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We establish entanglement monotones in terms of an operational approach, which is closely connected with the state
conversion from pure states to the objective state by the local operations and classical communications. It is shown that
any good entanglement quantifier defined on pure states can induce an entanglement monotone for all density matrices.
Particularly, we show that our entanglement monotone is the maximal one among all those having the same form for pure
states. In some special cases, our proposed entanglement monotones turn to be equivalent to the convex roof construction,
which hence gain an operational meaning. Some examples are given to demonstrate different cases.
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1. Introduction

Entanglement is one of the most intriguing quantum
features!!?! and plays an important role in many quantum
information processing tasks,'** so quantum entanglement
has been recognized as a key physical resource in quantum
information.>~!?l Quantification of entanglement, triggering
the various researches on the quantum resource theory,[!3-281
has attracted wide interest for several decades. However, quite
limited progress has been made up to date, due to the good un-
derstanding of entanglement only restricted to bipartite pure
states and low-dimensional mixed states. >3]

The quantification of any quantum resource actually
aims to quantitatively characterize the corresponding quan-
tum feature in a mathematically rigorous framework.!'3] As
to entanglement, a good quantifier should be an entangle-
ment monotone which vanishes for separable states and does
not increase under local operations and classical commu-
nications (LOCC).®! There are various such entanglement
monotones, however, only a few of them have the ob-
vious operational meanings. For example, distillable en-
tanglement quantifies the conversion rate of some standard
state (maximally entangled state) from the given states in
the asymptotic regime, while entanglement cost quantifies
the rate of the expected state asymptotically prepared from

36.38.391 In spite of the relative entropy

some standard state.|
of entanglement!*”) defined by the nearest distance from a
given state to the set of separable states based on the “dis-
tance”, the relative entropy could have an operational mean-
ing, whereas most of the distance-based measure has only
the geometric meaning. The convex roof construction!*!#?1

is a useful approach to establish an entanglement monotone,

DOI: 10.1088/1674-1056/abc157

which generally has no explicit operational meaning, while
the entanglement of formation!3®! can be closely related to
the entanglement cost in the asymptotic regime.”) Similarly,
the negativity has not a striking operational meaning, 3! but
the logarithmic negativity provides an upper bound to distil-
lable entanglement.*¥ Different ways to quantifying entan-
glement usually convey different understandings of entangle-
ment, in particular, their potential operational meanings are
usually connected with different quantum information pro-
cessing tasks. How to explore an operational approach to
quantify entanglement is still an important and significant
topic in the entanglement theory.

In this paper, we propose an operational way to build en-
tanglement monotones similar to our previous approach for
coherence.?3! We consider that some pure input states are con-
verted to the common objective quantum state by LOCC. It
is shown that the entanglement of the objective quantum state
can be well characterized by the least entanglement of the pure
input states. We prove that any given pure-state entanglement
monotone F can induce a good entanglement monotone for
a general quantum state, and especially that our entanglement
monotone is the largest one among all the entanglement mono-
tones that take the same value for pure states as F. We also
show that our entanglement monotone will be equivalent to
the entanglement monotone in terms of the convex roof con-
struction if the convexity is imposed. As was demonstrated,
we show that if the chosen pure-state entanglement mono-
tone linearly depends on the Schmidt coefficients or we use
the two-qubit concurrence as pure-state measure, our entan-
glement monotone will be equal to that of the convex roof
construction. In addition, an analytically computable exam-
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ple indicates that our approach induces an entirely new en-
tanglement monotone. This paper is organized as follows. In
Section 2, we directly build the entanglement monotone based
on the state conversion, and then show that our entanglement
monotone is the maximal one. In Section 3, we study how
our method is related to the convex roof construction. In Sec-
tion 4, we demonstrate several examples in various cases. The
conclusion and discussion is given in Section 5.

2. Entanglement monotone based on the state
conversion

Let us consider a bipartite quantum state p =
Y pilwi) (y;| with an alternative pure-state realization
{pi,|wi)}. We take A*(|;)) to denote the Schmidt vector of
the state |y;) with the Schmidt coefficients in decreasing or-
der. It was shown in Ref. [45] that if there exists a bipartite
pure state |@) with A+(|@)) < ¥ piAt(|y;)), where < is the
majorization,***8] one can always find an LOCC to trans-
form the state |@) to the state p. It is obvious that for a fixed
density matrix p, the state |@) is not unique. In fact, with
the entanglement taken in account, one can also notice that all
these pure states |@) do not necessarily have the equal amount
of entanglement. Let IL(p) denote the set of pure states which
can be transformed into p by LOCC and F (- -) denotes an ar-
bitrary entanglement monotone of pure states, we are always
able to define an entanglement quantifier for p by the smallest
amount of entanglement of the pure states in L(p), which can
be given in the following rigorous way.

Theorem 1 For any bipartite quantum state p, let L(p)
be the set of pure states which can be transformed into p by
LOCC, then

¢e(p) = inf F(|g)) (1

lp)eL(p)

is an entanglement monotone, where the subscript ' denotes
the chosen entanglement monotone F(--- ) of pure states.

Proof (Vanishing for separable states) Firstly, we would
like to show that if a state p is separable, there must exist a
separable pure state in the set L(p). To show this, one can
note that any separable state p can be expressed as a con-
vex combination of some pure product states {p;,|¢;)}, so
Y, piAt(1¢i)) = (1,0,0,...) which majorizes the Schmidt vec-
tor A¥(-) of any pure product state |¢). From Ref. [45], it is
easily found that p can be converted from a pure product state
|¢) by LOCC, which shows F(p) =0.

Conversely, if F(p) = 0, the definition implies that there
exists pure product state that can be transformed into p by
LOCC, thus p is separable.

(Monotonicity) Suppose that € is an arbitrary LOCC and
o = €(p). Let |y) be the optimal state in IL(p) such that
ér(p) = F(]y)). Based on the definition of &r(p), we have

|w) that can be converted into p by LOCC. In addition, o =
€(p), one can find that |y) can also be converted into ¢ by
LOCG, i.e., |y) € L(o), which implies &x(p) = F(|y)) >
(g)F(G).

(Strong monotonicity) Suppose that |y) is the optimal
state in IL(p) such that &x(p) = F(|y)). It means that there
exists a decomposition {#;, |@;)} of p with

2w < LA (90).

That is, | ) can be converted to {#;,|¢;) }. Let an LOCC $ with
its Kraus operators {M; } performed on the state p with

Dk = Tr(MkPMZ)7

P = MpM]/py. &)
Substituting the decomposition {#;, |¢;) } into Eq. (2), one will
obtain
pe=Te Y tiMi|@i)(@ilM] = Y quti,
i i
_ + v Yikti
P = Y tiMi| @0) (@il M; [ pi =} o i) (D, ()
l l
with

qix = Te(Mi| ;) (@i M),
|0ik) = M| @) / /G- “4)

Since |y) Loce, {ti,|¢;)} and $ can convert {t,|@;)} to

{tiqik, |9ix) }» we have
A(w) < Y tigud*(10u)
ik
= Y oL A (gu))
k 7 Pk
= L pedt(lwid), (5)
k

where |y;) is defined as a pure state satisfying

A(lw) = Z”'}f—k"’w<|¢,»k>>. ©)

1

Equation (5) indicates that |y) could be transformed into
{Pk,|Wi)} by LOCC, so the entanglement monotone F(---)
gives

F(lw)) =Y peF (1) @)
k
In addition, Egs. (3) and (6) show |y;) € L(px), thus

F(|lwi)) > 6r(pr)- 8

Therefore,
&(p) =F(y) > Y pF (1) > ) pede(pr), )
% %

which is the strong monotonicity.
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One can find that the set L(p) is actually defined by
the state |y) subject to the majorization relation A+(|y)) <
Y pirt(Jw;)) with {p;,|w;)} denoting the decomposition of
the state p. However, from the above proofs, an important
relation is

A(19)) =Y pir*(1vi), (10)

where | @) is a pure state. It is obvious that A+(|y)) < A+(|9)),
which implies F(|9)) < F(Jy)). Thus the set L(p) in Eq. (1)
can be replaced by its subset Q(p) C L(p), where Q(p) cov-
ers all the pure states |@) satisfying Eq. (10).

Theorem 1 has provided us with an operational way to
define an entanglement monotone from a pure-state entan-
glement monotone F. That is, the entanglement of a state
p quantifies the least entanglement of the pure states which
can be converted into p. It is obvious that different F' will
induce different &. In fact, there are many different entangle-
ment monotones which can be reduced to a fixed entanglement
monotone for pure states, which, to some extent, forms the
root of a fundamental requirement of a general entanglement
measure: all entanglement measures should be reduced to the
von Neumann entropy of entanglement for pure states. Next
we will show that our proposed entanglement monotone & is
the upper bound of all the entanglement monotones which are
identical to F for pure states.

Theorem 2 Given an entanglement monotone E(p) for

¢e(lw))
holds for any bipartite pure state |y), then 8g(p) > E(p).
)

any bipartite density matrix p such that E(|y)) =

Proof Suppose that | ) is the optimal state in IL(p) such
that &x(p) = F(|wo)), then we have
&e(p) = F(lwo)) = E(lyo)) = E(p), (11

the last inequality is due to the monotonicity of E.

3. Relation with the convex roof construction

We have shown that & is a valid entanglement mono-
tone, so it can be safely used to quantify entanglement of a
state. However, some additional properties are also imposed
sometimes. One example of the properties is the concept of
convexity. Next we will give the sufficient and necessary con-
dition for a convex &g.

Theorem 3 For bipartite n-dimensional quantum states,
the following statements are equivalent to each other:

(D) &(p) is convex.

() &x(p) is equivalent to the convex roof construction in
terms of F ().

(I) For any p, the optimal pure state |@p) € Q(p) and
the related decomposition {qy,|@x)} satisfy: (1) F(|¢o)) =
YearF(1ok)), ) {qk,|@k)} is the optimal decomposition of
p for the convex roof construction.

(IV) F satisfies: (1) F(---
the decreasing order Schmidt coefficients of a pure state, or (2)

) should be a linear function of

for all n-dimensional states p, there should be an optimal pure-
state decomposition for the convex roof construction with all
the pure states owing the same Schmidt coefficients.

Proof Let |¢y) € Q(p) be the optimal pure state for &,
then there exists a decomposition {gy, |@x)} corresponding to
|¢o) such that Eq. (10) holds. If & is convex, we will arrive at

F(|¢o)) = <quF D)) (12)

A general entanglement monotone F'(---) for a bipartite pure
state can always be expressed as a concave function f of the
Schmidt coefficients of the pure state, namely, f(A(--+)) =
F(---).1*2l From the concavity, we have f(A(|¢o))) >
Liqef (A(|@k))), namely, F(|go)) > Yy qiF (|¢x)). Thus for
the optimal state |@) and its corresponding decomposition

{qx,|9x)} of p, we have
A(|0))) ZQkf (lox)))

F(|¢o)) quF (Iox)), (13)

which implies the decomposition {g,|@r)} achieving
ming, 1y)1 X PiF (|Wi)) and &g equal to the minimum. Thus
one can arrive at (I) and (I from (I). Since Eq. (13) should
be satisfied for any n-dimensional density matrix p, one can
easily find that (1) F(--
the Schmidt coefficients of a pure state, or (2) for all n-

-) should be a linear function of

dimensional states p, there should be an optimal pure-state
decomposition for the convex roof construction with all the
pure states owing the same Schmidt coefficients. Thus we can
reach (IV) from (I).

Conversely, if (I) or (Il) holds, (I) will clearly hold. If
(IV) (1) holds, then (4 (|9))) = ¥; pif (A(ly:))) and F(|9)) =
Y. piF (|w:)) will hold for all |¢) € Q(p) and the related de-
composition {p;,|w;)}. Note that F(|¢y)) reaches the min-
imum in Q(p), thus the decomposition {q, |@x)} related to
|¢o) achieves the minimum of the convex roof. Thus & equals
the convex roof and inherits the convexity. If (IV) (2) holds,

suppose that the particular decomposition is {5, | i)}, |@) de-
notes the state in Q(p) related to it, then
G (p) < F(|9)) Zp, (19). (14)

Note that the above summation equals the convex roof. Com-
bining with Theorem 2, one can see that & equals the convex
roof and inherits the convexity. The proof is completed.
Theorem 3 shows that the convex &r(p) is equivalent to
the convext roof construction. One should note that if theorem
3 is valid for all n, &p(p) will be the same as the convex roof
construction in the whole state space. In addition, one impor-
tant thing is that if the convexity is not imposed, & will be a
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new entanglement monotone. In the next section, we will give
examples subject to different cases.

4. Examples

The same as convex roof with the linear F(---). As the
first example, we will demonstrate that & is the convex roof
of F with a proper F. To do so, we choose the distillable entan-
glement monotone (E) for pure states proposed in Ref. [45] as
our entanglement monotone F. For a d-dimensional pure state
|@), the entanglement monotone is defined by

d

(E(9)) = ¥, Zlg))nn (15)
where Z,,(|9)) = n(Ay — An+1), and A, denotes the Schmidt
coefficients. From Ref. [45], it is noted that (E(]@))) can
be rewritien as (E(|9))) = Yo, Ei(|9))z with Ey(|g)) =
Y S Amandz = (1—2)In(l—2)+IInl—2(I—1)In(l—1) >
0. (E(|e))) is an entanglement monotone, since E;(|@)) is an
entanglement monotone for all /. One can establish an entan-
glement monotone E,(p) based on our Theorem 1 as

Ey(p) = inf (E(9). (16

Based on the definition of (E) in Eq. (16), one can
find that (E) linearly depends on the Schmidt coefficients A,
which means that Theorem 3 is satisfied. Thus, our established
entanglement monotone E,(p ) is equivalent to the convex roof
construction in terms of the pure-state entanglement monotone
(E(l9))).

The same as convex roof for two-qubit concurrence. It has
been shown in Ref. [33] that there always exists such an opti-
mal pure-state decomposition of a bipartite density matrix of
qubits that all the pure states have the same concurrence, ]
i.e., the Schmidt coefficients for two-qubit states. Thus, one
can easily find that our & for qubit states is equal to the con-
vex roof of concurrence based on our Theorem 3. In other
words, if we select F as concurrence, &¢ will be convex in the
(2®2)-dimensional Hilbert space.

A new entanglement monotone. The decomposition sim-
ilar to bipartite qubit states does not always exist for a high-
dimensional system in general cases, thus one can find that
&r will provide a new entanglement monotone. To give an
explicit demonstration, we consider the following analytically
computable example, by which one will find that &% is differ-
ent from the convex roof construction.

Theorem 4 For a (3 ® 3)-dimensional bipartite density
matrix

o =1|o)(@o| + (1-n)[33)(33], (17)

where |@o) = c1]11) 4+ ¢2|22), and |k) denotes the computa-
tional basis,

ér(0) = F(]6)), (18)

with |0) denoting the pure state with the Schmidt vector
AH(10)) = nAt(|@o)) + (1 —n)A+(|33)), and F is an entan-
glement monotone for pure states.

Proof Consider any decomposition {p;,|y;)} of &
with o =Y, p;|w;) (y;|, the Hughston—Jozsa—Wootters (HIW)
theorem!??% implies that |y;) can always be written as

lw;) = xi[11) +:]22) 4 z;|33), (19)

where x;, y;, z; are the amplitudes with |x;|> + |y;|* + |z;]> = 1.
Since 6 = Y, pi|yi) (i, the corresponding elements of the
right- and left-hand sides with respect to the basis {|kk)}
should be consistent with each other, which means

Y pixiyi = neics,

i
Y pilxil* = nlei,

i
Y pilyil* = nleaf*. (20)
i

The Cauchy-Schwarz inequality implies that |Y; pixiyi|? =
(X, pilxi|?) (X pilyi|?) will hold if and only if x; = gy, for any i.
Without loss of generality, we’d like to suppose |c1|? > |ca|?,
then [gf? = [c1[*/lcal? > 1 and x> [y%. Thus A} (vs)

equals |x;|? or |z;|?. Therefore,
Y pidi ([w) < Y pillxl> +lail)
i i

= nler*+1-n=1{(6)), 1)

where |6) is a state with the Schmidt vector A+(|0)) =
nA*(leo)) + (1 —n)A+(|3)|3)). Note that A+(|8)) has only
two non-zero elements, thus Eq. (21) implies

YL pidt(ly) < 2(16)). (22)

That is, any pure state |¢) in Q(c) (with ¥; pidt(|w;) =
At(|9))) satisfies A+(|¢)) < A+(|@)). Therefore, the mono-
tonicity of F' shows F(|¢)) > F(|0)), which means that |0) is
the optimal pure state in Q(o), i.e., (o) = F(|0)).

Based on Theorem 3, our entanglement monotone equiva-
lent to the convex roof construction requires the condition (IIl).
For the state o, we have ér(0) = F(|6)). However, the opti-
mal pure state |0) should correspond to the optimal decompo-
sition with the average entanglement given by nF(|¢p)). It is
obvious that N F(|@o)) = F(]0)) does not hold for general pa-
rameters and F(---). Therefore, one can draw the conclusion
that our approach induces a new entanglement monotone.

5. Discussion and conclusion

In summary, we have provided an operational way to de-
fine an entanglement monotone. Since all the bipartite pure
states can be converted into their corresponding mixed/pure
objective states by LOCC, we define the entanglement of the
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objective state by the least entanglement of the pure state
which can be converted into the objective state of interest. We
prove that any entanglement monotone of pure states can in-
duce an entanglement monotone of a general quantum state in
terms of our approach. In particular, we prove that our entan-
glement monotone is the maximal one among all those having
the same values for pure states as ours. In addition, we show
that if the convexity is considered, our approach will be equiv-
alent to the convex roof construction. Thus our approach can
provide the operational meaning for the entanglement mono-
tone based on the convex roof construction. Finally, we would
like to emphasize that our approach could also be feasible
for the quantification of other quantum resources. This work
could motivate the relevant research on the state conversion by
free operations.
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