) (1 — A#)cosh <2nln ll) [cosh(fl + & +1n(A142)) 4 cosh (él —&+In M)]

12 12
+AE(AF — 1)*cosh? (& +1n ;) +AF (A} — 1)%cosh? (& +1nda)},
2 M 242 22 2 M
G, = ),l?bz{ (A —22)*(MAz—1) cosh(él+§2+ln(lllg))cosh(§1 éz—i-lnAZ) +(1—=A{)"(1 —A3)"cosh <2nlnl2)

—2(1—A3)(1—A2)cosh <2nlnt> {(M —A2)%cosh(&; + & +In(AA2)) + (A A2 — 1)%cosh <§1 —&+In t)}

(A

+(A — A2) cosh? (&1 + & + (A1 A2) + (A1 A2 — 1) *cosh’ (él —&+In t) }a
~(MiA2 = 1)? (12 — M1)?{2A2 (A7 — 1)2coshé cosh(&) +1nAy) + 243 (A7 — 1)*coshéycosh (&, +1nAy)
—(A3 = A7 = DAP" 122" eosh(8y + & +Ina) +cosh(&) — & ~Indy)]
—(
2
i

23— (A — DA I3 [cosh(&) +1nAy + &) +cosh(& +1ndy — &)},
H, = A 122{ (M — 12) cosh(&; + &)cosh(&) + & +1In(A1A2)) +2(A A, — 1) cosh(& — &)cosh <§1 & +1n 12>

—2(1— 112)(1 — kf)cosh <2nln t) {(ll — lg)zcosh(él +& +In(A ) + (LA — 1)2cosh <§1 —-&+1n t)}
+2(M — A2)? (A Ay —1)? {cosh(él +&)cosh <§1 & +1n i) +cosh(& — &;)cosh (51 +& —&-ln(llkz))}
—2(1—A3)(1—A)cosh <2nln t) (A1 — A2)%cosh(&; + &) + (A Ax — 1)%cosh(& — &)

+2(1 = A)%(1 = A3)?cosh? (2nln il) }

2

Next, to investigate the structures of solutions (22) and potential terms (23), we perform the asymptotic analysis of I, Vi,
Z[I:n, %\7,,1 and Zﬁn at t — Foo. In the following, we discuss the four cases with regard to the different values of A; and A5,
which leads to the following different asymptotic state expressions.

Case ()ifO< A <1, > 1,414 < 1,ast — Foo

1— A} A=A
11; = lZnJrl Sa g Sech (51 Fln-—— l]ﬂ, 2 ) (él ~0, 52 — $°°)7

A3—1 M =X
I2¥ 12n+lseCh SEN /’le, ;o (&~ 0, & — Foo),

VfF_ (1271)12" lsech(‘g'lJrlnl]:Fln M M) (& ~0, & — Foo),

MAr—1
— 1 2\1q 2n—1 A‘l _A‘z
v, 25(1—12)12 sech §2+1n/12j:1n11/12_1 , (& ~0, & — too),
(A2 —1)? ’ M—A
F _— ~ oo
I,7 = 4}{2 sech élelnl ho1) (& ~0, & — Foo),
A} —1)? A=A
F _ ( 2 2 71 2 ~ oo
11_,3 4/122 sech <§2:|:1n - >, (& ~0, & — +oo),
(A2 —1)2 /12
VvV, = "‘lesech2 Ei+InAy $ln 7L17L , (&1 ~0, & — Foo),
(AF=172  5 711—/12
F _ ~ oo
VV_ 3 = 4122 sech ég—i—lleiln)Ll}Lz_l , (& ~0, & — to),
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- —(Af-1? 1
Vi=—"m (—A)? ; » (81~ 0, & = o),
i cosh [251 +1InA; Fln (11112—21)2} +cosh(lnA;) £ sinh(In4;)
—(A3 -1 1
1V2I = (1.2 ) s (§2 ~ 0, };1 — :|:°°).

243 cosh {252 +InA; £1n (%llizl);} +cosh(InA;) Fsinh(InA,)

Case (ii) if0< A1 <1, > 1,414 > 1,ast — Foo

A1 Ao —A
Il; 212n+18€0h(§1$]n1211 11)’ (81 ~0, & — Feo),
L—2
L= Ag;ﬁ—zlseCh(ézil 1212_11>7 (62~0, & — *£o0),
V¥_1 1—-2 /'L2n71 A ;LZ*;LI
=50 DAP tsech( & +1n Fn 1) (61 ~0, & — Foo),
VﬂF_l 2 A2 lsech nd, 1 =M
Y =5 = 1A Tsech( S +Indp £ 1) (62 ~0, & — o),
(A2 —1)? A kl
ILnT=14Tsech2 SFln =T ) G0 & Feo),
A7 —1)? Ao —A
+_ =17 9 2 — M N -
I .5 = 4n2 sech <§2:l:1n)~112_1>, (& ~0, & — +to0),
(2’12_1)2 2 l /11
F_\M— )" N -
VV_,] an? sech éH—ln)q:Fln)LA . (& ~0, & — Feo),
(A3 —1) A — /11
VV_J:szechz §2+1n),2i1n11271 . (& ~0, E — +oo),
(9212
vy = il : , (61~0, & = F),

ZA12 cosh [251 +InA; FIn (/1721);2} +cosh(InA;) £ sinh(InA;)
1

IV; _ _()*22_ 1)2

2122 cosh [252 +InA, £1In ((flll;)izf;} +cosh(InA;) Fsinh(InA,)

v (&2~ 0, & = deo).

Case (iii) if A;,A2 > 1, Ay > Ay, ast — Foo

1-A7 Ay — A
Il¥ )‘2n+l Syan1ech (51 Fln——— Ao — 2 >7 (él ~0, 52 — :F°°)7

1 A=A
I;:i 211;22}1-&-1 SeCh(éz :Fl }Ill _2 >7 (§2N07 él 4>:F°°)7

V= 30— AP seeh (Gt £ ). (60, G )

M, —1
+_ 1 219 2n—1 A=A
v, :*(1—7‘/;)12 sech( & +1InA; Fln , (gzw(), §1_>¢°°)’
2 MAp—1
(A2 —1)2 M-
o = i sect? (B ¥ FE T ) (60, & o)
(A} —1)? A=A
ILJZZTsechz gzq:ln“b_l . (& ~0, & — Foo),
(2'2_ ) A]*lz
vanT:t‘TSechz §1+ln7th:lnm , (él ~ 0, 52%:!:00)7
(2’2_1) 2, 2,2
VV_ 5 = 24/122 sech? .ﬁz—i—ln)Q:Fln)L pre (E3 ~0, & — Foo),
_ 12—1 2 1
IVT: ( 1 ) ) (51'\’07 é2_>$°°)7

247 cosh {2&1 +1nA; Fln (%112{23)22} +cosh(InA;) £sinh(Ink;)

030201-8
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F _()‘22_ 1)2 1
Vo= (—A)? ; » (82~ 0, &1 o). (26)
2 cosh {252 +InA; FIn (Ml/lz _21)2} +cosh(InA,) £ sinh(In4;)
Case (iv) if0<l|,/12 < 1,7L] <7Lz, ast — Foo
1- A} M=
Il:F 12n+1 SeCh(élil A])Q—1>7 (51 ~0, 52—>i°°)7
A3 -1 M=
I = ;Lzznﬂsech & +1n 1) (& ~0, & — +o0),
vf:f(xf—l)xf"—lsech §1+lnllilnL), (&1 ~0, & — +oo),
MAr—1
22071 M=
V,m = — M)A sech| S +Indy EIn——— |, (& ~0, & — £o0),
MAr—1
12—1)2 M — A
F_ ( 1 2 1 2 ~ oo
1I_,] 774/112 sech (élilnllﬂa—])’ (&1 ~0, & — to0),
A} —1)? A=A
F _ ( 2 2 71 2 ~ o
1,3 4122 sech (ézilnlllz—l) (& ~0, & — +oo),
(AF-1% M=
F _ [R—— ~ oo
VV_,| = 4)‘12 sech él—Hn)’lilnllM—l , (&1 ~0, & — too),
A} —1)? A=A
+F _ ( 2 2 71 2 ~ oo
VV_ .3 = 4122 sech <§2+lnhilnllﬂq—l>’ (& ~0, & — +oo),
42 12
IVT: (Al 21) A ) (51’\/03 62_>:|:°°)7
22 cosh [2&1 +1InA; +1n (172))} +cosh(InA;) Fsinh(In ;)
_ 2_1 2
vy =l R T S

Here I, I,V , Vy 1, 1,5, VV_, [, VV_ ., IV, 1V,
denote the asymptotic expressions of two-soliton solutions I,
\7,,, I~,,I~_,,, \7,,\7_n and i;lf/,, before the interactions, respectively,
while 17, I, Vi*, V,©, 1L, 1,5, VV_, [, VV_, 3, IV,
I V2Jr represent the asymptotic expressions of two-soliton solu-
tions after the interactions, respectively. From the above anal-
ysis, we can see that the shapes of two-soliton solutions I, and
ﬁn are related to the parameters A;, A, which are summarized
in Table 1.

Table 1. The relationship between parameters and shapes of two solitons.

Solitons Parameters Shapes
M>1,0<A <land A > 1/4, UABS-UABS
I, O<Aq<lorA>1for k=1,2 UBS-UABS
7Ll>1,0<lz<1and)h <1/l2 UBS-UBS
7L]>1,0<7L2<1andll>l/kz UBS-UBS
Va O<A<lord>1lfork=1,2 UBS-UABS
M>1,0< A <land A <1/4 UABS-UABS

UBS: unstable Bell soliton, UABS: unstable anti-Bell soliton.

To illustrate the above-mentioned results, we plot two
components I, and V,, and three potential terms ,1_,, V,,V_,,
1,V, as shown in Figs. 3 and 4, respectively. Figures 3(a)

cosh {262 +InA, £1In (%11;{21))22

} +cosh(InA,) Fsinh(InA,)

and 3(b) show the unstable two-soliton structures with pa-
rameters A; = 1/4, A, =5, the absolute value of I, increases
when n varies from —oo to +oo, while the absolute value of
\7,, decreases when n varies from —oo to +co. Figures 3(c)
and 3(d) exhibit the unstable two-soliton structures with pa-
rameters A; = 4, A, = 1/5, the absolute value of 7,, decays
when n varies from —oo to +oo, while the absolute value of
vV, grows when n varies from —oo to 4. From Fig. 3, we
can see that two unstable solitons are approaching to each
other with time increasing. At a certain moment the interac-
tion between two solitons takes place and energy exchange oc-
curs. After the interaction, they begin to move away from each
other. The amplitude of one soliton increases and the other de-
creases. Figure 4 gives the plots for Eq. (23) with parameters
A1 =1/4, A, = 5. Figures 2(a) and 2(b) present the stable
bell-shaped two-soliton structures for the potential terms LI,
and 17,,\7_,,. Figure 2(c) shows the stable anti-bell-shaped two-
soliton structure for EV,, From Fig. 4, we can see that the
solitonic shapes and amplitudes have not changed before and
after the interactions, their interactions are elastic. The possi-
ble reason for such stable structures is due to the balance of
certain gain and loss of two components.
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(c)

Fig. 3. [(a), (b)] Unstable two-soliton solutions for Eq. (3) with A; = 1/4 and A, = 5. [(c), (d)] Unstable two-soliton solutions for Eq. (3) with

M =4and A, =1/5.

Fig. 4. Stable two-soliton solutions for potential terms (a) 1~,,1~_,l, (b) V,,V_n and (c) Z,Vn with A} =1/4and 1, = 5.

3.1.3. Three-soliton solutions

When N = 3, from Theorem 1, we can derive the 3-fold
exact solutions given by
~ ¥ _
=-2 y,=p" (28)

0)° nt1
o

where aE,O), b(_z,),, bfg&l

ilar to two-soliton solutions’ asymptotic analysis, we can also

are omitted to the same space here. Sim-

discuss their interactions phenomena, which are omitted to
discuss here. If choosing the parameters A; = 1/3, A =2 and
A3 = 3/2, when n — +oo, we can realize the decaying ampli-

tude of three-soliton solution |Z,| and the growing amplitude of
three-soliton solution |I~/n| as shown Figs. 5(a) and 5(b). If tak-
ing the parameters A} = 1/3, 1, =2,A3 = 3/2, when n — 4o,
we can obtain the increasing amplitude of three-soliton so-
lution |Z,\ and the decreasing amplitude of three-soliton so-
lution |‘~/,,| as shown Figs. 5(c) and 5(d). Figure 6 provides
the plots for the potential terms ET,H and VH\N/,,, in Eq. (28).
Figures 6(a) and 6(b) give the stable bell-shaped three-soliton
structures for Z,T,n, an,n. Figure 6(c) exhibits the stable
anti-bell-shaped three-soliton structure for };,17,,. Three soli-
tons preserve their shapes and amplitudes before and after the

interactions, so their interactions are elastic.

Fig. 5. [(a), (b)] Unstable three-soliton solutions for Eq. (3) with 4; = 1/3, A, =2 and A3 = 3/2. [(c), (d)] Unstable three-soliton solutions for

Eq. 3) with 4; =3, A, = 1/2 and A3 =2/3.

Fig. 6. Stable three-soliton solutions for potential terms (a) I, ) V,V_, and (c) I,V, with A; = 1 /3,22 =2and A3 =3/2.
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3.1.4. Four-soliton solutions

When N = 4, from Theorem 1, the 4-fold exact solutions
can be given by

Y )
I, = )’ Vi = bn+15 (29)
dnp
where a,(10), b(f,)l, bl(le are omitted to the same space here.

When the parameters are chosen appropriately, the unstable
four-soliton solutions 1, and V,, including two decaying soli-
tons and two growing solitons are shown in Fig. 7. If choosing
the parameters A} = 1/5, 1, =4, 23 =1/6, 44 =7, we can ob-
tain the four-soliton structures as shown in Figs. 7(a) and 7(b).

If taking the parameters A; =5, A, =1/4, 13 =6, Ay = 1/7,
we can realize the different four-soliton structures as shown in
Figs. 7(c) and 7(d). Figure 8 provides the plots for the poten-
tial terms I,/_,, and V,V_, in Eq. (29). Figures 8(a) and 8(b)
present the stable bell-shaped bright four-soliton structures for
ZJN_,,, 17,1\7_,,. Figure 8(c) exhibits the stable anti-bell-shaped
four-soliton structure for Zﬁn Four solitons preserve their
shapes and amplitudes before and after the interactions due
to balanced gain and loss so that their interactions are elastic.

With the aid of symbolic computation Maple, one-, two-

, three- and four-soliton solutions obtained above have been
verified by substituting them into Eq. (3).

Fig. 7. (a) and (b) Unstable four-soliton solutions for Eq. (3) with A; = 1/5, A, =4, A3 = 1/6 and A4 = 7; (c) and (d) Unstable four-soliton

solutions for Eq. 3) with A; =5, =1/4, A3 =6and Ay = 1/7.

Fig. 8. (a), (b), (c) Stable four-soliton solutions for potential terms 11, V,V_, and IV, with A; = 1/5, % =4,A3=1/6and Ay =7.

3.2. N-rational solutions via the discrete nonlocal general-

ized (1,N — 1)-fold DT

In this subsection, we shall derive rational solutions to
Eq. (3) with 0 = —1 via the discrete nonlocal generalized
(I,N — 1)-fold DT. For o = 1, we have the similar process
which will not be discussed here. Substitution of nonzero seed
solutions I, = a,V,, = 0 into Eqgs. (4) and (5) yields the follow-
ing basic solution:

Citle™ +Cythe™!

) = ¢l’l — 1 2 30

(pn( ) (wn) (Cl l;rl T?CT]I—FCQA;TZTSCTZZ y ( )

in which 7y = 7, &, = 7 with & = H[A2+ 1=+

V/—(2aA +242—1)(2aA — A2 +1)], where C; and C; are ar-
|

o\

i _ (o) _ (5)"16v30 s,
=y ) T\3) 61

_ ‘PrEO) _ (3 "/30 3t
“lyo ) =5) =

bitrary constants.

Next, we fix the spectral parameter in Eq. (30) as A =
A + €% with Ay = a+ Va2 +1, and expand vector function
¢, into Taylor series around € = 0, explicitly calculating the
coefficients of the expansion in ¢,. In particular, choosing
Ci=-C=1/e,a=4/3 (ie., Ay = 3), we have

ou(e) = ¥ ol
Jj=0
= o +oe+ P2+ o+ (31

Here

(st )

B+ (Bn+ B+ (5n 50+ G )+’ — ggn
n®+ (5

154V,,2 25\42 15 299 125 .3 25.2 205 315 ’
=PI ()= (T gt m e -1t +64t256>
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where we omit the rest ¥ (k > 2).
According to the discrete nonlocal generalized (1,N —

1-

fold DT in Theorem 1, we shall discuss the two cases: N =

(0)

while b(i),)l is obtained from b, by replacing n with —n.

Through the calculation, the solutions (32) can be rewritten

as
1, 2.
~ 180 —288n
3.2.1. First-order rational solutions " 88n2 800(t — %)2 — % ’
For N = 1, according to Theorem 1, based on the discrete Vo _il - 5(288n+ 180) 33)
generalized (1,0)-fold DT, the first-order rational solutions to " 3 864n% —2400(r + %)2 — % ’

Eq. (3) are given as

©) from which we can see that I, possesses singularity at the hy-
_a+b

- 3y ~
; (0)7”, Va bigzl, (32) perbola 64” 1600%7140) = 1, while Vj, possesses singularity
n at the hyperbola 64" - % = 1. We can see that I, — 0,
where a)) = AZEEO) b0 = gb@’)’ and b(O) _ with Vo —4/3forn _> oo Ort = oo,
1 n i —n f,rHrl
" o " " 3.2.2. Second-order rational solutions
A 5:0) =| —h ?3) ;I/" (0) ,O,), = ‘ lq)”(‘o) —M q(bo’)” , When N = 2, according to Theorem 1, based on the dis-
Vo M9, 1o —Wn crete generalized (1, 1)-fold DT, the second-order rational so-
Ab(ll _| O —M 11 lutions to Eq. (3) are given by
" 7Ll Vi—n+l —Vi—n+l
0 0 1
Al Al —n— (0) (0) n — ) n n+1» ( )
/’L lll n l (P n ' ll Yn _A«I(Pn a7(10>
(0)
‘Pl 1 Yins 0 ©
Al =1, o CEERE O _ ad? ) _ s ©0) _ bl oy
; A %(’lnﬂ 711%(12"“ where a,,’ = A5 b, = A and b, = with
|
219,” o1 Ay v
ae | on + ol on" Ay + qfé‘” w,i”
: Ay A2y /1 ¢_n ,12 ’
lw§)+w(_)/12w_)+2/11w_ 98 — 9 ) 2200 YW
P 0L Ay ©
PP L RV S
2,-n = 24,0 (0) 2 ’
A,] llln ;{, Yn *l} ¢n 0 *Al ¢n 0
2’ llfn + lI/rz l1211/rz +22/1 Il/n )“1 ¢rg ) - ¢1§ ) _)“12¢n 21 ¢r<z )
All ¢)1+1 . ¢r5(1)+)l )“11 ‘V;ﬁ)l . Wr(t(;r)l
AE | M ¢r5+)1 +¢r5+)1 ory Z llfr(z-i-)1+llfr(l4-)l ‘Vr(z+)1
2+l = (0 2. (0) (0) 24(0) )
;L)l A‘l —n+1 —3,1 ¢7n+1( 0) _)Al ¢ n+1
v nt1 +y n+1 )*12”’ i1 24 v n+1 ~hg n+1 Ot )“Z‘P _2)“1‘15 ntl
where Aa,(,()) is given by the determinant A5 replacing its second column by the column vector (—AIZ¢,§°>, —/'leq),gl) —2M (]),EO),
fl//(fn) , ,l,,gg )7, Abg,)l is given by the determinant Afﬁ , replacing its third column by the column vector (7112 ¢£‘f}, ,AIZq)gL)

2 ¢((1,), 1//,(10), qf,S”)T and Abﬁlnﬂ) is given by the determinant AJ, ., replacing its fourth column by the column vector

(— lz(])nH, lngnﬂ 24 ¢n+l’ I/ISOYBH, —I/ISBH)T. By the calculation, the solutions (34) can be rewritten in the following
form:

- 4 R - B

L=-+2L V=22, 35

n=3t G "= (35)
where

Fy = (1152000000 — 1843200000n)¢* + (5529600001 — 345600000)¢* + (13271040001 — 24883200001
— 3939840007 + 1010880000)7> + (—199065600n° + 3732480001 — 1368576001 — 29160000)1
—238878720n° + 746496000n* — 246343680n° — 214617600n> + 1388016001 — 43740000,
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—1024000000¢° + 4608000007 - (11059200001 4 34560000)1*
+ (—3981312001* + 13685760001> — 641520000)7>

+ (—331776000n* + 77760000)¢>
+ (59719680 — 877132801 4 21870000)¢

+47775744n° — 306063360n* + 142814016n> — 4100625,

Fy = (—11059200001 — 691200000)7* 4 (—9953280007 — 622080000)¢
— 5349888001 — 793152000)1> + (358318080n° + 6718464001

+ (796262400n° 4 1492992000n°
— 1343692801 — 290433600)1

— (143327232n* + 3045703681 — 49268736n> — 146686464n — 10497600) (n+ 1),
G, = —1024000000° — 13824000007 + (11059200001% — 380160000)t* + (9953280001 + 119232000)7°

+(—3981312001* + 1069977600n* — 235612800)1>

+ (—179159040n* 4 3751142401

—125096400)¢ + 47775744n° — 144820224n* + 1075420800 — 23783625.

From Eq. (35) we can also see that the second-order rational
solutions 7, and V, possess singularity. Similarly, we can also
obtain third- or fourth-order rational solutions whose simplifi-
cation form expressions are so complicated to be omitted here.
With symbolic computation Maple, rational solutions (32) or
(33), (34) or (35) have been verified by substituting them into
Eq. (3).

Finally, we summarize a few mathematical features of
previous discrete rational solutions for Eq. (3) as listed in Ta-
ble 2. The first column in Table 2 shows the orders of the
solutions, while the second, third, fifth and sixth columns ex-
hibit the powers of the polynomials involved in each pair of
solutions. The fourth and last columns give the background

\
levels of the solutions. From Table 2, we can easily obtain
the following information: provided that the order N of the
rational solutions is odd, the hlghest powers in the numera-
tor polynomial of the solutions I, and V,, are 2n(2n—1)—1
and 2n(2n — 1), respectively, while the their highest powers
in the denominator polynomial both are 2n(2n — 1), and the
background levels of the solutions I, and V, are zero and —a,
respectively. On the other hand, supposing that the order N
is even, the highest powers in the numerator polynomial of
the solutions 1, and V,, are 2n(2n+1) and 2n(2n+1) — 1, re-
spectively, while the highest powers in the denominator poly-
nomial both are 2n(2n+ 1), and the background levels of the
solutions 1, and V,, are a and zero, respectively.

Table 2. Main mathematical features of rational solutions I~,l and ‘7,, of order N.

N HPN of I, HPD of I, Background of , HPN of V, HPD of V, Background of V,
1 1 2 0 2 2 —a
2 6 6 a 5 6 0
3 11 12 0 12 12 -a
4 20 20 a 19 20 0
2n—1 2n(2n—1)—1 2n(2n—1) 2n(2n—1) 2n(2n—1) —a
2n 2n(2n+1) 2n(2n+1) 2n(2n+1)— 2n(2n+1) 0

HPN and HPD denote the highest power in the numerator and denominator, respectively.

4. Conclusion

In summary, we have analytically investigated a reverse-
space nonlinear self-dual network equation (3) with 0 = —1,
which may describe the propagation of electrical signals in a
ladder-type nonlinear self-dual network. We summarize the
main achievements of this paper as follows: (1) An infinite
number of nonlocal conservation laws for Eq. (3) have been
constructed. (2) The discrete nonlocal version of generalized
(m,N —m)-fold DT is extended to nonlocal Eq. (3) in detail for
the first time, which is a generalization of the usual discrete
N-fold DT. (3) The asymptotic state analysis for two-soliton
solutions are investigated, and the related properties of wave
propagation are shown and discussed in detail. (4) It is found
that individual components in this nonlocal equation (3) pos-
sess unstable soliton structures while the potential terms have

the stable soliton structures, which also shows that the energy
of this equation is conserved from another aspect. (5) Mathe-
matical features of different-order rational solutions of Eq. (3)
are summarized, from which we can see that the nonzero back-
grounds for rational solutions appear alternately between two
components in this system.

In theory, it is entirely possible to expand eigenfunc-
tions at more spectral parameters to get more new solutions to
Eq. (3) via the discrete generalized (m,N —m)-fold DT. How-
ever, in fact, the calculations are very complicated, we need
further investigation in this field. We think that the key idea of
this technique can be applied to other discrete local and non-
local nonlinear integrable models as well. Finally, we need
to point out that Eqgs. (3) and (6) provide the possibility for
designing nonlocal electrical circuits, and the results of this
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paper also provide a theoretical basis for enhancing and weak-
ening the propagation of electrical signals in electrical circuits.

We hope that the results obtained in this paper may be useful

for explaining the electrical signals’ propagation phenomena

in practical applications.
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