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Rational solutions and interaction solutions for
(2 + 1)-dimensional nonlocal Schrödinger equation*
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A chain of novel higher order rational solutions with some parameters and interaction solutions of a (2+1)-dimensional
reverse space–time nonlocal Schrödinger (NLS) equation was derived by a generalized Darboux transformation (DT) which
is derived by Taylor expansion and determinants. We obtained a series of higher-order rational solutions by one spectral
parameter and we could get the periodic wave solution and three kinds of interaction solutions , singular breather and
periodic wave interaction solution, singular breather and traveling wave interaction solution, bimodal breather and periodic
wave interaction solution by two spectral parameters. We found a general formula for these solutions in the form of
determinants. We also analyzed the complex wave structures of the dynamic behaviors and the effects of special parameters
and presented exact solutions for the (2+1)-dimensional reverse space–time nonlocal NLS equation.
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1. Introduction
The nonlinear Schrödinger (NLS) equation is an impor-

tant nonlinear integrable model. It appears in many nonlin-
ear fields, such as Bose–Einstein condensation, DNA, finance,
oceanography, etc. With the progress of science and tech-
nology, there are more and more methods to solve the NLS
equation, such as bilinear method,[1–3] approximate symme-
try reduction,[4,5] inverse scattering transform,[6,7] Painlevé
analysis,[8,9] Darboux transform (DT),[10–14] etc.

The Darboux transformation is particularly important for
the development of NLS equations. The DT is modified to
obtain the higher-order rogue wave (RW) solutions for the fo-
cusing NLS equation,[15] but it cannot give an exact formula
of multi-RW solutions. Recently, the Matveev’s generalized
DT method[16] was developed to construct the higher-order
RW solutions of the NLS and KN equations.[12,13] Li and Xu
studied the interactions of dark and antidark solitons in the
nonlocal NLS equation with the self-induced 𝒫𝒯 -symmetric
potential.[17] Wen studied higher-order rational solitons of
the (1+1)-dimensional nonlocal NLS equation with a 𝒫𝒯 -
symmetric dipole.[18] Yan has done a lot of work on the NLS
equation with the self-induced 𝒫𝒯 -symmetric potential.[19–21]

Zhu and Zuo decomposed the (2+1)-dimensional coupled frac-
tured soliton type system under its reductions and obtained
many nonlocal integrable systems[22] and we studied the re-
verse space–time NLS of Ref. [22] by using the generalized
Darboux transformations.

The (2+1)-dimensional NLS equation, which is also
called breaking soliton-type (BS-type) equation,[23,24] is given

as follows:

iqt +qxy −2q∂
−1
x (qr)y = 0,

irt − rxy +2r∂
−1
x (qr)y = 0, (1)

where q and r are respect to x, y, and t, ∂−1
x represents the

inverse operator of ∂x = ∂/∂x, which can be defined as

(∂−1
x f )(x) =

1
2

∫ x

−∞

f (v)dv− 1
2

∫ +∞

x
f (v)dv.

If (q,r) satisfies the coupled NLS system

qy − iβqxx +2iq2r = 0, ry + iβ rxx −2iβqr2 = 0, (2)

and the coupled mKdV system

qt −6βqqxr+βqxxx = 0, rt −6βqrrx +β rxxx = 0, (3)

where β =±1, then (q,r) satisfies the system (1).
We choose one of the decomposition cases with the re-

duction r = σq*(−x,y,−t), the systems (1)–(3) are new re-
verse space–time nonlocal systems and r = σq*(−x,y,−t) is
a special form of the two kinds of reductions in Ref. [22]. Here
σ =±1, the subscript stands for the partial derivative with re-
spect to the variables, and the star denotes the complex conju-
gation.

The soliton solutions of equation

iqt(x, t)−
1
2

qxx(x, t)−σq2(x, t)q*(−x, t) = 0, (σ =±1) (4)

are studied in Ref. [17], and the higher-order rational solutions
are studied in Ref. [18]. But the dynamics behaviors of the
higher-order rational solutions for the (2+1)-dimensional re-
verse space–time nonlocal NLS equation were not considered
before.

*Project supported by LiaoNing Revitalization Talents Program, China (Grant No. XLYC1907014) and Dalian Hi-level Talents Innovation Plan (Grant
No. 2017RQ101).

†Corresponding author. E-mail: wangzhen@dult.edu.cn
© 2020 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

120201-1

http://dx.doi.org/10.1088/1674-1056/abc165
wangzhen@dult.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 29, No. 12 (2020) 120201

Under the reduction r = σq*(−x,y,−t), the system (1)
reduces to

iqt(x,y, t)+qxy(x,y, t)

−2σq(x,y, t)∂−1
x (q(x,y, t)q*(−x,y,−t))y = 0, (5)

the system (2) reduces to

iqy(x,y, t)+βqxx(x,y, t)−2σq2(x,y, t)q*(−x,y,−t) = 0, (6)

and the system (3) reduces to

qt(x,y, t)−6βq(x,y, t)qx(x,y, t)q*(−x,y,−t)

+βqxxx(x,y, t) = 0. (7)

We will get the higher-order solutions of Eq. (5) by study solu-
tions to Eqs. (6) and (7). Equations (5)–(7) can be regarded as
integrable extension models of systems (1)–(3), respectively.

In the many higher-order solutions of the nonlocal NLS
equation, the solutions of the following two cases are also the
solutions of the local NLS equation.

(i) If q*(−x,y,−t) = q(x,y, t), then the solutions of
Eqs. (6) and (7) are even functions for x and t, then the so-
lutions must be ones of the systems (2) and (3) with r =

q*(x,y, t).
(ii) If q*(−x,y,−t) =−q(x,y, t), then equation (5) equals

to system (1) with r = q*(x,y, t), σ =−σ . That is, if the solu-
tions of system (1) with r = q*(x,y, t), σ =−σ are odd func-
tions for x or t, then the solutions must be ones of Eq. (5).
However, the higher-order rational solutions with respect to x
or t are neither even nor odd functions and dynamical behav-
iors of Eq. (5) were not explored before.

In this paper, we will try to come up with a new general-
ized perturbation N-fold Darboux transformation to obtain the
higher-order rational solutions of Eq. (5). We use the Taylor

series expansion for the parameter and a limit procedure pre-
senting the nonlocal version of the local (m,N)-fold Darboux
transformation to get the higher-order rational solutions and
interaction solutions of Eq. (5). On the one hand, we structure
a new Darboux matrix and obtain the new solutions in terms
of determinants without complicated iterations and the rela-
tionship between the seed solution and the new solutions. On
the other hand, we will discuss the dynamic behavior of the
soliton solutions for this nonlocal equation.

The main content of this article is as follows. In Sec-
tion 2, for the (2+1)-dimensional reverse space–time nonlo-
cal NLS equation, an generalized perturbation (1,N −1)-fold
Darboux transformation and (n,M)-fold Darboux transforma-
tion are constructed. In Section 3, the higher-order rational
solutions with some free parameters of the (2+1)-dimensional
reverse space–time nonlocal NLS equation are obtained and
the general-purpose formulas of these solutions are given in
the form of determinant. We also discuss the important ef-
fects of the different values of these free parameters on the
solutions. Then, we obtain some interaction solutions of the
(2+1)-dimensional reverse space–time nonlocal NLS equation
and the dynamic behavior of these solutions is analyzed. In
the last section, we give some conclusions and discussion.

2. The generalized Darboux transformation of
the (2+1)-dimensional nonlocal NLS equation

2.1. Lax pair and generalized perturbation (1,N −1)-fold
Darboux transformation

The Lax pair (i.e., linear spectral problems) of Eqs. (6)
and (7) is

Φx = MΦ , Φy = NΦ , Φt =WΦ , (8)

with

M =

(
−iλ q
σq iλ

)
, N = β

(
−2iλ 2 − iqσq 2λq+ iqx
2λσq− iσqx 2iλ 2 + iqσq,

)
, W = βU,

U =

(
−4iλ 3 −2iλqσq− (qσqx −σqqx) 4λ 2q+2iλqx +2q2σq−qxx
4λ 2σq−2iλσqx +2qσq2 −σqxx 4iλ 3 +2iλqσq+(qσqx −σqqx)

)
,

where q = q(x,y, t), q = q*(−x,y,−t), the vector Φ = (φ ,ϕ)T is an eigenfunction associated with spectral parameter λ , and
i2 =−1. It is easy to verify that equations (6) and (7) can be generated by two zero curvature equations

My −Nx +[M,N] = 0, Mt −Wx +[M,W ] = 0.

We introduce the gauge transformation with the Darboux matrix T (λ ) in the form of

T (λ ) =

(−iλ )N +
N−1
∑

i=0
Ai(x,y, t)(−iλ )i

N−1
∑

i=0
Bi(x,y, t)(−iλ )i

−σ
N−1
∑

i=0
B*

i (−x,y,−t)(−iλ )i (−iλ )N +
N−1
∑

i=0
A*

i (−x,y,−t)(−iλ )i

 , (9)
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and it satisfies

Φ̃ = T (λ )Φ . (10)

Here Φ̃ = (φ̃ , ϕ̃)T, and Φ̃ satisfies the Lax pair (8),
where q(x,y, t), q*(−x,y,−t) are corresponding to q̃(x,y, t),
q̃*(−x,y,−t), respectively,

Φ̃x = M̃Φ̃ , Φ̃y = ÑΦ̃ , Φ̃t = W̃ Φ̃ . (11)

Here T , M, M̃, N, Ñ, W , and W̃ satisfy

Tx +[T,{M,M̃}] = 0, Ty +[T,{N, Ñ}] = 0,

Tt +[T,{W,W̃}] = 0, (12)

where the generalized bracket for the square matrix is defined
by [F,{G, G̃}] = FG− G̃F , and we can obtain

M̃y − Ñx +[M̃, Ñ] = T (My −Nx +[M,N])T−1, (13)

M̃t −W̃x +[M̃,W̃ ] = T (Mt −Wx +[M,W ])T−1. (14)

The usual N-order Darboux matrix T (λ j) is supposed in the
form of

T (λ j) =

(−iλ j)
N +

N−1
∑

i=0
Ai(x,y, t)(−iλ j)

i
N−1
∑

i=0
Bi(x,y, t)(−iλ j)

i

−σ
N−1
∑

i=0
B*

i (−x,y,−t)(−iλ j)
i (−iλ j)

N +
N−1
∑

i=0
A*

i (−x,y,−t)(−iλ j)
i

 , (15)

where N is a positive integer, Ai, Bi (0 6 i 6 N − 1) are 2N
undetermined complex functions and satisfy the following 2N
equations:

((−iλ j)
N +

N−1

∑
i=0

Ai(−iλ j)
i)φ(λ j)

+
N−1

∑
i=0

Bi(−iλ j)
i
ϕ(λ j) = 0,

((−iλ j)
N +

N−1

∑
i=0

A*
i (−iλ j)

i)ϕ(λ j)

−σ

N−1

∑
i=0

B*
i (−iλ j)

i
φ(λ j) = 0, (16)

where Φ(λ j) = (φ(λ j), ϕ(λ j))
T, j = 1,2, . . . ,N are the so-

lutions of Lax pair (8) for the spectral parameters λ j and the
initial solution ψ0. There are 2N distinct parameters λ j, ϕ(λ j)

(λ j ̸= λi, j ̸= i,λ j ̸= 0, j = 1,2, . . . ,N) that satisfy Eq. (15), and
they are the roots of

det(T (λ )) = 0. (17)

It is easy to know that when the spectral parameter λ = λ1 of
system (9), the condition T (λ1)Φ(λ1) = 0 leads to the linear

algebraic system

((−iλ1)
N +

N−1

∑
i=0

Ai(−iλ1)
i)φ(λ1)

+
N−1

∑
i=0

Bi(−iλ1)
i
ϕ(λ1) = 0,

((−iλ1)
N +

N−1

∑
i=0

A*
i (−iλ1)

i)ϕ(λ1)

−σ

N−1

∑
i=0

B*
i (−iλ1)

i
φ(λ1) = 0, (18)

where (φ(λ1),ϕ(λ1))
T is a solution of the linear spectral prob-

lem (8). Next we can consider the Taylor expression at ε = 0,

Φ(λ1 + ε) = Φ
(0)(λ1)+Φ

(1)(λ1)ε +Φ
(2)(λ1)ε

2 + · · · , (19)

with Φ (k)(λ1) =
1
k!

∂ k

∂λ k Φ(λ )|λ=λ1 and

T (λ1 + ε) =
N

∑
k=0

T (k)(λ1)ε
k, (20)

where

T (0)(λ1) = T (λ1), T (N)(λ1) =

(
(−i)N 0

0 (−i)N

)
,

T (k)(λ1) =

(−i)NCk
Nλ

N−k
1 +

N−1
∑

i=k
(−i)iCk

i Aiλ
i−k
1

N−1
∑

i=k
(−i)iCk

i Biλ
i−k
1

−σ
N−1
∑

i=k
(−i)iCk

i B*
i λ

i−k
1 (−i)NCk

Nλ
N−k
1 +

N−1
∑

i=k
(−i)iCk

i A*
i λ

i−k
1

 ,

with Ck
i =

i!
k!(i−k)! (k = 0,1, . . . ,N). From Eqs. (19) and (20) we have

T (λ1 + ε)Φ(λ1 + ε) =
N

∑
k=0

k

∑
i=0

T (i)(λ1)Φ
(k−i)(λ1)ε

k. (21)

Let

lim
ε→0

T (λ1 + ε)Φ(λ1 + ε)

εk = 0, (k = 0,1, . . . ,N −1),

120201-3
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we can determine the 2N unknown functions Ai, Bi, (0 6 i 6
N − 1) in Eq. (14). So based on Eq. (15), we can obtain 2N
linear algebraic systems

T (0)(λ1)Φ
(0)(λ1) = 0,

T (0)(λ1)Φ
(1)(λ1)+T (1)(λ1)Φ

(0)(λ1) = 0,

· · · ,
N−1

∑
i=0

T (i)(λ1)Φ
(N−1−i)

Φ
(N−1−i)(λ1) = 0. (22)

In order to guarantee that the coefficient determinant of system
(22) is non-zero, we can choose a suitable spectral parameter

λ1 . So the transformation matrix T can be uniquely deter-
mined by system (22). Then we can obtain the new DT with
the same spectral parameter λ = λ1 by new distinct functions
Ai, Bi obtained in the N-order Darboux matrix T .

Theorem 1 Let Φ(λ1) = (φ(λ1), ϕ(λ1))
T be a solution

of Eq. (8), and ψ0 is the seed solution of Eqs. (6) and (7), then
the (1,N −1)-fold DT of Eq. (5) is

ũN = ψ̃N = ψ0 −2B(N−1), (23)

where B(N−1) = ∆B(N−1)

∆N
, with

∆N =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(−i)N−1λ
N−1
1 φ (0) (−i)N−2λ

N−2
1 φ (0) · · · φ (0) (−i)N−1λ

N−1
1 ϕ(0) (−i)N−2λ

N−2
1 ϕ(0) · · · ϕ(0)

∆2,1 ∆2,2 · · · φ (1) ∆2,N+1 ∆2,N+2 · · · ϕ(1)

· · · · · · · · · · · · · · · · · · · · · · · ·
∆N,1 ∆N,2 · · · φ (N−1) ∆N,N+1 ∆N,N+2 · · · ϕ(N−1)

(i)N−1λ
*N−1
1 ϕ*(0) (i)N−2λ

*N−2
1 ϕ*(0) · · · ϕ*(0) −σ(i)N−1λ

*N−1
1 φ *(0) −σ(i)N−2λ

*N−2
1 φ *(0) · · · −σφ *(0)

∆N+2,1 ∆N+2,2 · · · ϕ*(1) ∆N+2,N+1 ∆N+2,N+2 · · · −σφ *(1)

· · · · · · · · · · · · · · · · · · · · · · · ·
∆2N,1 ∆2N,2 · · · ϕ*(N−1) ∆2N,N+1 ∆2N,N+2 · · · −σφ *(N−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

∆i,k =



(−i)N−1
i−1
∑

h=0
Ch

N−kλ
N−k−h
1 ϕ(i−1−h), (1 6 i, k 6 N),

(−i)N−1
i−1
∑

h=0
Ch

2N−kλ
2N−k−h
1 φ (i−1−h), (1 6 i 6 N, N +1 6 k 6 2N),

(i)N−1
i−N−1

∑
h=0

Ch
N−kλ

*N−k−h
1 ϕ*(i−N−1−h), (N +1 6 i 6 2N, 1 6 k 6 N),

−σ(i)N−1
i−N−1

∑
h=0

Ch
2N−kλ

*2N−k−h
1 φ *(i−N−1−h), (N +1 6 i, k 6 2N),

and ∆B(N−1) is the (N + 1)-th column of the ∆N determinant
generated by replacing the vector b = (bi)2N×1,

bi =


−(−i)N−1

i−1
∑

h=0
Ch

Nλ
N−h
1 φ (i−1−h), (1 6 i 6 N),

(i)N+1
i−N−1

∑
h=0

Ch
Nλ

*N−h
1 φ *(i−N−1−h), (N +1 6 i 6 2N).

2.2. The generalized perturbation (n,M)-fold Darboux
transformation

Now we investigate the Darboux matrix (15) and assume
that the eigenfunctions Φ(λi) (i = 1,2, . . . ,n) are the solutions
of Eq. (8) with λi and seed solution ψ0 of Eqs. (6) and (7). So
we obtain

T (λi + ε)Φ(λi + ε) =
∞

∑
k=0

k

∑
j=0

T ( j)(λi)Φ
(k− j)(λi)ε

k,

(i = 1,2, . . . ,n),

with Φ (k)(λi) =
1
k!

∂ k

∂λ k
i

Φ(λi),T ( j)(λi) ( j = 1,2, . . .). And

lim
ε→0

T (λi + ε)Φ(λi + ε)

εk = 0,

with i = 1,2, . . . ,n and ki = 0,1, . . . ,mi. According to the idea
of (2.1), we can get 2N systems (N = n+∑

n
i=1 mi = n+M)

T (0)(λi)Φ
(0)(λi) = 0,

T (0)(λi)Φ
(1)(λi)+T (1)(λi)Φ

(0)(λi) = 0,

· · · ,
mi

∑
j=0

T ( j)(λi)Φ
(mi− j)(λi) = 0, (24)

where i = 1,2, . . . ,n.
Theorem 2 Let Φ(λi) = (φ(λi),ϕ(λi))

T (i = 1,2, . . . ,n)
be a distinct column vector solution of the problem (8) for the
corresponding spectral parameters λi (i = 1,2, . . . ,n) and seed
solution ψ0 of Eqs. (6) and (7), respectively. The (n,M)-fold
Darboux transformation of Eq. (5) is as follows:

ũN = ψ̃N = ψ0 −2B(N−1), (25)

where B(N−1)= ∆B(N−1)

∆
(n)
N

, with ∆
(n)
N = det([∆ (1),∆ (2), . . . ,∆ (n)]T)

and

120201-4
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∆
(i) =



(−i)N−1λ
N−1
i φ

(0)
i (−i)N−2λ

N−2
i φ

(0)
i · · · φ

(0)
i (−i)N−1λ

N−1
i ϕ

(0)
i (−i)N−2λ

N−2
i ϕ

(0)
i · · · ϕ

(0)
i

∆
(i)
2,1 ∆

(i)
2,2 · · · φ

(1)
i ∆

(i)
2,N+1 ∆

(i)
2,N+2 · · · ϕ

(1)
i

· · · · · · · · · · · · · · · · · · · · · · · ·
∆
(i)
mi+1,1 ∆

(i)
mi+1,2 · · · φ

(mi)
i ∆

(i)
mi+1,N+1 ∆

(i)
mi+1,N+2 · · · ϕ

(mi)
i

(i)N−1λ
*N−1
i ϕ

*(0)
i (i)N−2λ

*N−2
i ϕ

*(0)
i · · · ϕ

*(0)
i −σ(i)N−1λ

*N−1
i φ

*(0)
i −σ(i)N−2λ

*N−2
i φ

*(0)
i · · · −σφ

*(0)
i

∆
(i)
mi+3,1 ∆

(i)
mi+3,2 · · · ϕ

*(1)
i ∆

(i)
mi+3,N+1 ∆

(i)
mi+3,N+2 · · · −σφ

*(1)
i

· · · · · · · · · · · · · · · · · · · · · · · ·
∆
(i)
2(mi+1),1 ∆

(i)
2(mi+2),2 · · · ϕ

*(mi)
i ∆

(i)
2(mi+1),N+1 ∆

(i)
2(mi+1),N+2 · · · −σφ

*(mi)
i


.

Here ∆
(i)
j,k (1 6 i,k 6 2N) are given as follows:

∆
(i)
j,k =



(−i)N−1
j−1
∑

h=0
Ch

N−kλ
N−k−h
i φ

( j−1−h)
i , (1 6 j 6 mi +1, 1 6 k 6 N),

(−i)N−1
j−1
∑

h=0
Ch

2N−kλ
2N−k−h
i ϕ

( j−1−h)
i , (1 6 j 6 mi +1, N +1 6 k 6 2N),

(i)N−1
j−N−1

∑
h=0

Ch
N−kλ

*N−k−h
i ϕ

*( j−N−1−h)
i , (mi +2 6 j 6 2(mi +1), 1 6 k 6 N),

−σ(i)N−1
j−N−1

∑
h=0

Ch
2N−kλ

*2N−k−h
i φ

*( j−N−1−h)
i , (mi +2 6 j 6 2(mi +1), N +1 6 k 6 2N),

and ∆B(N−1) is obtained from the determinant ∆
(n)
N by replacing its (N + 1)-th column with the vector (b(1), . . . ,b(n))T, where

b(i) = (b(i)j )2(mi+1)×1 with

b(i)j =


(−i)N−1

j−1
∑

h=0
Ch

Nλ
N−h
i φ

( j−1−h)
i , (1 6 j 6 mi +1),

−(i)N−1
j−N−1

∑
h=0

Ch
Nλ

*N−h
i ϕ

*( j−N−1−h)
i , (mi +2 6 j 6 2(mi +1)).

By solving the nontrival solution to Eq. (24), we can ob-
tain the new functions Ai and Bi in the N-order Darboux matrix
which are different from the usual Darboux transformation. So
we can derive some new solutions by the new (1,N − 1)-fold
DT with the same spectral parameter λ = λ1 or the (n,M)-fold
DT with n distinct spectral parameters λi (i = 1,2, . . . ,n). We
call Eqs. (10) and (25) as a generalized perturbation (n,M)-
fold DT of Eq. (5).

Comparing system (22) with system (24), it is easy to see
that some equations for every index i are the same, but if we
require that there exists at least one index mi ̸= 0, then they are
different.

3. The solutions of the (2+1)-dimensional nonlo-
cal NLS equation

3.1. The higher-order rational solutions of the (2+1)-
dimensional nonlocal NLS equationn

In this section, we will use the generalized perturbation
(1,N − 1)-fold DT to present some higher-order rational so-
lutions and RW solutions of Eq. (5). We select a plane wave
solution as the seed solution of Eqs. (6) and (7) as follows:

ψ0(x,y, t) = e−2iσβy (26)

where β ̸= 0, σ =±1. We set the plane-wave solution ψ0 into
the Lax pair (8), then we can obtain the solution of Eq. (8)
with the spectral parameter λ = λ1 as follows:

Φ =

(
(C2

(λ1+
√

λ 2
1 −σ)

σ
e−Q −C1

(λ1−
√

λ 2
1 −σ)

σ
eQ)e−iσβy

(−iC1eQ + iC2e−Q)eiσβy

)
, (27)

with

Q = i
√

λ1 −σ(4βλ
2
1 t +2βλy+2βσt + x+Θ(ε)),

Θ(ε) =
N

∑
i=1

(pi + iqi)ε
2i,

where C1, C2, pi, qi (i = 1,2, . . . ,N) are all real parameters and
ε is a small parameter.

Next, by setting the eigenvalue λ = 1+ ε2, σ = 1 and
expanding the vector function Φ(ε2) in Eq. (27) as a Taylor
series at ε = 0, we derive the following results:

Φ
(0) =

(
φ (0)

ϕ(0)

)
=

(
(C2 −C1)e−iβy

(iC2 − iC1)eiβy

)
,

Φ
(1) =

(
φ (1)

ϕ(1)

)
,

where

φ
(1) = 12

(
3
(

t +
y
3

)2

β
2 +

(
t +

y
3

)
(i + x)β
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+
1
6

ix+
1

12
x2 − 1

12

)
(−C2 +C1)e−iβy,

ϕ
(1) = (−6β t +2βy+ x)2 i(−C2 +C1)eiβy,

(φ (i),ϕ(i))T (i = 2,3, . . .) are cumbersome, so we omit them
here. It should be pointed out that (φ (i),ϕ(i))T has the same
factor (C2 −C1), which has no effect on the solutions of
Eq. (25).

Next according to Theorem 1, we discuss the solutions
(25) from the following three cases (N = 1, 2, 3) to compre-
hend the obtained exact solutions of Eq. (5). When N = 1, we
can only give the trivial constant solution. In this case, we do
not use the derivatives of T (λ1)Φ(λ1) to determine B(0) so we
can not obtain a new solution.

Case 1 For N = 2, from the generalized (1,1)-fold DT,
we can obtain the first-order rational solution of Eq. (5)

ũ1(x,y, t) = ψ0 −2B1 =
F
H

(28)

with

F = ψ0((72t2 −8y2)β 2 +((12i +24x)t

−8iy)β +2ix+2x2 +1),

H = (72t2 −8y2)β 2 +(12i +24x)tβ +2ix+2x2 −1,

which contains a free parameter β that also appears in Eq. (5).
Based on Eq. (31) we can obtain the maximum and minimum
amplitudes of the modulus of ũ1. When x = −6β t − i

2 and
y =− i

4β
(1+2

√
3), we have the maximum amplitude

ũ1 =
(1+

√
3)2

2
e−

1+2
√

3
2

and when x =−6β t − i/2 and y =−4i/β , we have the mini-
mum amplitude ũ1 = e−1/2, here we consider t as an arbitrary
real number. When x or t → ∞, |ũ1| → 1.

When y = 0,

u(x,y, t) =
72β 2t2 +12 (i +2x) tβ +2 ix+2x2 +1
72β 2t2 +12 (i +2x) t β +2 ix+2x2 −1

is the solution of the (1+1)-dimensional nonlocal complex
mKdV equation. In other words, we can use the reduc-
tion y = 0 of the rational solution of the (2+1)-dimensional
NNLS equation to obtain the rational solution of the (1+1)-
dimensional nonlocal complex mKdV equation. Without loss
of generality, we set β = 1, the profile of the regular rational
solution (31) is shown in Fig. 1.
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Fig. 1. |ũ1| is the modulus of the first-order rational solution of Eq. (5). (a) t = 1, β = 1, (b) t = 1, β = 1, (c) t = 0, β = 1, (d) t =−1, β = 1.
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Through tedious calculations, it can be found that when
t = 1, x=−6− i/2 and y=−i + i2

√
3/4, t = 0, x=−i/2 and

y =−i + i2
√

3/4, t =−1, x = 6− i/2 and y =−i + i2
√

3/4,

the amplitude of the soliton solution is e−
1
2 +

√
3(3+

√
3)

3−
√

3
. From

Figs. 1(a) and 1(b), it can be regarded as elastic interactions oc-
curred between the bright soliton and dark soliton and the in-
teracting solitons can fully recover their shapes and velocities
when interacting, and the energy does not decrease after the
collision. If q*(−x,y,−t) ̸= q*(x,y, t) then the solution (31)
does not satisfy the system (1) with r = q*(x,y, t). Keep y = 0,
the wave profiles of solution (31) in (x,y)-space under fixed
time are obviously different. From Figs. 1(b)–1(d), we can
obtain that when time t increases, the first-order rational soli-
ton moves to the left on the x-axis.

From Fig. 2, when y = 0, the shape of the first-order ra-
tional soliton in (x, t)-space is shown as the M-shaped solitary

wave and the rational soliton consists of two same bright soli-
tons and one dark soliton. After a series of experiments we
reach the following conclusion. When y > 0, the bright soli-
ton on the right disappears and when y < 0, the bright soliton
on the left disappears. When y > 0, through the increase of y,
the bright soliton moves to the left along the x-axis, and the
dark soliton moves to the right along the x-axis. When y < 0,
through reduction of y, the bright soliton moves to the right
along the x-axis, and the dark soliton moves to the left along
the x-axis.

Case 2 For N = 3, on the basis of the generalized (1, 2)-
fold DT, the second-order rational soliton solution of Eq. (5)
can be derived as follows:

ũ2(x,y, t) = ψ0 −2B2 =
F1

G1
(29)

which includes two parameters b1 and c1. Here

F1 = −(−9−72x2c1 +311040 t4x2 +82944 t3y+384yx3 +576 tx5 −192 tx3 +864 tb1 −192y2x4 −1152y2x2

−288y2c1 +8640 t2x4 +1728 t2x2 −2592 t2c1 −1536y3x+69120 t3x3 −248832 t4y2 +27648 t2y4

−9216y3t +41472 t2xy−9216 txy2 −165888 t3xy2 +9216 txy4 +6912 tyx2 −3456 tyc1 −13824y2t2

−41472y2t2x2 −4608y2tx3 −288yx2b1 −576yxc1 −864 txc1 +144yb1 +311040it4x−248832it4y

+103680it3x2 −82944it3y2 +17280it2x3 +55296it2y3 +1440itx4 +4608ity4 −192 iyx4 −384iy2x3

+1536iy3x2 +768iy4x+10368it3c1 +48ix3c1 +9504it2x+27648it2y−5184it2b1 +1008itx2 −6336ity2

−144ix2b1 −1440iy2x−576iy2b1 −288itc1 −144 ixc1 −288 iyc1 +373248it5 −3072iy5 +25920it3

+24ix3 −768iy3 −792it −36 ix+288 iy+72ib1 +1920y4 −7200 t2 +864y2 +51840 t4 +72c1 +746496 t6

−1024y6 +16x6 −384y3b1 −72x2 +3456iy2tc1 +576iy2xc1 +4608ityx−1728itxb1 −1728ityb1

−288 iyxb1 +5184it2xc1 +864itx2c1 −165888it3xy−41472 iyt2x2 −41472iy2t2x−4608ityx3 −6912iy2tx2

+18432iy3tx−3456 tyxb1 −10368 t2yb1 −2016 tx−576 ty+20736 t3x+746496 t5x+768y4x2 +144xb1

+288xy−36c1
2 −24x4 −36b1

2 +48ix5)e−2 iy,

G1 = −9−72x2c1 +311040 t4x2 +576 tx5 −1344 tx3 −192y2x4 −288y2c1 +8640 t2x4 −8640 t2x2 −2592 t2c1

+69120 t3x3 −248832 t4y2 +27648 t2y4 +4608 txy2 −165888 t3xy2 +9216 txy4 +27648y2t2 −41472y2t2x2

−4608y2tx3 −288yx2b1 −864 txc1 −144yb1 +311040it4x+103680it3x2 −82944it3y2 +17280it2x3

+1440itx4 +4608ity4 −384iy2x3 +768iy4x+10368it3c1 +48ix3c1 +373248it5 +5184it3 −72ix3 +216it

−1920y4 +4896 t2 −288y2 −10368 t4 +746496 t6 −1024y6 +16x6 −384y3b1 −864it2x−720itx2

+576ity2 −288iy2x+576itc1 +36 ix+72x2 +3456iy2tc1 +576iy2xc1 −1728ityb1 −288 iyxb1 +5184it2xc1

+864itx2c1 −41472iy2t2x−6912iy2tx2 −3456 tyxb1 −10368 t2yb1 +864 tx−20736 t3x+746496 t5x

+768y4x2 −36c1
2 −72x4 −36b1

2 +48ix5.

After a series of numerical experiments, we find that when b1 > 0, c1 > 0, the shape of the solution (29) is basically
unchanged but the position changes with time t. While c1 > 0, the solution (29) is not a singular solution, and c1 < 0, the solution
(29) is a singular solution.

From Fig. 3, solution (29) exhibits the elastic interaction of two bright solitons and two dark solitons, which is not localized.
From Figs. 3(b)–3(d), we know that when t > 0, the elastic collision occurs in the lower left and upper left spaces. When t < 0,
the elastic collision occurs in the upper right and lower right spaces and the phase changes. It is worth noting that no matter how
t changes, the phase of a bright soliton and a dark soliton in different directions does not change after an elastic collision.
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Fig. 3. |ũ2| is the modulus of the second-order rational solution of Eq. (5). (a) t = 0, b1 = 3, c1 = 1, (b) t = −1, b1 = 3, c1 = 1, (c) t = 0,
b1 = 3, c1 = 1, (d) t = 1, b1 = 3, c1 = 1.

It can be seen from Figs. 4(a)–4(c) that when b1 = 0 and
c1 = 0, the solution (29) is a singular solution. An inelastic
collision occurs between a bright soliton and a dark soliton.
From Figs. 4(a)–4(c), we know that when t > 0, two dark soli-
tons and one bright soliton collide elastically at the upper left
of (x,y)-space, and the phase does not change. A dark soli-
ton and a bright soliton occur elastic collision in (x,y)-space
at the bottom right, but their phase changes. When t < 0, two
dark solitons and one bright soliton collide elastically at the
bottom right of (x,y)-space, and the phase does not change.

A dark soliton and a bright soliton occur elastic collision in

(x,y)-space at the upper left, but their phase changes. From

Figs. 4(d)–4(f), we can see that in (x,y)-space when b1 > 0 and

c1 > 0, the second-order rational solitons are the interaction of

two parallel bright solitons and two parallel dark solitons, and

the waveform is center-symmetrical. When time t > 0, the

collision position moves to the left along the x-axis as time in-

creases, and when time t < 0, the collision position moves to

the right along the x-axis as time decreases.
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Fig. 4. |ũ2| is the second-order rational solution of Eq. (5). (a) t =−1, b1 = 0, c1 = 0, (b) t = 0, b1 = 0, c1 = 0, (c) t = 1, b1 = 0, c1 = 0, (d)
t =−3, b1 = 3, c1 = 80, (e) t = 0, b1 = 3, c1 = 80, (f) t = 3, b1 = 3, c1 = 80.

It is necessary to point out that for N > 3, we can find
that the higher-order rational solutions of Eq. (5) have many
soliton structures and dynamic behaviors. Because of its com-
plexity, we omit it here, but it is controlled by four parameters
(b1, b2, c1, c2).

3.2. The interaction solutions of the (2+1)-dimensional
nonlocal NLS equation

In this section we will analyze the the interaction between
the interaction solutions of Eq. (5) which is given by the gen-
eralized (2,N − 1)-fold DTs with two spectral parameters λ1

and λ2. The seed solution and eigenfunction are the same as
Eqs. (26) and (27). Next, we will discuss the second order DT

and the third order DT respectively.
Case 1 Second order DT (N = 2).
We could select a special equation of system (24)

T (0)(λ1)Φ
(0)
i (λ1) = 0, T (λ2)Φ(λ2) = 0. (30)

For different λ2, the wave structure and dynamic behavior
of the solution

ũ1(x,y, t) = ψ0 −2B1 (31)

show many interesting phenomena.
If we choose λ2 = 3/2 , the periodic wave solution solu-

tion of Eq. (5) can be expressed as
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ũ1 = q1 = e−2 iζ y +
2(3eiζ y3

√
5−2

√
5−3e−iζ y(3

√
5+2)√5−5eiζ y(3

√
5−2)−5e−iζ y(3

√
5+2))

3
(√

5+3
)

e−i
√

5(11ζ t+x)−3
(√

5−3
)

ei
√

5(11ζ t+x)−4e3i
√

5ζ y −4e−3i
√

5ζ y

and shown in Fig. 5. The solution is a very stable periodic so-
lution and the amplitude and wave profile of the periodic wave
remain unchanged over time. From the expression and Fig. 5
we can know the interaction of the wave profile motion on the
y-axis and the x-axis.

When the general parameter λ2 = (1+ i)/2, the solution
of Eq. (5) is the interaction of two strange breathing waves.
The expression for the solution is so complicated that we omit
it. When λ2 = (1+ i)/2, we can get two strange breathing so-
lutions. As can be seen from Figs. 6(a)–6(c), as the absolute
value of y increases, the two strange breathing waves gradually
move away from each other on the x–t plane and the wave pro-
file remains parallel. Figure 5(f) is the wave profile evolution
diagram at different time when y = 6. From Figs. 6(a)–6(d),

it can be seen that the amplitude of the solitary wave changes
significantly during the propagation process, and there is en-
ergy loss or increase.
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Fig. 6. |q1| is the solution of Eq. (5). (a) λ2 =
1+i

2 , y =−6, (b) λ2 =
1+ i

2 , y = 0, (c) λ2 =
1+ i

2 , y = 6, (d) λ2 =
1+ i

2 , y = 6.

Case 2 Third order DT (N = 3).
We could select two special equations of system (24)

T (0)(λ1)Φ
(0)
i (λ1) = 0,

T (1)(λ1)Φ
(0)
i (λ1)+T (0)(λ1)Φ

(1)
i (λ1) = 0, (32)

and

T (λ2)Φ(λ2) = 0. (33)

For different λ1, the wave structure and dynamic behavior of
the solution

ũ2(x,y, t) = q2 = ψ0 −2B2 (34)

show many interesting phenomena.
When we select λ2 = 6, ũ2 is the interaction solution of

the interaction between periodic waves and bimodal breather
(a breather having two peaks). The expression for the solution
is so complicated that we omit it. When x> 0, the wave profile
moves to the left along the time t axis in the (y, t) plane as x
increases and when x < 0, the wave profile moves to the right

along the time t axis as x decreases (see Figs. 7(a)–7(c)). It can
be seen from Fig. 7(f) that in the (y, t) plane, the amplitude of
each bimodal breather is different. The amplitude in the y > 0
half plane is greater than the magnitude in the y < 0 half plane.
We can also see that although their amplitudes are different,
the wave profiles and amplitudes do not change much at dif-
ferent time, and it can be seen from Figs. 7(d) and 7(e) that
the phase shifts when the collision occurs, but the propagation
path does not change, so the collision is an elastic one.

When we select λ2 = 1− i/2, ũ2 is the interaction so-
lution of two singular breathers and two traveling waves. It
can be seen from Figs. 8(g) and 8(i) that when y ̸= 0, the two
parallel solitary waves gradually move away. When y < 0,
after the collision, the amplitude of the traveling wave is obvi-
ously larger or smaller, and the propagation direction does not
change, so the collision is an inelastic one. While when y > 0,
the amplitude of the traveling wave remains unchanged after
the collision, and the propagation direction has not changed,
so the collision is an elastic one.
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Fig. 7. |q2| is the solution of Eq. (5). (a) λ2 = 6, x =−4, (b) λ2 = 6, x = 0, (c) λ2 = 6, x = 4, (d) λ2 = 6, x = 0 is a partially enlarged image of
(b), (e) λ2 = 6, x = 0 is the projected image of (d), (f) λ2 = 6, x = 0.
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Fig. 8. |q2| is the interaction solution of two singular breathing waves and two traveling waves of Eq. (5). (a) λ2 = 1− i
2 ,y = 0, (b) λ2 = 1− i

2 ,

y =−5, (c) λ2 = 1− i
2 ,y = 5.

4. Summary and discussion

In summary, we used the Taylor expansion and a limit
procedure to present a new generalized perturbation (n, M)-
fold Darboux transformation of the (2+1)-dimensional re-
verse space–time NLS equation. we chose the generalized
(1,N−1)-fold DTs with only one spectral parameter to obtain
higher-order rational solutions of Eq. (5) with some parame-
ters. We discussed the wave profiles of these solutions with
distinct parameters. Some higher-order rational solutions’
propagation and interaction were discussed and demonstrated,
which display rich and interesting wave structures. We ob-
tained the periodic solution and interaction solution of Eq. (5)
through (2,N −1)-fold DTs. We have studied the interactions
of singular breather and periodic waves, singular breather and
traveling waves, bimodal breather and periodic waves, and ob-
tained abundant wave profile structures. The idea of this article
can applied to other physically nonlinear wave models. There
are more free parameters in these solutions, general temporal-
spatial structures of those solutions could be studied in the fu-
ture.
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