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As is well known, the quantum evolution speed of quantum state can never be accelerated in the Markovian regime
without any operators on the system. The Hamiltonian corrections induced by the action of coherent driving forces are often
used to fight dissipative and decoherence mechanisms in experiments. For this reason, considering three noisy channels
(the phase-flip channel, the amplitude damping channel and the depolarizing channel), we propose a scheme of speedup
evolution of an open system by controlling an external unitary coherent driving operator on the system. It is shown that,
in the presence of the coherent driving, no-speedup evolution can be transformed into quantum speedup evolution in the
Markovian dynamics process. Additionally, under the fixed coherent driving strength in the above three noisy channels,
the best way to achieve the most degree of quantum speedup for the system has been acquired by rotating the system with
appropriate driving direction angles, respectively. Finally, we conclude that the reason for this acceleration is not the non-
Markovian dynamical behavior of the system but due to the oscillation of geometric distance between the initial state and

the target final state.

Keywords: quantum dynamics control, quantum speed limit, Markovian dynamics

PACS: 03.65.Yz, 03.65.Ta, 42.50.Lc

1. Introduction

Quantum speed limit time (QSLT) defined as the shortest
time of evolution between two distinguishable states,!~1%1 is
a key method for characterizing the maximal evolution speed

of a quantum system. The understanding of QSLT has been

[20,21]

applied in quantum communication, non-equilibrium

(231 quantum opti-

thermodynamics,??! quantum metrology,
mal control>*?7! and other fields.

system, the quantum speed limit usually has two different

For a closed quantum

boundaries, namely Mandelstam-Tamm (M-T) bound!!! and
Margolus—Levitin (M-L) type boundary.!?l However, in real
situations, any quantum information process is inevitably sub-
ject to environmental noise. Hence, how to delimit QSLT in
the nonunitary dynamics of the open system is followed up by
more and more researchers in quantum information field. In
Refs. [13,15], relative purity is used to define the QSLT of ar-
bitrary initial state. Deffner and Lutz!?8! unified the M-T and
M-L boundaries of QSLT using the Bures angle for the open
system. Then, in 2019, Campaioli et al. proposed a solution
method of the QSLT of any quantum state in the process of
unitary dynamics?® and non-unitary dynamics.!?°! Recently,
a new bound of QSLT? for open systems was proposed us-
ing the gauge invariant and geometric natures of quantum me-
chanics.

Moreover, many valuable efforts have also been taken
to exploration of QSLT in open systems under non-unitary

evolution. For instance, the effects of entanglement on

DOI: 10.1088/1674-1056/abc150

multipartite systems,>336] decoherence speed limit of the
spin boson system,[*”] the effect of coherent or excited
state population on QSLT,[!7-18:3%401 research on QSLT in
non-equilibrium environment!*!! and QSLT in classical and
quantum systems.[*>#] In addition, Deffner and Lutz!'¥
firstly pointed out that the non-Markovian regime of the en-
vironment can promote the speedup of quantum process.
Therefore, a common way to speedup the quantum evolu-
tion process is to transform Markovian dynamics into non-
Markovian dynamics,[!4-184446] the corresponding scheme

t.[47] Even though the non-

is also obtained in the experimen
Markovianity of environment has been currently manipulated
in few experiments, they are often limited to certain physi-
cal systems. Hence, how to look for an oversimplified way
to design an operational and experimental implementation for
quantum speedup without considering the non-Markovian dy-
namical behavior is necessary and extremely significant.

The Hamiltonian corrections through the action of coher-
ent driving forces are often used to fight dissipative and de-
coherence mechanisms.*3-3% The coherent driving Hamilto-
nian corresponding to a simple quantum rotation operation on
the qubit could be easily realized in a variety of actual phys-
ical systems.’!=*] Based on the effects of the coherent driv-
ing Hamiltonian, in this paper we calculate and analyze the
dynamics of an open system in three typical decoherent noise
channels (the phase-flip channel, the amplitude damping chan-
nel and the depolarizing channel). By choosing QSLT!’! as a
description of the achievable evolution speed of the open sys-
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tem, it is interesting to show that, in the presence of the coher-
ent driving, no-speedup evolution in the Markovian dynamics
process can be transformed into quantum speedup evolution.
We also analyze the best driving way to achieve the most de-
gree of quantum speedup in the considered three noisy chan-
nels, respectively. Furthermore, it is worth mentioning that the
dynamics of the system still retains Markovian behavior. That
is to say, the coherent driving to the system can not transfer
the original Markovian behavior to the non-Markovian behav-
ior. Unlike the previous speedup scheme, this speedup scheme
can be achieved in the Markovian regime, and does not have
to generate the non-Markovian behavior of the dynamics.

The organization structure of this work is as follows. In
Section 2, we introduce the calculation method of the dynam-
ics of the system in detail. In Section 3, we mainly analyze
the results of the quantum speedup of a qubit in three different
noisy channels. In Section 4, we present the conclusion of this
work.

2. Dynamics in Markovian channels

In order to get the density matrix at any time by a
given initial state of a quantum system, we mainly discuss
the one-qubit system under the classical noisy influence of
environment. Now we introduce the Gorini—-Kossakowski—
Sudarshan—Lindblad (GKSL) master equation!>%°!

pr=ZLp] =vZp]) — 17 pi], (1)
with
d?—1 1.
ZM) =Y (LthL} - 2[L}Ljvpt]+> : 2
=1
Hlp) = H,p]-. 3)

Equation (1) consists of two parts: the first is a purely dissipa-
tive term, and the second is a coherence-preserving contribu-
tion gauged by a Hamiltonian term. Here L; are the Lindblad
operators, 7 is the damping parameter, and d is the dimension
of the system. The symbols [--- ,---]+ indicate the commuta-
tor (—) and anticommutator (+) brackets, respectively. The
driving of Hamiltonian term in Eq. (1) can be expressed by

H=on6, “4)
il = (sin O cos @,sinOsin@,cos0), %)

with & = (6,6y,6;). Here 6y, 6y, 6; are the pauli matrices;
@ is the uniform coherent driving strength to control the exter-
nal unitary coherent driving on the qubit. Two driving direc-
tion angles 6 and ¢ can be used to indicate the weights of the
driving in three directions (6, 6y, 6;). In this way, we can si-
multaneously analyze the influence of the driving strength and
direction weights on the dynamics of the qubit. According to

these two driving direction angles, the kinds of the coherence-
preserving driving acted on the qubit can be given in Table 1
in the case of various special values.

Table 1. Driving direction at different special angles.

6 ®

0 /2 b2 3mw/2
0 6, o2 6, 6,
n/2 6x 6y —6y =6y
T -6, -6, -6, -6,

In the operator basis (E?, E'0 EO1 E') formed by the
external products E¥/ = |i){j| of the computational basis (here
i,j = 1,2), the Lindblad superoperator .#[p;| can be written
as a 4 x 4 matrix. The evolutional density matrix of the qubit
pr = D,pp. Since Y in the Markovian channel does not involve
time, the dynamic evolution operator @, can be acquired by
@, = Exp[t.Z], which can be expressed as

ay ay az a,

CD, _ by b2 b3 by ’ (6)
Cl Cy C3 C4

dy dy d3 dy
and then by rearranging the matrix &; in terms of four bases,
four 2 x 2 matrices (M, M,, M3, My) are expressed as

(a1 c (a2
Ml_ (bl d])’ M2_ (b2 d2>7
_ (a3 ¢c3 e
M3 - <b3 d3> ) M4 - <b4 d4> . (7)

For a generally initial state, py of the one-qubit quantum sys-
tem can be written in terms of Pauli matrices, whose coef-
ficients define the so-called Bloch vector py = %(1 + 16, +
ry6y +1,6;), where [ is the identity operator of the qubit, and
r=(ry,ry,r;) € B:= (r € R3;||r|| <1). It can be written as

Poo Po1 1 1— Yy Fy— iry
= = — . . 8
Po <p10 p11) 2 <rx+1ry 1+r, ®)
Then the reduced evolution density matrix p, at any time can
be expressed as

Pr =My - poo + Mz - pro+Ms - por + My - p11- )

3. Quantum speedup of dynamics process

The coherent driving term acting on qubits can be easily
implemented in experiments. As we all know, for the Marko-
vian dynamics process, if no coherent driving term acts on the
system (@ = 0), the dynamics of quantum system would not

14.151 15 order to illustrate the role of the coher-

be accelerated.|
ent driving on the quantum speed of the open system, a proper
QSLT could be effectually defined by the bound of minimal
evolution time for arbitrary initial states py to the correspond-
ing target evolution state pr, facilitating to analyze the max-

imal evolution speed of an open system. In 2019, Campaioli
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et al. derived the expression of QSLT by relying on the Eu-
clidean distance to measure the divisibility between two quan-

tum states in a generalized Bloch sphere,*®! the QSLT has
been defined as

_ llpo = pellns

”ptHhs

with [[pr[lhs = L J d7||p;|| and ||A|l,s = \/¥; f?. Here f; are
the singular values of A, and 7 is set as the actual evolution
time of the dynamics process. The advantage of this definition
is tighter and easier to calculate for almost all quantum evo-
lution processes. Physical explanation of QSLT is as follows:
If the ratio of 7y to the actual evolution time 7 is equal to
1, the dynamics of the quantum state would not be speedup,
that is to say, the speed is already maximum. If the ratio of
Tgst to actual evolution time 7 is less than 1, the dynamics of
the quantum state may be speedup. Moreover, the smaller the

value of 7y /7 is, the greater the quantum speedup could be.

In this section, by considering three different Markovian chan-
nels, we use the bound 7y to demonstrate the control of the
quantum dynamical speedup from an initial state pg to a final
state p; by adjusting the relevant coherent driving parameters,

such as the driving strength ® and the driving direction angles
0 and ¢.

as! ; (10)

3.1. Phase-flip channel

Phase-flip channel is a noisy process of pure quantum
mechanics property. It describes the loss of quantum infor-
mation without loss of energy, reflected in the decay of the
off-diagonal elements of the density matrix with time. In this

channel, the Lindblad operator is L; = 6;/2. Hence Eq. (1)
can be rewritten as

Zlpi

= %/(6zpt61_pt)_iw[ﬁ'&7pt]—' (11)
Substituting operator basis (E, E'9 EO' E'1) into Eq. (11)

yields the matrix for each of the four bases,

_ 0 —iw(—a—1ip)
L(EY) = (—iw(a—iB) 0 )

_[~io(—a+if) 0
L(EY) = (—y—Ziwcos(p —iw(a—iﬁ)) ’
L(EY) = (—iw(—a+i[3) —Y—i-Zi(x)cosq)) ,

0 —iw(a—1ip)
L(EM) = (—iw(—(szri[B) iw(%ﬁﬁ))' 12

Accordingly, we can obtain the Lindblad superoperator*°! of
the phase-flip channel as follows:

0 —io(a+if) —io(—a+iP) 0
| —iw(a—iB) —y—2iwcose 0 —io(—a+if)
L= Sio(—a—ip) 0 —y+2imcosp —io(a+if) | 3
0 —io(—a—ip) —io(a—if) 0

with & = sin @ cos ¢ and § = sin 0 sin Q.

First, we analyze the effect of coherent driving term on
the dynamics of the qubit in the phase-flip channel. Setting the
initial state of the qubit in the maximal coherent state (r, = 1,
ry = r, = 0), the quantum speed of this initial state cannot be

accelerated in the Markovian phase-flip channel, as reported in
Refs. [15,40]. Therefore, in the following, by inducing the co-
herent driving on the qubit and choosing certain driving direc-

tion angles, we would discuss the relationship between QSLT
of the qubit and the driving parameter .

5 1.0k T T T T ] 1‘0,_‘._._._.'_._._._.'_._._._._' ........
(@) o= ‘\‘ (b) 6=0 (o) 0=
0~8'; ----- (‘0:7'[‘/6 N 08-“ ""9271'/6 B 08-‘: ----- 9:71'/6 T
.‘; __________ 99:71-/3 \ 9:71./3 “. __________ 0:71_/3
+ 0.6F ‘-.:.‘ _____ p=1/2 1 0.6} \'l ————— 0=n/2 4 06F % 6=m/2 A
B [ 'il‘l [ FoE
& 0.4F b 4 04F 1 4 04 % .
L ! Lk
0.2+ [N 4 0.2k [N 4 o2l e i
) oM ) (% \ -~ ) L
N S TN F A WS T
0 1 i \"l R 0 . 1 "/, \“7| \.-/ T ] 0 . 1 L ‘I) T T s
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
w/Yy w/vy w/Yy

Fig. 1. The relationship between QSLT and the driving strength @ in the phase-flip channel with y = 1: (a) driving the 6,—6, direction,
6 = t/2; (b) driving the 6;-6y direction, ¢ = 71/2; (c) driving the 6.6, direction, ¢ = 0.

As shown in Fig. 1, without coherent driving (@ = 0), the

ing on the qubit), the values of 74 /7 < 1 have been obtained.
whole quantum process cannot be speedup, i.e., Tq/7 = 1.

In addition, the oscillation reduction behavior of 74 /7 will
While for the case ® # 0 (adding the external coherent driv-

appear with increasing the driving strength @. This means
020301-3
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that the original no-speedup dynamics process has become the
speedup dynamics process by introducing an external coherent
driving operating on the qubit in the phase-flip channel. More-
over, from Fig. 1, we also find that, with the increasing ®/7,
QSLT could tend to zero numerically. Here, we must remind
the fact that 74 /7 — 0 is physically meaningless. At this time,
Tgs1/ T — O corresponds to a very loose bound of the quantum
speed limit, and it can not mean the infinite acceleration of the
evolution of the system.

However, it is crucial to note that, in the case (6 = /2,
¢ = 0 means the 6, operating acting on the qubit), the no-
speedup dynamics 7qq/7 = 1 always appears no matter what
value of the driving parameter  is taken in Figs. 1(a) and 1(c).
That is to say, the speedup dynamics depends not only on the
driving parameter @, but also on the driving direction angles.
Hence, how to choose suitable driving angles would also have
a crucial impact on the quantum speedup of the open system.
To further investigate the effects of the coherent driving di-
rection angles on the QSLT, Fig. 2 shows the ratio 74 /7 as a
function of two driving angles 6 and ¢ in the phase-flip chan-
nel. Under the condition of the weaker driving strength, such
as @ = 0.2 in Fig. 2(a), the value of 74 /7 is not symmetric in
the regions 6 € (0,7) and ¢ € (0,27). Here, “non symmetric”
means that the value of 74 /7 does not follow axisymmetry
with two symmetry axis 6 = 71/2 and ¢ = 7. With the driving
strength increasing, it is worth noting that the value of 7y /7
looks more and more symmetrical about & = 7/2 and ¢ = T,
as shown in Figs. 2(c) and 2(d). This means that the effects of
angles 8 and ¢ on the QSLT are gradually regular when o is
large enough.

(a) 27 0.9937
77r/4 0 9943
0 9949

3m/2 0.9956
5r/4 0.9962

o w 0.9969

- 0.9975
0.9982
0.9988

0.9995
1.000

3n/4
w/2
w/4

0
0 w/4 7r/2 3r/4 7

(c) 2m 0.09000
/4 0.1824
37/2 0.2748

0.3673
5m/4 0.4597

B ™ 0.5521

37r/ 4 . 0.6445

s 0.7370
0 8294

/4 0.9218
1.000

0
0 /4 7/2 3w/4 T«
0

Combining Fig. 2 with Table 1, it can be seen that no
matter how strong the driving is, only the driving in the &y
direction has no-speedup effect on the whole quantum pro-
cess, i.e. Tgsl /T = 1. Therefore, it can be considered that for
this channel, the driving 6, direction does not contribute to
quantum speedup. For the coherent driving in any other di-
rections, the quantum process can be speedup to different de-
grees, i.e., Tqs1/T < 1. Furthermore, a speedup evolution of the
open system would be preferable to deal with the robustness of
quantum simulators and computers against decoherence. How
to explore the maximum speedup condition of quantum pro-
cess is meaningful. Therefore, the minimum value of 74 /7
must be found to characterize the maximum speed of evolu-
tion. However, according to the different driving strengths,
the driving direction angles (6 and @) corresponding to the
minimum QSLT are also different. For example in Fig. 2(a)
in a quarter of one period (0 to w/2), when the two driving
angles 8 = 0 and ¢ = 0, the QSLT takes the minimum value,
that is, at this time the dynamics of the qubit can be speedup
most. In Fig. 2(b) the minimum value of QSLT will appear
when 0 = 0.147 and @ = 0.0357. As o increases, this condi-
tion is going to 8 = n/2 and ¢ = 7/2 in Figs. 2(c) and 2(d).
Therefore, with the increase of driving strength @, the optimal
driving operating changes from &; direction to 6, direction.
In order to find the driving direction with the best speedup ef-
fect of this channel, the value of its driving parameters must
be considered. For the smaller driving strength, the optimal
driving direction is obtained near the &; direction. While for
the larger driving strength, the optimal driving direction is ob-
tained near the &, direction.

(b) 2« 0.8470
0.8610
Tn/4 0.8750
3m/2 ©10.8890
57/4 0.9030
. 0.9170
S 0.9310
37/ 4 £ 10.9450
x/2 0.9590
0.9730
™/ 4 0.9870
0 1.000
0 /4 =w/2 37/4 «
0
(d) 2n 0.1940
77r/4 IO 2755
=10.3569
3m/2 0.4384
5m/4 0.5198
o 7 0.6013
3/ 4 L 0.6827

0.7642
/2 0 8456
n/4 0.9271
0 1.000
0 /4 7w/2 3w/4 w
0

Fig. 2. The relationship between QSLT and driving angles of the coherent driving in the phase-flip channel with 7 = 1: (a) ®/y = 0.2, (b)

o/y=1,(0) o/y=3,(d) o/y=5.
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3.2. Amplitude damping channel

Under the amplitude damping channel, there are a certain
probability that energy will be dissipated from the quantum
system to the environment and a certain probability that energy
will remain unchanged. The Lindblad operators of the ampli-
N+16_, L, = /N6, with
N being a non-negative number that gauges the mean thermal

tude damping channel are L| =

photon number of the environment, and 6. = %(6‘,C +i6y) be-

ing the ladder operators. To simplify the calculation without

loss of generality, here we set N = 0, and consider the initial
state of the qubit in the excited state r, = r, =0, and r, = 1, as
noted in Ref. [14]. Equation (1) hence is in the form

LiLipi +piLiLy

Zlp] = v(LipL] - . )—iwlh- &, p]-. (14)

Similar to the previous method, by substituting operator basis
(E%,E10 EOT E1Y into Eq. (14) to get the matrix for each of
the four bases, the Lindblad superoperator*’! of the amplitude
damping channel is as follows:

0 —iw(a+if) —io(—a+ip) Y
—io(a—if) —%¥—2iwcose 0 —io(—a+ip)
=1 _ B Ly . . . (15)
io(—o—1ip) 0 5+2iwcosp —iw(a+ip)
0 —io(—a—ip) —iw(a—iP) -y
1.0 T T T 1.0 . T T T 1.0 T T T
v (b) —0=0 Y (9 —0=0
08F\ T 08Fh e 0=m/6 1 o8F%  ----- 0=m/6
.......... | ;‘;‘ s ) = 71_/3 ;‘.I“ e @ = 71_/3
Loer |l 7o 0.6r % oo O=m/2 1 06} - 6=m/2 -
& o 4
0.4 0.4F & - 1 04p ' -
L i: \\ k
0.2 02F BT 1 0.2t 1
TR e e R s
0 1 1 1 0 1 1 el huilel oL— . ¥ e
0 5 10 15 20 0 5 10 15 20 0 15 20
w/y w/y

Fig. 3. The relationship between QSLT and driving strength @ for the qubit in the amplitude damping channel with T =1, N = 0: (a) driving
the 6,—6, direction, 6 = /2, (b) driving the 6;-6y direction, ¢ = /2, (c) driving the 6;—6; direction, ¢ = 0.

(a) 2 0.9942
7n/4 I0.9948
B 0.9953
3m/2 ~0.9959
57/ 4 0.9965
s 7 0.9971
3n/4 L 09977
0.9983
™/2 0.9989
w/4 0.9995

0 1.000

0 /4 w/2 3w/4 w
)

(c) 2m 0.1300
0.2116
/4 0.2931
37/ 2 " 03747
4 0.4562
o 5/ 0.5378
m 0.6194
0.7009
3n/4 0.7825
w2 0.8641
/4 9-846°

0
0 w/4

w/2
0

3mw/4

/4

w/2 37/4
0

(b) 27 0.8430
7r) 4 0 8589
0 8749
37/2 | 0.8908
5m/4 0.9068
9 s 0.9227
37/4 | 0.9387
/2 0.9546
0.9706
m/4 0.9865
0 1.000
0 n/4 7w/2 3w/4 T«
0
(d) 27 0.1980
Tr/4 0 2795
o 3609
3m/2 . 0.4424
5m/4 0.5238
o P 0.6053
0.7682
/2 0.8496
m/4 0.9311
0 1.000

™

Fig. 4. The relationship between QSLT and driving angles of the coherent driving in the amplitude damping channel with 7 =1, N = 0: (a)

0/y=02,0) w/y=1,(c) 0/y=3,d) o/y=5.

Here, by choosing different certain driving angles in the
amplitude damping channel, we firstly analyze the relation-

ship between the QSLT and the driving strength @ in Fig. 3.

It can be clear to find that, in the case of no coherent driving
term acting on the system (w = 0), no-speedup evolution still

exists when the dynamics process is considered from pg to p;
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under the Markovian dynamics. Furthermore, with increasing
O, Tqs1/ 7 has the tendency of oscillation attenuation. That is to
say, the addition of coherent driving can also speedup the evo-
lution of the system in the amplitude damping channel. More-
over, as shown by the green lines in Figs. 3(b) and 3(c), only
the driving in the &, direction when 6 = 0, the quantum pro-
cess cannot be speedup regardless of the value of the driving
parameters. Especially, the QSLT is exactly the same in both
the cases of ¢ =0 and ¢ = /2. This means that the driving
6, or 6y to the qubit alone can lead to the same effect on the
quantum evolution speed of the system.

To further investigate the effects of various coherent driv-
ing parameters on the QSLT, Fig. 4 shows the ratio 74 /7 as
a function of two driving direction angles 6 and ¢ in the am-
plitude damping channel. It is worth noting that the value of
Tgs1/T is symmetric about 6 = /2, as shown in Fig. 4. In
the region 0 < 0 < 7/2, QSLT would decrease monotonically
with increasing the driving direction angle 6. Moreover, un-
der the different driving strength @, QSLT is independent of
the driving angle ¢. That is, the value of the driving angle

channel, the minimum quantum speed limit time is always ob-
tained when adding the driving 6,—6, direction to the qubit
in @ = /2. According to the above analysis of QSLT in the
amplitude damping channel, we therefore reach the interesting
result that the larger quantum speedup of the system from pg to
Pz can be achieved by manipulating the larger @ in the coher-
ent driving Hamiltonian @7 - & on the system with 6 = /2.

3.3. Depolarizing channel

Depolarizing channel is a familiar quantum noisy chan-
nel, in which quantum system has a certain probability to
evolve into the maximum mixed state and has a certain prob-
ability to remain unchanged. The Lindblad operators of depo-
larizing channel are Ly = 6,/2, L, = 6,/2, L3 = 6;/2. Now
setting the initial state of the qubit also in the pure maximal
coherent state with r, = 1, r, = r, = 0, Eq. (1) would become

ZIp) = 2(6:pG+ 616, + 6015~ 3p1)

—i0A-&,p-. (16)

@ has no effect on the quantum evolution speed of the dy-  The Lindblad superoperator*! in the depolarizing channel is
namics process. However, different from the phase-flip qubit  as follows:
|
- —io(a+iB) —io(—a+iB) 7
—io(a—if) —y—2iwcose 0 —io(—a+ifB)
L = . . . . . (17)
—io(—a—1fB) 0 —y+2iwcosp —io(a+if)
1 —io(-a—iB) —iw(a—iB) —1
1.0f ' ' (') Log = 7 ' 9' ' 1 1Ok — ===~ ——"——
1} p = b =0 ) 0=0
0.8_‘_‘“(a) -— p=7/6 0.8—\( ) - - 9=n/6 i 0.8-\"(C) - - 0=m/6 .
H ©=m/3 \ - -0=n/3 \ 0=n/3
L 0.6F ——¢=n/2 {06} | ——60=n/2 | 06} ——0=7/2
3 \ \ -
Co04b { 04f | ] oab . i
(XN \ Ve ]
0.2k bl 4 o2k L\ {1 02F WL 1
; . Vo \:‘:";:;:;:;'.17;'-"-7-'" . .\/\{-\/—\.—/\./ L VN e
0 5 10 15 20 O 5 10 15 20 0 5 10 15 20
w/y w/y w/y

Fig. 5. The relationship between QSLT and the driving strength @ for the qubit in the depolarizing channel with y = 1: (a) driving the 6,—6;
direction, 8 = /2, (b) driving the 6,6, direction, ¢ = /2, (c) driving the 6,6, direction, ¢ = 0.

In the depolarizing channel, from Fig. 5, it is noted that,
except at certain angles (60 = /2, ¢ = 0), the QSLT oscillates
down as the driving strength increases. This means that only
inducing the driving direction 6, in the depolarizing channel
can not lead to quantum speedup of the dynamics process of
the qubit. In addition, with increasing the proportion of the
driving 6, or &; direction to the qubit, the greater capacity
for potential speedup would be achieved. For a given driv-
ing strength @, the value of 74 /7 would decrease with the

proportion |sin|? of the driving 6, increasing, as shown in

Fig. 5(a). While in the 6,—6, driving plane in Fig. 5(c), the
smaller |cos 8]? is corresponding to the smaller Tgs1/T. There-
fore, as long as the qubit is driven on the 6;—6,, plane, the evo-
lution of the system must be accelerated (7gs /T < 1is always
satisfied, no matter how 6 is adjusted, as shown in Fig. 5(b)).
By considering the different values of the driving strength
, in order to clearly show how to coherently drive the sys-
tem to the maximum capacity for quantum speedup, Fig. 6 de-
scribes 7qs1/7 as a function of two driving direction angles 6
and ¢ for a fixed target state p; at T = 1. Under the Markovian
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dynamics process in the depolarizing channel, the evolution
speed of the system cannot be accelerated in the case of @ = 0.
From Fig. 6, it can be concluded that QSLT is axisymmetric
with the driving angle 6 = 71/2 and ¢ = . Moreover, we fur-
ther confirm that driving &, direction has exactly the same ef-
fect on the quantum evolution speed of the qubit as driving &,
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direction. Hence, for the driving direction in the 6,6, plane,
the effect is always the same. Then, for the distribution of the
maximum and minimum points of the QSLT, only the driv-
ing 6, direction does not speedup the quantum process, i.e.,
Tgsl /T = 1. The minimum value of QSLT is obtained when the
6,6y, direction is driven with the larger driving strength ®.

(b) 2n 0.8490
7n/a I0.8643
B o.8797

37/2 =
0.8950
57/4 0.9103
7r 0.9257
37/ L 0.9410
0.9564
/2 0.9717
/4 0.9870

0 1.000
0 w/4 w/2 3rm/4 ™
0
(d) 2r 0.2080
7r/4 I 0.2882
0.3685
2

3r/ 0.4487
57/4 0.5289
7 0.6092
3r/4 . 0.6894
) 0.7696
m/ 0.8499
/4 0.9301

0 1.000

0 w/4 /2
0

3n/4 ™

Fig. 6. The relationship between QSLT and driving angles of the coherent driving in the depolarizing channel with 7 = 1: (a) ®/y = 0.2, (b)

o/y=1,) o/y=3,d o/y=>5.

3.4. Physical reason for speedup

In the above subsections, we mainly discuss the quantum
speedup under the coherent Hamiltonian driving in three dif-
ferent Markovian channels. As we all know, quantum speedup
evolution of an open system is usually induced by the non-
Markovianity!>>-37) of the environment. However, for the evo-
lution of this model under the Lindblad main equation de-
scribed by Eq. (1), no matter how the driving term is adjusted,
the dynamics of the system cannot exhibit the transition from
Markovian behavior to non-Markovian behavior. To prove it,
we have used the Breuer—Laine—Piilo method”! to calculate
the non-Markovianity of the above three channels. We con-
firm that the dynamics of the system still maintains the Marko-
vian property under the coherent driving. Interestingly, unlike
other speedup models mentioned previously, [!418:39:43.46] thig
speedup scheme in our work can be achieved in the Markovian
regime, and does not have to be generated the non-Markovian
behavior of the dynamcis.

In Ref. [29], the authors described the geometric distance
as the numerator of state space by generalized Bloch vectors.

This geometric distance D (p,0) = |7 — s|,, is also defined
as the numerator of 74. That connects 7 = pg, s = p;. To
further make the analysis of the intrinsic physical reason for
quantum speedup induced by the coherent driving operation
on the system, we concern the geometric distance D(po, pr),
which can be written as D (pg, pr) = ||Po — prllys. We compare
Tgs1/T and D(po, pz) in the above three different channels. In
the Fig. 7, we take three different sets of driving direction an-
gles for the above three channels. For the green solid line in
Fig. 7, we choose the driving direction angles that cannot lead
to speedup in each channel, i.e., 7q/7 = 1. The geometric
distance D(po, pr) is going to increase smoothly and mono-
tonically. While for the red dashed line in Fig. 7, we choose
the driving angles that can acquire the maximum accelerated
evolution of the dynamics process, i.e., Tg /7 is the minimum.
The geometric distance D(py, pr) increases in oscillating with
the actual evolution time 7. For the blue dash-dotted line, we
take an arbitrary set of angles for comparison. We can find that

the geometric distance D(po, pr) is also oscillating up.
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Fig. 7. The QSLT 7y /7 and the geometric distance D(po, pr) of the dynamics evolution from the initial state to the final state as a function of
the actual evolution time 7, with @/y = 5: (a) the phase-flip channel, (b) the amplitude damping channel, (c) the depolarizing channel.

This phenomenon shows that for a speedup quantum pro-
cess, the geometric distance between the initial state and the
target final state would oscillate with the actual evolution time.
Especially, the larger the oscillation, the smaller the QSLT
of the quantum process, indicating that the system can be
speedup more. Similarly, we can find that with the increase
of the actual evolution time 7, both Ty /T and the geomet-
ric distance D(pg, p) tend to the stable value. The reason is
that, when the actual evolution time increases to a certain ex-
tent, the density matrix of the qubit hardly changes, and the
decoherence process has been completed. Consequently, it is
worth noting that the coherent driving term added to the open
system does not lead to the non-Markovian behavior. How-
ever, the coherent driving parameters could cause the oscil-
lation changes of the geometric distance D(pg,p:) between
the initial state pp and the target final state p;. Somewhat
contrary to the previous speedup scenarios by the controllable
non-Markovianity, our results clearly show that the oscillation
changes of the geometric distance D(py, pr) caused by the co-
herent driving are the intrinsic physical reason for quantum
speedup in our scheme.

4. Conclusion

As we all know, the quantum evolution speed of an open
system can never be accelerated in the Markovian regime with-
out any operators on the system. One unitary coherent driv-
ing Hamiltonian corresponding to a simple quantum rotation
operation on the qubit can be easily accomplished in a vari-
ety of actual physical systems in experiments, so in this work
we mainly demonstrate that a speedup evolution of the system
could be implemented by the action of the coherent driving on
the system in the phase-flip channel, the amplitude damping
channel and the depolarizing channel.

It is interesting to show that, in the presence of the coher-
ent driving, no-speedup evolution in the Markovian dynam-
ics process can be transformed into quantum speedup evo-

lution. We also analyze the best driving way to achieve the
most degree of quantum speedup in the considered three noisy
channels, respectively. For instance, in the phase-flip chan-
nel, we therefore reach that, for the smaller driving strength
, the best driving way to achieve the most degree of quantum
speedup can be reported by manipulating the optimal driving
G, direction. For larger driving strength @, the optimal driving
direction is obtained near the &, direction. In the the ampli-
tude damping channel, the best way corresponds to the coher-
ent driving in the 6,—6, direction plane on the system with
the larger @. While in the depolarizing channel, the coher-
ent driving in the 6;—6;, direction plane with the larger driving
strength @ could lead to the best way to achieve the most de-
gree of quantum speedup. Furthermore, under the condition of
the Markovian regime, it should be pointed out that the coher-
ent driving term added to the open system does not lead to the
non-Markovian behavior, and the quantun speedup dynamics
of the system still shows the Markovian behavior. Unlike most
of the literature, the acceleration under our scheme does not
comes from the non-Markovian dynamical behavior but from
the geometric distance oscillation.

In addition, in order to better illustrate our manipulation
of system dynamics via the external unitary coherent driving,
firstly we need to compare this work with previous related
research, e.g., Hegerfeldt discussed a time-dependent driving

(25261 and pointed out that the shortest evolution

Hamiltonian
time of this quantum process depends on the maximum driv-
ing strength that can be achieved in experiment. Their main
results are much similar to the analyses illustrated in Figs. 1,
3 and 5 in our paper. In Ref. [27] the authors studied the-
oretically and experimentally the time-optimal construction
of arbitrary single-qubit rotations under a single strong driv-
ing field of finite amplitude. In these previous studies, the
driving Hamiltonian in different directions (6%, 6y, 6;) act-
ing on the system are all time-dependent, and have different

driving strengths. While for our driving model, as shown
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in Eq. (4), we mainly have considered the coherent driving
Hamiltonian with uniform driving strength in different driving
directions on the quantum system. We use two angles to char-
acterize the different weights in different driving directions.
Secondly, at present, the coherent driving Hamiltonian can be

constructed experimentally in actual physical systems, such as

cavity QED, % trapped ions,[®! superconducting qubits!®?!

[63

and the nitrogen-vacancy center of diamond.[®3] A strongly

driven two-level system with driving frequencies four times
larger than its precession frequency is realized using radiation-
dressed states of nitrogen-vacancy centers in diamond.?’! Dai
et al. experimentally realized the driving Hamiltonian in a su-
perconducting transmon system.[®¥ In 2018, Magazzu et al.
conducted experimental research on a strongly driven spin-
boson model of a superconducting quantum circuit.[®3] They
pointed out that the driving reinforces environmental suppres-
sion of quantum coherence and a coherent-to incoherent tran-
sition could be achieved by tuning the driving strength. There-
fore, the theoretical construction of coherent driving Hamilto-
nian in our work is experimentally feasible.
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