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A chain of novel higher order rational solutions with some parameters and interaction solutions of a (2+1)-dimensional
reverse space—time nonlocal Schrodinger (NLS) equation was derived by a generalized Darboux transformation (DT) which
is derived by Taylor expansion and determinants. We obtained a series of higher-order rational solutions by one spectral
parameter and we could get the periodic wave solution and three kinds of interaction solutions , singular breather and
periodic wave interaction solution, singular breather and traveling wave interaction solution, bimodal breather and periodic
wave interaction solution by two spectral parameters. We found a general formula for these solutions in the form of
determinants. We also analyzed the complex wave structures of the dynamic behaviors and the effects of special parameters
and presented exact solutions for the (2+1)-dimensional reverse space—time nonlocal NLS equation.

Keywords: Darboux transformation, nonlocal Schrédinger equation, rational solutions, interaction solutions
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1. Introduction

The nonlinear Schrodinger (NLS) equation is an impor-
tant nonlinear integrable model. It appears in many nonlin-
ear fields, such as Bose—Einstein condensation, DNA, finance,
oceanography, etc. With the progress of science and tech-
nology, there are more and more methods to solve the NLS
equation, such as bilinear method, '3 approximate symme-
try reduction,*! inverse scattering transform,®”] Painlevé
analysis,[8’9] Darboux transform (DT),[10‘14] etc.

The Darboux transformation is particularly important for
the development of NLS equations. The DT is modified to
obtain the higher-order rogue wave (RW) solutions for the fo-
cusing NLS equation,!!>! but it cannot give an exact formula
of multi-RW solutions. Recently, the Matveev’s generalized
DT method!'®! was developed to construct the higher-order
RW solutions of the NLS and KN equations.!'>!3 Li and Xu
studied the interactions of dark and antidark solitons in the
nonlocal NLS equation with the self-induced P7 -symmetric
potential. '’ Wen studied higher-order rational solitons of
the (1+41)-dimensional nonlocal NLS equation with a P7-
symmetric dipole.[!8] Yan has done a lot of work on the NLS
equation with the self-induced 77 -symmetric potential.[1°-2!]
Zhu and Zuo decomposed the (2+1)-dimensional coupled frac-
tured soliton type system under its reductions and obtained

[22] and we studied the re-

many nonlocal integrable systems
verse space—time NLS of Ref. [22] by using the generalized
Darboux transformations.

The (2+1)-dimensional NLS equation, which is also

called breaking soliton-type (BS-type) equation,>324! is given

DOI: 10.1088/1674-1056/abc165

as follows:

ig; + qey — 299, ' (qr), =0,
ir—ro+ 2}’8;1 (gr)y =0, e))

where g and r are respect to x, y, and ¢, 8;' represents the
inverse operator of d, = d/d,, which can be defined as

_1 1/~ 1 [te
O HW =3 [ fodv=3 [ o)
2 J-w 2 Jx
If (g, r) satisfies the coupled NLS system
gy — iBgu+2ig*r =0, ry+iBro—2iBgr* =0, (2)
and the coupled mKdV system

qr —6Bgqr+ Bgux =0, 1, —6Bqrry+Proc=0, (3)

where 8 = £1, then (g, r) satisfies the system (1).

We choose one of the decomposition cases with the re-
duction r = 6¢*(—x,y,—t), the systems (1)—(3) are new re-
verse space—time nonlocal systems and r = 0g*(—x,y, —t) is
a special form of the two kinds of reductions in Ref. [22]. Here
o = =1, the subscript stands for the partial derivative with re-
spect to the variables, and the star denotes the complex conju-
gation.

The soliton solutions of equation

1
ig,(x,1) — qux(x,t) - qu(x,t)q*(—x,t) =0, (c==%1) @

are studied in Ref. [17], and the higher-order rational solutions
are studied in Ref. [18]. But the dynamics behaviors of the
higher-order rational solutions for the (2+1)-dimensional re-
verse space—time nonlocal NLS equation were not considered
before.
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Under the reduction r = 6g*(—x,y,—t), the system (1)
reduces to

iqt(-xay7t) +qu(x7yat)
—2‘7‘](%)’7’)‘9}:1 (Q(x7y7t)q*(_x7y7 _t))y = 07 (5)

the system (2) reduces to

iq}‘(x>y7t) +ﬁq)0€(xay7t> - 2(76]2()(?7)1,1‘)6]*(—)(7,)7, _t) = Oa (6)

and the system (3) reduces to

%(Xay»f) _6Bq(-x7yat)QX(-x7yﬂt)q*(_-x7y7 _t)
+BGrc(x,y,1) = 0. (7

We will get the higher-order solutions of Eq. (5) by study solu-
tions to Eqgs. (6) and (7). Equations (5)—(7) can be regarded as
integrable extension models of systems (1)—(3), respectively.

In the many higher-order solutions of the nonlocal NLS
equation, the solutions of the following two cases are also the
solutions of the local NLS equation.

) If ¢*(—x,y,—t) = q(x,y,t), then the solutions of
Egs. (6) and (7) are even functions for x and ¢, then the so-
lutions must be ones of the systems (2) and (3) with r =
q"(x,y,1).

(i) If ¢* (—x,y, —1) = —q(x,y,t), then equation (5) equals
to system (1) with r = ¢*(x,y,7), 6 = —0o. That is, if the solu-
tions of system (1) with r = ¢*(x,y,¢), 0 = —0 are odd func-
tions for x or ¢, then the solutions must be ones of Eq. (5).
However, the higher-order rational solutions with respect to x
or t are neither even nor odd functions and dynamical behav-
iors of Eq. (5) were not explored before.

In this paper, we will try to come up with a new general-
ized perturbation N-fold Darboux transformation to obtain the
higher-order rational solutions of Eq. (5). We use the Taylor

series expansion for the parameter and a limit procedure pre-
senting the nonlocal version of the local (m,N)-fold Darboux
transformation to get the higher-order rational solutions and
interaction solutions of Eq. (5). On the one hand, we structure
a new Darboux matrix and obtain the new solutions in terms
of determinants without complicated iterations and the rela-
tionship between the seed solution and the new solutions. On
the other hand, we will discuss the dynamic behavior of the
soliton solutions for this nonlocal equation.

The main content of this article is as follows. In Sec-
tion 2, for the (2+1)-dimensional reverse space—time nonlo-
— 1)-fold
Darboux transformation and (n, M)-fold Darboux transforma-

cal NLS equation, an generalized perturbation (1,N

tion are constructed. In Section 3, the higher-order rational
solutions with some free parameters of the (2+1)-dimensional
reverse space—time nonlocal NLS equation are obtained and
the general-purpose formulas of these solutions are given in
the form of determinant. We also discuss the important ef-
fects of the different values of these free parameters on the
solutions. Then, we obtain some interaction solutions of the
(2+1)-dimensional reverse space—time nonlocal NLS equation
and the dynamic behavior of these solutions is analyzed. In
the last section, we give some conclusions and discussion.

2. The generalized Darboux transformation of
the (2+1)-dimensional nonlocal NLS equation

2.1. Lax pair and generalized perturbation (1,N — 1)-fold
Darboux transformation

The Lax pair (i.e., linear spectral problems) of Egs. (6)
and (7) is

D, =MD, O, =ND, &, =W, ®)

with

. . 2 . — .
M:(—ll q>7 N:ﬁ<—21l —igog 2Aq+iqy )7 W= BuU.

og il

U <4i7t3 —2ilq0q— (904, — 6G4x)

206G —icq, 2iA*+igoq,

4A%q+2iAq, + 260G — g >

4226q—2idoq, +2q0q* — 6G,, 4iA3+2idqoq+ (q0q, — 6qqy)

where ¢ = q(x,y,t), § = ¢*(—x,y, —t), the vector ® = (¢, )T is an eigenfunction associated with spectral parameter A, and

-2

i = —1. It is easy to verify that equations (6) and (7) can be generated by two zero curvature equations

M, —Ny+[M,N| =0, M, —W,+[M,W]=0.

We introduce the gauge transformation with the Darboux matrix 7'(A) in the form of

(_IA)N"" Z Al(xmyat)(_lz’)l

T(A) = =0

N—1 X N—-1 .
~0 ¥ Bi(—xy—n)(=i2) (i) + ¥ ANy i) (=id)

N—1 o
T Bi(xy1)(—iA)’
=0 : ©)
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and it satisfies
D=T(1)P. (10)
Here @ = (¢,9)", and @ satisfies the Lax pair (8),
where ¢(x,y,t), ¢*(—x,y,—t) are corresponding to g(x,y,7),
q*(_-xay7 —t
B i1B, & —Nb, B

), respectively,
Wo. an
Here T, M, 1\71 N, ]V W, and W satisfy

Tx+[T7{M7M}] =0, Ty+[T’{N7N}] =0,

T(lj) = N—1 )
—-c Eo B (—x,y,—1)(—iA;)’

1) are 2N
undetermined complex functions and satisfy the following 2N

where N is a positive integer, A;, B; (0 <i <N —

equations:

N—1
(=i)N+ Y Ai(=id))")o(A;)

i=0

N—1 ‘
+ Z Bi(=i4;)'¢(4;) =0,

((—=ir))N + ZA* (—i4;))o(A;)

N—-1

—0 Y Bi(—ik))'¢(A;) =0, (16)
i=0

N are the so-

where @(4;) = (¢(4;), ¢(A))", j=12,...,
lutions of Lax pair (8) for the spectral parameters A; and the

N—1 )
(i) + X, il y0)(-iA;)

T+ [T {W,W}] = (12)

where the generalized bracket for the square matrix is defined

by [F,{G,G}] = FG— GF, and we can obtain
My — N+ [M,N] =T (M, — N, +[M,N)T~, (13)
M, =W+ [M,W] =T (M, —W,+[M,W)T~'. (14)

The usual N-order Darboux matrix 7'(4;) is supposed in the
form of

N—1 ,
T Bilxn)(-ik)
(i)

_ ; (15)

N-1

(—ilj)N—i— Y Af(—x,y,—t
i=0

algebraic system

N1 _
+ Y Ai(=id))o (M)

i=0

N—-1
+ ) Bi(—id) @A) =0,
i=0

((=ian)™

((=iA)¥

N—1

—G Y Bi(=id)'9(M) =0,

i=0

N—1 _
+ ) AT (=ih)) (A1)

i=0
(18)

where (¢ (41),

lem (8). Next we can consider the Taylor expression at € = 0,

©(A1))" is a solution of the linear spectral prob-

P — 0 o) o2 2.....(
initial solution yp. There are 2N distinct parameters A;, ¢(4;) (i +e) () + (e + (An)e"+---, (19)
(Aj # Ai,j#1,4;#0,j=1,2,...,N) that satisfy Eq. (15),and i1y (p(k)(;h) _ %%‘p(l)h:h and
they are the roots of
N
det(T (1)) =0. 17) T(A +¢€) = Z T®O A€k, (20)
It is easy to know that when the spectral parameter A = A; of k=0
system (9), the condition T'(4;)®(A;) = 0 leads to the linear ~ where
|
) ™) (=i)"
1) =10, 700 = (T ).
N-1 . . — . .
(—DNCRAY R+ X (i)t L (—i)CiBia ™t
T® () = o, o )
—0 ¥ (—i)'CiBiA] ()R L (1) CRATATE
i=k i=k
with C* (;1 g1 (k=0,1,...,N). From Egs. (19) and (20) we have
N k .
T(M+e)@A+e) =Y Y TO) ") (4)ek. 1)
k=0i=0
Let
lim LM H)f()“ € o, (k=0.1,..N—1),
e—0 £
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we can determine the 2N unknown functions A;, B;, (0 <i <
N —1) in Eq. (14). So based on Eq. (15), we can obtain 2N
linear algebraic systems

TO )@ (1)) =0,
7OV ) +TH A2V (1)) =0,

N-1
Z T(i)(ll )(D(Nflfi)(p(Nflfi) (ll) =0.
i=0

(22)

In order to guarantee that the coefficient determinant of system
(22) is non-zero, we can choose a suitable spectral parameter

A1 . So the transformation matrix 7 can be uniquely deter-
mined by system (22). Then we can obtain the new DT with
the same spectral parameter A = A; by new distinct functions
Aj;, B; obtained in the N-order Darboux matrix 7.

Theorem 1 Let @(4;) = (¢ (A1), ©(41))T be a solution
of Eq. (8), and y is the seed solution of Eqs. (6) and (7), then
the (1, N — 1)-fold DT of Eq. (5) is

iy = Yy = yo— 2BV, (23)
where BV-1) = agh with
AN ?
(_i)Nfl)L{\’*l ) (_i)NfZ,lf\H(p(O) )
Ay N+t Ay N2 e oW
AN N+1 AN N+2 o @D
G(i)Nflkl*Nfl(P*(O) _G(i)N72ll*N72¢*(O) _G(P*(O) ’
ANi2 N+l ANo N2 —c¢*()
AN N+ Aon N2 —o¢* V-1

(1<i, k<N),
(1<i<N,N+1<k<2N),

(N+1<i<2N, 1<k<N),

(_i)Nfll{Vflq)(O) (—i)N721y72¢(0) ‘P(O)
Ay Ars ¢(1)
Ay = AN 1 An2 - =D
(i)Nflll*Nfl(p*(O) (i)N72ll*N72(p*(O) (p*(()) _
Ani21 Any2p o)
AN 1 AN 2 @V
i—1 .
(_i)N—lhg'oC[}\l/_klfvfkfh(p(t—l—h)7
(—i)V-! ’il CgN_kAIZN—k—h(b(iflfh)’
A — h=0
Lk i—N—1 )
(i)Nfl hgo Cklikll*kafh(p*(szflfh)’
i—N—1 )
—o(@O" ¥ Chy AN g NI (N1 <, k< 2N),

and ABN=Y is the (N 4 1)-th column of the Ay determinant
generated by replacing the vector b = (b;)anx1,

i—1 .
—(—i)N”hZOC,’M{V‘htz)(’*‘*’“), (1<i<N),
b, = o
i—N—1 .
(i)N+l Z C]}'\l/ll*N*/’l(P*(lfolfh)) (N+1 g i < ZN)
h=0

2.2. The generalized perturbation (n,M)-fold Darboux
transformation
Now we investigate the Darboux matrix (15) and assume
that the eigenfunctions @(A;) (i=1,2,...,n) are the solutions
of Eq. (8) with A; and seed solution y; of Egs. (6) and (7). So
we obtain

T(Ai+e)P(di+e) = i iT(j)(li)‘P(k_h(/li)Sk,

k=0 j=0
(l: 1)27 7n)7
with &) (4) = ;2 (2), TV(4) (j = 1,2....). And
. T()L,-+£);I>(/li+s) o
e—0 £

\
withi=1,2,...,nand k; =0, 1,...,m;. According to the idea
of (2.1), we can get 2N systems (N =n+Y" m; =n+M)

7O (2)@O (X)) =0,
7OV () + TV X))@V () =0,

m;

Y 79 ()@ () =0, (24)
j=0

where i =1,2,...,n.

Theorem 2 Let ®(4;) = (¢(A;), ()T (i =1,2,...,n)
be a distinct column vector solution of the problem (8) for the
corresponding spectral parameters A; (i = 1,2,...,n) and seed
solution yy of Egs. (6) and (7), respectively. The (n,M)-fold
Darboux transformation of Eq. (5) is as follows:

iy = Yy = yo— 2BV, (25)
where BNV -1 = 4801 with AL — det([A(1),A@), ..., AW]T)
AN

and

120201-4
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(*i)Nfl%ngl (Pi(()) (71)1\/72%\172%(0) . ¢{(1)§ (7i)N7;%ﬁ71 (pi(o) (7i)1v7<2§11_1\/72(pi(0) o (p{(l);
A2l-,1 A2f2 T ¢i Asz+1 AZ?N-&-Z cen (pi
Al — Ar(nl,-)ﬂ,l o Ar(nl,-)+l,2 o ¢i(m;) A,(,;)H,NH . Ar(nl,-)+1,N+2 - (Pi(mi)o
(i)Nilz(v{;N_l(Pj( ) (i)NfZ)(,i;‘N_z(pi*( ) (Pi*El; _o-(i)N(')]A'i*N_lq’i*( ) _G(i)N(f')zli*N—Zq)i*( ) e —o i*El;
Amll'+3,] Amll_+3’2 (pi Amll'+3,N+l Aml,'+3,N+2 aen _o'(pi
(@) (i) *(m;) (i) () «(mp)
a1 Dmiz O Am 1) V41 Mmnynsz 09

Here AJ(II)c (1 < i,k <2N) are given as follows:

(—I)lechkaNkhpr 1=h) (1<j<mi+1,1<k<N),
h=0
il - .
AW (—=1)V" 1h: O e (I<j<mi+1, N+1<k<2N),
ke -NfljiNi1 h o A *N—k—h *(j—N—1-h) 2<ji<2 1),1<k<
7 B G AT , (mi+2<j<2(mi+1), 1<kSN),
(W= T N kh g # (N 1) ' : .
o(i) Z Coy_i A (]) , (mi+2<j<2(mi+1), N+1<k<2N),

and ABV~1 is obtained from the determinant A,@ by replacing its (N + 1)-th column with the vector (b(l), . 7b("))T, where
b = (by))z(m,-ﬂ)xl with

(- )lecth ho I, (1<j<mi+1),

J / N
—(i)N_l Z Ch)L*N h(p*] N_l_h), (mi+2<j<2(mi+1)).

Bl

By solving the nontrival solution to Eq. (24), we can ob-  where 8 # 0, 6 = +1. We set the plane-wave solution Yy into
tain the new functions A; and B; in the N-order Darboux matrix the Lax pair (8), then we can obtain the solution of Eq. (8)
which are different from the usual Darboux transformation. So with the spectral parameter A = A4; as follows:

we can derive some new solutions by the new (1,N — 1)-fold o ( © A+ G/T ) 0 ¢ (M —/A2—0 )eQ)e‘i"ﬁy) o

DT with the same spectral parameter A = A; or the (n, M)-fold (—iC1eQ +iCe Q) ioBy
DT with n distinct spectral parameters A; (i = 1,2,...,n). We
call Egs. (10) and (25) as a generalized perturbation (n,M)-
fold DT of Eg. (5). 0= i\/)q — 4ﬁ/112t +2BAy+2Bot +x+0(¢)),

Comparing system (22) with system (24), it is easy to see

with

that some equations for every index i are the same, but if we ; pitigie”,
require that there exists at least one index m; # 0, then they are (10 Ci1,Co, piqi (i=1,2,...,N) are all real parameters and
different. € is a small parameter.

Next, by setting the eigenvalue A = 1 +¢&2, ¢ = 1 and

3. The solutions of the (2+1)-dimensional nonlo-  expanding the vector function ®(&?) in Eq. (27) as a Taylor

cal NLS equation series at € = 0, we derive the following results:
3.1. The higher-order rational solutions of the (2+1)- o0 _ (¢(0)> _ <(C2 — Cl)e—i.ﬁy>
dimensional nonlocal NLS equationn (p(o) (iC, —iCy )elﬁy

In this section, we will use the generalized perturbation o) — (q)(]))
(I,N — 1)-fold DT to present some higher-order rational so- o)’
lutions and RW solutions of Eq. (5). We select a plane wave

solution as the seed solution of Egs. (6) and (7) as follows: where

2
i Y Y\,
Yo(x,y.1) =e 27 (26) o = 12(3<t+3) B+ <t+3>(1+x)ﬁ

120201-5
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11, 1 by
+61x+ T 12)( Cy+Cr)e 7,

oV = (—6Br+2By+x)%i(-Ca+C)e'P,

(0D, )T (i =2,3,...) are cumbersome, so we omit them
here. It should be pointed out that (¢(), @))T has the same
factor (C, — Cy), which has no effect on the solutions of
Eq. (25).

Next according to Theorem 1, we discuss the solutions
(25) from the following three cases (N = 1, 2, 3) to compre-
hend the obtained exact solutions of Eq. (5). When N = 1, we
can only give the trivial constant solution. In this case, we do
not use the derivatives of 7'(4;)®(A;) to determine B so we
can not obtain a new solution.

Case 1 For N = 2, from the generalized (1,1)-fold DT,
we can obtain the first-order rational solution of Eq. (5)

~ F
Ml(xJat):‘I/O—ZBl:* (28)

H
with
F = wp((726% — 8y*)B? + ((12i + 24t
—8iy)B +2ix+2x*+1),
H = (726> —8y*) B + (12i +24x)tB + 2ix+ 2> — 1,

which contains a free parameter 8 that also appears in Eq. (5).

Based on Eq. (31) we can obtain the maximum and minimum
amplitudes of the modulus of @;. When x = —6f7 — 5 and

y=— ﬁ (1+ 23 ), we have the maximum amplitude

_ (14+V3)?

uy=-——=e

2

_142V3
2

and when x = —6f7 —i/2 and y = —4i /3, we have the mini-
mum amplitude u; = e~1/2, here we consider 7 as an arbitrary
real number. When x or t — oo, || — 1.

When y =0,

2B+ 12 (i +2x) B+ 2ix 4247 + 1
2B 412 (i 4+2x)t BH2ix+2x2 — 1

u(x,y,1)

is the solution of the (1+1)-dimensional nonlocal complex
mKdV equation. In other words, we can use the reduc-
tion y = 0 of the rational solution of the (2+1)-dimensional
NNLS equation to obtain the rational solution of the (1+1)-
dimensional nonlocal complex mKdV equation. Without loss
of generality, we set B = 1, the profile of the regular rational

solution (31) is shown in Fig. 1.

8 8
@ (b) (©) @
-~ 4\ 4\
2
= 0 > 0 > 0‘
—4 \ —4 \ b ‘
~10  0-59° g s —4 |
Y
@ —12 -8 —4 0 5 0 5 17375 7 9
X X X

Fig. 1. |u;] is the modulus of the first-order rational solution of Eq. (5).

(a) (b)
2.5
— 20
= 15
1.0
-2 0 2 0°
t T
4 (e) 4 ()
2 2
) 8 0
) —2
4 4
~1.0 —-0.5 0 0.5 1.0 2 1 0 1

t t

(o) 4 (d)
\ 2
2.5 \\
_ 5 0
E 2.0
1.5 -2
—4
5
’ 0
2.0 27 2 1 0 1 2
¢
¢
4 (g) 4 (h)
2 2
8 0 8 0
—92 —2
—4 —4
2 1 0 1 2 220 2 4
¢ ¢

Fig. 2. |u;| is the modulus of the first-order rational solution of Eq. (5). (a)y=1,=1,(b)y=0,=1,c)y=-1,=1,d)y=1,=1,

@y=0,f=1Hy=-1.B=1.(y=3.B=1L()y=-3,8=1.
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Through tedious calculations, it can be found that when
t=1,x=—-6—i/2andy= —i+12\ﬁ/4,t:0,x: —i/2and
y=—i+i2V3/4,t=—1,x=6—1/2andy = —i +i2/3/4,
e7%+\/§(3+\6)

3—V3

Figs. 1(a) and 1(b), it can be regarded as elastic interactions oc-

the amplitude of the soliton solution is . From
curred between the bright soliton and dark soliton and the in-
teracting solitons can fully recover their shapes and velocities
when interacting, and the energy does not decrease after the
collision. If ¢*(—x,y,—t) # ¢*(x,y,t) then the solution (31)
does not satisfy the system (1) with r = ¢*(x,y,7). Keepy =0,
the wave profiles of solution (31) in (x,y)-space under fixed
time are obviously different. From Figs. 1(b)-1(d), we can
obtain that when time ¢ increases, the first-order rational soli-
ton moves to the left on the x-axis.

From Fig. 2, when y = 0, the shape of the first-order ra-
tional soliton in (x,7)-space is shown as the M-shaped solitary

Fi = —(=9—72x%; +311040¢*x* + 829443y + 384 yx* + 5761x° — 1921x° + 8641b; — 192y°x* —

wave and the rational soliton consists of two same bright soli-
tons and one dark soliton. After a series of experiments we
reach the following conclusion. When y > 0, the bright soli-
ton on the right disappears and when y < 0, the bright soliton
on the left disappears. When y > 0, through the increase of y,
the bright soliton moves to the left along the x-axis, and the
dark soliton moves to the right along the x-axis. When y < 0,
through reduction of y, the bright soliton moves to the right
along the x-axis, and the dark soliton moves to the left along
the x-axis.

Case 2 For N = 3, on the basis of the generalized (1, 2)-
fold DT, the second-order rational soliton solution of Eq. (5)
can be derived as follows:

- F
(X, 1) = Yo — 2By = 611 (29)

which includes two parameters b; and c;. Here

1152y*%*

—288y%¢c) +864012x* + 17281%x> —25921%¢) — 1536y x + 6912013 x> — 2488321*y% + 27648 1% y*

—9216y°t +414721%xy — 92161xy* — 16588813 xy* +92161xy* 4+ 69121yx*> — 34561yc| — 13824 y**

— 41472 y%1%% — 4608 y*1x° — 288 yx’b) — 576 yxc| — 864 1xct + 144 yb) + 311040it%x — 248832ir*y
+103680i1° x> — 8294413y 4 17280ir%x> + 55296i12y* + 1440irx* + 4608iry* — 192 iyx* — 384iy*x>
+1536iy°x% +768iy*x + 10368ir3c| + 48ix’ i +9504ir%x + 2764812y — 5184i2b; + 1008irx> — 6336iry>
— 144ix?b; — 1440iy*x — 576iy*b; — 288itc) — 144 ixc; — 288 iye; + 373248ir° — 30721y’ + 25920ir°
+24ix® —7681y® —792ir — 36 ix+ 288 iy +72ib; + 1920y* — 72007 4 864 y* + 518401* + 72.¢1 + 746496 1°
—1024y° +16x° — 384y by — 724 4 3456iy*tc;| + 576iy*xc; +4608ityx — 1728irxb; — 1728ityb,
—288iyxb; +5184it%xc; + 864itx>c; — 16588813 xy — 41472 iyt*x* — 414721y*t*x — 4608ityx> — 6912iy*tx*
+ 18432iy’tx — 3456 1yxb; — 1036812yb; —20161x — 5761y +207361°x + 74649617 x 4 768 y*x* + 144 xb)

+288xy —36¢1% —24x* —36b,% +48ix>)e 2V,

G = —9—T72x%c; +3110407*x* + 5761x° — 13441x> — 192 y°x* — 288 y% ¢ + 864012x* — 86401°x> —25921¢)
+69120°x — 2488321y 4+ 276481%y* + 4608 1xy* — 165888 1> xy? + 92161xy* + 27648y 1* — 41472y 1*x*
—4608y°1x> — 288 yx’by — 864 txc) — 144 yb; +311040ir*x + 1036801 x> — 8294413 y* 4 17280ir%x°
+ 1440irx* 4+ 4608iry* — 3841y*x> + 768iy*x + 10368ir° | +48ix> ¢ 4 373248ir° 4 5184ir> — 72ix 4 216ir
—1920y* 4-48961% — 288 y* — 103681* + 7464961° — 1024y° + 16x° — 384y b — 864ir*x — 720itx>
+576ity* — 288iy’x + 576itc) + 36 ix +72x> 4+ 34561y’ tc) + 5761y*xc) — 1728iryb; — 288 iyxb; + 5184it’xc,
+864itx>c) — 414721yt x — 6912iy*tx* — 3456 1yxb; — 103681%yb; + 864 1x — 207361 x + 7464961 x

+768y*x* — 3612 —72x* — 36,2 + 48ix .

After a series of numerical experiments, we find that when b; > 0, ¢; > 0, the shape of the solution (29) is basically

unchanged but the position changes with time ¢. While ¢; > 0, the solution (29) is not a singular solution, and ¢; < 0, the solution

(29) is a singular solution.

From Fig. 3, solution (29) exhibits the elastic interaction of two bright solitons and two dark solitons, which is not localized.

From Figs. 3(b)-3(d), we know that when ¢ > 0, the elastic collision occurs in the lower left and upper left spaces. When ¢ < 0,

the elastic collision occurs in the upper right and lower right spaces and the phase changes. It is worth noting that no matter how

t changes, the phase of a bright soliton and a dark soliton in different directions does not change after an elastic collision.
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Fig. 3. |uy| is the modulus of the second-order rational solution of Eq. (5). (@)1 =0,b; =3,¢c; =1, ()t =—1,b; =3,c; =1, (c) 1 =0,

b]:3,(31:1,(d)l‘:1,b1:3,61:1.

It can be seen from Figs. 4(a)—4(c) that when b; = 0 and
c1 = 0, the solution (29) is a singular solution. An inelastic
collision occurs between a bright soliton and a dark soliton.
From Figs. 4(a)-4(c), we know that when ¢ > 0, two dark soli-
tons and one bright soliton collide elastically at the upper left
of (x,y)-space, and the phase does not change. A dark soli-
ton and a bright soliton occur elastic collision in (x,y)-space
at the bottom right, but their phase changes. When ¢ < 0, two
dark solitons and one bright soliton collide elastically at the
bottom right of (x,y)-space, and the phase does not change.

A dark soliton and a bright soliton occur elastic collision in
(x,y)-space at the upper left, but their phase changes. From
Figs. 4(d)-4(f), we can see that in (x,y)-space when b; >0 and
c1 > 0, the second-order rational solitons are the interaction of
two parallel bright solitons and two parallel dark solitons, and
the waveform is center-symmetrical. When time ¢ > 0, the
collision position moves to the left along the x-axis as time in-
creases, and when time ¢ < 0, the collision position moves to

the right along the x-axis as time decreases.

Fig. 4. |u] is the second-order rational solution of Eq. (5). (a)r=—1,b; =0,¢; =0, (b)t =0,b; =0,¢; =0, (c)t =1,b; =0, ¢; =0, (d)
t=-3,b1=3,¢1=280,(e)t=0,b; =3,¢; =80,() t =3,b; =3, c; =80.

It is necessary to point out that for N > 3, we can find
that the higher-order rational solutions of Eq. (5) have many
soliton structures and dynamic behaviors. Because of its com-
plexity, we omit it here, but it is controlled by four parameters
(b1, ba, c1, 2).

3.2. The interaction solutions of the (2+1)-dimensional
nonlocal NLS equation

In this section we will analyze the the interaction between
the interaction solutions of Eq. (5) which is given by the gen-
eralized (2,N — 1)-fold DTs with two spectral parameters A;
and 4. The seed solution and eigenfunction are the same as
Egs. (26) and (27). Next, we will discuss the second order DT

and the third order DT respectively.
Case 1 Second order DT (N = 2).
We could select a special equation of system (24)

TOM@Y (M) =0, T(h)P(A)=0.  (0)

For different A;, the wave structure and dynamic behavior
of the solution

bﬁ(xay,f):WO—zBl (31)

show many interesting phenomena.
If we choose A, = 3/2 , the periodic wave solution solu-
tion of Eq. (5) can be expressed as
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2(3¢103V5-2/5 3¢ 10 (V5H2) /5 50100(3V52) _5o-ibr(3v512))

0 =q)=e 2 ¢

and shown in Fig. 5. The solution is a very stable periodic so-
lution and the amplitude and wave profile of the periodic wave
remain unchanged over time. From the expression and Fig. 5
we can know the interaction of the wave profile motion on the
y-axis and the x-axis.

When the general parameter A, = (1+1)/2, the solution
of Eq. (5) is the interaction of two strange breathing waves.
The expression for the solution is so complicated that we omit
it. When A, = (141)/2, we can get two strange breathing so-
lutions. As can be seen from Figs. 6(a)-6(c), as the absolute
value of y increases, the two strange breathing waves gradually
move away from each other on the x— plane and the wave pro-
file remains parallel. Figure 5(f) is the wave profile evolution
diagram at different time when y = 6. From Figs. 6(a)-6(d),

(b)

Fig. 6. |¢1] is the solution of Eq. (5). (a) A, = %,

Case 2 Third order DT (N = 3).
We could select two special equations of system (24)

7O )@ () =0,
TO)@ " (M) +TO )@ () =0,  (32)

and

T(42)®P(A2) =0. (33)

For different A;, the wave structure and dynamic behavior of
the solution

(X, ,1) = q2 = Yo — 2B (34)

show many interesting phenomena.

When we select A, = 6, us is the interaction solution of
the interaction between periodic waves and bimodal breather
(a breather having two peaks). The expression for the solution
is so complicated that we omit it. When x > 0, the wave profile
moves to the left along the time ¢ axis in the (y, f) plane as x
increases and when x < 0, the wave profile moves to the right

3 (ﬁ_ﬂ) e—iV3(11¢1+x) _3 <\f5_ 3) eiVA(11L1+x) _ 4631v58y _ 4o—31v5Cy

it can be seen that the amplitude of the solitary wave changes
significantly during the propagation process, and there is en-
ergy loss or increase.

—27-2 T

Fig. 5. |¢1] is the solution of Eq. (5). 2, =3/2,t=1.

y=—6MAh="Ty=0,0 k=" y=6@r=" =6

along the time ¢ axis as x decreases (see Figs. 7(a)-7(c)). It can
be seen from Fig. 7(f) that in the (y, #) plane, the amplitude of
each bimodal breather is different. The amplitude in the y > 0
half plane is greater than the magnitude in the y < 0 half plane.
We can also see that although their amplitudes are different,
the wave profiles and amplitudes do not change much at dif-
ferent time, and it can be seen from Figs. 7(d) and 7(e) that
the phase shifts when the collision occurs, but the propagation
path does not change, so the collision is an elastic one.

When we select A, = 1 —i/2, i, is the interaction so-
lution of two singular breathers and two traveling waves. It
can be seen from Figs. 8(g) and 8(i) that when y # 0, the two
parallel solitary waves gradually move away. When y < 0,
after the collision, the amplitude of the traveling wave is obvi-
ously larger or smaller, and the propagation direction does not
change, so the collision is an inelastic one. While when y > 0,
the amplitude of the traveling wave remains unchanged after
the collision, and the propagation direction has not changed,

so the collision is an elastic one.
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(b) 2 (c) 2

lq]

S H N W bk OO

—0.05

—0.10 ¥ : -
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t

Fig. 7. | 2] is the solution of Eq. (5). (a) A = 6,x=—4,(b) 12 =6,x=0, (c) 1 =6,x =4, (d) A2 = 6, x = 0 is a partially enlarged image of

(b), (€) A2 = 6, x = 0 is the projected image of (d), (f) 1, =6, x = 0.

1001 (a)

0\
s 2525

0 —5

Fig. 8. |¢2| is the interaction solution of two singular breathing waves and two traveling waves of Eq. (5). (a) A, =1— %, y=0,b) A =1-— %,

y=-50@h=1-1y=5
4. Summary and discussion

In summary, we used the Taylor expansion and a limit
procedure to present a new generalized perturbation (n, M)-
fold Darboux transformation of the (2+1)-dimensional re-
verse space—time NLS equation. we chose the generalized
(1,N — 1)-fold DTs with only one spectral parameter to obtain
higher-order rational solutions of Eq. (5) with some parame-
ters. We discussed the wave profiles of these solutions with
distinct parameters. Some higher-order rational solutions’
propagation and interaction were discussed and demonstrated,
which display rich and interesting wave structures. We ob-
tained the periodic solution and interaction solution of Eq. (5)
through (2,N — 1)-fold DTs. We have studied the interactions
of singular breather and periodic waves, singular breather and
traveling waves, bimodal breather and periodic waves, and ob-
tained abundant wave profile structures. The idea of this article
can applied to other physically nonlinear wave models. There
are more free parameters in these solutions, general temporal-
spatial structures of those solutions could be studied in the fu-
ture.
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