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A model predictive inverse method (MPIM) is presented to estimate the time- and space-dependent heat flux on
the ablated boundary and the ablation velocity of the two-dimensional ablation system. For the method, first of all, the
relationship between the heat flux and the temperatures of the measurement points inside the ablation material is established
by the predictive model based on an influence relationship matrix. Meanwhile, the estimation task is formulated as an
inverse heat transfer problem (IHTP) with consideration of ablation, which is described by an objective function of the
temperatures at the measurement point. Then, the rolling optimization is used to solve the IHTP to online estimate the
unknown heat flux on the ablated boundary. Furthermore, the movement law of the ablated boundary is reconstructed
according to the estimation of the boundary heat flux. The effects of the temperature measurement errors, the number
of future time steps, and the arrangement of the measurement points on the estimation results are analyzed in numerical
experiments. On the basis of the numerical results, the effectiveness of the presented method is clarified.

Keywords: ablation, heat transfer, model predictive inverse method (MPIM), boundary reconstruction
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1. Introduction
Measurement of time- and space-dependent heat flux is

widely carried out in numerous engineering applications, such
as aerospace industry,[1–4] metallurgy industry,[5,6] combus-
tion diagnosis,[7,8] and biomedical engineering.[9,10] Direct
measurement of transient heat flux is often difficult in many in-
dustry fields, such as the heat flux on thermal protection shield
surface of the re-entry vehicle, and the cooling heat flux on the
casting surface that determines the casting quality of continu-
ous casting process. For these circumstances, with the idea
of inverse analysis, the time- and space-dependent heat flux is
able to be indirectly obtained by solving inverse heat transfer
problems (IHTPs).

The core of the above indirect measurement is to
solve an inverse problem which is commonly ill-posed.[11–15]

Thus, various optimization methods with anti-ill-posedness
are developed. Heuristic algorithms[7,16–19] and gradient
algorithms,[20–22] as the typical inverse methods, are widely
used to solve the inverse problems. For the IHTPs, Vakili and
Gadala[23] used particle swarm optimization (PSO) algorithm
to estimate the boundary conditions with different dimensions.
Sun et al.[24] introduced sequential quadratic programming
(SQP) algorithm to retrieve the transient heat flux of partic-
ipating media. Tapaswini et al.[25] used a variational itera-
tion method (VIM) to reconstruct the boundary heat flux. Sun
et al.[26] employed the decentralized fuzzy inference method

(DFIM) to estimate the time- and space-dependent heat flux of
two-dimensional (2D) participating medium.

The above researches all focused on estimating the tran-
sient heat flux of the systems with fixed boundary. For the
IHTPs with the ablation of the thermal protection shield of re-
entry vehicle, the transient heat flux on the ablated surface is
more difficult to reconstruct. The reason is that the boundary
of the system will move due to the phase change on the abla-
tion material surface. Several researches have been achieved
in the ablation inverse problems. de Oliveira et al.[27] used the
conjugate gradient method (CGM) to recover the functional
form of the heat flux on the ablated surface of one-dimensional
(1D) slab. Molavi et al.[28] developed one CGM with the first
order Tikhonov regularization to estimate the surface reces-
sion and the time-varying net heat flux on the ablated surface
of 1D slab. In the above researches, the conjugate gradient al-
gorithms were used to simultaneously estimate the unknown
heat flux on the whole-time domain with the temperature mea-
surements. Therefore, the estimation result could not be ob-
tained in real time. In order to estimate the heat flux online,
Mohammadiun et al.[29] and Farzan et al.[30] used the sequen-
tial function specification method (SFSM) to sequentially re-
construct the surface heat flux of 1D ablation in time domain.
Although the SFSM is able to solve the inverse problem in
real time, the accuracy of the solution obtained by the SFSM
significantly depends on the number of future time steps. In
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addition, it is necessary that the specific function of unknown
parameter over a period of future time should be assumed in
advance.[14]

Most of previous studies described the ablation process
as 1D problem. However, the surface heat flux of the abla-
tion material has obvious unevenness in space, and the abla-
tion velocity obviously presents spatial difference.[31] There-
fore, the ablation process is multi-dimensional, in which the
surface heat flux is time- and space-dependent and the temper-
ature field is more complex. Considering the characteristics,
for the ablation process, multi-dimensional ablation inverse
method should be established. Moreover, developing a more
efficient method is an urgent requirement for addressing the
sort of IHTP.

Based on the dynamic matrix control (DMC), an in-
verse method for the unsteady heat conduction problem was
established.[32–34] This inverse method can effectively reduce
the sensitivity of the estimation result to the temperature mea-
surement errors and the dependence of the accuracy on the
number of future time steps.

In this paper, a model predictive inverse method (MPIM)
is presented to estimate the time- and space-dependent heat
flux and the ablation velocity on the ablated boundary of a
2D ablation process. In Section 2, a heat transfer model of
the 2D ablation process is described and one numerical sim-
ulation technique for the ablation process is introduced. In
Section 3, the inverse problem of the 2D ablation process is
established and the corresponding MPIM is introduced in de-
tail. In Section 4, the transient heat flux distribution on the
ablated boundary is estimated. In addition, the effects of tem-
perature measurement errors, the number of future time steps
and arrangement of measurement points on the reconstruction
results are studied in this section. In Section 5, the main con-
clusions are drawn.

2. Ablation model and numerical method
2.1. Ablation model

For a 2D ablation system shown in Fig. 1, the ablation
material is heated by the time- and space-dependent heat flux
on a boundary. In the figure, q(x, t) is the total heat flux, which
brings about the complex thermal action on the heated bound-
ary. The thermal action contains the conduction heat, radiative
heat transfer, the heat fluxes generated by complex physical
and chemical processes, etc.[35,36] Complete ablation process
goes through a heat conduction stage and an ablation stage.
At the beginning, the temperature of the heated boundary does
not reach the phase transition temperature TAB of the ablation
material, so that the total heat flux q(x, t) exerted on the bound-
ary only enters into the interior of the material through heat

conduction. As the heating continues, temperatures of some
locations on the heated boundary reach TAB, which causes the
boundary recession. During the ablation stage, part of q(x, t) is
converted into the heat flux of material vaporization qd that is
dissipated into the environment and the remaining heat flux qc

enters into the interior of the material through heat conduction.
For studying the ablation heat transfer process, the

following simplifications are considered, as suggested in
Ref. [37]: (i) during the ablation stage, the ablation material
gasifies directly without going through the liquefaction pro-
cess; (ii) the heat absorbed by the complex physicochemical
reactions on the ablated boundary is equivalent to the latent
heat HAB in the ablation stage; (iii) the temperature of the ab-
lated boundary maintains the phase transition temperature TAB

of the material in the ablation stage.

q↼x↪t↽

Lx

Ly

x

n

y

qd

qc

m

Fig. 1. 2D ablation heat transfer system.

The transient temperature field T (x,y, t) of the ablation
material is described by the following equation:

1
a

∂T
∂ t

=
∂ 2T (x,y, t)

∂x2 +
∂ 2T (x,y, t)

∂y2 ,

0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly(x, t), (1)

with the initial condition

T (x,y,0) = T0(x,y), 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly0, (2)

and boundary conditions−λ
∂T
∂y

= q(x, t), if T (x,y, t)< TAB,

T (x,y, t) = TAB, if T (x,y, t)≥ TAB,

0 ≤ x ≤ Lx, y = Ly(x, t), (3)

−λ
∂T
∂y

= 0, 0 ≤ x ≤ Lx,y = 0, (4)

−λ
∂T
∂x

= 0, x = Lx, 0 ≤ y ≤ Ly(x, t), (5)

−λ
∂T
∂x

= 0, x = 0, 0 ≤ y ≤ Ly(x, t). (6)

Energy balance equation of the ablated boundary is

ρ · v(x, t)HAB = q(x, t)+λ
∂T (x,y, t)

∂y
,

0 ≤ x ≤ Lx, y = Ly(x, t), (7)
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where a, λ , and ρ are respectively the thermal diffusivity, the
thermal conductivity, and the density of the ablation material;
T0(x,y) is the initial temperature field; Lx and Ly0 are respec-
tively the width and the initial thickness of the material; v(x, t)
is the ablation velocity; TAB and HAB are the phase transition
temperature and the latent heat of vaporization of the ablation
material, respectively.

2.2. Numerical method of ablation heat transfer

In the numerical simulation process, the heat transfer re-
gion is discretized by the quadrilateral mesh. The discrete heat
transfer region at the initial moment is shown in Fig. 2. The
solution domain and mesh division need to be adjusted contin-
uously because the ablated boundary Γ1 constantly moves in
the ablation process.

q↼x↪t↽

Γ4

Γ2 Γ3

Γ1

Fig. 2. Initial mesh of material.

For the mesh division of the solution domain, the tem-
perature governing equations are divided by the finite element
method. In the whole solution domain, the discrete form of the
above governing equations is composed of the discrete equa-
tions of all finite elements. For each element e, the matrix form
of the discrete equation is as follows:

([Ke] ·∆t +[Ce]){Te}k+1 = {Pe}k
∆t +[Ce]{Te}k, (8)

where {Te} is the temperature vector of element; [Ke] is the
thermal conductivity matrix of element; [Ce] is the specific
heat matrix of element; {Pe} is the heat flux vector of the el-
ement. The above compositions of the e-th discrete equation
will vary with the geometry of element.

In this paper, the locations of the mesh nodes are online
adjusted by the spring analogy method (SAM)[38,39] which
can ensure that the topology (number of cells and number of
nodes) of the mesh division does not change.

According to the equivalent spring system shown in
Fig. 3, the static balance is described by the following gov-
erning equation:

Fi =
Ni

∑
j=1

γi j(𝛷 j −𝛷i) =0, (9)

where γ i j is the equivalent elastic coefficient between the ad-
jacent nodes determined by γi j = 1/l2

i j where li j is the distance
between i-th node and j-th node; Ni is the number of the adja-
cent nodes of the i-th node; 𝐹i is the analogy net force; 𝛷i and
𝛷 j are the position vectors of i-th node and j-th node that is
adjacent to the i-th node.

For the i-th node, at the current moment tk the position
vector is 𝛷k

i . The positions of the mesh nodes are adjusted by
the rules as follows.

j1
i

j2

j4

j3

Fig. 3. Spring analogy of variable mesh.

(i) When the i-th node is on the boundary Γ 4, the node
position is fixed by

𝛷k+1
i =𝛷k

i . (10)

(ii) When the i-th node is on the boundary Γ1, 𝛷k+1
i is

adjusted according to the following equation:

𝛷k+1
i =𝛷k

i + vk
i ·∆t ·𝑒vi , (11)

where vk
i is the ablation velocity of the i-th node on the bound-

ary Γ1; 𝑒vi is the direction vector of vk
i .

(iii) When the i-th node is on the boundary Γ2 or Γ3, the
i-th node moves along the boundary and the position vector
𝛷k+1

i is only related to the adjacent nodes i− 1 and i+ 1 on
the boundary Γ2 or Γ3. The 𝛷k+1

i can be iteratively calculated
from the following equation:(

𝛷k+1
i

)(p+1)
=

1
γii

[
γi(i−1)(𝛷

k+1
i−1 )

(p+1)− γi(i+1)(𝛷
k+1
i+1 )

(p)
]

(i = 1,2, . . . , I). (12)

(iv) The instantaneous position vectors of the internal grid
nodes after deformation are iteratively calculated by the fol-
lowing equation:

(
𝛷k+1

i

)(p+1)
=

1
γii

[
i−1

∑
j=1

γi j(𝛷
k+1
j )(p+1)−

Ni

∑
j=i+1

γi j(𝛷
k+1
j )(p)

]
(13)

with (i = 1,2, . . . ,G). In Eqs. (12) and (13), p (p = 0, 1, 2, . . . )
is the number of iterations; I is the number of the nodes on
the boundary Γ2 and Γ3; G is the number of the internal mesh
nodes.
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Set initial temperature field,

Solve the Eq. (8)

Start

End

Is the minimum ablated   

boundary temperature 

greater than TAB?

Solve the Eq. (8)

k/k⇁ 

Output the

temperature field

Output the temperature field 
and ablation velocity

Conduction simulation 

Ablation simulation 

No

No

Yes

Yes

k/, TAB and P

Solve the Eqs. (10)-(13)

k/k⇁

k>P

Fig. 4. Algorithm flowchart of ablation process simulation.

The numerical simulation of the ablation process is real-
ized by solving the algebraic equations of the heat transfer (i.e.
Eq. (8)) and the node position equations (i.e. Eqs. (10)–(13))
simultaneously. The above algebraic equations are nonlinear
due to the coupling relationship between the heat transfer pro-
cess and the variable solution domain. When simulating the
ablation process, in order to conveniently obtain the solution,
the adjustment of the solution domain lags behind the heat
transfer process. Setting the number of simulation time steps
to be P, the flowchart for numerical simulation procedure of
the ablation process is drawn in Fig. 4.

2.3. Validation

In order to validate the model and the numerical method,
a numerical experiment is carried out. According to Ref. [36],

for the system with the width Lx = 50 mm and the initial thick-
ness Ly0 = 5 mm, thermophysical properties are described
by the thermal conductivity λ = 0.2 W/(m·K), the density
ρ = 2000 kg/m3, the specific heat capacity cp = 1000 J/(kg·K),
the ablation temperature TAB = 800 K, and the latent heat
HAB = 2 MJ/kg. Besides, the initial temperature distribution
and the total heat flux are respectively T0(x,y) = 300 K and
q(x, t) = 2 MW/m2. The ablation velocity of the simulation is
compared with the value of Ref. [36] as shown in Fig. 5.

It can be seen that although at the beginning the difference
between the two sets of data is larger, with time going by, the
simulation result is gradually close to the value of Ref. [36].
It is worth noting that the difference at the beginning is due to
the switch from conduction simulation to ablation simulation.
On a whole, the simulation result is similar to the result in the
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literature. Therefore, the model and the numerical method are
both effective.

0 2 4 6 8 10
3.80

3.85

3.90

3.95

4.00

4.05

4.10

4.15

4.20

A
b
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ti
o
n
 v

e
lo

c
it
y
 (

1
0

-
4
 m

/
s)

Time (s)

 Ref. [36]
 simulation result

Fig. 5. Comparison of ablation velocity between simulation and value
of Ref. [36].

3. MPIM for estimating ablated boundary heat
flux
For the 2D ablation system as shown in Fig. 1, the time-

and space-dependent heat flux q(x, t) on the boundary Γ1 is di-
vided into N discrete values. In the time domain [tk, tk+R−1],
the values of qk+r

n (n= 1, . . . ,N;r = 0, . . . ,R−1) can be identi-
fied by the M measured temperatures Y k+r

m (m = 1, . . . ,M;r =
0, . . . ,R−1). Here R denotes the number of predetermined fu-
ture time steps; N is the number of the estimation points of the
boundary heat flux.

In the present study, the two-dimensional ablation in-
verse problem is solved based on the model predictive control
theory.[40]

3.1. Objective function

The estimation of the transient heat flux distribution on
the ablated boundary can be summarized as a predictive con-
trol problem, for which the objective function is established
as Eq. (14) to optimize the unknown heat flux matrix 𝑄. For
Eq. (14), the first term on the right-hand side describes the
relationship between the unknown heat flux matrix and the
known measured temperatures, i.e., the formulation of the 2D
ablation inverse problem. Furthermore, considering the ill-
poseness of the 2D ablation inverse problem, the second term
is added to improve the stability of the estimation solution.

minJ(𝑄) = (𝑌 −𝑇 )T (𝑌 −𝑇 )+𝑄T𝛬𝑄. (14)

In Eq. (14):

𝑌 = [𝑌 k, 𝑌 k+1, . . . , 𝑌 k+R−1]T

𝑌 k+r = [Y k+r
1 , Y k+r

2 , . . . , Y k+r
M ]T,

𝑇 = [𝑇 k, 𝑇 k+1, . . . , 𝑇 k+R−1 ]T,

𝑇 k+r = [T k+r
1 , T k+r

2 , . . . , T k+r
M ]T,

𝑄= [𝑞k, 𝑞k+1, . . . , 𝑞k+R−1]T,

𝑞k+r = [qk+r
1 , qk+r

2 , . . . , qk+r
N ]T,

𝛬=


𝛼 0 . . . 0
0 𝛼 . . . 0
...

...
. . .

...
0 0 . . . 𝛼


R×R

,

𝛼=


α1 0 . . . 0
0 α2 . . . 0
...

...
. . .

...
0 0 . . . αN


N×N

, 0 =


0 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


N×N

,

where 𝑇 is the predictive temperature vector and 𝑌 is the

measured temperature vector; Y k+r
m and T k+r

m are respectively

the temperature measurement and the temperature prediction

at the m-th measurement point and the tk+r moment; αn (n =

1,2, . . . ,N) are the regularization parameters, which play a role

in coordinating the stability and the accuracy of the solution.

Enlarging the regularization parameters of the coefficient ma-

trix means that the stability of the solution can be enhanced,

but an excessive enhancement will lead the estimation value

to deviate from the exact value. Conversely, too small regu-

larization parameters will bring about the low stability. The

determination of regularization parameters follows the resid-

ual principle.[33,34]

3.2. Predictive model

In Eq. (14), the predictive temperature vector 𝑇 is sub-

ject to a predictive model based on the step responses of the

2D ablation system. According to the superposition principle,

the predictive model formulates the temperature T k+r
m at the m-

th measurement point, and the temperature T k+r
m is the sum of

two parts: one part is the temperature T̃ k+r
m without any loaded

heat flux and the other is the temperature which is obtained by

the action of the r+1 groups of heat flux 𝑞k, . . . , 𝑞k+r, namely,

T k+r
m = T̃ k+r

m +
N

∑
n=1

(∆φ
r
m,nqk

n +∆φ
r−1
m,n qk+1

n + · · ·

+∆φ
0
m,nqk+r

n ). (15)

In Eq. (15),

∆φ
r
m,n =

{
φ r+1

m,n , r = 0,

φ r+1
m,n −φ r

m,n, r ̸= 0,
(m = 1, . . . ,M; n = 1, . . . ,N; r = 0, . . . ,R−1), (16)
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where φ r+1
m,n = ∂T k+r

m /∂qk
n is the influence relationship coefficient to represent the step response of the heat flux qk

n on temper-
ature T k+r

m . Here a forward difference scheme is used to approximately calculate the influence relationship coefficient φ r+1
m,n as

follows:[41]

φ
r+1
m,n =

∂T k+r
m

∂qk
n

∼=
T k+r

m (qk
1,q

k
2, . . . ,q

k
n +δqk

n, . . . ,q
k
N)−T k+r

m (qk
1,q

k
2, . . . ,q

k
n, . . . ,q

k
N)

δqk
n

, (17)

where δqk
n is the step disturbance amplitude of the heat flux

qk
n at the n-th estimation point. The selection of δqk

n should
follow two aspects. On the one hand, the value has no effect
on the influence relationship coefficient. On the other hand,
the value should not be too small lest enlarging the error of the
numerator.

The matrix equation corresponding to Eq. (15) is shown
as the following equation:

𝑇 = 𝑇 +𝐴𝑄, (18)

where

𝑇 =
[
𝑇 k, T̃ k+1, . . . , 𝑇 k+R−1

]T
,

𝑇 k+r =
[
T̃ k+r

1 , T̃ k+r
2 , . . . , T̃ k+r

M

]T
, (r = 0, . . . ,R−1),

𝐴=


∆𝜑0 0 . . . 0
∆𝜑1 ∆𝜑0 . . . 0

...
...

. . .
...

∆𝜑R−1 ∆𝜑R−2 . . . ∆𝜑0


R×R

,

∆𝜑r =


∆φ r

1,1 ∆φ r
1,2 . . . ∆φ r

1,N
∆φ r

2,1 ∆φ r
2,2 . . . ∆φ r

2,N
...

...
. . .

...
∆φ r

M,1 ∆φ r
M,2 . . . ∆φ r

M,N


M×N

,

0 =


0 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


M×N

.

3.3. Rolling optimization of boundary heat flux and ab-
lated boundary reconstruction
According to Eqs. (14) and (18), the heat flux of the ab-

lated boundary is online estimated by rolling optimization.
Then, the estimation value of the heat flux on the ablated
boundary is utilized to reconstruct the ablated boundary.

After substituting Eq. (18) into Eq. (14) and ordering
dJ(𝑄)/d𝑄 = 0, the optimal heat flux matrix 𝑄 in the time

domain [tk, tk+R−1] can be obtained to be

𝑄= (𝐴T𝐴+𝛬)−1𝐴T[𝑌 −𝑇 ]. (19)

In fact, at the tk moment, only the heat flux vector 𝑞k =

[qk
1, qk

2, . . . , qk
N ]

T needs to be estimated. At the next moment,
𝑞k+1 is obtained by the same optimization method. This is the
“rolling optimization” strategy. The optimal vector of 𝑞k is as
follows:

𝑞k =𝐷𝑄, (20)

where

𝐷 = [𝑑, 0, . . . , 0]1×R,

𝑑=


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1


N×N

, 0 =


0 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


N×N

.

According to the estimation result of 𝑞k, the ablation model
Eqs. (1)–(6) and energy balance equation of the ablated bound-
ary are used to obtain the ablation velocity v(x, tk). And, the
ablated boundary shape can be reconstructed based on v(x, tk).

4. Numerical experiments and discussion
4.1. Conditions of numerical experiments

Reference [42] shows that the width and the initial thick-
ness of the ablation material are Lx = 4 cm and Ly0 = 2 cm,
respectively. The thermal conductivity of the material is taken
as λ = 5 W/(m·K), density ρ = 1000 kg/m3, heat capacity
cp = 1200 J/(kg·K), phase transition temperature TAB = 833 K,
and latent heat of vaporization HAB = 2.326×106 J/kg.

Taking M = N = 9, the M temperature measurement
points are evenly arranged along the x direction inside the ma-
terial (y = 1.0 cm) and the N estimation points are uniformly
set to be on the boundary Γ1.

The transient heat flux distribution loaded to the ablated
boundary is assumed as follows:

q(x, t) =


3×105 +2×105 · sin

[
π · (t −25)

50

]
W/m2, 0 s ≤ t < 50 s,

3×105 +2×105 · cos(0.3x) · sin
[

π · (t −25)
50

]
W/m2, 50 s ≤ t ≤ 90 s.

(21)

The exact temperature (T k
m)exa at the m-th measurement point is obtained by solving the ablation model combining with the

conditions given above. The simulation value of the measured temperature Y k
m is obtained from the following equation:

Y k
m = (T k

m)exa +ωσ (m = 1, . . . ,M), (22)

where ω is the random number obeying the standard normal distribution in the interval [−2.576, 2.576], and σ denotes the
standard deviation of the temperature measurement errors.
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4.2. Grid independence verification

The time step size is to take ∆t = 1 s. Different mesh di-
visions with uniform rectangular unit are chosen to discretize
the initial heat transfer domain. When t = 75 s, the simulation
results of the temperature distribution with different mesh di-
visions at y = 1.0 cm are shown in Fig. 6. When the numbers
of units are respectively chosen to be 40× 40, 60× 60, and
80×80, the temperature distributions are similar. Thus, in the
subsequent numerical experiment the number of units is taken
to be 40×40.
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Fig. 6. Temperature distribution at y = 1.0 cm with different mesh divisions
at t = 75 s.

The number of uniform rectangular units is taken to be
40 × 40. The time step sizes are respectively chosen to be

∆t = 0.5 s, 1.0 s, 2.0 s, and 5.0 s to simulate the temperature
evolution with time. The simulation results of time-evolution
of temperature with different time step sizes at a measurement
point (x = 4.0 cm, y = 1.0 cm) are shown in Fig. 7. According
to Fig. 7, the time step size is taken to be ∆t = 1.0 s.
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Fig. 7. Temperature evolution with time at measurement point (x = 4.0 cm,
y = 1.0 cm) with different time step sizes.

4.3. Estimation and reconstruction results

The number of future time steps is R = 8, the standard de-
viation of temperature measurement errors is σ = 0.0 K. Fig-
ures 8(a) and 8(b) respectively show the exact heat flux and
the estimation result obtained by the MPIM.
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Fig. 9. (a) The exact value and (b) the reconstruction value of v(x, t).
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The exact ablation velocity v(x, t) and the reconstruction
result of the ablation velocity v(x, t) are shown in Fig. 9.

As shown in Figs. 10 and 11, the estimation results of
the boundary heat flux and the reconstruction results of the
ablation velocity at x = 0 cm and x = 4.0 cm are respectively
compared with the exact values at the corresponding locations.
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Fig. 11. Exact and estimation results of (a) boundary heat flux and (b) abla-
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Figure 12 shows the reconstruction results of the ablated
boundary shape and the temperature field of the material at
different moments.
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Fig. 12. Reconstruction results of transient ablated boundary shape and tem-
perature field.

4.4. Effect of measurement errors

The number of future time steps is R = 8. The stan-
dard deviation of temperature measurement errors is respec-
tively chosen to be σ = 0 K, σ = 0.1 K, and σ = 1.0 K to
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Fig. 13. Estimation results of boundary heat flux q(x, t) with σ = 0.1 K (a)
and σ = 1.0 K (b).
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investigate the effect of the measurement errors on the result.
The estimation results of the boundary heat flux q(x, t) and
the reconstruction results of the ablation velocity v(x, t) are
shown in Figs. 13 and 14, respectively. In addition, the results
at x = 0 cm and x = 4.0 cm are shown in Figs. 15 and 16 re-
spectively. The reconstruction results of the ablated boundary
shape and the temperature field of the material are shown in
Fig. 17.
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tion velocity at x = 0 cm with different values of σ .
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When the standard deviation of the temperature measure-
ment errors σ is taken to be different values, the relative av-
erage errors of the results are shown in Table 1. The relative
average error is defined by the following equation:

ηE =

√
1

NK −1

N
∑

n=1

K
∑

k=1
((Ek

n)exa −Ek
n)

2

√
1

NK −1

N
∑

n=1

K
∑

k=1
((Ek

n)exa)
2

, (23)

In Eq. (23), E refers to the heat flux q or the ablation rate v;(
Ek

n
)

exa and Ek
n are the exact value and the calculated value of

the parameter at the n-th inversion point, respectively.
Comparisons between simulation and experiment results

in Figs. 8–12 and Figs. 13–17 indicate that although there exist
different temperature measurement errors, the established in-
verse method can be used to obtain the acceptable estimation
results of boundary heat flux and ablation velocity.

Table 1. Relative average errors of estimation results with different val-
ues of σ .

σ (K) ηq (%) ηv (%)

0.0 2.57 3.53

0.1 2.62 3.45

1.0 7.71 9.34

4.5. Effect of the number of future time steps

The standard deviation of temperature measurement er-
rors is σ = 0.1 K. The number of future time steps is chosen
separately to be R = 5, R = 8, and R = 12 to investigate the
effect of the number of future time steps on the results. The
estimation results of the boundary heat flux q(x, t) and the re-
construction results of the boundary ablation velocity v(x, t)
are shown in Figs. 18 and 19, respectively.

.

.

.

.

.

.

.

.

.













T
im

e 
(s
)

x (cm)

H
e
a
t 

fl
u
x
 (

1
0
5
 W

/
m

2
)

(a)

R/

σ/. K

R/

σ/. K

.

.

.

.

.

.

.

.

.













T
im

e 
(s
)

x (cm)

H
e
a
t 

fl
u
x
 (

1
0
5
 W

/
m

2
)

(b)

Fig. 18. Estimation results of boundary heat flux q(x, t) with R = 5 (a) and
R = 12 (b).

030203-9



Chin. Phys. B Vol. 30, No. 3 (2021) 030203

.

.

.

.













T
im

e 
(s
)

x (cm)

(a)

.

.

.

.



A
b
la

ti
o
n
 v

e
lo

c
it
y
 (

1
0
-

4
 m

/
s)

.

.

.

.

.

.

.



.













T
im

e 
(s
)

x (cm)

A
b
la

ti
o
n
 v

e
lo

c
it
y
 (

1
0
-

4
 m

/
s)

(b)

R/

σ/. K

R/

σ/. K

Fig. 19. Reconstruction results of ablation velocity v(x, t) with R = 5 (a) and
R = 12 (b).
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Fig. 20. Exact and estimation results of (a) boundary heat flux and (b) abla-
tion velocity at x = 0 cm with different values of R.
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Fig. 21. Exact and estimation results of (a) boundary heat flux and (b) abla-
tion velocity at x = 4.0 cm with different values of R.

In addition, the results at x = 0 cm and x = 4.0 cm are
shown in Figs. 20 and 21 respectively. The reconstruction re-
sults of the ablated boundary shape and the temperature field
of the material are shown in Fig. 22.
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Fig. 22. Reconstruction results of transient ablated boundary shape and tem-
perature field at t = 75 s with R = 5 (a) and R = 12 (b).

When the number of the future time steps R is taken to be
different values, the relative average errors of the results are
shown in Table 2.

Table 2. Relative average errors of results with different values of R.

R ηq (%) ηv (%)

5 3.09 4.17
8 2.62 3.45
12 3.95 5.47

The simulation experiment results given above (Figs. 18–
22) illustrate that the inverse method established in this paper
has little sensitivity to the number of the future time steps in
the scope of above experiments.

4.6. Effect of location of measurement points

The standard deviation of the temperature measurement
errors, the number of the future time steps and the number of
the measurement points are, respectively, σ = 0.1 K, R = 8,
and M = 9. The locations of the measurement points are cho-
sen, respectively, as y = 0.6 cm, y = 0.8 cm, y = 1.0 cm, and
y = 1.2 cm to investigate the effect of the location of the mea-
surement points on the result. The relative average errors of
the results with different locations of the measurement points
are shown in Table 3.

Table 3. Relative average errors of results with different locations of
measurement points.

Sensor location y (cm) ηq (%) ηv (%)

0.6 7.01 9.48
0.8 3.51 4.24
1.0 2.62 3.45
1.2 2.23 3.00

It can be known from Table 3 that the closer to the bot-
tom of the ablation material (the farther away from the bound-
ary heat flux) the measurement points, the worse the results
of the boundary heat flux estimation and the ablation velocity

030203-10



Chin. Phys. B Vol. 30, No. 3 (2021) 030203

reconstruction will be. However, the shorter the distance be-
tween the measurement points and the boundary heat flux, the
less the effect of the location of the measurement points on the
results will be.

4.7. Effect of the number of measurement points

The standard deviation of the temperature measurement
errors and the number of the future time steps are, respectively,
σ = 0.1 K and R = 8. The location of the measurement points
is at y = 1.0 cm. The number of the measurement points is re-
spectively chosen to be M = 4, M = 6, M = 9, and M = 12 to
investigate the effect of the number of the measurement points
on the results. The relative average errors of the results with
the different numbers of the measurement points are shown in
Table 4.

Table 4. Relative average errors of results with different values of M.

M ηq (%) ηv (%)

4 6.78 8.86
6 3.06 4.05
9 2.62 3.45

12 2.82 3.74

According to Table 4, by increasing the number of mea-
surement points, the accuracies of the boundary heat flux esti-
mation results and the ablation velocity reconstruction results
are improved. But, the larger the number of the measurement
points, the less the improvement extent of the results will be.

5. Conclusions
In this paper, a 2D ablation inverse problem is investi-

gated, and a model predictive inverse method (MPIM) is pre-
sented to estimate the unknown heat flux on the ablated bound-
ary of the 2D ablation process. The movement law of the ab-
lated boundary is reconstructed according to the estimation re-
sult of the time and space-dependent heat flux.

The MPIM establishes the time-varying predictive model
of the temperatures at the measurement points inside the abla-
tion material based on the influence relationship matrix. This
method can online estimate the time- and space-dependent
heat flux on the ablated boundary by the rolling optimization
combining with the predictive model. According to the numer-
ical results, for the presented inverse method, the choice of the
number of the future time steps has a marginal effect on the
reconstruction results of the boundary conditions, and the ac-
ceptable results can be obtained even though the measurement
errors of the temperature exist. In addition, the locations and
the number of the measurement points can influence the recon-
struction results. Appropriately reducing the distance between

the measurement points and the boundary heat flux, as well as
arranging enough measurement points, can be beneficial to the
method presented in this paper.
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