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We address the issue of how disorder together with nonlinearity affect energy relaxation in the lattice ¢* system.
The absence of nonlinearity leads such a model to only supporting fully localized Anderson modes whose energies will
not relax. However, through exploring the time decay behavior of each Anderson mode’s energy—energy correlation, we
find that adding nonlinearity, three distinct relaxation details can occur. (i) A small amount of nonlinearity causes a rapid
exponential decay of the correlation for all modes. (ii) In the intermediate value of nonlinearity, this exponential decay
will turn to power-law with a large scaling exponent close to —1. (iii) Finally, all Anderson modes’ energies decay in a
power-law manner but with a quite small exponent, indicating a slow long-time tail decay. Obviously, the last two relaxation
details support a new localization mechanism. As an application, we show that these are relevant to the nonmonotonous
nonlinearity dependence of thermal conductivity. Our results thus provide new information for understanding the combined

effects of disorder and nonlinearity on energy relaxation.

Keywords: classical transport, localized modes, Anderson localization

PACS: 05.60.Cd, 63.20.Pw, 66.70.—f

1. Introduction

Over the past decades, the study of energy relaxation in
anharmonic disordered systems has attracted a lot of interest
both theoretically!'~1?! and experimentally.['*~!8] In a simple
case of harmonic disordered systems, this is relevant to the
celebrated Anderson localization phenomenon predicted for
noninteracting electrons propagating in uncorrelated random
landscapes, '] which has the strongest effect in one dimen-
sion. In such a case, all the linear eigenmodes, i.e., the An-
derson modes are localized, which means that any initially lo-
calized wave packet will remain localized for all time. There-
fore, there is no energy relaxation at all. However, whenever
the nonlinearities are added to such linear disordered models,
these Anderson modes can interact with each other and result
in more complex situations. Hence, transport in systems with
combined effects of disorder and nonlinearity is currently still
an open question of fundamental interest.

Due to these complicated situations, numerical studies are
very favorable for studying such issues. So far two kinds of
numerical approaches have been widely employed to detect
energy relaxation in these systems. The first one called the
wave packet dynamics is often applied to study the systems of

16.8.101 1 this method, some amounts of en-

zero temperature.
ergy are initially endowed to one or several sites of the system

and one then monitors the spreading process of these energy
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wave pockets. In this respect, most studies were focused on
two typical disordered anharmonic Klein—-Gordon (KG) and
discrete nonlinear Schrodinger (DNLS) models!® and it has
been shown that the energy wave packets in these systems un-
der the combined effects of disorder and nonlinearity always
spread out subdiffusively. The underlying mechanisms are re-
lated to the relevant systems’ chaotic dynamics, i.e., the spa-
tiotemporal fluctuations of the chaotic seeds inside the wave
packet.[6:810]

In the case of finite-temperature systems, the relevant
physics and underlying pictures are richer. One has to adopt
longer molecular dynamics simulations to obtain the infor-
mation of energy relaxation. With the usual nonequilib-
rium method, i.e., adding two thermal baths to two ends of
the one-dimensional (1D) anharmonic disorder Fermi—Pasta—
Ulam (FPU) systems, earlier studies have revealed that there is
a transition from normal transport following the Fourier law at
lower temperatures to anomalous non-Fourier transport at high

s.[201 Nevertheless, this claim has been argued

temperature
later by observing that adding only a small amount of nonlin-
earity is already sufficient to lead to the normal heat conduc-
tion and thus there is no evidence for the claimed temperature-
dependent transition.!?!! Recently, this normal transport be-
havior has been further verified by using the equilibrium corre-

lation method to explore the relaxation process of local energy
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fluctuations. By studying the equilibrium energy—energy cor-
relation functions that represents the spatial probability den-
sity function (PDF) of energy spreading, one found that the
time-dependent mean squared displacement of this PDF fol-
lows the usual scaling of normal transport, but the PDF is
an unusual non-Gaussian function, which shows a first exam-
ple of non-Gaussian normal energy diffusion in many-body
systems. 2%}

The non-Gaussian normal diffusion observed in the finite-
temperature anharmonic disordered systems implies that com-
pared to the knowledge of subdiffusion shown in the counter-
part zero-temperature systems, there are still much interesting
details that need to explore. Motivated by this, in the present
paper we study the relaxation of single Anderson mode’s en-
ergy to fill some of the gaps. Toward that end we employ the
time decay of single Anderson mode’s energy—energy equi-
librium autocorrelation with the increase of the nonlinearity
to capture such relaxation details. Our main finding is that
while for a small amount of nonlinearity this correlation for
the Anderson modes decays in a quite rapid exponential man-
ner, in the case of large nonlinearity this decay becomes slow
and shows a power-law long-time tail, first from the modes of
a lower wave number. This implies that even adding a small
amount of nonlinearity is already sufficient to cause the delo-
calization of the Anderson modes, whereas further increasing
nonlinearity can otherwise result in new localization mecha-
nisms. Our results thus provide new information for under-
standing the combined effects of disorder and nonlinearity on

transport.
2. Model
We consider a 1D disordered lattice ¢* system with
Hamiltonian
N 2
m;Vv;
H=Y =t +V(xia —x) +U(x), (1)
i=1

where N is the total number of particles and is equivalent to
the system size; m;, v;, and x; are, respectively, the i-th parti-

cle’s mass, velocity, and displacement from the equilibrium
position. V(xi11 —x;) = (x;+1 —x;)?/2 is the harmonic in-
terparticle potential and U (x;) = kox?/2 + Ax} /4 is the on-
site potential. The property of disorder here is introduced by
choosing m; randomly from a uniform distribution in an inter-
val [0.8,1.2]. The strength of nonlinearity is represented by
A.

We note that with an appropriate setup, this system’s lin-
ear counterpart, i.e., the case with A = 0 and that only the
effect of disorder is considered, can support fully localized
Anderson modes. This is distinct from the system without in-
cluding the on-site potential [U (x;) = 0], whose low-frequency
Anderson modes instead remain extended.*!! Our setup for
obtaining the fully localized Anderson modes is achieved by
adjusting ko, i.e., the strength of the linear term in U (x;), suit-
ably, with respect to a fixed finite system size N. We have
verified that with the Thouless criterion and through studies of
system’s energy relaxation process, as long as kg > 1, the sys-
tem’s localization length is always less than 3000.>?! Thus, in
the following we fix ko = 1 and N = 4096.

3. The fully localized Anderson modes

To see the property of localization, we first give each
Anderson mode’s localization length. In Fig. 1(a) we plot the
ratio £ /N of the localization length & with respect to the sys-
tem length N as a function of mode’s index (wave number) k.
Here, k is proportional to the mode’s frequency as shown in
Fig. 1(b). It should be noted that & is inversely proportional
to the degree of mode’s localization!*}! as a mode owning
a smaller localization length implies higher localization. In
practice, £ can be either computed by the transfer matrix
method!>*?4 or through measuring the spatial correlation of

[25] here we use

mode’s kinetic energy in the equilibrium state,
the first approach. As can be seen in Fig. 1(a), the curve of
& /N vs. k shows a arcuation shape, i.e., the Anderson modes

with a middle value of k have a relatively large & compared to
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Fig. 1. The fully localized Anderson modes. (a) The ratio of mode’s localization length & with respect to the system length N
vs. mode’s index k; (b) mode’s frequency @ vs. k, (c) profiles of three representative Anderson modes. Here, for convenient
identification of each mode, we shift their amplitudes along the vertical axis.

120503-2



Chin. Phys. B Vol. 29, No. 12 (2020) 120503

the modes with k in both ends.
of £/N is only about 0.1, suggesting that all the Anderson

In addition, the maximum

modes’ localization lengths are certainly much smaller than N.
As examples, figure 1(c) shows profiles of three representative
Anderson modes, i.e., the 200th, 2000th, and 3800th modes.
These confirm the full localization properties of the modes.

4. Relaxation: single Anderson mode’s energy—
energy autocorrelation

As mentioned, by adding nonlinearities the Anderson
modes which are initially localized will interact with each
other and this interaction gives rise to more complex situa-
tions. To capture some of the aspects of these complicated
situations, we study the time evolution of the equilibrium sin-
gle Anderson mode’s energy—energy autocorrelation, defined
by

k(1) = (Aey (1)Ae (0)) , @)

(Aer(0)Aer(0))

where e (7) is the instantaneous energy of the Anderson mode
k and Aey (1) = ex(t) — (e) with (-) denoting the ensemble av-
erage. ex(r) for each Anderson mode is evaluated through the
following projection method.!*®! We first prepare an equilib-
rium state of temperature 7 = 1.5. This is done by connect-
ing the two ends of the system to two thermal bathes with
the set temperature for a long enough time. After the sys-
tem has been relaxed to this equilibrium state showing evi-
dence that all particles’ velocities follow a Gaussian distribu-
tion pointing to the given temperature, we then remove the
thermal baths (Noose—Hoover or Langevin, see also below)
\}%exp(fia)t), which enables us to linearize
the motion equation of particles and so that the dynamic ma-
trix can be diagonalized. Let V* and @y be the k-th nor-

and set x; =

malized eigenvector and eigenvalue of the dynamic matrix,
the projection of the motion onto the k-th Anderson mode is
Ox(1) = X, mjx;(t)VF and P (1) = X, \/mjvi(1)V§ with
k=1,..,N, and finally ex(t) = (P} + ®7Q7)/2 can be ob-
tained. With this normal mode energy, CX,(¢) is measured
by performing simulations from different sets of randomly as-
signed initial conditions for the average. For this and below
we adopt the Runge—Kutta algorithm of the 7-8th order with
a time step 67 = 0.01 to integrate the Hamiltonian equations

JH . JH

pi=—5_ 3)

M= op P oy

We use a total ensemble of size 8 x 108 for the average.
Figure 2 shows C¥, (1) for three representative modes k =
200, 2000, and 3800 for A = 0.03, 0.1, and 1, respectively. For
clearly clarifying the relevant details with the increase of non-
linearity for each mode, figures 2(a)-2(c) present the results
for fixed number of mode and figures 2(d)-2(f) give the results
for fixed L. As can be seen, as long as adding a small amount
of nonlinearity (A = 0.03), C¥,(¢) for all Anderson modes de-
cays exponentially with time ¢, indicating a rapid delocaliza-
tion process [see Fig. 2(d)]. This is in contrast to the fully lo-
calized behavior observed in the relevant linear model where
not any delocalization will be shown, but consistent with the
observed normal thermal conduction satisfying Fourier’s law
conjectured in Ref. [21]. In addition, from Fig. 2(c) and com-
bining the result of Fig. 1(a) one also infers that in this small
amount of nonlinearity case, C,(t) for the mode with a rela-
tively long localization length (k = 2000 for example) gener-
ally decays more rapid than other modes (k = 200,3800). This
might imply the general property of delocalization for Ander-

son modes with weak nonlinearity.

(1)

k
ee

ce(t)

k
e

—k =200
1 — k=2000
k= 3800
A=0.03
1073 : ‘ : H1073
10° 102 10t 10°

t

10*

Fig. 2. Single Anderson mode relaxation represented by C¥, (¢) for A = 0.03, 0.1, and 1, respectively. Here we present three

representative modes of k = 200, 2000, and 3800 for examples.
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With the increase of nonlinearity, more complex situa-
tions with rich details of relaxation occur. In the interme-
diate value of nonlinearity (A = 0.1), C2%°(¢) in a long time
first turns from the conventional exponential time decay to a
power-law time decay t* with a large exponent of y ~ 0.84
[see Fig. 2(e)]. This is the case also for mode k = 3800
[C3800(£)] but under a higher amount of nonlinearity (A = 1.0)
and with a slightly lower decaying exponent of u ~ 0.66 [see
Fig. 2(¢)]. In fact, for A = 1.0 all the three Anderson modes
already decay in a power law [see Fig. 2(f)]. The distinction
is that both C2%9°(¢) and C29%(¢) decay as +~%!! with a quite
long-time tail.

The above tendency can be identified more readily from
Figs. 2(a)-2(c). Indeed, in Fig. 2(a) (mode k& = 200) one can
already capture the three distinct processes, i.e., the exponen-
tial time decay (process 1) and the power-law time decays with
a large (process 2) and small (process 3) u, although in the
cases of kK = 2000 and k = 3800, only two processes are shown
[see Figs. 2(b) and 2(c)]. The absence of process 2 for mode
k = 2000 might be induced by its relatively large localization
length. One might also infer that to see process 2 for mode
k = 3800, a larger amount of nonlinearity would be required.
However, whatever these rich details are, the appearance of
processes 2 and 3 surely indicates new localized mechanisms,
distinct from the delocalization of Anderson modes under a
small amount of nonlinearity.

S. Application: nonlinearity-dependent thermal
conductivity

Bearing the above dynamical details of single Anderson
mode’s relaxation in mind, we now show how this interest-
ing transition, i.e., the change from the delocalization for a
small amount of nonlinearity to a new localization for a strong
nonlinearity can be related to the system’s A-dependent ther-
mal conductivity k. As mentioned, k¥ can be measured by the
usual direct nonequilibrium molecular dynamic simulations as
in Refs. [21,27]. In this approach, two ends of the system are
first connected to two heat baths with two different temper-
atures (we mainly use Noose—Hoover thermal bath here, but

we have verified that adopting Langevin heat bath leads to al-
most the same results; we set the baths’ temperatures 7 = 2
and T_ = 1, respectively, which ensures that the system’s av-
eraged temperature is 7 = 1.5 after applying the heat baths for
a long time). Adding the heat baths will drive the system to a
nonequilibrium steady state and one might find a well-behaved
temperature profile that induces the heat current flowing across
the system. Finally, the thermal conductivity is measured by
kK =JN /(T — T_) according to the Fourier law.

Another method to obtain x is based on the Green—Kubo
formula (829

. 1
o= lim lim ooy

T

| cutyar, @
where Cj;(t) = (J(0)J(¢)) is the total heat current time auto-
correlation with J = ¥, %;0V (x;11 —x;)/dx; the relevant total
current. [?71 Distinct from the above nonequilibrium approach,
here the heat baths (Noose—Hoover or Langevin) are instead
added with the same temperature 7' = 1.5 for a long time to de-
rive an equilibrium steady state and then the baths are removed
and (J(0)J(¢)) is computed by the usual ensemble average as
that was performed for CX,(z).

Fortunately, we find that both nonequilibrium and equi-
librium methods give quantitatively the same results in the
considered disordered model. As some details, figure 3(a)
presents some representative results of Cy,(¢) for A = 0.03,
0.1, and 1. With this, x is obtained from the Green—Kubo in-
tegration (4) [see Fig. 3(b)]. We will not show the relevant
details of the nonequilibrium method but give final results of
Kk versus A from both approaches in Fig. 3(c). As can be seen,
overall a nonmonotonous dependence of k on A can be clearly
identified, i.e., as A increases, K first increases, and reaches its
maximum at A = 0.1, and finally decreases. In addition to the
saturation of x at A = 0.1, two scaling manners of k ~ A9
for a small A and x ~ A%% for a large A can be well nu-
merically inferred. This might be attributed to processes 1 and
3, respectively, as shown in the microscopic Anderson mode’s
relaxation. Such nonmonotonous variation of k on A can thus
be understood by the transition of delocalization to the new

localization demonstrated above at least qualitatively.

(3.
103,\ { ]’ (@) (b) N [CINFCN
) & ‘
! .“‘
102 3 2 ’Q \\
10! 10°4 {103 Q
= L
S 100 5 3;/ ¢ . \
10~14 N/\—o.sg?
—AX=0.03 —A=0.03 ; i
-2 ]— =01 —A=0.1 *
v A=1.0 107! N o equilibrium
1073 5 * nonequilibrium
10° 10? 10° 102 1072 107' 10
t ¢ A

Fig. 3. (a) The total heat current time autocorrelation Cy;(¢) for different A. (b) The measured thermal conductivity k by
equilibrium molecular dynamic (MD) simulations from Green—Kubo formula. (c) k versus A, where the data are from both
equilibrium and nonequilibrium MD simulations, represented by open and solid symbols, respectively.

120503-4



Chin. Phys. B Vol. 29, No. 12 (2020) 120503

6. Discussion and conclusion

To summarize, we have shown that the disorder together
with nonlinearity can result in quite rich energy relaxation de-
tails of the Anderson modes in the lattice ¢* system. Through
studying the time decay of each Anderson mode’s energy-
energy autocorrelation CX, (¢), we have revealed that there are
generally three relaxation processes with the increase of non-
linearity: (i) process 1: a fast exponential decay, dependent
on each mode’s localization length; (ii) process 2: a rapid
power-law decay, and (ii) process 3: a slow power-law de-
cay. Both processes 2 and 3 are irrelevant to each Anderson
mode’s localization length, since compared to the rapid delo-
calization suggested by process 1 they point to new localiza-
tion mechanisms. These results add new knowledge to further
understanding the role of nonlinearity (temperature) played
in 1D disordered systems, as such a transition from delocal-
ization to localization has been verified to be relevant to the
nonmonotonous variation of thermal conductivity with non-
linearity. They could also be related to the temperature de-
pendence of thermal conductivity in similar models, as the ef-
fects of changing temperature could be equivalently explored
by changing nonlinearity. As an illustrating example, we note

1301 has captured two temperature dependent scal-

that a work
ing manners of thermal conductivity with positive exponents
for the asymptotic low temperature and intermediate temper-
ature, respectively, which seem to be strongly related to our
observed processes 1 and 2. Finally, we would like to point
out that we have only considered the effects of hard-type non-
linearity on relaxation here, our study thus also raises one open
question: Could the soft-typel*!! nonlinearity together with
disorder lead to different situations, and are these related to
the property of discrete breathers,3>331 a particular type of
spatially localized nonlinear vibrational modes in defect-free
nonlinear lattices?
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